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PREFACE 


Preface 


This  text  provides  a  broad  and  applications-oriented  introduction  to  electromagnetic 
waves  and  antennas.  Current  interest  in  these  areas  is  driven  by  the  growth  in  wireless 
and  hber-optic  communications,  information  technology,  and  materials  science. 

Communications,  antenna,  radar,  and  microwave  engineers  must  deal  with  the  gen¬ 
eration,  transmission,  and  reception  of  electromagnetic  waves.  Device  engineers  work¬ 
ing  on  ever-smaller  integrated  circuits  and  at  ever  higher  frequencies  must  take  into 
account  wave  propagation  effects  at  the  chip  and  circuit-board  levels.  Communication 
and  computer  network  engineers  routinely  use  waveguiding  systems,  such  as  transmis¬ 
sion  lines  and  optical  hbers.  Novel  recent  developments  in  materials,  such  as  photonic 
bandgap  structures,  omnidirectional  dielectric  mirrors,  birefringent  multilayer  hlms, 
surface  plasmons,  negative-index  metamaterials,  slow  and  fast  light,  promise  a  revo¬ 
lution  in  the  control  and  manipulation  of  light  and  other  applications.  These  are  just 
some  examples  of  topics  discussed  in  this  book.  The  text  is  organized  around  three 
main  topic  areas: 

•  The  propagation,  reflection,  and  transmission  of  plane  waves,  and  the  analysis 
and  design  of  multilayer  hlms. 

•  Waveguides,  transmission  lines,  impedance  matching,  and  S-parameters. 

•  Linear  and  aperture  antennas,  scalar  and  vector  diffraction  theory,  antenna  array 
design,  numerical  methods  in  antennas,  and  coupled  antennas. 

The  text  emphasizes  connections  to  other  subjects.  For  example,  the  mathematical 
techniques  for  analyzing  wave  propagation  in  multilayer  structures  and  the  design  of 
multilayer  optical  hlters  are  the  same  as  those  used  in  digital  signal  processing,  such 
as  the  lattice  structures  of  linear  prediction,  the  analysis  and  synthesis  of  speech,  and 
geophysical  signal  processing.  Similarly,  antenna  array  design  is  related  to  the  prob¬ 
lem  of  spectral  analysis  of  sinusoids  and  to  digital  hlter  design,  and  Butler  beams  are 
equivalent  to  the  FFT. 

Use 

The  book  is  appropriate  for  hrst-year  graduate  or  senior  undergraduate  students.  There 
is  enough  material  in  the  book  for  a  two-semester  course  sequence.  The  book  can  also 
be  used  by  practicing  engineers  and  scientists  who  want  a  quick  review  that  covers  most 
of  the  basic  concepts  and  includes  many  application  examples. 


The  book  is  based  on  lecture  notes  for  a  hrst-year  graduate  course  on  “Electromag¬ 
netic  Waves  and  Radiation”  that  I  have  been  teaching  at  Rutgers  for  more  than  twenty 
years.  The  course  draws  students  from  a  variety  of  helds,  such  as  solid-state  devices, 
wireless  communications,  hber  optics,  biomedical  engineering,  and  digital  signal  and 
array  processing.  Undergraduate  seniors  have  also  attended  the  graduate  course  suc¬ 
cessfully. 

The  book  requires  a  prerequisite  course  on  electromagnetics,  typically  offered  at  the 
junior  year.  Such  introductory  course  is  usually  followed  by  a  senior-level  elective  course 
on  electromagnetic  waves,  which  covers  propagation,  rehection,  and  transmission  of 
waves,  waveguides,  transmission  lines,  and  perhaps  some  antennas.  This  book  may  be 
used  in  such  elective  courses  with  the  appropriate  selection  of  chapters. 

At  the  graduate  level,  there  is  usually  an  introductory  course  that  covers  waves, 
guides,  lines,  and  antennas,  and  this  is  followed  by  more  specialized  courses  on  an¬ 
tenna  design,  microwave  systems  and  devices,  optical  hbers,  and  numerical  techniques 
in  electromagnetics.  No  single  book  can  possibly  cover  all  of  the  advanced  courses. 
This  book  may  be  used  as  a  text  in  the  initial  course,  and  as  a  supplementary  text  in  the 
specialized  courses. 

Contents  and  Highlights 

The  hrst  eight  chapters  develop  waves  concepts  and  applications.  The  material  pro¬ 
gresses  from  Maxwell  equations,  to  uniform  plane  waves  in  various  media,  such  as 
lossless  and  lossy  dielectrics  and  conductors,  birefringent  and  chiral  media,  including 
negative-index  media,  to  rehection  and  transmission  problems  at  normal  and  oblique 
incidence,  including  rehection  from  moving  boundaries  and  the  Doppler  effect,  to  mul¬ 
tilayer  structures. 

Chapter  three  deals  with  pulse  propagation  in  dispersive  media,  with  discussions  of 
group  and  front  velocity  and  causality,  group  velocity  dispersion,  spreading  and  chirp¬ 
ing,  dispersion  compensation,  slow,  fast,  and  negative  group  velocity,  and  an  introduc¬ 
tion  to  chirp  radar  and  pulse  compression. 

Some  of  the  oblique  incidence  applications  include  inhomogeneous  waves,  total  in¬ 
ternal  rehection,  surface  plasmons,  ray  tracing  and  atmospheric  refraction,  and  SneFs 
law  in  negative-index  media. 

The  material  on  multilayer  structures  includes  the  design  of  antirehection  coatings, 
omnidirectional  dielectric  mirrors,  broadband  rehectionless  multilayers,  frustrated  to¬ 
tal  internal  rehection  and  surface  plasmon  resonance,  perfect  lenses  in  negative -index 
media,  polarizing  beam  splitters,  and  birefringent  multilayer  structures. 

Chapters  9-13  deal  with  waveguides  and  transmission  lines.  We  cover  only  rectangu¬ 
lar  waveguides,  resonant  cavities,  and  simple  dielectric  waveguides.  The  transmission 
line  material  includes  a  discussion  of  microstrip  and  coaxial  lines,  terminated  lines, 
standing  wave  ratio  and  the  Smith  chart,  and  examples  of  time-domain  transient  re¬ 
sponse  of  lines.  We  have  included  some  material  on  coupled  lines  and  crosstalk,  as  well 
as  some  on  coupled  mode  theory  and  hber  Bragg  gratings. 

We  devote  one  chapter  to  impedance  matching  methods,  including  multisection 
Chebyshev  quarter-wavelength  transformers,  quarter-wavelength  transformers  with  se- 
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ries  or  shunt  stubs,  single  stub  tuners,  as  well  as  L-section  and  H-section  reactive  match¬ 
ing  networks. 

Chapter  13  presents  an  introduction  to  S-parameters  with  a  discussion  of  input  and 
output  reflection  coefficients,  two-port  stability  conditions,  transducer,  operating,  and 
available  power  gains,  power  waves,  simultaneous  conjugate  matching,  noise  hgure  cir¬ 
cles,  illustrating  the  concepts  with  a  number  of  low-noise  high-gain  microwave  ampliher 
designs  including  the  design  of  their  input  and  output  matching  circuits. 

Chapters  14-22  deal  with  radiation  and  antenna  concepts.  We  begin  by  deriving  ex¬ 
pressions  for  the  radiation  helds  from  current  sources,  including  magnetic  currents,  and 
then  apply  them  to  linear  and  aperture  antennas.  Chapter  15  covers  general  fundamen¬ 
tal  antenna  concepts,  such  as  radiation  intensity,  power  density,  directivity  and  gain, 
beamwidth,  effective  area,  effective  length,  Friis  formula,  antenna  noise  temperature, 
power  budgets  in  satellite  links,  and  the  radar  equation. 

We  have  included  a  number  of  linear  antenna  examples,  such  as  Hertzian  and  half¬ 
wave  dipoles,  traveling,  vee,  and  rhombic  antennas,  as  well  as  loop  antennas. 

Two  chapters  are  devoted  to  radiation  from  apertures.  The  hrst  discusses  Schelku- 
noff  s  held  equivalence  principle,  magnetic  currents  and  duality,  radiation  helds  from 
apertures,  vector  diffraction  theory,  including  the  Kottler,  Stratton-Chu,  and  Franz  for¬ 
mulations,  extinction  theorem,  Fresnel  diffraction,  Fresnel,  zones,  Sommerfeld’s  solu¬ 
tion  to  the  knife-edge  diffraction  problem,  geometrical  theory  of  diffraction,  Rayleigh- 
Sommerfeld  diffraction  theory  and  its  connection  to  the  plane-wave  spectrum  represen¬ 
tation  with  applications  to  Fourier  optics. 

The  second  presents  a  number  of  aperture  antenna  examples,  such  as  open-ended 
waveguides,  horn  antennas,  including  optimum  horn  design,  microstrip  antennas,  para¬ 
bolic  and  dual  rehectors,  and  lens  antennas. 

Two  other  chapters  discuss  antenna  arrays.  The  hrst  introduces  basic  concepts  such 
as  the  multiplicative  array  pattern,  visible  region,  grating  lobes,  directivity  including  its 
optimization,  array  steering,  and  beamwidth. 

The  other  discusses  several  array  design  methods,  such  as  by  zero  placement,  Fourier 
series  method  with  windowing,  sector  beam  design,  Woodward-Lawson  method,  and 
several  narrow-beam  low-sidelobe  designs,  such  as  binomial,  Dolph-Chebyshev,  Taylor’s 
one-parameter,  Taylor’s  h  distribution,  prolate,  and  Villeneuve  array  design.  We  have 
expanded  on  the  analogies  with  time-domain  DSP  concepts  and  hlter  design  methods. 
We  hnally  give  some  examples  of  multibeam  designs,  such  as  Butler  beams. 

The  last  two  chapters  deal  with  numerical  methods  for  linear  antennas.  Chapter  21 
develops  the  Hallen  and  Pocklington  integral  equations  for  determining  the  current  on 
a  linear  antenna,  discusses  King’s  three-term  approximations,  and  then  concentrates  on 
numerical  solutions  for  delta-gap  input  and  arbitrary  incident  helds.  We  discuss  the 
method  of  moments,  implemented  with  the  exact  or  the  approximate  thin- wire  kernel 
and  using  various  bases,  such  as  pulse,  triangular,  and  NEC  bases.  These  methods 
require  the  accurate  evaluation  of  the  exact  thin-wire  kernel,  which  we  approach  using 
an  elliptic  function  representation. 

In  Chapter  22  we  discuss  coupled  antennas,  in  particular,  parallel  dipoles.  Initially, 
we  assume  sinusoidal  currents  and  reduce  the  problem  to  the  calculation  of  the  mutual 
impedance  matrix.  Then,  we  consider  a  more  general  formulation  that  requires  the  so¬ 


lution  of  a  system  of  coupled  Hallen  equations.  We  present  various  examples,  including 
the  design  of  Yagi-Uda  antennas. 

Our  MATLAB-based  numerical  solutions  are  not  meant  to  replace  sophisticated  com¬ 
mercial  held  solvers.  The  inclusion  of  numerical  methods  in  this  book  was  motivated  by 
the  desire  to  provide  the  reader  with  some  simple  tools  for  self-study  and  experimenta¬ 
tion.  The  study  of  numerical  methods  in  electromagnetics  is  a  subject  in  itself  and  our 
treatment  does  not  do  justice  to  it.  However,  we  felt  that  it  would  be  fun  to  be  able  to 
quickly  compute  fairly  accurate  radiation  patterns  in  various  antenna  examples,  such 
as  Yagi-Uda  and  other  coupled  antennas,  as  well  horns  and  rehector  antennas. 

The  appendix  includes  summaries  of  physical  constants,  electromagnetic  frequency 
bands,  vector  identities,  integral  theorems.  Green’s  functions,  coordinate  systems,  Fres¬ 
nel  integrals,  sine  and  cosine  integrals,  the  stationary  phase  approximation,  Gauss- 
Legendre  quadrature,  Lorentz  transformations,  and  a  detailed  list  of  the  MATLAB  func¬ 
tions. 

Finally,  there  is  a  large  (but  inevitably  incomplete)  list  of  references,  arranged  by 
topic  area,  as  well  as  several  web  links,  that  we  hope  could  serve  as  a  starting  point  for 
further  study. 

MATLAB  Toolbox 

The  text  makes  extensive  use  of  MATLAB.  We  have  developed  an  “Electromagnetic  Waves 
&  Antennas”  toolbox  containing  170  MATLAB  functions  for  carrying  out  all  of  the  com¬ 
putations  and  simulation  examples  in  the  text.  Code  segments  illustrating  the  usage 
of  these  functions  are  found  throughout  the  book,  and  serve  as  a  user  manual.  The 
functions  may  be  grouped  into  the  following  categories; 

1.  Design  and  analysis  of  multilayer  him  structures,  including  antirehection  coat¬ 
ings,  polarizers,  omnidirectional  mirrors,  narrow-band  transmission  hlters,  sur¬ 
face  plasmon  resonance,  birefringent  multilayer  hlms  and  giant  birefringent  op¬ 
tics. 

2.  Design  of  quarter-wavelength  impedance  transformers  and  other  impedance  match¬ 
ing  methods,  such  as  Chebyshev  transformers,  dual-band  transformers,  stub  match¬ 
ing  and  I-,  n-  and  T-section  reactive  matching  networks. 

3.  Design  and  analysis  of  transmission  lines  and  waveguides,  such  as  microstrip  lines 
and  dielectric  slab  guides. 

4.  S-parameter  functions  for  gain  computations.  Smith  chart  generation,  stability, 
gain,  and  noise-hgure  circles,  simultaneous  conjugate  matching,  and  microwave 
ampliher  design. 

5.  Functions  for  the  computation  of  directivities  and  gain  patterns  of  linear  antennas, 
such  as  dipole,  vee,  rhombic,  and  traveling-wave  antennas,  including  functions  for 
the  input  impedance  of  dipoles. 

6.  Aperture  antenna  functions  for  open-ended  waveguides,  horn  antenna  design, 
diffraction  integrals,  and  knife-edge  diffraction  coefficients. 

7.  Antenna  array  design  functions  for  uniform,  binomial,  Dolph-Chebyshev,  Tay¬ 
lor  one-parameter,  Taylor  h  distribution,  prolate,  Villeneuve  arrays,  sector-beam. 
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multi-beam,  Woodward-Lawson,  and  Butler  beams.  Functions  for  beamwidth  and 
directivity  calculations,  and  for  steering  and  scanning  arrays. 

8.  Numerical  methods  for  solving  the  Hallen  and  Pocklington  integral  equations  for 
single  and  coupled  antennas,  computing  the  exact  thin-wire  kernel,  and  computing 
self  and  mutual  impedances. 

9.  Several  functions  for  making  azimuthal  and  polar  plots  of  antenna  and  array  gain 
patterns  in  decibels  and  absolute  units. 

10.  There  are  also  several  MATLAB  movies  showing  pulse  propagation  in  dispersive 
media  illustrating  slow,  fast,  and  negative  group  velocity;  the  propagation  of  step 
signals  and  pulses  on  terminated  transmission  lines;  the  propagation  on  cascaded 
lines;  step  signals  getting  reflected  from  reactive  terminations;  fault  location  by 
TDR;  crosstalk  signals  propagating  on  coupled  lines;  and  the  time-evolution  of  the 
held  lines  radiated  by  a  Hertzian  dipole. 

The  MATLAB  functions  as  well  as  other  information  about  the  book  may  be  down¬ 
loaded  from  the  web  page:  www.ece. rutgers.edu/~orfanidi/ewa. 
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MaxweWs  Equations 


1.1  Maxwell’s  Equations 

Maxwell’s  equations  describe  all  (classical)  electromagnetic  phenomena: 


(Maxwell’s  equations) 


(1.1.1) 


The  hrst  is  Faraday’s  law  of  induction,  the  second  is  Ampere’s  law  as  amended  by 
Maxwell  to  include  the  displacement  current  dD/dt,  the  third  and  fourth  are  Gauss’  laws 
for  the  electric  and  magnetic  helds. 

The  displacement  current  term  dD/dt  in  Ampere’s  law  is  essential  in  predicting  the 
existence  of  propagating  electromagnetic  waves.  Its  role  in  establishing  charge  conser¬ 
vation  is  discussed  in  Sec.  1.6. 

Eqs.  (1.1.1)  are  in  SI  units.  The  quantities  E  and  H  are  the  electric  and  magnetic 
field  intensities  and  are  measured  in  units  of  [volt/m]  and  [ampere/m],  respectively. 
The  quantities  D  and  B  are  the  electric  and  magnetic  flux  densities  and  are  in  units  of 
[coulomb/m^]  and  [weber/m^],  or  [tesla].  B  is  also  called  the  magnetic  induction. 

The  quantities  p  and  J  are  the  volume  charge  density  and  electric  current  density 
(charge  flux)  of  any  external  charges  (that  is,  not  including  any  induced  polarization 
charges  and  currents.)  They  are  measured  in  units  of  [coulomb/m^]  and  [ampere/m^]. 
The  right-hand  side  of  the  fourth  equation  is  zero  because  there  are  no  magnetic  mono¬ 
pole  charges.  Eqs.  (1.3.1 7)-(  1.3. 19)  display  the  induced  polarization  terms  explicitly. 

The  charge  and  current  densities  p,  J  maybe  thought  of  as  the  sources  of  the  electro¬ 
magnetic  helds.  Eor  wave  propagation  problems,  these  densities  are  localized  in  space; 
for  example,  they  are  restricted  to  how  on  an  antenna.  The  generated  electric  and  mag¬ 
netic  helds  are  radiated  away  from  these  sources  and  can  propagate  to  large  distances  to 
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the  receiving  antennas.  Away  from  the  sources,  that  is,  in  source-free  regions  of  space. 
Maxwell’s  equations  take  the  simpler  form: 


(source-free  Maxwell’s  equations) 


(1.1.2) 


The  qualitative  mechanism  by  which  Maxwell’s  equations  give  rise  to  propagating 
electromagnetic  helds  is  shown  in  the  hgure  below. 


For  example,  a  time-varying  current  J  on  a  linear  antenna  generates  a  circulating 
and  time-varying  magnetic  held  H,  which  through  Faraday’s  law  generates  a  circulating 
electric  held  E,  which  through  Ampere’s  law  generates  a  magnetic  held,  and  so  on.  The 
cross-linked  electric  and  magnetic  helds  propagate  away  from  the  current  source.  A 
more  precise  discussion  of  the  helds  radiated  by  a  localized  current  distribution  is  given 
in  Chap.  14. 


1.2  Lorentz  Force 

The  force  on  a  charge  q  moving  with  velocity  v  in  the  presence  of  an  electric  and  mag¬ 
netic  held  E,  B  is  called  the  Lorentz  force  and  is  given  by: 


E  =  q{E-\-  vx  B)  (Lorentz  force)  (1.2.1) 

Newton’s  equation  of  motion  is  (for  non-relativistic  speeds): 

d  V 

m—  =  E=  qiE^vxB)  (1.2.2) 

dt 

where  m  is  the  mass  of  the  charge.  The  force  E  will  increase  the  kinetic  energy  of  the 
charge  at  a  rate  that  is  equal  to  the  rate  of  work  done  by  the  Lorentz  force  on  the  charge, 
that  is,  V  ■  E.  Indeed,  the  time-derivative  of  the  kinetic  energy  is: 


Ikkin  =  V  -  V 


dWyjn  dv 

— ; —  =  mv  -  —  =  y  ■  E  =  q  y  ■  E 
dt  dt  ^ 


(1.2.3) 


We  note  that  only  the  electric  force  contributes  to  the  increase  of  the  kinetic  energy— 
the  magnetic  force  remains  perpendicular  to  v,  that  is,  v  ■  (yx  B)=  0. 


1.3.  Constitutive  Relations 
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Volume  charge  and  current  distributions  p,J  are  also  subjected  to  forces  in  the 
presence  of  helds.  The  Lorentz  force  per  unit  volume  acting  on  p,J  is  given  by: 

f=  pE  +  Jx  B  (Lorentz  force  per  unit  volume)  (1.2.4) 

where  f  is  measured  in  units  of  [newton/m^].  If  J  arises  from  the  motion  of  charges 
within  the  distribution  p,  then  J=  py  {as  explained  in  Sec.  1.5.)  In  this  case, 

f=  p{E+yxB)  (1.2.5) 

By  analogy  with  Eq.  (1.2.3),  the  quantity  y  f=pyE  =  JE  represents  the  power 
per  unit  volume  of  the  forces  acting  on  the  moving  charges,  that  is,  the  power  expended 
by  (or  lost  from)  the  helds  and  converted  into  kinetic  energy  of  the  charges,  or  heat.  It 
has  units  of  [watts/m^].  We  will  denote  it  by: 


dPloss 

dV 


(ohmic  power  losses  per  unit  volume) 


(1.2.6) 


In  Sec.  1.7,  we  discuss  its  role  in  the  conservation  of  energy.  We  will  hnd  that  elec¬ 
tromagnetic  energy  howing  into  a  region  will  partially  increase  the  stored  energy  in  that 
region  and  partially  dissipate  into  heat  according  to  Eq.  (1.2.6). 


1 . 3  Constitutive  Relations 

The  electric  and  magnetic  hux  densities  D,  B  are  related  to  the  held  intensities  E,  H  via 
the  so-called  constitutive  relations,  whose  precise  form  depends  on  the  material  in  which 
the  helds  exist.  In  vacuum,  they  take  their  simplest  form: 


D  =  CqE 

B  =  PoH 


(1.3.1) 


where  Gq,  po  are  the  permittivity  and  permeability  of  vacuum,  with  numerical  values: 


Go  =  8.854  X  10  farad/m 
Po  =  4Tr  X  10“^  henry/m 


(1.3.2) 


The  units  for  Gq  and  po  are  the  units  of  the  ratios  DIE  and  B Hi,  that  is, 

coulomb/m^  _  coulomb  _  farad  weber/m^  _  weber  _  henry 

volt/m  volt  ■  m  m  ’  ampere/m  ampere  ■  m  m 

From  the  two  quantities  Gq,  po,  we  can  dehne  two  other  physical  constants,  namely, 
the  speed  of  light  and  characteristic  impedance  of  vacuum: 


Co  =  - =  3  X  10^  m/sec , 


ho 


=  377  ohm 


(1.3.3) 
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The  next  simplest  form  of  the  constitutive  relations  is  for  simple  homogeneous 
isotropic  dielectric  and  for  magnetic  materials: 

(1.3.4) 

These  are  typically  valid  at  low  frequencies.  The  permittivity  €  and  permeability  p 
are  related  to  the  electric  and  magnetic  susceptibilities  of  the  material  as  follows: 

(1.3.5) 

The  susceptibilities  x.Xm  are  measures  of  the  electric  and  magnetic  polarization 
properties  of  the  material.  For  example,  we  have  for  the  electric  flux  density: 

D  =  cE  =  €q  (1  +  x)-^  “  ^qE  +  GqxE  =  CqE  +  P  (1.3.6) 

where  the  quantity  P  =  CqxE  represents  the  dielectric  polarization  of  the  material,  that 
is,  the  average  electric  dipole  moment  per  unit  volume.  In  a  magnetic  material,  we  have 

B  =  poiH+M)=  po  {H+XmH)  =  po  (1  +  Xm)H=  pH  (1.3.7) 

where  M  =  XmH  is  the  magnetization,  that  is,  the  average  magnetic  moment  per  unit 
volume.  The  speed  of  light  in  the  material  and  the  characteristic  impedance  are: 


'7  =  Ve 


The  relative  permittivity,  permeability  and  refractive  index  of  a  material  are  dehned  by: 


erel  =  —  =  1+X-  /Jrel  =  —  =  1  +  Xm  ,  «  =  VCrel/Jrel  (1.3.9) 

^0  bo 

so  that  n^  =  CreiPrei-  Uslng  the  dehnition  of  Eq.  (1.3.8),  we  may  relate  the  speed  of  light 
and  impedance  of  the  material  to  the  corresponding  vacuum  values: 


1 

1 

Co 

Co 

~  /pe  ~ 

x/Crel/^rel 

n 

1  bo  //^rel 
\  ^0  V  ^rel 

/  n 

v/ ^  ^  ^0 

V  Crel 

Prel  „  n 

-  =  ho  - 

n  Crel 

For  a  non-magnetic  material,  we  have  p  =  po,  or,  Prei  =  1,  and  the  impedance 
becomes  simply  g  =  po/n,  a  relationship  that  we  will  use  extensively  in  this  book. 

More  generally,  constitutive  relations  may  be  inhomogeneous,  anisotropic,  nonlin¬ 
ear,  frequency  dependent  (dispersive),  or  all  of  the  above.  In  inhomogeneous  materials, 
the  permittivity  e  depends  on  the  location  within  the  material: 


D{r,t)=  e{r)Eir,t) 


1.3.  Constitutive  Relations 
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In  anisotropic  materials,  e  depends  on  the  x,y,  z  direction  and  the  constitutive  rela¬ 
tions  may  be  written  component-wise  in  matrix  (or  tensor)  form: 

Dx  ^xx  ^xy  ^xz  Ex 

Dy  =  €yx  Cyy  €yz  Ey  (1.3.11) 

E)z  ^zx  ^zy  ^zz  Ez 

Anisotropy  is  an  inherent  property  of  the  atomic/molecular  structure  of  the  dielec¬ 
tric.  It  may  also  be  caused  by  the  application  of  external  helds.  For  example,  conductors 
and  plasmas  in  the  presence  of  a  constant  magnetic  held— such  as  the  ionosphere  in  the 
presence  of  the  Earth’s  magnetic  held— become  anisotropic  (see  for  example.  Problem 
1.10  on  the  Hall  effect.) 

In  nonlinear  materials,  e  may  depend  on  the  magnitude  E  of  the  applied  electric  held 
in  the  form: 

D  =  e{E)E,  where  e{E)=  e  +  CzE  +  CsE^  +  ■  ■  ■  (1.3.12) 

Nonlinear  effects  are  desirable  in  some  applications,  such  as  various  types  of  electro¬ 
optic  effects  used  in  light  phase  modulators  and  phase  retarders  for  altering  polariza¬ 
tion.  In  other  applications,  however,  they  are  undesirable.  For  example,  in  optical  hbers 
nonlinear  effects  become  important  if  the  transmitted  power  is  increased  beyond  a  few 
milliwatts.  A  typical  consequence  of  nonlinearity  is  to  cause  the  generation  of  higher 
harmonics,  for  example,  if  E  =  Eoe-^^^  then  Eq.  (1.3.12)  gives: 

D  =  e{E)E  =  eE  +  e2E^  +  e-iE^  +  ■■■  =  efoe'"'  +  eiEle^^'^  +  e^Ele^J'"’  +  ■■■ 

Thus  the  input  frequency  co  is  replaced  by  co,2co,3co,  and  so  on.  In  a  multi¬ 
wavelength  transmission  system,  such  as  a  wavelength  division  multiplexed  (WDM)  op¬ 
tical  hber  system  carrying  signals  at  closely-spaced  carrier  frequencies,  such  nonlinear¬ 
ities  will  cause  the  appearance  of  new  frequencies  which  may  be  viewed  as  crosstalk 
among  the  original  channels.  For  example,  if  the  system  carries  frequencies  co,,  z  = 
1,2,...,  then  the  presence  of  a  cubic  nonlinearity  E^  will  cause  the  appearance  of  the 
frequencies  co,-  ±  ooj  ±  cvk-  In  particular,  the  frequencies  co,-  -r  cjoj  -  cvk  are  most  likely 
to  be  confused  as  crosstalk  because  of  the  close  spacing  of  the  carrier  frequencies. 

Materials  with  a  frequency-dependent  dielectric  constant  e(co)  are  referred  to  as 
dispersive.  The  frequency  dependence  comes  about  because  when  a  time-varying  elec¬ 
tric  held  is  applied,  the  polarization  response  of  the  material  cannot  be  instantaneous. 
Such  dynamic  response  can  be  described  by  the  convolutional  (and  causal)  constitutive 
relationship: 

D(r,t)=  \  eit  -t')E{r,t')  df  (1.3.13) 

J  — 00 


which  becomes  multiplicative  in  the  frequency  domain: 


(1.3.14) 


All  materials  are,  in  fact,  dispersive.  However,  e(co)  typically  exhibits  strong  depen¬ 
dence  on  CO  only  for  certain  frequencies.  For  example,  water  at  optical  frequencies  has 
refractive  index  n  =  =  1-33,  but  at  RF  down  to  dc,  it  has  n  =  9. 
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In  Sec.  1.9,  we  discuss  simple  models  of  e(cu)  for  dielectrics,  conductors,  and  plas¬ 
mas,  and  clarify  the  nature  of  Ohm’s  law: 


J=  (tE 


(Ohm’s  law) 


(1.3.15) 


In  Sec.  1.10,  we  discuss  the  Kramer s-Kronig  dispersion  relations,  which  are  a  direct 
consequence  of  the  causality  of  the  time-domain  dielectric  response  function  e(f). 

One  major  consequence  of  material  dispersion  is  pulse  spreading,  that  is,  the  pro¬ 
gressive  widening  of  a  pulse  as  it  propagates  through  such  a  material.  This  effect  limits 
the  data  rate  at  which  pulses  can  be  transmitted.  There  are  other  types  of  dispersion, 
such  as  intermodal  dispersion  in  which  several  modes  may  propagate  simultaneously, 
or  waveguide  dispersion  introduced  by  the  conhning  walls  of  a  waveguide. 

There  exist  materials  that  are  both  nonlinear  and  dispersive  that  support  certain 
types  of  non-linear  waves  called  solitons,  in  which  the  spreading  effect  of  dispersion  is 
exactly  canceled  by  the  nonlinearity.  Therefore,  soliton  pulses  maintain  their  shape  as 
they  propagate  in  such  media  [1151,850,851]. 

More  complicated  forms  of  constitutive  relationships  arise  in  chiral  and  gyrotropic 
media  and  are  discussed  in  Chap.  4.  The  more  general  bi-isotropic  and  bi-anisotropic 
media  are  discussed  in  [30,73]. 

In  Eqs.  (1.1.1),  the  densities  p,J  represent  the  external  or  free  charges  and  currents 
in  a  material  medium.  The  induced  polarization  P  and  magnetization  M  may  be  made 
explicit  in  Maxwell’s  equations  by  using  constitutive  relations: 


D  =  €oE^P,  B  =  Po{H^M) 


(1.3.16) 


Inserting  these  in  Eq.  (1.1.1),  for  example,  by  writing  V  x  5  =  PqS/  x  {H  +  M)  = 
Po  (J  +  ^  +  V  X  M)  =  po  {cqE  -r/-rP-rV  xM),we  may  express  Maxwell’s  equations  in 
terms  of  the  helds  E  and  B : 


V  xE  = 


dB 

dt 


V  X  P  —  PqCq  —  Pol  J  —  -I-  V  X  M] 

V  ■  £  =  —  (p  -  V  ■  P) 

^0 


V  ■  JB=  0 


(1.3.17) 


We  identify  the  current  and  charge  densities  due  to  the  polarization  of  the  material  as: 

(polarization  densities)  (1.3.18) 


*/pol  ~ 


dP 


dt 


Ppol  =  -V  ■  P 


Similarly,  the  quantity  Jmag  =  V  x  M  may  be  identihed  as  the  magnetization  current 
density  (note  that  Pmag  =  0.)  The  total  current  and  charge  densities  are: 

dP  „ 

Jlot  —  J  Jpol  +  /mag  “  /  +  0^  -|-  V  X  M 
Ptot  =  P  +  Ppol  =  p-y  'P 


(1.3.19) 


1.4.  Boundary  Conditions 


7 


and  maybe  thought  of  as  the  sources  of  the  helds  in  Eq.  (1.3.17).  In  Sec.  14.6,  we  examine 
this  interpretation  further  and  show  how  it  leads  to  the  Ewald-Oseen  extinction  theorem 
and  to  a  microscopic  explanation  of  the  origin  of  the  refractive  index. 

Negative  Index  Media 

Maxwell’s  equations  do  not  preclude  the  possibility  that  one  or  both  of  the  quantities 
e,  p  be  negative.  Eor  example,  plasmas  below  their  plasma  frequency,  and  metals  up  to 
optical  frequencies,  have  e  <  0  and  p  >  0,  with  interesting  applications  such  as  surface 
plasmons  (see  Sec.  8.5). 

Isotropic  media  with  p  <  0  and  e  >  0  are  more  difficult  to  come  by  [130],  although 
examples  of  such  media  have  been  fabricated  [358]. 

Negative-index  media,  also  known  as  left-handed  media,  have  e,  p  that  are  simulta¬ 
neously  negative,  e  <  0  and  p  <  0.  Veselago  [353]  was  the  hrst  to  study  their  unusual 
electromagnetic  properties,  such  as  having  a  negative  index  of  refraction  and  the  rever¬ 
sal  of  Snel’s  law. 

The  novel  properties  of  such  media  and  their  potential  applications  have  generated 
a  lot  of  research  interest  [353-434].  Examples  of  such  media,  termed  “metamaterials”, 
have  been  constructed  using  periodic  arrays  of  wires  and  split-ring  resonators,  [359] 
and  by  transmission  line  elements  [392-394,414,427],  and  have  been  shown  to  exhibit 
the  properties  predicted  by  Veselago. 

When  Erei  <  0  and  Prei  <  0,  the  refractive  index,  n^  =  CreiPrei,  must  be  dehned  by 
the  negative  square  root  n  =  -^^reiPrei-  Because  then  n  <  0  and  Prei  <  0  will  imply 
that  the  characteristic  impedance  of  the  medium  g  =  PoPrei/n  will  be  positive,  which 
as  we  will  see  later  implies  that  the  energy  flux  of  a  wave  is  in  the  same  direction  as  the 
direction  of  propagation.  We  discuss  such  media  in  Sections  2.12,  7.16,  and  8.6. 


1.4  Boundary  Conditions 

The  boundary  conditions  for  the  electromagnetic  helds  across  material  boundaries  are 
given  below: 


Eit  -  Ezt  =  0 

Hit  ~  H2t  —  Js 
Din  ~  D2n  —  Ps 
Bln  -  B2n  =  0 


e,  t"  ^  ' 

B\n 

62  -pT—  ^ 

^2t 

D2n  ^2t 

Bln 

(1.4.1) 


where  h  is  a  unit  vector  normal  to  the  boundary  pointing  from  medium-2  into  medium- 1. 
The  quantities  ps,Js  are  any  external  surface  charge  and  surface  current  densities  on 
the  boundary  surface  and  are  measured  in  units  of  [coulomb/m^]  and  [ampere/m]. 

In  words,  the  tangential  components  of  the  Fheld  are  continuous  across  the  inter¬ 
face;  the  difference  of  the  tangential  components  of  the  H-held  are  equal  to  the  surface 
current  density;  the  difference  of  the  normal  components  of  the  hux  density  D  are  equal 
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1.  Maxwell’s  Equations 


to  the  surface  charge  density;  and  the  normal  components  of  the  magnetic  flux  density 
B  are  continuous. 

The  Dn  boundary  condition  may  also  be  written  a  form  that  brings  out  the  depen¬ 
dence  on  the  polarization  surface  charges: 


(CoEin  +  Pin)  i^oEzn  +  Pin)  —  Ps  ^  ^oiEin  E2n)  —  Ps  -Pin  +  Pin  —  Ps,lol 

The  total  surface  charge  density  will  be  +  Pi^.poi  +  Pis, poi,  where  the  surface 

charge  density  of  polarization  charges  accumulating  at  the  surface  of  a  dielectric  is  seen 
to  be  (h  is  the  outward  normal  from  the  dielectric); 


P^.pol  —  Pn  —  n  ■  P 


(1.4.2) 


The  relative  directions  of  the  held  vectors  are  shown  in  Fig.  1.4.1.  Each  vector  may 
be  decomposed  as  the  sum  of  a  part  tangential  to  the  surface  and  a  part  perpendicular 
to  it,  that  is,  E  =  Et  +  En.  Using  the  vector  identity, 


E  =  nx  (E  X  h)  +hin  •  E)  =  Et  +  En 


(1.4.3) 


we  identify  these  two  parts  as: 

Et  =nx  (Ex  n)  ,  En  =  nin  •  E)  =  nEn 


E  H 


Fig.  1.4.1  Field  directions  at  boundary. 

Using  these  results,  we  can  write  the  hrst  two  boundary  conditions  in  the  following 
vectorial  forms,  where  the  second  form  is  obtained  by  taking  the  cross  product  of  the 
hrst  with  h  and  noting  that  Js  is  purely  tangential: 


h  X  (El  X  h)  -  h  X  (E2  X  h)  =0 

nx  (Ex  -  £2)  =  0 

or. 

h  X  (Hi  X  h)  -  h  X  (H2  X  h)  =  Js  xh 

nx  (H1-H2)  =Js 

The  boundary  conditions  (1.4.1)  canbe  derived  from  the  integrated  form  of  Maxwell’s 
equations  if  we  make  some  additional  regularity  assumptions  about  the  helds  at  the 
interfaces. 


1.5.  Currents,  Fluxes,  and  Conservation  Laws 
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In  many  interface  problems,  there  are  no  externally  applied  surface  charges  or  cur¬ 
rents  on  the  boundary.  In  such  cases,  the  boundary  conditions  may  be  stated  as: 


Eit  =  E2t 

Hit  =  H2t 
Din  —  D2n 
Bln  =  B2n 


(source-free  boundary  conditions) 


(1.4.5) 


1.5  Currents,  Fluxes,  and  Conservation  Laws 


The  electric  current  density  J  is  an  example  of  a  flux  vector  representing  the  how  of  the 
electric  charge.  The  concept  of  hux  is  more  general  and  applies  to  any  quantity  that 
hows.l  It  could,  for  example,  apply  to  energy  hux,  momentum  hux  (which  translates 
into  pressure  force),  mass  hux,  and  so  on. 

In  general,  the  hux  of  a  quantity  Q  is  dehned  as  the  amount  of  the  quantity  that 
hows  (perpendicularly)  through  a  unit  surface  in  unit  time.  Thus,  if  the  amount  Z\Q 
hows  through  the  surface  AS  in  time  At,  then: 

J  =  (dehnition  of  hux)  (1.5.1) 

When  the  howing  quantity  Q  is  the  electric  charge,  the  amount  of  current  through 
the  surface  AS  will  be  AI  =  AQ/At,  and  therefore,  we  can  write  J  =  AI/AS,  with  units 
of  [ampere/m^]. 

The  hux  is  a  vectorial  quantity  whose  direction  points  in  the  direction  of  how.  There 
is  a  fundamental  relationship  that  relates  the  hux  vector  J  to  the  transport  velocity  v 
and  the  volume  density  p  of  the  howing  quantity: 


J=  py 


(1.5.2) 


This  can  be  derived  with  the  help  of  Fig.  1.5.1.  Consider  a  surface  AS  oriented  per¬ 
pendicularly  to  the  how  velocity.  In  time  At,  the  entire  amount  of  the  quantity  contained 
in  the  cylindrical  volume  of  height  vAt  will  manage  to  how  through  AS.  This  amount  is 
equal  to  the  density  of  the  material  times  the  cylindrical  volume  AV  =  ASivAt),  that 
is,  ACl  =  pAV  =  pASvAt.  Thus,  by  dehnition: 


AQ  pASvAt 
ASAt  ^  ASAt 


When  J  represents  electric  current  density,  we  will  see  in  Sec.  1.9  that  Eq.  (1.5.2) 
implies  Ohm’s  law  J  =  aE.  When  the  vector  J  represents  the  energy  hux  of  a  propagating 
electromagnetic  wave  and  p  the  corresponding  energy  per  unit  volume,  then  because  the 
speed  of  propagation  is  the  velocity  of  light,  we  expect  that  Eq.  (1.5.2)  will  take  the  form: 


Jen  —  t^Pen  (1.5.3) 

Un  this  sense,  the  terms  electric  and  magnetic  “flux  densities”  for  the  quantities  D,  B  are  somewhat  of  a 
misnomer  because  they  do  not  represent  anything  that  flows. 


10 


1.  Maxwell’s  Equations 


AS 


-  vAt  - 

Fig.  1.5.1  Flux  of  a  quantity. 


Similarly,  when  J  represents  momentum  flux,  we  expect  to  have  Jmom  =  cpmom- 
Momentum  flux  is  dehned  as  Jmom  =  Ap/ (ASAt)  =  AF/AS,  where  p  denotes  momen¬ 
tum  and  AF  =  Ap/ At  is  the  rate  of  change  of  momentum,  or  the  force,  exerted  on  the 
surface  AS.  Thus,  Jmom  represents  force  per  unit  area,  or  pressure. 

Electromagnetic  waves  incident  on  material  surfaces  exert  pressure  (known  as  ra¬ 
diation  pressure),  which  can  be  calculated  from  the  momentum  flux  vector.  It  can  be 
shown  that  the  momentum  flux  is  numerically  equal  to  the  energy  density  of  a  wave,  that 
is,  Jmom  =  Pen,  which  implies  that  Pen  =  PmomC.  This  is  consistent  with  the  theory  of 
relativity,  which  states  that  the  energy-momentum  relationship  for  a  photon  is  F  =  pc. 


1.6  Charge  Conservation 

Maxwell  added  the  displacement  current  term  to  Ampere’s  law  in  order  to  guarantee 
charge  conservation.  Indeed,  taking  the  divergence  of  both  sides  of  Ampere’s  law  and 
using  Gauss’s  law  V  ■  D  =  p,  we  get: 


dD  d  dp 

V  VxH=V/+V  —  =  V  J+— V  D=V/+^ 

ot  ot  ot 


Using  the  vector  identity  V  ■  V  x  H  =  0,  we  obtain  the  differential  form  of  the  charge 
conservation  law: 


(charge  conservation) 


(1.6.1) 


Integrating  both  sides  over  a  closed  volume  V  surrounded  by  the  surface  S,  as 
shown  in  Fig.  1.6.1,  and  using  the  divergence  theorem,  we  obtain  the  integrated  form  of 
Eq.  (1.6.1): 

j^J-dS=-^j^pdV  (1.6.2) 

The  left-hand  side  represents  the  total  amount  of  charge  flowing  outwards  through 
the  surface  S  per  unit  time.  The  right-hand  side  represents  the  amount  by  which  the 
charge  is  decreasing  inside  the  volume  V  per  unit  time.  In  other  words,  charge  does 
not  disappear  into  (or  get  created  out  of)  nothingness— it  decreases  in  a  region  of  space 
only  because  it  flows  into  other  regions. 

Another  consequence  of  Eq.  (1.6.1)  is  that  in  good  conductors,  there  cannot  be  any 
accumulated  volume  charge.  Any  such  charge  will  quickly  move  to  the  conductor’s 
surface  and  distribute  itself  such  that  to  make  the  surface  into  an  equipotential  surface. 
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Fig.  1.6.1  Flux  outwards  through  surface. 


Assuming  that  inside  the  conductor  we  have  D  =  eE  and  J  =  aE,  we  obtain 

V  ■  J  =  crV  ■  E  =  —V  ■  D  =  — p 

e  e 


with  solution: 


dp 

dt 


a 


p  =  0 


p{r,t)=  po(r)e 


(1.6.3) 


where  po  (r)  is  the  initial  volume  charge  distribution.  The  solution  shows  that  the  vol¬ 
ume  charge  disappears  from  inside  and  therefore  it  must  accumulate  on  the  surface  of 
the  conductor.  The  “relaxation”  time  constant  Trei  =  eld  is  extremely  short  for  good 
conductors.  For  example,  in  copper. 


e 

Trel  =  ~ 
d 


8.8S  X  10-12 
5.7  X  107 


=  1.6  X  10  1®  sec 


By  contrast,  Trei  is  of  the  order  of  days  in  a  good  dielectric.  For  good  conductors,  the 
above  argument  is  not  quite  correct  because  it  is  based  on  the  steady-state  version  of 
Ohm’s  law,  J  =  dE,  which  must  be  modihed  to  take  into  account  the  transient  dynamics 
of  the  conduction  charges. 

It  turns  out  that  the  relaxation  time  Trei  is  of  the  order  of  the  collision  time,  which 
is  typically  10“^^  sec.  We  discuss  this  further  in  Sec.  1.9.  See  also  Refs.  [115-118]. 


1 . 7  Energy  Flux  and  Energy  Conservation 

Because  energy  can  be  converted  into  different  forms,  the  corresponding  conservation 
equation  (1.6.1)  should  have  a  non-zero  term  in  the  right-hand  side  corresponding  to 
the  rate  by  which  energy  is  being  lost  from  the  helds  into  other  forms,  such  as  heat. 
Thus,  we  expect  Eq.  (1.6.1)  to  have  the  form: 

d  Ppn 

— - h  V  ■  Jen  =  rate  of  energy  loss  (1.7.1) 

dt 

Assuming  the  ordinary  constitutive  relations  D  =  eE  and  B  =  pH,  the  quantities 
Pen,  Jen  describing  the  energy  density  and  energy  flux  of  the  helds  are  dehned  as  follows. 
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1.  Maxwell’s  Equations 


where  we  introduce  a  change  in  notation: 

1  9  1  9 

Pen  =  w=  -e|£r  +  -julHr  =  energy  per  unit  volume 

2  2  (172) 

Jen  =  ^  =  Ex  H  =  energy  flux  or  Poynting  vector 

where  \E\^  =  E  ■  E.  The  quantities  w  and  T  are  measured  in  units  of  [joule/m^]  and 
[watt/m^].  Using  the  identity  V  ■  {Ex  H)  =  H  ■  V  x  E  -  E  ■  V  x  H,  we  find: 

^  +  V  ■T  =  e^  -E+u^  -H+V  ■  (ExH) 

ot  dt  dt 

=  ^E+^  H+HVxE-EVxH 
dt  dt 


■VxH]  E 


V  xE]  ■  H 


Using  Ampere’s  and  Faraday’s  laws,  the  right-hand  side  becomes: 
dw 

— — h  V  ■  T  =  -J  ■  E  (energy  conservation)  (1.7.3) 

dt  _ 

As  we  discussed  in  Eq.  (1.2.6),  the  quantity  J  E  represents  the  ohmic  losses,  that 
is,  the  power  per  unit  volume  lost  into  heat  from  the  fields.  The  integrated  form  of 
Eq.  (1.7.3)  is  as  follows,  relative  to  the  volume  and  surface  of  Fig.  1.6.1: 


)  T  ■dS=  — 
s  dt 


wdV+  J-EdV 

V  Jv 


It  states  that  the  total  power  entering  a  volume  V  through  the  surface  S  goes  partially 
into  increasing  the  field  energy  stored  inside  V  and  partially  is  lost  into  heat. 

Example  1.7.1:  Energy  concepts  can  be  used  to  derive  the  usual  circuit  formulas  for  capaci¬ 
tance,  inductance,  and  resistance.  Consider,  for  example,  an  ordinary  plate  capacitor  with 
plates  of  area  A  separated  by  a  distance  /,  and  filled  with  a  dielectric  e.  The  voltage  between 
the  plates  is  related  to  the  electric  field  between  the  plates  via  V  =  El. 

The  energy  density  of  the  electric  field  between  the  plates  is  w  =  eE^/2.  Multiplying  this 
by  the  volume  between  the  plates.  Ad,  will  give  the  total  energy  stored  in  the  capacitor. 
Equating  this  to  the  circuit  expression  CV^/2,  will  yield  the  capacitance  C: 


IT  =  -eE^  ■  Al  ■■ 
2 


-CV^  =  -CE^f 
2  2 


Next,  consider  a  solenoid  with  n  turns  wound  around  a  cylindrical  iron  core  of  length 
/,  cross-sectional  area  A,  and  permeability  p.  The  current  through  the  solenoid  wire  is 
related  to  the  magnetic  field  in  the  core  through  Ampere’s  law  HI  =  nl.  It  follows  that  the 
stored  magnetic  energy  in  the  solenoid  will  be: 


W  =  -ijH^  -  Al  =  -Lf 
2  2 


Einally,  consider  a  resistor  of  length  /,  cross-sectional  area  A,  and  conductivity  cr.  The 
voltage  drop  across  the  resistor  is  related  to  the  electric  field  along  it  via  V  =  El.  The 
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current  is  assumed  to  be  uniformly  distributed  over  the  cross-section  A  and  will  have 
density  /  =  crE. 

The  power  dissipated  into  heat  per  unit  volume  is  JE  =  crE^.  Multiplying  this  by  the 
resistor  volume  Al  and  equating  it  to  the  circuit  expression  IR  =  RP  will  give: 

U-E)iAI)=aViAl)=^A-^  - 

The  same  circuit  expressions  can,  of  course,  be  derived  more  directly  using  Q  =  CV,  the 
magnetic  flux  =  El,  and  V  =  RL  □ 

Conservation  laws  may  also  be  derived  for  the  momentum  carried  by  electromagnetic 
fields  [40,1116].  It  can  be  shown  (see  Problem  1.6)  that  the  momentum  per  unit  volume 
carried  by  the  fields  is  given  by: 

(momentum  density)  (1.7.5) 

where  we  set  D  =  eE,  B  =  pH,  and  c  =  1/^/ep.  The  quantity  /mom  =  cG  =  Tic  will 
represent  momentum  flux,  or  pressure,  if  the  fields  are  incident  on  a  surface. 

1.8  Harmonic  Time  Dependence 

Maxwell’s  equations  simplify  considerably  in  the  case  of  harmonic  time  dependence. 
Through  the  inverse  Fourier  transform,  general  solutions  of  Maxwell’s  equation  can  be 
built  as  linear  combinations  of  single-frequency  solutions:^ 

E{r,t)=  I  E’(r,  co)e^^^  (1.8.1) 

j-oo  27T 

Thus,  we  assume  that  all  fields  have  a  time  dependence 

E(r,  t)  =  E{r)  e^^^  H(r,  t)  =  H(r)  e^^^ 

where  the  phasor  amplitudes  E{r) ,  H(r)  are  complex-valued.  Replacing  time  derivatives 
by  ^  /  CO,  we  may  rewrite  Eq.  (1.1.1)  in  the  form: 


(Maxwell’s  equations)  (1.8.2) 


In  this  book,  we  will  consider  the  solutions  of  Eqs.  (1.8.2)  in  three  different  contexts: 
(a)  uniform  plane  waves  propagating  in  dielectrics,  conductors,  and  birefringent  me¬ 
dia,  (b)  guided  waves  propagating  in  hollow  waveguides,  transmission  lines,  and  optical 
fibers,  and  (c)  propagating  waves  generated  by  antennas  and  apertures. 

^The  convention  is  used  in  the  engineering  literature,  and  in  the  physics  literature.  One  can 
pass  from  one  convention  to  the  other  by  making  the  formal  substitution  j  ^  -i  in  all  the  equations. 
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1.  Maxwell’s  Equations 


Next,  we  review  some  conventions  regarding  phasors  and  time  averages.  A  real¬ 
valued  sinusoid  has  the  complex  phasor  representation: 

JAit)=  \A\ cos  (cjot  +  6)  A(t)  =  Ae^^^  (1.8.3) 

where  A  =  |  A  |  Thus,  we  have  J4  (t)  =  Re  [A  (t)  ]  =  Re  [Ae^^^] .  The  time  averages  of 
the  quantities  J4  (f)  and  A(t)  over  one  period  T  =  Zn/cv  are  zero. 

The  time  average  of  the  product  of  two  harmonic  quantities  J4  (t)  =  Re[Ae^^^]  and 
S  (t)  =  Re  with  phasors  A,  £  is  given  by  (see  Problem  1.4): 

^  C J\.it)'Bit)dt  =lRe[AB*]  (1.8.4) 

i  Jo  Z 

In  particular,  the  mean-square  value  is  given  by: 

Wit)  =  ^  C Wit)dt=l,Re[AA*]=  t|A|2  (1.8.S) 

i  Jo  z  z 

Some  interesting  time  averages  in  electromagnetic  wave  problems  are  the  time  av¬ 
erages  of  the  energy  density,  the  Poynting  vector  (energy  flux),  and  the  ohmic  power 
losses  per  unit  volume.  Using  the  dehnition  (1.7.2)  and  the  result  (1.8.4),  we  have  for 
these  time  averages: 


w  =  i  Re  ief  ■  £*  -r  ^pH  ■  H*  (energy  density) 

T  =  i  Re[£’x  H*]  (Poynting  vector)  (1.8.6) 

=  t  Re[7tot  ■  £■*]  (ohmic  losses) 

where  Jtot  =  J  +  JtvB)  is  the  total  current  in  the  right-hand  side  of  Ampere’s  law  and 
accounts  for  both  conducting  and  dielectric  losses.  The  time-averaged  version  of  Poynt- 
ing’s  theorem  is  discussed  in  Problem  1.5. 

The  expression  (1.8.6)  for  the  energy  density  w  was  derived  under  the  assumption 
that  both  e  and  p  were  constants  independent  of  frequency.  In  a  dispersive  medium,  e,  p 
become  functions  of  frequency.  In  frequency  bands  where  e(co) ,  p  (co)  are  essentially 
real-valued,  that  is,  where  the  medium  is  lossless,  it  can  be  shown  [130]  that  the  time- 
averaged  energy  density  generalizes  to: 


■  1  dicjoe) 
_  2  dcjo 


1  dicjop) 


(lossless  case) 


The  derivation  of  (1.8.7)  is  as  follows.  Starting  with  Maxwell’s  equations  (1.1.1)  and 
without  assuming  any  particular  constitutive  relations,  we  obtain: 


V  ■  EXH=  -£■  D-H- B-J- E 


(1.8.8) 


As  in  Eq.  (1.7.3),  we  would  like  to  interpret  the  hrst  two  terms  in  the  right-hand  side 
as  the  time  derivative  of  the  energy  density,  that  is. 


dw 

lit 


E- D  +  H-  B 
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Anticipating  a  phasor-like  representation,  we  may  assume  complex-valued  helds  and 
derive  also  the  following  relationship  from  Maxwell’s  equations: 

V  ■  tRe[£xH*]  =  -tRe[£*-  D]  B]  -^Re[j*- E]  (1.8.9) 

from  which  we  may  identify  a  “time-averaged”  version  of  dw/dt, 


^  =  lRe[E*-D]  +  lRe[H*-B] 


(1.8.10) 


In  a  dispersive  dielectric,  the  constitutive  relation  between  D  and  E  can  be  written 
as  follows  in  the  time  and  frequency  domains:^ 

^  00 

D(t)=  eit  -  t')Eit')dt'  D(co)  =  e(co)£(co)  (1.8.11) 

J  — 00 

where  the  Fourier  transforms  are  dehned  by 


e(co)e^^^dco  e(co)=  e{t)e  •^^^dt 


The  time-derivative  of  D(t)  is  then 


f  00 

Dit)=  e(t  -t')Eit')dt' 

J  — 00 


where  it  follows  from  Eq.  (1.8.12)  that 


jcjoe{cjo)e^^^dcjo 


(1.8.12) 


(1.8.13) 


(1.8.14) 


Following  [130],  we  assume  a  quasi-harmonic  representation  for  the  electric  held, 
E{t)=  Eq  it)  where  Eq  (t)  is  a  slowly-varying  function  of  time.  Equivalently,  in  the 
frequency  domain  we  have  £(co)  =  Eoico  -  coq)  ,  assumed  to  be  concentrated  in  a  small 
neighborhood  of  coq,  say,  |co  -  coqI  <  Aco.  Because  e(co)  multiplies  the  narrowband 
function  £(co) ,  we  may  expand  coe(co)  in  a  Taylor  series  around  cjOq  and  keep  only  the 
linear  terms,  that  is,  inside  the  integral  (1.8.14),  we  may  replace: 


cjoeicjo)=  ao boicjo  -  cjoq)  ,  ao  =  cooeicoo)  , 


d[cjoeicjo)] 


(1.8.15) 


Inserting  this  into  Eq.  (1.8.14),  we  obtain  the  approximation 
1 

e(f)- —  [jao  +  boijw  -jcvo)]e^’"^d(v  =jaoSit)+boidt-j(Vo)5(t)  (1.8.16) 

Ztt  j — 00 

where  5  (t)  the  Dirac  delta  function.  This  approximation  is  justihed  only  insofar  as  it  is 
used  inside  Eq.  (1.8.13).  Inserting  (1.8.16)  into  Eq.  (1.8.13),  we  hnd 

^  00 

D(f)  =  ljaoS{t-t')+bo{d,-Jcvo)Sit-t')]Eit')dt'  = 

J  — 00 


=  JaoEit)+boidt  -jWo)Eit) 

=  JaoEoit)ej‘"o’  +  faoOr  -Jwo)  {Eoit)e>‘"o’) 
=  [jaoEoit)+boEo(t)]e>"’o< 


(1.8.17) 


Ijo  unclutter  the  notation,  we  are  suppressing  the  dependence  on  the  space  coordinates  r. 
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1.  Maxwell’s  Equations 


Because  we  assume  that  e(co)  is  real  (i.e.,  lossless)  in  the  vicinity  of  coq,  it  follows  that: 
tRe[£*-D]  =  ^RelEo(t)*-(JaoEo(t)+boEo(t))]  =  ^boRe[Eo(t)* -Eoit)]  ,  or, 


^  1  d[cjoe{cjo)]Q 

dt  4  dev 


(1.8.18) 


Dropping  the  subscript  0,  we  see  that  the  quantity  under  the  time  derivative  in  the 
right-hand  side  may  be  interpreted  as  a  time-averaged  energy  density  for  the  electric 
held.  A  similar  argument  can  be  given  for  the  magnetic  energy  term  of  Eq.  (1.8.7). 

We  will  see  in  the  next  section  that  the  energy  density  (1.8.7)  consists  of  two  parts: 
one  part  is  the  same  as  that  in  the  vacuum  case;  the  other  part  arises  from  the  kinetic 
and  potential  energy  stored  in  the  polarizable  molecules  of  the  dielectric  medium. 

When  Eq.  (1.8.7)  is  applied  to  a  plane  wave  propagating  in  a  dielectric  medium,  one 
can  show  that  (in  the  lossless  case)  the  energy  velocity  coincides  with  the  group  velocity. 

The  generalization  of  these  results  to  the  case  of  a  lossy  medium  has  been  studied 
extensively  [130-144].  Eq.  (1.8.7)  has  also  been  applied  to  the  case  of  a  “left-handed” 
medium  in  which  both  e(cv)  and  p  (co)  are  negative  over  certain  frequency  ranges.  As 
argued  by  Veselago  [353],  such  media  must  necessarily  be  dispersive  in  order  to  make 
Eq.  (1.8.7)  a  positive  quantity  even  though  individually  e  and  p  are  negative. 

Analogous  expressions  to  (1.8.7)  may  also  be  derived  for  the  momentum  density  of 
a  wave  in  a  dispersive  medium.  In  vacuum,  the  time-averaged  momentum  density  is 
given  by  Eq.  (1.7.5),  that  is, 

G=  tRe[eo/L/o£xH*] 


Eor  the  dispersive  (and  lossless)  case  this  generalizes  to  [353,429] 


Re  ep£xH* 


(1.8.19) 


1.9  Simple  Models  of  Dielectrics,  Conductors,  and  Plasmas 

A  simple  model  for  the  dielectric  properties  of  a  material  is  obtained  by  considering  the 
motion  of  a  bound  electron  in  the  presence  of  an  applied  electric  held.  As  the  electric 
held  tries  to  separate  the  electron  from  the  positively  charged  nucleus,  it  creates  an 
electric  dipole  moment.  Averaging  this  dipole  moment  over  the  volume  of  the  material 
gives  rise  to  a  macroscopic  dipole  moment  per  unit  volume. 

A  simple  model  for  the  dynamics  of  the  displacement  x  of  the  bound  electron  is  as 
follows  (with  X  =  dx/dt): 

mx  =  eE  -  kx  -  myx  (1.9.1) 

where  we  assumed  that  the  electric  held  is  acting  in  the  x-direction  and  that  there  is 
a  spring-like  restoring  force  due  to  the  binding  of  the  electron  to  the  nucleus,  and  a 
friction-type  force  proportional  to  the  velocity  of  the  electron. 

The  spring  constant  k  is  related  to  the  resonance  frequency  of  the  spring  via  the 
relationship  cvq  =  ^/k/m,  or,  k  =  mevQ.  Therefore,  we  may  rewrite  Eq.  (1.9.1)  as 


(1.9.2) 
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The  limit  cvq  =  0  corresponds  to  unbound  electrons  and  describes  the  case  of  good 
conductors.  The  frictional  term  yx  arises  from  collisions  that  tend  to  slow  down  the 
electron.  The  parameter  y  is  a  measure  of  the  rate  of  collisions  per  unit  time,  and 
therefore,  t  =  1/y  will  represent  the  mean- time  between  collisions. 

In  a  typical  conductor,  t  is  of  the  order  of  10“^"^  seconds,  for  example,  for  copper, 
T  =  2.4  X  10“^^  sec  and  y  =  4.1  x  10^^  sec“^.  The  case  of  a  tenuous,  collisionless, 
plasma  can  be  obtained  in  the  limit  y  =  0.  Thus,  the  above  simple  model  can  describe 
the  following  cases: 

a.  Dielectrics,  coo  ^  0,  y  ^  0. 

b.  Conductors,  coq  =  0,  y  ^  0. 

c.  Collisionless  Plasmas,  coq  =  0,  y  =  0. 

The  basic  idea  of  this  model  is  that  the  applied  electric  held  tends  to  separate  positive 
from  negative  charges,  thus,  creating  an  electric  dipole  moment.  In  this  sense,  the 
model  contains  the  basic  features  of  other  types  of  polarization  in  materials,  such  as 
ionic/molecular  polarization  arising  from  the  separation  of  positive  and  negative  ions 
by  the  applied  held,  or  polar  materials  that  have  a  permanent  dipole  moment. 

Dielectrics 

The  applied  electric  held  Eit)  in  Eq.  (1.9.2)  can  have  any  time  dependence.  In  particular, 
if  we  assume  it  is  sinusoidal  with  frequency  co,  Eit)  =  Eej^\  then,  Eq.  (1.9.2)  will  have 
the  solution  x(f)  =  xe^^^  where  the  phasor  x  must  satisfy: 

2  .  2  ^  f 

-co^x  -r  jevyx  +  conX  =  — E 
m 

which  is  obtained  by  replacing  time  derivatives  by  0f  ^  jcv.  Its  solution  is: 


A  —  - ^ ^ 

(05  -  (o2  +jcvy 

The  corresponding  velocity  of  the  electron  will  also  be  sinusoidal  v  (t)  =  where 

V  =  X  =  jcvx.  Thus,  we  have: 

JCV — E 

V  =  jcvx  =  — ^ ^ -  (1.9.4) 

(05  -  (o2  +jcvy 

Erom  Eqs.  (1.9.3)  and  (1.9.4),  we  can  hnd  the  polarization  per  unit  volume  P.  We 
assume  that  there  are  N  such  elementary  dipoles  per  unit  volume.  The  individual  electric 
dipole  moment  is  p  =  ex.  Therefore,  the  polarization  per  unit  volume  will  be: 

Ne\ 

- E 

P  =  Np  =  Nex= — ^ ^ - =  eoxicv)E  (1.9.5) 

(05  -  (o2  +jcvy 

The  electric  hux  density  will  be  then: 

D  =  CqE  +  P  =  eo{l  +  x(^))E  =  eicv)E 


18 


1.  Maxwell’s  Equations 


where  the  effective  permittivity  e(cu)  is; 


Ne^ 

e{cv)=  eo  +  --2-  ^  ~ 

0)5  -  0)2  +J0)y 

This  can  be  written  in  a  more  convenient  form,  as  follows: 


€(CV)=  €o  +  ^ - 

0)5  -  0)2  +jo)y 


(1.9.6) 


(1.9.7) 


where  cv^  is  the  so-called  plasma  frequency  of  the  material  dehned  by: 


0)2  = 


Ne^ 

Com 


(plasma  frequency) 


(1.9.8) 


The  model  dehned  by  (1.9.7)  is  know  as  a  “Lorentz  dielectric.”  The  corresponding 
susceptibility,  dehned  through  e (o))  =  eo  (l  +  X  (t^) )  >  is: 


X(o))=-^ - - 

0)5  -  0)2  +J0)y 


(1.9.9) 


For  a  dielectric,  we  may  assume  cvq  ^  0.  Then,  the  low-frequency  limit  (o)  =  0)  of 
Eq.  (1.9.7),  gives  the  nominal  dielectric  constant: 

Ne^ 

e  (0)  =60  +  ^0  — 2  “  ^0  “I - 2  (1.9.10) 

0)5  mo)5 

The  real  and  imaginary  parts  of  e(o))  characterize  the  refractive  and  absorptive 
properties  of  the  material.  By  convention,  we  dehne  the  imaginary  part  with  the  negative 
sign  (because  we  use  time  dependence); 


e(o))=  e'(o))-je"(o)) 


(1.9.11) 


It  follows  from  Eq.  (1.9.7)  that: 


e'(o))=  eo  + 


eoO)2  (o)o  -  0)2) 
(o)2  -  o)o)2-ry2o)2  ’ 


e"(o))  = 


eoO)2o)y 

(o)2  -  o)o)2-ry2o)2 


(1.9.12) 


Fig.  1.9.1  shows  a  plot  of  e'  (o))  and  e"  (cu).  Around  the  resonant  frequency  cvq,  the 
real  part  e'  (o))  behaves  in  an  anomalous  manner,  that  is,  it  drops  rapidly  with  frequency 
to  values  less  than  eo  and  the  material  exhibits  strong  absorption.  The  term  “normal 
dispersion”  refers  to  an  e'  (o))  that  is  an  increasing  function  of  o),  as  is  the  case  to  the 
far  left  and  right  of  the  resonant  frequency. 

Real  dielectric  materials  exhibit,  of  course,  several  such  resonant  frequencies  cor¬ 
responding  to  various  vibrational  modes  and  polarization  mechanisms  (e.g.,  electronic, 
ionic,  etc.)  The  permittivity  becomes  the  sum  of  such  terms: 


6(U})=  £o+€oX 


Njef/mjeo 
w?  -  u}2  +Jcoyi 


(1.9.13) 
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Fig.  1.9.1  Real  and  imaginary  parts  of  the  effective  permittivity  e  (co) . 


A  more  correct  quantum-mechanical  treatment  leads  essentially  to  the  same  formula: 


€((V)=  €o  +  €o 


J>i 


fji(Ni-Nj)e^/meo 
u)]i  -  u)^  +Jcoyji 


(1.9.14) 


where  coj/  are  transition  frequencies  between  energy  levels,  that  is,  coji  =  (Ej  -  Ei)  /h, 
and  Ni,Nj  are  the  populations  of  the  lower,  Ei,  and  upper,  Ej,  energy  levels.  The  quan¬ 
tities  fji  are  called  “oscillator  strengths.”  For  example,  for  a  two-level  atom  we  have: 

fcol 

€{cv)=  €o  -r  60—2 - "  (1.9.15) 

0)5  -  0)2  +jcvy 


where  we  dehned: 


0)0  =  tV21  , 


f=f21 


N1-N2 

N1+N2’ 


{Ni  +N2)e^ 
mco 


Normally,  lower  energy  states  are  more  populated,  Ni  >  Nj,  and  the  material  behaves 
as  a  classical  absorbing  dielectric.  However,  if  there  is  population  inversion,  Ni  <  Nj, 
then  the  corresponding  permittivity  term  changes  sign.  This  leads  to  a  negative  imagi¬ 
nary  part,  e"  (co),  representing  a  gain.  Fig.  1.9.2  shows  the  real  and  imaginary  parts  of 
Eq.  (1.9.15)  for  the  case  of  a  negative  effective  oscillator  strength  f  =  -1. 


Fig.  1.9.2  Effective  permittivity  in  a  two-level  gain  medium  with  f  =  -1. 

The  normal  and  anomalous  dispersion  bands  still  correspond  to  the  bands  where 
the  real  part  e'  (co)  is  an  increasing  or  decreasing,  respectively,  function  of  frequency. 
But  now  the  normal  behavior  is  only  in  the  neighborhood  of  the  resonant  frequency, 
whereas  far  from  it,  the  behavior  is  anomalous. 
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1.  Maxwell’s  Equations 


Setting  ni(jo)=  ^Jeico) /Cq  for  the  refractive  index,  Eq.  (1.9.13)  can  be  written  in  the 
following  form,  known  as  the  Sellmeier  equation: 


fi2(a))  =  1  +  X  —2 - 2 — ^ - 

f  (Vf  -  (V^  +J(vyi 


(1.9.16) 


In  practice,  Eq.  (1.9.16)  is  applied  in  frequency  ranges  that  are  far  from  any  resonance 
so  that  one  can  effectively  set  y,-  =  0: 


(co)  =  1  +  X 


■  A2-A2 


(Sellmeier  equation)  (1.9.17) 


where  A,  A,  denote  the  corresponding  free-space  wavelengths  (e.g.,  A  =  2ttc/cjo).  In 
practice,  refractive  index  data  are  htted  to  Eq.  (1.9.17)  using  2-4  terms  over  a  desired 
frequency  range.  Eor  example,  fused  silica  (Si02)  is  very  accurately  represented  over  the 
range  0.2  <  A  <  3.7  pm  by  the  formula  [124],  where  A  and  A/  are  in  units  of  pm: 

2  0.6961663  A2  0.4079426  A^  0.8974794  A^  m 

”  “  A2  -  (0.0684043)2  A2  -  (0.1162414)2  A2  -  (9.896161)2 

Conductors 

The  conductivity  properties  of  a  material  are  described  by  Ohm’s  law,  Eq.  (1.3.15).  To 
derive  this  law  from  our  simple  model,  we  use  the  relationship  J  =  pv,  where  the  volume 
density  of  the  conduction  charges  is  p  =  Ne.  It  follows  from  Eq.  (1.9.4)  that 

.  Ne\ 
jcv - E 

J  =  pv  =  Nev  =  ^ ^ - =  ai(Jo)E 

cog  -  0)2  +jwy 

and  therefore,  we  identify  the  conductivity  (j(co): 


m  _ 

cjOq  -  cjo^  +  jcjoy  cjOq  -  cjo^  +  jcoy 


(1.9.19) 


We  note  that  aicjo)/jcjo  is  essentially  the  electric  susceptibility  considered  above. 
Indeed,  we  have  J  =  Nev  =  Nejcvx  =  jcvP,  and  thus,  P  =  J/jcv  =  {(j{(jo)  /j(jo)E.  It 
follows  that  e{(jo)-eQ  =  aico) /jco,  and 


€{cv)=  €o  +  ^ -  =  €o 

(05  -  co2  +j(oy 


(1.9.20) 


Since  in  a  metal  the  conduction  charges  are  unbound,  we  may  take  cjoq  =  0  in 
Eq.  (1.9.19).  After  canceling  a  common  factor  of  jco  ,  we  obtain: 


(1.9.21) 
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The  model  dehned  by  (1.9.21)  is  know  as  the  “Drude  model.”  The  nominal  conduc¬ 
tivity  is  obtained  at  the  low-frequency  limit,  co  =  0: 


(nominal  conductivity) 


(1.9.22) 


Example  1.9.1:  Copper  has  a  mass  density  of  8.9  x  10®  gr/m^  and  atomic  weight  of  63.54 
(grams  per  mole.)  Using  Avogadro’s  number  of  6  x  10^^  atoms  per  mole,  and  assuming 
one  conduction  electron  per  atom,  we  find  for  the  volume  density  N\ 


n  atoms 

6  X  10^3  - — 


(8.9  X  10®  -^)  (1  =  8.4  X  1028  electrons/m^ 

m^  atom 


It  follows  that: 


Ne^  _  (8.4  X  1Q28)  (1,6  x  10-^^)^ 
my  (9.1  X  10“3i)  (4.1  X  10^^) 


5.8  X  10^  Siemens/m 


where  we  used  e  =  1.6  x  10  m  =  9.1  x  10  y  =  4.1  x  10^^.  The  plasma  frequency 
of  copper  can  be  calculated  by 


crV  _  J_  Ne^ 

2tt  2tt  V  mco 


--  2.6  X  10^®  Hz 


which  lies  in  the  ultraviolet  range.  For  frequencies  such  that  co  y,  the  conductivity 
(1.9.21)  may  be  considered  to  be  independent  of  frequency  and  equal  to  the  dc  value  of 
Eq.  (1.9.22).  This  frequency  range  covers  most  present-day  RE  applications.  For  example, 
assuming  co  <  O.ly,  we  find  f  <  0.1y/2TT  =  653  GHz.  □ 

So  far,  we  assumed  sinusoidal  time  dependence  and  worked  with  the  steady-state 
responses.  Next,  we  discuss  the  transient  dynamical  response  of  a  conductor  subject  to 
an  arbitrary  time-varying  electric  held  T  (t) . 

Ohm’s  law  can  be  expressed  either  in  the  frequency-domain  or  in  the  time-domain 
with  the  help  the  Fourier  transform  pair  of  equations: 

J {(jo)  =  a {(Jo) E {(jo)  J{t)=  {  a{t  -  t')E{t')dt'  (1.9.23) 

J  — 00 

where  cr(t)  is  the  causal  inverse  Fourier  transform  of  cr(co).  For  the  simple  model  of 
Eq.  (1.9.21),  we  have: 

ait)=  eoco^e^^^uit)  (1.9.24) 

where  u{t)  is  the  unit-step  function.  As  an  example,  suppose  the  electric  held  T (t)  is  a 
constant  electric  held  that  is  suddenly  turned  on  at  t  =  0,  that  is,  Eit)  =  Euit).  Then, 
the  time  response  of  the  current  will  be: 

J{t)=  \  Edt'  =  ^*^^^£(1  -  =  aE(l  - 

Jo  ^  y 
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where  a  =  eoWp/y  is  the  nominal  conductivity  of  the  material. 

Thus,  the  current  starts  out  at  zero  and  builds  up  to  the  steady-state  value  of  J  =  aE, 
which  is  the  conventional  form  of  Ohm’s  law.  The  rise  time  constant  is  t  =  1/y.  We 
saw  above  that  t  is  extremely  small— of  the  order  of  10“^^  sec— for  good  conductors. 

The  building  up  of  the  current  can  also  be  understood  in  terms  of  the  equation  of 
motion  of  the  conducting  charges.  Writing  Eq.  (1.9.2)  in  terms  of  the  velocity  of  the 
charge,  we  have: 

v(f)+yv(f)=  —E(t) 
m 

Assuming  E {t)  =  Eu  (t) ,  we  obtain  the  convolutional  solution: 

r  t 

v(f)=  =  — £(l-e-y') 

Jo  m  my 

For  large  t,  the  velocity  reaches  the  steady-state  value  Voo  =  ie/my)E,  which  reflects 
the  balance  between  the  accelerating  electric  held  force  and  the  retarding  frictional  force, 
that  is,  my  Voo  =  eE.  The  quantity  e/ my  is  called  the  mobility  of  the  conduction  charges. 
The  steady-state  current  density  results  in  the  conventional  Ohm’s  law: 

Ne^ 

J  =  NeVoo  = - E  =  (jE 

my 

Charge  Relaxation  in  Conductors 

Next,  we  discuss  the  issue  of  charge  relaxation  in  good  conductors  [115-118].  Writing 
(1.9.23)  three-dimensionally  and  using  (1.9.24),  Ohm’s  law  reads  in  the  time  domain: 

J(r,f)=coN  e-y^‘-‘'>€oE(r,t')  dt'  (1.9.2S) 

J  — 00 

Taking  the  divergence  of  both  sides  and  using  charge  conservation,  V  •  J  +  p  =  0, 
and  Gauss’s  law,  CqV  •  E  =  p,  we  obtain  the  following  integro-differential  equation  for 
the  charge  density  p  (r,  t) : 

-p(r,  t)  =  V  ■  J(r,  t)  =  cOp  f  GqV  ■  E{r,  t')dt'  =  cOp  f  t')dt' 

Differentiating  both  sides  with  respect  to  t,  we  hnd  that  p  satishes  the  second-order 
differential  equation: 

p(r,f)+yp(r,f)+a)pp(r,f)=  0  (1.9.26) 

whose  solution  is  easily  verihed  to  be  a  linear  combination  of: 

e 

Thus,  the  charge  density  is  an  exponentially  decaying  sinusoid  with  a  relaxation  time 
constant  that  is  twice  the  collision  time  t  =  1/y: 

(relaxation  time  constant)  (1.9.27) 


^^^^COS(a)relaxt)  ,  6  Sin(a)relaxt)  : 


/  ?  y 

tOrelax  =  \  tOp  — 
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Typically,  cOp  »  y,  so  that  cOyeiax  is  practically  equal  to  Wp.  For  example,  using 
the  numerical  data  of  Example  1.9.1,  we  hnd  for  copper  Tyeiax  =  2t  =  5x10“^"^  sec. 
We  calculate  also:  /relax  =  t^reiax/2Tr  =  2.6x10^^  Hz.  In  the  limit  y  ^  oo,  or  t  ^  0, 
Eq.  (1.9.26)  reduces  to  the  naive  relaxation  equation  (1.6.3)  (see  Problem  1.9). 

In  addition  to  charge  relaxation,  the  total  relaxation  time  depends  on  the  time  it  takes 
for  the  electric  and  magnetic  helds  to  be  extinguished  from  the  inside  of  the  conductor, 
as  well  as  the  time  it  takes  for  the  accumulated  surface  charge  densities  to  settle,  the 
motion  of  the  surface  charges  being  damped  because  of  ohmic  losses.  Both  of  these 
times  depend  on  the  geometry  and  size  of  the  conductor  [117]. 


Power  Losses 

To  describe  a  material  with  both  dielectric  and  conductivity  properties,  we  may  take  the 
susceptibility  to  be  the  sum  of  two  terms,  one  describing  bound  polarized  charges  and 
the  other  unbound  conduction  charges.  Assuming  different  parameters  {coq,  cOp,  y}  for 
each  term,  we  obtain  the  total  permittivity: 


Denoting  the  hrst  two  terms  by  (co)  and  the  third  by  adco)  / jco,  we  obtain  the 
total  effective  permittivity  of  such  a  material: 


(effective  permittivity)  (1.9.29) 

In  the  low-frequency  limit,  co  =  0,  the  quantities  e^^(0)  and  (Jc(0)  represent  the 
nominal  dielectric  constant  and  conductivity  of  the  material.  We  note  also  that  we  can 
write  Eq.  (1.9.29)  in  the  form: 


j(jO€{(jo)=  adco) jco Gdico)  (1.9.30) 

These  two  terms  characterize  the  relative  importance  of  the  conduction  current  and 
the  displacement  (polarization)  current.  The  right-hand  side  in  Ampere’s  law  gives  the 
total  effective  current: 

Jtot  =  J  +  ^  =  J  +jcvD  =  adcv)E  +jcvedicv)E  =jcve{cv)E 
ot 

where  the  term  Jdisp  =  dD/dt  =  jcoedico)E  represents  the  displacement  current.  The 
relative  strength  between  conduction  and  displacement  currents  is  the  ratio: 

/cond 
/disp 

This  ratio  is  frequency-dependent  and  establishes  a  dividing  line  between  a  good 
conductor  and  a  good  dielectric.  If  the  ratio  is  much  larger  than  unity  (typically,  greater 
than  10),  the  material  behaves  as  a  good  conductor  at  that  frequency;  if  the  ratio  is  much 
smaller  than  one  (typically,  less  than  0.1),  then  the  material  behaves  as  a  good  dielectric. 


\ad(c>)E\ 

\jcved{cv)E\ 


lo-cCtr))! 

\cved{cv)\ 


(1.9.31) 
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1.  Maxwell’s  Equations 


Example  1.9.2:  This  ratio  can  take  a  very  wide  range  of  values.  For  example,  assuming  a  fre¬ 
quency  of  1  GHz  and  using  (for  illustration  purposes)  the  dc-values  of  the  dielectric  con¬ 
stants  and  conductivities,  we  find: 

{10^  for  copper  with  cr  =  5.8x10^  S/m  and  e  =  Cq 
1  for  seawater  with  cr  =  4  S/m  and  e  =  72eo 
10“^  for  a  glass  with  cr  =  10“^^  S/m  and  e  =  2eo 

Thus,  the  ratio  varies  over  18  orders  of  magnitude!  If  the  frequency  is  reduced  by  a  factor 
of  ten  to  100  MHz,  then  all  the  ratios  get  multiplied  by  10.  In  this  case,  seawater  acts  like 
a  good  conductor.  □ 

The  time-averaged  ohmic  power  losses  per  unit  volume  within  a  lossy  material  are 
given  by  Eq.  (1.8.6).  Writing  e(co)  =  e'  (cjo)  -je"  (cjo)  have: 

itot  =  jcJoe{cjo)E  =  jcjoe'  (co)E+  coe"  {cjo)E 

Denoting  |  E  |  ^  =  E  ■  £*,  it  follows  that: 

=  ^MJm-E*]  =  ^(ve"{(v)\E\^  (Ohmic  losses)  (1.9.32) 

Writing  (co)  =  e'^ico)  -je'^  (co)  and  assuming  that  the  conductivity  crdco)  is  real¬ 
valued  for  the  frequency  range  of  interest  (as  was  discussed  in  Example  1.9.1),  we  find 
by  equating  real  and  imaginary  parts  of  Eq.  (1.9.29): 

e' (co)=  eUco)  ,  e"  (co)=  e'J  +  (1.9.33) 

Then,  the  power  losses  can  be  written  in  a  form  that  separates  the  losses  due  to 
conduction  and  those  due  to  the  polarization  properties  of  the  dielectric: 

^  (cTcico)  +C06'J  (co))  |E  1^  (ohmic  losses)  (1.9.34) 

A  convenient  way  to  quantify  the  losses  is  by  means  of  the  loss  tangent  defined  in 
terms  of  the  real  and  imaginary  parts  of  the  effective  permittivity: 

(loss  tangent)  (1.9.35) 

where  6  is  the  loss  angle.  Eq.  (1.9.35)  may  be  written  as  the  sum  of  two  loss  tangents, 
one  due  to  conduction  and  one  due  to  polarization.  Using  Eq.  (1.9.33),  we  have: 


/cond  _  O' 
/disp  to  6 


ac{cv)+cve'^  (cv)  _  adco)  (cv) 


cve^icv) 


we^icv)  e^icv) 


tan  6  c  +  tan  6d  (1.9.36) 


The  ohmic  loss  per  unit  volume  can  be  expressed  in  terms  of  the  loss  tangent  as: 


dPloSS 

dV 


1 

2 


coe^(co)tan0 


E 


2 


(ohmic  losses) 


(1.9.37) 


1.9.  Simple  Models  of  Dielectrics,  Conductors,  and  Plasmas 


25 


Plasmas 


To  describe  a  collisionless  plasma,  such  as  the  ionosphere,  the  simple  model  consid¬ 
ered  in  the  previous  sections  can  be  specialized  by  choosing  coo  =  y  =  0.  Thus,  the 
conductivity  given  by  Eq.  (1.9.21)  becomes  pure  imaginary: 


aico)  = 


eowl 

j(V 


The  corresponding  effective  permittivity  of  Eq.  (1.9.20)  becomes  purely  real: 


(1.9.38) 

The  plasma  frequency  can  be  calculated  from  co^  =  Ne'^/mco.  In  the  ionosphere 
the  electron  density  is  typically  N  =  10^^,  which  gives  fp  =  9  MHz. 

We  will  see  in  Sec.  2.6  that  the  propagation  wavenumber  of  an  electromagnetic  wave 
propagating  in  a  dielectric/conducting  medium  is  given  in  terms  of  the  effective  permit¬ 
tivity  by: 


k  =  co^jjeico) 

It  follows  that  for  a  plasma: 

k  =  co^goGoil  -  cOp/cod  =  (1.9.39) 

where  we  used  c  =  1  / 

If  CO  >  cOp,  the  electromagnetic  wave  propagates  without  attenuation  within  the 
plasma.  But  if  co  <  cOp,  the  wavenumber  k  becomes  imaginary  and  the  wave  gets 
attenuated.  At  such  frequencies,  a  wave  incident  (normally)  on  the  ionosphere  from  the 
ground  cannot  penetrate  and  gets  reflected  back. 
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1.  Maxwell’s  Equations 


This  expression  can  be  given  a  nice  interpretation:  The  hrst  term  on  the  right  is  the 
energy  density  in  vacuum  and  the  second  corresponds  to  the  mechanical  (kinetic  and 
potential)  energy  of  the  polarization  charges  [131,154].  Indeed,  the  displacement  x  and 
velocity  v  =  x  of  the  polarization  charges  are  in  this  case: 

eElm 

X  =  - -  ,  V  =J(MX 


The  time-averaged  mechanical  energy  (per  unit  volume)  is  obtained  by  adding  the 
kinetic  and  potential  energies: 


tVmech  —  2 


^  1  1 

-m|v|2  +  -ma)olx|^ 
^  I  I 


1  A/'m(co^  +  coo)e^|£’|^/m^  _  1 
4  (coq- 0)2)2  4^ 


=  -A/'m(o)2  +  (jOq)  |x|' 


o)y  (o)^  +  col) 


(0)g  -  0)2)2 


where  we  used  the  dehnition  (1.9.8)  of  the  plasma  frequency.  It  follows  that  Eq.  (1.9.41) 
can  be  written  as  the  sum: 


1  dicoe) 
4  dco 


fr  =  -eo\E[ 


+  Wmech  —  tVyac  +  tVmech 


(1.9.42) 


1.10  Kramers-Kronig  Dispersion  Relations 

The  convolutional  form  of  Eq.  (1.3.13)  implies  causality,  that  is,  the  value  of  D(r,  t)  at 
the  present  time  t  depends  only  on  the  past  values  of  Eir, 

This  condition  is  equivalent  to  requiring  that  the  dielectric  response  e(t)  be  a  right¬ 
sided  (causal)  function  of  time,  that  is,  e{t)=  0  for  f  <  0.  Then,  Eq.  (1.3.13)  may  be 
written  as  ordinary  convolution  by  extending  the  integration  range  over  all  times: 

rt  roo 

D(r,  t)=  eit  -  t')Eir,t')dt' =  eit  -  t')Eir,t')dt' 

J  —00  J  —00 

Because  D(r,  t)=  eoE(r,  t)  -i-P(r,  t),  we  may  dehne  the  time-domain  susceptibility 
function  x(0  through: 

e(t)=  eoS(t)+eoX(0  (1.10.1) 

where  S(t)  is  the  Dirac  delta  function.  Therefore,  if  e(t)  is  causal,  so  is  x(0-  The 
polarization  is  then  given  by: 

rt  roo 

P(r,f)=eo  x(f  -  =  eo  x(t  -  t')E(i,t')dt'  (1.10.2) 

J  —00  J  —00 

In  the  frequency  domain,  this  becomes  multiplicative:  P(r,co)=  CqX  (^)E(r,  co) . 
The  Kramers-Kronig  relations  are  the  frequency-domain  expression  of  causality  and  re¬ 
late  the  real  and  imaginary  parts  of  the  susceptibility  function  x(^)-  Here,  the  functions 
X  (t)  and  xi^)  are  Eourier  transform  pairs: 


Xit)e  X(f)=  —  xi(^)e‘^^^dco 

,  2tt  j-oo 


(1.10.3) 
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The  causality  condition,  X  (0  =  0  for  t  <  0,  can  be  expressed  in  terms  of  the  unit-step 
function  u{t)  in  the  equivalent  manner: 

Xit)=  xit)u{t)  ,  for  all  t  (1.10.4) 

Using  the  property  that  the  Eourier  transform  of  a  product  of  two  time  functions  is 
the  convolution  of  their  Eourier  transforms,  it  follows  that  Eq.  (1.10.4)  can  be  written  in 
the  equivalent  frequency-domain  form: 

1 

X(co)=  —  xi(^')Uico  -  co')dco'  (1.10.5) 

27T  j — 00 

where  U (co)  is  the  Eourier  transform  of  the  unit-step.  Eq.  (1.10.5)  is  essentially  the 
Kramers-Kronig  relation.  The  function  [/(co)  is  given  by  the  well-known  expression: 

U{co)=  lim  ^ — - — =V^  +  tt5{co)  (1.10.6) 

e-0+  JCO  -r  €  JCO 

where  V  denotes  the  “principal  value.”  Inserting  (1.10.6)  into  (1.10.5),  we  have: 


1  r  1  1 

X(a))  =  —  xi^')  V— - - -r  Trd(a)  -  o)')  dco' 

277  J-oo  L  jico-co') 


- ;dcv  +  -Xi^) 

CO  -  co'  2 


Rearranging  terms  and  canceling  a  factor  of  1/2,  we  obtain  the  Kramers-Kronig  re¬ 
lation  in  its  complex- valued  form:^ 

1  Y (co') 

X(co)=  — :V\  - —dco'  (Kramers-Kronig)  (1.10.7) 

TTj  j-oo  CO  -  co' 


The  reason  for  applying  this  relation  to  x  (t^)  instead  of  e(co)  is  that  x(^)  falls  off 
sufficiently  fast  for  large  co  to  make  the  integral  in  (1.10.5)  convergent,  whereas  e(a)) 
tends  to  the  constant  Cq- 

Setting  x(^)=  Xr(^)  -JXi  (^)  and  separating  (1.10.7)  into  its  real  and  imaginary 
parts,  we  obtain  the  conventional  form  of  the  Kramers-Kronig  dispersion  relations: 


(Kramers-Kronig  relations)  (1.10.8) 


Because  the  time-response  x(f)  is  real-valued,  its  Eourier  transform  x  (t^)  will  sat¬ 
isfy  the  Hermitian  symmetry  property  x(-t^)=X*(t^).  which  is  equivalent  to  the  even 
symmetry  of  its  real  part,  Xr(-t^)=Xr(t^),  and  the  odd  symmetry  of  its  imaginary  part, 

^The  right-hand  side  (without  the  J)  in  (1.10.7)  is  known  as  a  Hilbert  transform.  Exchanging  the  roles 
of  t  and  CO,  such  transforms,  known  also  as  90°  phase  shifters,  are  used  widely  in  signal  processing  for 
generating  single-sideband  communications  signals. 
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1.  Maxwell’s  Equations 


Xii-^)=  -Xi  (^)-  Taking  advantage  of  these  symmetries,  the  range  of  integration  in 
(1.10.8)  can  be  folded  in  half  resulting  in: 


Xr(c^) 

Xii^) 


cv'xiico') 


TT 


--V 

TT 


Jo  CO'2  - 

,r  ^ 

Jo  (JO' 


dcjo' 


CVXric^') 


dcjo' 


(1.10.9) 


There  are  several  other  ways  to  prove  the  Kramers-Kronig  relations.  For  example, 
a  more  direct  way  is  to  state  the  causality  condition  in  terms  of  the  signum  function 
sign(f).  Indeed,  because  u(t)=  (1  +  sign(f))/2,  Eq.  (1.10.4)  may  be  written  in  the 
equivalent  form  x(f)=  x(f)sign(t).  Then,  Eq.  (1.10.7)  follows  by  applying  the  same 
frequency-domain  convolution  argument  using  the  Fourier  transform  pair: 


2 

sign(t)  V- — 

jcv 


(1.10.10) 


Alternatively,  the  causality  condition  can  be  expressed  as  u(-f)x(f)=  0.  This  ap¬ 
proach  is  explored  in  Problem  1.12.  Another  proof  is  based  on  the  analyticity  properties 
of  xi(^)-  Because  of  the  causality  condition,  the  Fourier  integral  in  (1.10.3)  can  be  re¬ 
stricted  to  the  time  range  0  <  t  <  oo; 


Xicv 


(1.10.11) 


This  implies  that  xioo)  can  be  analytically  continued  into  the  lower  half  co-plane, 
so  that  replacing  cv  by  w  =  cjo-ja  with  tx  >  0  still  gives  a  convergent  Fourier  integral 
in  Eq.  (1.10.11).  Any  singularities  in  x  (co)  lie  in  the  upper-half  plane.  For  example,  the 
simple  model  of  Eq.  (1.9.9)  has  poles  at  co  =  ±(Oo  jy/2,  where  coq  =  ^JcOq  -  y^/4. 

Next,  we  consider  a  clockwise  closed  contour  C  =  C'  Coo  consisting  of  the  real  axis 
C'  and  an  inhnite  semicircle  Coo  in  the  lower  half-plane.  Because  x  (co)  is  analytic  in  the 
region  enclosed  by  C,  Cauchy’s  integral  theorem  implies  that  for  any  point  w  enclosed 
by  C,  that  is,  lying  in  the  lower  half-plane,  we  must  have: 


xM 


1 

2tu 


J  X(w') 
c  w'  -w 


dw' 


(1.10.12) 


where  the  overall  minus  sign  arises  because  C  was  taken  to  be  clockwise.  Assuming  that 
X(co)  falls  off  sufficiently  fast  for  large  co,  the  contribution  of  the  inhnite  semicircle 
can  be  ignored,  thus  leaving  only  the  integral  over  the  real  axis.  Setting  w  =  oo  -je  and 
taking  the  limit  e  0-r,  we  obtain  the  identical  relationship  to  Eq.  (1.10.5): 


X(co)=  -  lim  \ 

€-0+  2ttj  j- 


Xi(^') 


2TTj  J-oo  co'  -  CO  -r  je 


dcjo'  =  -^ 


1_  r 

2tt  J- 


X(co')  lim 


e-0+  jicjo  -  oo')  +e 


doo' 


An  interesting  consequence  of  the  Kramers-Kronig  relations  is  that  there  cannot 
exist  a  dielectric  medium  that  is  purely  lossless,  that  is,  such  that  Xi  (co)  =  0  for  all  co, 
because  this  would  also  require  that  Xr  (co)  =  0  for  all  co. 
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However,  in  all  materials,  Xi  (co)  is  signihcantly  non-zero  only  in  the  neighborhoods 
of  the  medium’s  resonant  frequencies,  as  for  example  in  Fig.  1.9.1.  In  the  frequency 
bands  that  are  sufficiently  far  from  the  resonant  bands,  Xz  (co)  may  be  assumed  to  be 
essentially  zero.  Such  frequency  bands  are  called  transparency  bands  [130]. 


1.11  Group  Velocity,  Energy  Velocity 


Assuming  a  nonmagnetic  material  {p  =  po),  a  complex-valued  refractive  index  may  be 
dehned  by: 

fi(a))=  fir(a>)-J«i(a))=  (1.11.1) 

where  nr,  n,  are  its  real  and  imaginary  parts.  Setting  x  =  Xr  -jXi  we  have  the  condition 
tir  -jtii  =  Vl  +  Xr  -  JXi-  Upon  squaring,  this  splits  into  the  two  real-valued  equations 
n^  -  n^  =  1  +  Xr  and  2nrni  =  Xi,  with  solutions: 


nr  = 


'\/(l  +  Xr)^+X^  +  (1  +  Xr) 


1/2 


ni  =  sign(Xz) 


^jil  +  Xr)'^+x}  -  (1  +Xr) 


1/2 


Xz 

2nr 


(1.11.2) 


This  form  preserves  the  sign  of  Xi,  that  is,  ni  and  x/  are  both  positive  for  absorbing 
media,  or  both  negative  for  gain  media.  The  following  approximate  solution  is  often 
used,  which  can  be  justihed  whenever  lx  I  ^  1  (for  example,  in  gases): 


nrioj)-jnr{oj)=  xjl  +  xi(^)  -1  +  1 


nr 


1  -r 


(1.11.3) 


We  will  see  in  Chap.  2  that  a  single-frequency  uniform  plane  wave  propagating,  say, 
in  the  positive  z-direction,  has  a  wavenumber  k  =  oon/c  =  oo{nr  -  jni)  /c  =  jS  -  ja, 
where  c  is  the  speed  of  light  in  vacuum.  Therefore,  the  wave  will  have  a  space-time 
dependence: 


gj(aif-kz)  ^  ^  ^  ^-wuiz/c ^jw{t-nrz/c) 


(1.11.4) 


The  real  part  nr  dehnes  the  phase  velocity  of  the  wave,  Vp  =  oo/ p  =  c/ nr,  whereas 
the  imaginary  part  ni,  or  a  =  ooni/c,  corresponds  to  attenuation  or  gain  depending  on 
the  sign  of  ni  or  Xz- 

When  several  such  plane  waves  are  superimposed  to  form  a  propagating  pulse,  we 
will  see  in  Sec.  3.5  that  the  peak  of  the  pulse  (i.e.,  the  point  on  the  pulse  where  all  the 
individual  frequency  components  add  up  in  phase),  propagates  with  the  so-called  group 
velocity  dehned  by: 

_  doo  _  1  _  c  _  c 

~  dB  ~  dp  ~  dioonr)  ~  dur 

doo  doo  doo 


=  group  velocity 


(1.11.5) 
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1.  Maxwell’s  Equations 


A  group  refractive  index  may  be  defined  through  Vg  =  c/Ug,  or,  Ug  =  clVg\ 


dicour) 

dcjo 


A  -r;-  =  group  refractive  index 
dA 


(1.11.6) 


where  A  is  the  free-space  wavelength  related  to  co  by  A  =  Znc/cv,  and  we  used  the 
differentiation  property  that  cod/dco  =  -Ad/dA. 

Within  an  anomalous  dispersion  region,  nr  is  decreasing  rapidly  with  co,  that  is, 
dnr/dcv  <  0,  as  in  Fig.  1.9.1.  This  results  in  a  group  velocity  Vg,  given  by  Eq.  (1.11.5), 
that  may  be  larger  than  c  or  even  negative.  Such  velocities  are  called  “superluminal.” 
Light  pulses  propagating  at  superluminal  group  velocities  are  referred  to  as  “fast  light” 
and  we  discuss  them  further  in  Sec.  3.9. 

Within  a  normal  dispersion  region  (e.g.,  to  the  far  left  and  far  right  of  the  resonant 
frequency  coq  in  Fig.  1.9.1),  Ur  is  an  increasing  function  of  co,  dnr/dcv  >  0,  which  results 
in  Vg  <  c.  In  specially  engineered  materials  such  as  those  exhibiting  “electromagneti- 
cally  induced  transparency,”  the  slope  dnr/dcv  maybe  made  so  steep  that  the  resulting 
group  velocity  Vg  becomes  extremely  small,  Vg  ^  c.  This  is  referred  to  as  “slow  light.” 

We  close  this  section  by  showing  that  for  lossless  dispersive  media,  the  energy  ve¬ 
locity  of  a  plane  wave  is  equal  to  the  group  velocity  dehned  by  (1.11.5).  This  result  is 
quite  general,  regardless  of  the  frequency  dependence  of  e(co)  and  picv)  (as  long  as 
these  quantities  are  real.) 

We  will  see  in  the  next  chapter  that  a  plane  wave  propagating  along  the  z-direction 
has  electric  and  magnetic  helds  that  are  transverse  to  the  z-direction  and  are  related  by: 


Moreover  the  time-averaged  energy  flux  (in  the  z-direction)  and  energy  density  are: 


2/7  4  dev  4  dev  4  dev  rj^  dev 


The  energy  velocity  is  dehned  by  Vgn  =  Tz/w.  Thus,  we  have: 


-1  _  ^  d{cve)  1  dievp)  _1  Ipdicve)  €  dievp) 

Wn  2  ^  dev  ^  rj  dev  2  Ve  dev  v  p  dev 


It  is  easily  verihed  that  the  right-hand  side  can  be  expressed  in  terms  of  the  wave- 
number  k  =  cv.^f^  in  the  form: 


1  _  1  ^dieve)  lYdicvp)  _  c/(co^/^)  _  dk  _ 

^  2  V  e  dev  V  p  dev  dev  dev  ^ 


(1.11.7) 


which  shows  the  equality  of  the  energy  and  group  velocities.  See  Refs.  [130-144]  for 
further  discussion  on  this  topic. 

Eq.  (1.1 1.7)  is  also  valid  for  the  case  of  lossless  negative-index  media  and  implies  that 
the  group  velocity,  and  hence  the  group  refractive  index  ng  =  Co/Vg,  will  be  positive. 


1.12.  Problems 
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even  though  the  refractive  index  n  is  negative.  Writing  e  =  -\e\  and  p  =  -\p  \  in  this 
case  and  noting  that  g  =  ^\p\/\e\  and  n  =  -^\ep\/ ^CoPo,  and  k  =  con/co,  we  have: 


1 

frldiwe) 

Fl^dicvr) 

1 

G7d(co|e|)  j\e\  d(u}\u\)~ 

2 

v  |e|  duo  \ 

1 1/Jl  dw 

“  2 

V  |e|  dev  V  \p\  dev 

dev 


1  d{cvn) 
Co  dev 


from  which  we  also  obtain  the  usual  relationship  ng  =  d{cvn)  / dev.  The  positivity  of 
Vg  and  ng  follows  from  the  positivity  of  the  derivatives  d (eve)  /dev  and  dievp)  /dev,  as 
required  to  keep  Ven  positive  in  negative-index  media  [353]. 

1.12  Problems 

1.1  Prove  the  vector  algebra  identities: 

Ax  iBxC)=  BiA  ■  C) -C(A  ■  B)  (BAC-CAB  identity) 

A  ■  iBxC)  =  B-  (C X  A)  =  C  ■  (AxB) 

|AxB|2  +  |A-  B|2  =  |A|2|B|2 

A  =  h  X  A  X  h  +  (h  ■  A)  h  (n  is  any  unit  vector) 

In  the  last  identity,  does  it  a  make  a  difference  whether  h  x  A  x  n  is  taken  to  mean  h  x  ( A  x  h) 
or  (h  X  A)  xh? 

1.2  Prove  the  vector  analysis  identities: 

V  X  (V0)=  0 

V  ■  i(pS/ip)=  (pV^ip  +  V<f>  ■  V^J  (Green’s  first  identity) 

V  ■  [cfA/ip  -  (//V0)=  (Green’s  second  identity) 

V  ■  i(pA)=  (S/ (p)  ■  A  +  (p  S/  A 

V  X  ipA)  =  (Vp)  xA  +  pV  X  A 

V  ■  (V  X  A)=  0 

V  ■  AxB  =  B-  (V  X  A)  -A  ■  (V  X  R) 

V  X  (V  X  A)=  V(V  ■  A)-V2a 

1.3  Consider  the  infinitesimal  volume  element  AxAyAz  shown  below,  such  that  its  upper  half 
lies  in  medium  Ci  and  its  lower  half  in  medium  €2.  The  axes  are  oriented  such  that  n  =  z. 
Applying  the  integrated  form  of  Ampere’s  law  to  the  infinitesimal  face  abed,  show  that 

Hzy  -  Hiy  =  J^Az  +  ^Az 


In  the  limit  Az  ^  0,  the  second  term  in  the  right-hand  side  may  be  assumed  to  go  to  zero, 
whereas  the  first  term  will  be  non-zero  and  may  be  set  equal  to  a  surface  current  density, 
that  is,  Jsx  =  lim/iz^o  iJxAz) .  Show  that  this  leads  to  the  boundary  condition  Hiy  -  H2y  = 
-Jsx-  Similarly,  show  that  Hix  -  H2x  =  Jsy,  and  that  these  two  boundary  conditions  can  be 
combined  vectorially  into  Eq.  (1.4.4). 
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Next,  apply  the  integrated  form  of  Gauss’s  law  to  the  same  volume  element  and  show  the 
boundary  condition:  Diz  -  D2z  =  Ps  =  liniAz^oiP^z) . 

1.4  Show  that  the  time  average  of  the  product  of  two  harmonic  quantities  J4(t)=  Re[Aej^^] 
and  'B  (f )  =  Re  with  phasors  A,  B  is  given  by: 


JA{t)'B{t)  =  i  C JA{t)-B{t)dt  =  iRe[AB*] 
i  Jo  4 


where  T  =  Ztt/co  is  one  period.  Then,  show  that  the  time-averaged  values  of  the  cross 
and  dot  products  of  two  time-harmonic  vector  quantities  JA{t)=  Re[Ae“'"'^]  and  B{t)  = 
Re[5gJ"f]  can  be  expressed  in  terms  of  the  corresponding  phasors  as  follows: 


J^(f)xS(f)  =  iRe[AxB*],  =  iRe[A-B*] 

1.5  Assuming  that  B  =  pH,  show  that  Maxwell’s  equations  (1.8.2)  imply  the  following  complex¬ 
valued  version  of  Poynting’s  theorem: 


V-  (£XH*)= -jcojuH-H* -£■  where  Jtot  =  J  +  JcoD 

Extracting  the  real-parts  of  both  sides  and  integrating  over  a  volume  V  bounded  by  a  closed 
surface  S,  show  the  time-averaged  form  of  energy  conservation: 

-  £  I  Re  [B  X  H*  ]  -dS  =  i  Re  [£  ■  J*,]  dV 

which  states  that  the  net  time-averaged  power  flowing  into  a  volume  is  dissipated  into  heat. 
For  a  lossless  dielectric,  show  that  the  above  integrals  are  zero  and  provide  an  interpretation. 

1.6  Assuming  that  D  =  eE and  B  =  pH,  show  that  Maxwell’s  equations  (1.1.1)  imply  the  following 
relationships: 


p£x+{r>x-^)^  =  V-  (eE^E-x-eE^) 

(JxB)x+(|5xB),  =  V-  {uH^H-x^uH'^) 

where  the  subscript  x  means  the  x-component.  From  these,  derive  the  following  relationship 
that  represents  momentum  conservation: 


fx+-^  =  V-r,  (1.12.1) 

where  fx,  Gx  are  the  x-components  of  the  vectors  f=  pE  +  Jx  B  and  G  =  Dx  B,  and  Tx  is 
defined  to  be  the  vector  (equal  to  Maxwell’s  stress  tensor  acting  on  the  unit  vector  x): 
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Tx  =  eExE  +  pHxH  -x^ieE^  +  pH^ ) 

Write  similar  equations  of  the  y,  z  components.  The  quantity  Gx  is  interpreted  as  the  field 
momentum  (in  the  x-direction)  per  unit  volume,  that  is,  the  momentum  density. 

1.7  Show  that  the  causal  and  stable  time-domain  dielectric  response  corresponding  to  Eq.  (1.9.7) 
is  given  as  follows: 

€it)=  €o6{t)+€ox{t)  ,  xit)=  >'f/^sin(d)ot)u(t)  (1.12.2) 

0)0 

where  u{t)  is  the  unit-step  function  and  cbo  =  -  y^/4,  and  we  must  assume  that 

y  <  20)0,  as  is  typically  the  case  in  practice.  Discuss  the  solution  for  the  case  y/2  >  coq. 

1.8  Show  that  the  plasma  frequency  for  electrons  can  be  expressed  in  the  simple  numerical  form: 
fp  =  Da/N,  where  fp  is  in  Hz  and  N  is  the  electron  density  in  electrons/m^.  What  is  fp  for 
the  ionosphere  if  N  =  10^^?  [Ans.  9  MHz.i 

1.9  Show  that  the  relaxation  equation  (1.9.26)  can  be  written  in  the  following  form  in  terms  of 
the  dc-conductMty  cr  defined  by  Eq.  (1.9.22): 

—  p{r,t)+p{r,t)  +  —p{r,t)=  0 
y  Go 

Then,  show  that  it  reduces  to  the  naive  relaxation  equation  (1.6.3)  in  the  limit  t  =  1/y  ^  0. 
Show  also  that  in  this  limit.  Ohm’s  law  (1.9.25)  takes  the  instantaneous  form  J  =  crE,  from 
which  the  naive  relaxation  constant  Treiax  =  Cq la  was  derived. 

1.10  Conductors  and  plasmas  exhibit  anisotropic  and  birefringent  behavior  when  they  are  in  the 
presence  of  an  external  magnetic  field.  The  equation  of  motion  of  conduction  electrons  in 
a  constant  external  magnetic  field  is  mv  =  e{E  +  vx  B)-myv,  with  the  collisional  term 
included.  Assume  the  magnetic  field  is  in  the  z-direction,  B  =  zB,  and  that  E  =  xEx  +  yEy 
and  V  =  xVx  +  yvy. 

a.  Show  that  in  component  form,  the  above  equations  of  motion  read: 

e 

Vx=  —  Ex  +  -  yvx 

where  cob  =  —  =  (cyclotron  frequency) 
e  m 

Vy=—Ey-  CVbVx  -  yVy 

m 

What  is  the  cyclotron  frequency  in  Hz  for  electrons  in  the  Earth’s  magnetic  field  B  = 
0.4  gauss  =  0.4x10“^  Tesla?  [Ans.  1.12  MHz.i 

b.  To  solve  this  system,  work  with  the  combinations  ±  jVy.  Assuming  harmonic  time- 
dependence,  show  that  the  solution  is: 

-(E^±JEy) 

Vx  ±JVy  =  - - - T 

y+j{u}±cx)B) 

c.  Define  the  induced  currents  as  J=  Nev.  Show  that: 

Jx  ±JJy  =  cr±{w)  {Ex  ±jEy),  where  a±{w)=  - - - 

y  +j{cv  ±  cvb) 

Ne^ 

where  ao  =  - is  the  dc  value  of  the  conductivity. 

my 
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d.  Show  that  the  f-domain  version  of  part  (c)  is: 

Jx{t)±jJy{t)=  \  a±{t -t'){Ex{t')±jEy{t'))dt' 

Jo 

where  cr+{t)=  yaoe~y^e^j^^^u{t)  is  the  inverse  Fourier  transform  of  cr±{(jo)  and 
u  (t)  is  the  unit-step  function. 

e.  Rewrite  part  (d)  in  component  form: 

Jxit)  =  {  [axxit-t')Ex{t')+axyit-t')Ey{t')]dt' 

Jo 

Jyit)  =  \  [ayx{t-t')E^{t')+ayy{t-t')Ey{t')]dt' 

Jo 

and  identify  the  quantities  cr^x  it),  cr^y  (t) ,  ayx  it),  (Jyy  (t) . 

f.  Evaluate  part  (e)  in  the  special  case  Ex  (t)  =  ExU  (f )  and  Ey  (f )  =  EyU  (t) ,  where  Ex,  Ey 
are  constants,  and  show  that  after  a  long  time  the  steady-state  version  of  part  (e)  will 
be: 


Jx  =  cfq 


Jy  =  cfq 


Ex  +  bEy 
1  +  h2 

Ey  —  bEx 

1  +  h2 


where  b  =  (jobIY-  If  the  conductor  has  finite  extent  in  the  y-direction,  as  shown  above, 
then  no  steady  current  can  flow  in  this  direction,  Jy  =  0.  This  implies  that  if  an  electric 
field  is  applied  in  the  x-direction,  an  electric  field  will  develop  across  the  y-ends  of  the 
conductor,  Ey  =  bEx-  The  conduction  charges  will  tend  to  accumulate  either  on  the 
right  or  the  left  side  of  the  conductor,  depending  on  the  sign  of  b,  which  depends  on 
the  sign  of  the  electric  charge  e.  This  is  the  Hall  effect  and  is  used  to  determine  the 
sign  of  the  conduction  charges  in  semiconductors,  e.g.,  positive  holes  for  p-type,  or 
negative  electrons  for  n-type. 

What  is  the  numerical  value  of  b  for  electrons  in  copper  if  5  is  1  gauss?  [Ans.  43.] 
g.  For  a  collisionless  plasma  (y  =  0),  show  that  its  dielectric  behavior  is  determined  from 
Dx  ±jDy  =  e±  (co)  (Tx  ±J£y),  where 

€^{w)=€o(l-  - r) 

\  a)(a)  ±  cx)b)  ) 


where  (jOp  is  the  plasma  frequency.  Thus,  the  plasma  exhibits  birefringence. 


1.11  This  problem  deals  with  various  properties  of  the  Kramers-Kronig  dispersion  relations  for 
the  electric  susceptibility,  given  by  Eq.  (1.10.8). 

a.  Using  the  symmetry  properties  Xr{tio)=  Xr{-tio)  and  Xz(co)=  show  that 

(1.10.8)  can  be  written  in  the  folded  form  of  Eq.  (1.10.9). 

b.  Using  the  definition  of  principal- value  integrals,  show  the  following  integral: 

V  \  ^  =  0  (1.12.3) 

Jo  CO'2  -  0)2 

Hint:  You  may  use  the  following  indefinite  integral:  f  ^  In  I  ^  ^  ^  I . 

J  -x^  2a  \  a-x\ 
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c.  Using  Eq.  (1.12.3),  show  that  the  relations  (1.10.9)  may  be  rewritten  as  ordinary  inte¬ 
grals  (without  the  V  instruction)  as  follows: 


Xr(a)) 


A'z(a)) 


—  p  co'A'z(^')-^Xz(tn) 

TT  Jo  a)'2  -  0)2 

p  WXritv')-COXritv) 

TT  Jo  a)'2  -  0)2 


(1.12.4) 


Hint:  You  will  need  to  argue  that  the  integrands  have  no  singularity  at  co'  =  co. 
d.  For  a  simple  oscillator  model  of  dielectric  polarization,  the  susceptibility  is  given  by: 


=  XriC0)-jXiit0)  = 


CO 


2 

E. 


wl  -  0)2  +jyw 


a)^(a)o-o)^)  .  ycocol 

(a)o  -  0)2)2 +  y2 0)2  ^  (o)o  -  0)2)2 +  y2 0)2 


(1.12.5) 


Show  that  for  this  model  the  quantities  Xri^o)  and  Xz  ( tr) )  satisfy  the  modified  Kramers- 
Kronig  relationships  (1.12.4).  Hint:  You  may  use  the  following  definite  integrals,  for 
which  you  may  assume  that  0  <  y  <  2o)o : 

2  p  dx _ _  _  1  2  p  _ _ x^dx  _  1 

TT  Jo  (O)o  -  x2)2  +  y2x2  yo)g  ’  TT  Jo  {COq  -  x'^)^ +  y^X^  y 


Indeed,  show  that  these  integrals  may  be  reduced  to  the  following  ones,  which  can  be 
found  in  standard  tables  of  integrals: 

2  p  dy  _  2  p  y^dy  _  1 

TT  Jo  l-2y2cos0+y4  tt  Jo  l-2y2cos0+y^  V2(l  -  cos  0) 


where  sin(0/2)  =  y/  (2o)o)- 

e.  Consider  the  limit  of  Eq.  (1.12.5)  as  y  ^  0.  Show  that  in  this  case  the  functions  Xr,  Xi 
are  given  as  follows,  and  that  they  still  satisfy  the  Kramers-Kronig  relations: 


Xr{C0)=  V- 


co 


0)0-0) 


+  v- 


co 


0)0  +  0) 


Xiito)  = 


II  LXJry 

- — ^[d(o)  -  O)o)-d(o)  +  O)o)j 
20)o 


1.12  Derive  the  Kramers-Kronig  relationship  of  Eq.  (1.10.7)  by  starting  with  the  causality  condi¬ 
tion  X  (f)  w  (-1)  =  0  and  translating  it  to  the  frequency  domain,  that  is,  expressing  it  as  the 
convolution  of  the  Fourier  transforms  of  x  (0  and  u  (-t) . 

1.13  An  isotropic  homogeneous  lossless  dielectric  medium  is  moving  with  uniform  velocity  v  with 
respect  to  a  fixed  coordinate  frame  S.  In  the  frame  S'  moving  with  dielectric,  the  constitutive 
relations  are  assumed  to  be  the  usual  ones,  that  is,  D'  =  eE'  and  B'  =  yiH' .  Using  the  Lorentz 
transformations  given  in  Eq.  (H.30)  of  Appendix  H,  show  that  the  constitutive  relations  take 
the  following  form  in  the  fixed  frame  S: 


D  =  eE  +  av  X  {H  -  €v  X  E)  ,  B  =  luH  -  avx  (E  +  iJvx  H)  , 


ed  -  epjUo 


1  -  epv2 
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Uniform  Plane  Waves 


2.1  Uniform  Plane  Waves  in  Lossless  Media 

The  simplest  electromagnetic  waves  are  uniform  plane  waves  propagating  along  some 
fixed  direction,  say  the  z-direction,  in  a  lossless  medium  {e,  p}. 

The  assumption  of  uniformity  means  that  the  helds  have  no  dependence  on  the 
transverse  coordinates  x,  y  and  are  functions  only  of  z,  t.  Thus,  we  look  for  solutions 
of  Maxwell’s  equations  of  the  form:  Eix,y,z,  t)=  Eiz,  t)  and  H{x,y,z,  t)=  H{z,  t). 

Because  there  is  no  dependence  on  x,y,  we  set  the  partial  derivatives^  =  0  and 
dy  =  0.  Then,  the  gradient,  divergence,  and  curl  operations  take  the  simplihed  forms: 


Assuming  that  D  =  eE  and  B  =  fiH,  the  source-free  Maxwell’s  equations  become: 


,  dE  dH 

„  dH 

dz  ^  dt 

,  dH  dE 

VxE.-„- 

„  BE 

Z  X  =  e  — 

dz  dt 

dE,  ^ 

VxH-Cjj  - 

<1 

II 

o 

V  ■  H=  0 

O 

II 

S  A 

(2.1.1) 


An  immediate  consequence  of  uniformity  is  that  E  and  H  do  not  have  components 
along  the  z-direction,  that  is,  Ez  =  Hz  =  0.  Taking  the  dot-product  of  Ampere’s  law 
with  the  unit  vector  z,  and  using  the  identity  z  ■  (z  x  A)  =  0,  we  have: 


^The  shorthand  notation  dx  stands  for 


A 


dEz 

at 


0 
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Because  also  dzEz  =  0,  it  follows  that  Ez  must  be  a  constant,  independent  of  z,  t. 
Excluding  static  solutions,  we  may  take  this  constant  to  be  zero.  Similarly,  we  have 
Hz  =  0.  Thus,  the  helds  have  components  only  along  the  x,y  directions: 

£(z,  t)  =  xTx  (z,  t)  +yEy  (z,  t) 

(transverse  helds)  (2.1.2) 

H(z,  t)  =  xHx(z,  t)+yHy(z,  t) 

These  helds  must  satisfy  Faraday’s  and  Ampere’s  laws  in  Eqs.  (2.1.1).  We  rewrite 
these  equations  in  a  more  convenient  form  by  replacing  e  and  p  by; 


where  we  used  z  ■  dzE  =  dzEz  =  0  and  z  ■  z  =  1.  It  follows  that  Eqs.  (2.1.4)  may  be 
replaced  by  the  equivalent  system: 


(2.1.5) 


Now  all  the  terms  have  the  same  dimension.  Eqs.  (2.1.5)  imply  that  both  E  and  H 
satisfy  the  one-dimensional  wave  equation.  Indeed,  differentiating  the  hrst  equation 
with  respect  to  z  and  using  the  second,  we  have: 


d^E 

0Z2 


1 

C 


dt  dz 


inHx 


z)  = 


c2  at2 


or. 


(wave  equation)  (2.1.6) 

and  similarly  for  H.  Rather  than  solving  the  wave  equation,  we  prefer  to  work  directly 
with  the  coupled  system  (2.1.5).  The  system  can  be  decoupled  by  introducing  the  so- 
called  forward  and  backward  electric  helds  dehned  as  the  linear  combinations: 


£■+  =  i(£+  qHx  z) 

(forward  and  backward  helds)  (2.1.7) 

E-  =  t(E-r]Hx±) 


38 


2.  Uniform  Plane  Waves 


Component-wise,  these  are: 


-iE^±qHy) 


=  ^(Ey- 


We  show  next  that  E+  (z,  t)  corresponds  to  a  forward-moving  wave,  that  is,  moving 
towards  the  positive  z-direction,  and  £■_  (z,  t),  to  a  backward-moving  wave.  Eqs.  (2.1.7) 
can  be  inverted  to  express  E,  H  in  terms  of  E+,E-.  Adding  and  subtracting  them,  and 
using  the  BAC-CAB  rule  and  the  orthogonality  conditions  z  ■  £+  =  0,  we  obtain: 

E{z,  t)  =  E+  (z,  t)  -yE-  (z,  t) 


H{z,  t)  =  -  z  X  [E+  (z,  t)  -£■_  (z,  t)  1 
q 

In  terms  of  the  forward  and  backward  helds  E±,  the  system  of  Eqs.  (2.1.5)  decouples 
into  two  separate  equations: 


(2.1.10) 


dE+ 

1 

a£+ 

dz 

c 

at 

dE- 

1 

dE- 

dz 

c 

dt 

Indeed,  using  Eqs.  (2.1.5),  we  verify; 

a  1  a 


-  {E  ±  qH  X  z) 


1  a  ,  „  1  dE 

-  w-iqHx  z)  +  -  — 

c  at  c  at 


;  {E  ±  qH  X  z) 


Eqs.  (2.1.10)  can  be  solved  by  noting  that  the  forward  held  E+  (z,  t)  must  depend 
on  z,  t  only  through  the  combination  z  -  ct  (for  a  proof,  see  Problem  2.1.)  If  we  set 
E+  (z,  t)  =  F(z  -  ct),  where  F(f )  is  an  arbitrary  function  of  its  argument  =  z  -  ct, 
then  we  will  have: 


^  =  ±F(7-rt)= 

dz  dz  ’  dz  dr;  dr; 


dr;dF(r;) 


dE+  _  1 

dz  c  dt 


Vectorially,  F  must  have  only  x,y  components,  F  =  xFx  +  yFy,  that  is,  it  must  be 
transverse  to  the  propagation  direction,  z  ■  F  =  0. 

Similarly,  we  hnd  from  the  second  of  Eqs.  (2.1.10)  that  F_  (z,  t)  must  depend  on  z,  t 
through  the  combination  z  -r  ct,  so  that  F_  (z,  t)  =  G(z  -r  ct) ,  where  G(5)  is  an  arbitrary 
(transverse)  function  of  5  =  z  -r  ct.  In  conclusion,  the  most  general  solutions  for  the 
forward  and  backward  helds  of  Eqs.  (2.1.10)  are: 


E+  (z,  t)  =  F{z  -  ct) 
F-  (z,  t)  =  G(z  -r  ct) 


(2.1.11) 


with  arbitrary  functions  F  and  G,  such  that  z  ■  F  =  z  ■  G  =  0. 
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Inserting  these  into  the  inverse  formula  (2.1.9),  we  obtain  the  most  general  solution 
of  (2.1.5),  expressed  as  a  linear  combination  of  forward  and  backward  waves: 


E{z,  t)  =  F{z  -  ct)-\-G{z  +  ct) 

H{z,  t)  =  -  z  X  [F{z  -  ct) -G{z  +  ct)  ] 

n 


(2.1.12) 


The  term  F+  (z,  t)  =  F{z  -  ct)  represents  a  wave  propagating  with  speed  c  in  the 
positive  z-direction,  while  E-  (z,  t)  =  G(z+ct)  represents  a  wave  traveling  in  the  negative 
z-direction. 

To  see  this,  consider  the  forward  held  at  a  later  time  t-\- At.  During  the  time  interval 
At,  the  wave  moves  in  the  positive  z-direction  by  a  distance  Az  =  cAt.  Indeed,  we  have: 

E+  (z,  t  +  At)  =  F{z  -  c(t  +  At) )  =  F{z  -  cAt  -  ct) 

^  E+iz,t  +  At)=  E+iz  -  Az,t) 

E+  (z  -  Z\z,  t)  =  F{{z  -  Az) -ct)  =  F{z  -  cAt  -  ct) 

This  states  that  the  forward  held  at  time  t  +  At  is  the  same  as  the  held  at  time  t, 
but  translated  to  the  right  along  the  z-axis  by  a  distance  Z\z  =  cAt.  Equivalently,  the 
held  at  location  z  +  Z\z  at  time  t  is  the  same  as  the  held  at  location  z  at  the  earlier  time 
t  -  At  =  t  -  Azic,  that  is. 


E+  (z  +  Z\z,  t)  =  E+  (z,  f  -  Z\f) 


Similarly,  we  hnd  that  E-{z,t  +  At)=  E-{z  +  Az,t) ,  which  states  that  the  backward 
held  at  time  t  +  At  is  the  same  as  the  held  at  time  t,  translated  to  the  left  by  a  distance 
Z\z.  Fig.  2.1.1  depicts  these  two  cases. 


E+(z,t) 


/\  E_^(z,  t-\-At)  =  E+(z-  Az,  t) 


Az  =  cAt 


E_(z,t+At)  =  EJcz+Az,  t)  /\ 


E_{z,t) 


Az  =  cAt 


Fig.  2.1.1  Forward  and  backward  waves. 

The  two  special  cases  corresponding  to  forward  waves  only  (G  =  0) ,  or  to  backward 
ones  (F=  0),  are  of  particular  interest.  For  the  forward  case,  we  have: 

E{z,  t)  =  F{z  -  ct) 

H{z,  t)  =  -  z  X  F{z  -  ct)=  -  z  X  £(z,  f) 

n  n 


(2.1.13) 
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This  solution  has  the  following  properties:  (a)  The  held  vectors  E  and  H  are  perpen¬ 
dicular  to  each  other,  E  ■  H  =  0,  while  they  are  transverse  to  the  z-direction,  (b)  The 
three  vectors  {E,  H,z}  form  a  right-handed  vector  system  as  shown  in  the  hgure,  in  the 
sense  that  Ex  H  points  in  the  direction  of  z,  (c)  The  ratio  of  E  to  H x  z  is  independent 
of  z,  t  and  equals  the  characteristic  impedance  g  of  the  propagation  medium;  indeed: 

H(z,t)= -zx  Eiz,t)  ^  E(z,t)=  r]H(z,t)xz  (2.1.14) 

n 

The  electromagnetic  energy  of  such  forward  wave  hows  in  the  positive  z-direction. 
With  the  help  of  the  BAC-CAB  rule,  we  hnd  for  the  Poynting  vector: 

P  =  £xH=  z  t|f  |2  =  cze|F|2  (2.1.15) 

n 

where  we  denoted  |F  =  F-  F  and  replaced  I//7  =  ce.  The  electric  and  magnetic  energy 
densities  (per  unit  volume)  turn  out  to  be  equal  to  each  other.  Because  z  and  F  are 
mutually  orthogonal,  we  have  for  the  cross  product  |zxF|  =  |z||F|  =  |F|.  Then, 

We  =  \E\^  =  te|F|2 

Wm  =  =  t;u^|zxf|2  =  telFp  =  We 

where  we  replaced  g/g^  =  e.  Thus,  the  total  energy  density  of  the  forward  wave  will  be: 

W  =  We  -r  Wm  =  2We  =  C\F\'^  (2.1.16) 


In  accordance  with  the  hux/density  relationship  of  Eq.  (1.5.2),  the  transport  velocity 
of  the  electromagnetic  energy  is  found  to  be: 


T 

w 


cze\F\^ 

e\F\^ 


cz 


As  expected,  the  energy  of  the  forward-moving  wave  is  being  transported  at  a  speed 
c  along  the  positive  z-direction.  Similar  results  can  be  derived  for  the  backward-moving 
solution  that  has  F  =  0  and  G  0.  The  helds  are  now: 


F(z,  t)  =  G(z  -r  ct) 

H{z,  t)  =  -  —  z  X  G(z  -r  ct)  =  -  —  z  X  F(z,  t) 

n  g 


(2.1.17) 


The  Poynting  vector  becomes  T  =  Ex  H  =  -czc|G|^  and  points  in  the  negative 
z-direction,  that  is,  the  propagation  direction.  The  energy  transport  velocity  is  v  =  -c  z. 
Now,  the  vectors  {F,  H,  -z}  form  a  right-handed  system,  as  shown.  The  ratio  of  E  to  H 
is  still  equal  to  g,  provided  we  replace  z  with  -z: 


H(z,t)=  -(-z)xF(z,t) 

n 


E{z,  t)=  g  H{z,  t)  X  (-z) 


2.1.  Uniform  Plane  Waves  in  Lossless  Media 
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In  the  general  case  of  Eq.  (2.1.12),  the  E/H  ratio  does  not  remain  constant.  The 
Poynting  vector  and  energy  density  consist  of  a  part  due  to  the  forward  wave  and  a  part 
due  to  the  backward  one: 


T  =  ExH=cz(e\F\^  -e|G|^) 
w=  te|£|2  +  =e|F|2  +  e|G|2 


(2.1.18) 


Example  2.1.1:  A  source  located  at  z  =  0  generates  an  electric  field  E{0,  t)  =  xEq  u  (t) ,  where 
w  (t)  is  the  unit-step  function,  and  Eq,  a  constant.  The  field  is  launched  towards  the  positive 
z-direction.  Determine  expressions  for  E{z,  t)  and  H{z,  t). 


Solution:  For  a  forward-moving  wave,  we  have  E{z,  t)  =  F{z  -  ct)  =  F(0  -  c(t  -  z/c)),  which 
implies  that  F(z,  t)  is  completely  determined  by  F(z,  0) ,  or  alternatively,  by  E{0,  t) : 


F(z,  t)  =  F(z  -  ct,  0)  =  F(0,  t  -  z/c) 


Using  this  property,  we  find  for  the  electric  and  magnetic  fields: 

Eiz,t)  =  Ei0,t  -  z/c)=  xEouit  -  z/c)  _ 

1  £ 

H{z,  t)  =  —zx  E{z,  t)=y  —  u{t-  z/c) 

n  n  0  ct 


E(z,t+At) 


c{t+At) 


Because  of  the  unit-step,  the  non-zero  values  of  the  fields  are  restricted  to  f  -  z/c  >  0,  or, 
z  <  ct,  that  is,  at  time  t  the  wavefront  has  propagated  only  up  to  position  z  =  ct.  The 
figure  shows  the  expanding  wavefronts  at  time  f  and  t  +  At.  □ 

Example  2.1.2:  Consider  the  following  three  examples  of  electric  fields  specified  at  t  =  0,  and 
describing  forward  or  backward  fields  as  indicated: 

E{z,  0)  =  xEq  cos  (kz)  (forward-moving) 

E{z,  0)=  yEo  cos  (kz)  (backward-moving) 

E{z,  0)=  xEi  cos  (kiz)  +yE2  cos  {kzz)  (forward-moving) 


where  k,  ki,k2  are  given  wavenumbers  (measured  in  units  of  radians/m.)  Determine  the 
corresponding  fields  E{z,  t)  and  H{z,  t). 

Solution:  For  the  forward-moving  cases,  we  replace  z  by  z  -  ct,  and  for  the  backward-moving 
case,  by  z  +  ct.  We  find  in  the  three  cases: 

E{z,t)  =  xEocos{k{z  -  ct))  =  xEq  cos  {cot  -  kz) 

E{z,t)  =  yEoCOs(k{z  +  ct))  =  yEo  cos  {cot  +  kz) 

E{z,  t)  =  xEi  cos(coit  -  kiz)+yE2  cos{co2t  -  k2z) 


where  co  =  kc,  and  coi  =  kic,  CO2  =  k2C.  The  corresponding  magnetic  fields  are: 
1  E 

H{z,  f)  =  -  z  X  E{z,  t)=y  —  cos (cof  -  kz)  (forward) 

n  ri 

1  E 

H{z,  t)  =  —  z  X  E{z,  f )  =  X  —  cos  (cof  +  kz)  (backward) 
n  n 
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The  first  two  cases  are  single-frequency  waves,  and  are  discussed  in  more  detail  in  the 
next  section.  The  third  case  is  a  linear  superposition  of  two  waves  with  two  different 
frequencies  and  polarizations.  □ 


2.2  Monochromatic  Waves 


Uniform,  single-frequency,  plane  waves  propagating  in  a  lossless  medium  are  obtained 
as  a  special  case  of  the  previous  section  by  assuming  the  harmonic  time-dependence: 


E{x,y,z,  t)  =  E{z)e^^^ 
H{x,y,z,t)  =H{z)e^^^ 


(2.2.1) 


where  E{z)  and  H{z)  are  transverse  with  respect  to  the  z-direction. 

Maxwell’s  equations  (2.1.5),  or  those  of  the  decoupled  system  (2.1.10),  maybe  solved 
very  easily  by  replacing  time  derivatives  by  0f  ^  jco.  Then,  Eqs.  (2.1.10)  become  the 
hrst-order  differential  equations  (see  also  Problem  2.3): 


dE±{z)  .7  ^  ^  7  ,  (JO  , _ 

— T - =  +jkE±{z)  ,  where  k=  —  =  coJlJe 

oz  c 

with  solutions: 

E+{z)  =  Eo+e~‘^^^  (forward) 

E-{z)  =  Eq-C^^^  (backward) 


(2.2.2) 


(2.2.3) 


where  £o±  are  arbitrary  (complex-valued)  constant  vectors  such  that  z  ■  £o±  =  0.  The 
corresponding  magnetic  helds  are: 


H+  (z)  =  -  z  X  E+  (z)  =  -  (z  X  Eo+)e  =  Ho+e 

n  n 

H-iz)  =  --zxE-iz)=  --  {zxEo-)(J'^^  = 

n  n 


where  we  dehned  the  constant  amplitudes  of  the  magnetic  helds: 


Ho±  =  ±-zxEo± 

n 


(2.2.5) 


Inserting  (2.2.3)  into  (2.1.9),  we  obtain  the  general  solution  for  single-frequency 
waves,  expressed  as  a  superposition  of  forward  and  backward  components: 


F(z)  =  Eo+e-j’^^  +  Eo-e’’^^ 
H(z)  =  tz  X  [Eo+e~J'^^ 


(forward  +  backward  waves) 


(2.2.6) 


Setting  £o±  =  xA+  +yB±,  and  noting  that  zxEo±  =  zx  {xA±  +yB±)  =  yA± -xB±, 
we  may  rewrite  (2.2.6)  in  terms  of  its  cartesian  components: 

EAz)=  A+e-j^^  +  Ey{z)= 

Hy(z)=  ^[A+e-j'^^  -  A^ef^^]  ,  HAz)=  - 1 


(2.2.7) 


2.2.  Monochromatic  Waves 


43 


Wavefronts  are  defined,  in  general,  to  be  the  surfaces  of  constant  phase.  A  forward 
moving  wave  E{z)  =  Eoe~J^^  corresponds  to  the  time-varying  held: 

E(z,  t)  =  ,  where  qp  (z,  t)=  kz  -  cot 

A  surface  of  constant  phase  is  obtained  by  setting  (p(z,t)=  const.  Denoting  this 
constant  by  (fo  =  kzo  and  using  the  property  c  =  co/k,  we  obtain  the  condition: 

(p(z,  t)=(po  ^  kz  -  cot  =  kzo  ^  z  =  ct  +  zo 

Thus,  the  wavefront  is  the  xy -plane  intersecting  the  z-axis  at  the  point  z  =  ct  +  zq, 
moving  forward  with  velocity  c.  This  justihes  the  term  “plane  wave.” 

A  backward-moving  wave  will  have  planar  wavefronts  parametrized  by  z  =  -ct  -r  zq, 
that  is,  moving  backwards.  A  wave  that  is  a  linear  combination  of  forward  and  backward 
components,  may  be  thought  of  as  having  two  planar  wavefronts,  one  moving  forward, 
and  the  other  backward. 

The  relationships  (2.2.5)  imply  that  the  vectors  {Eo+,Ho+,z}  and  {Eo-,Ho-,  -z}  will 
form  right-handed  orthogonal  systems.  The  magnetic  held  Ho±  is  perpendicular  to  the 
electric  held  £o±  and  the  cross-product  Eo±  x  Ho±  points  towards  the  direction  of  prop¬ 
agation,  that  is,  ±z.  Fig.  2.2.1  depicts  the  case  of  a  forward  propagating  wave. 


Fig.  2.2.1  Forward  uniform  plane  wave. 

The  wavelength  A  is  the  distance  by  which  the  phase  of  the  sinusoidal  wave  changes 
by  277  radians.  Since  the  propagation  factor  e~j^^  accumulates  a  phase  of  k  radians  per 
meter,  we  have  by  dehnition  that  k\  =  277.  The  wavelength  A  can  be  expressed  via  the 
frequency  of  the  wave  in  Hertz,  f  =  co/Zn,  as  follows: 


277  2ttc  c 
k  CO  f 


(2.2.8) 


If  the  propagation  medium  is  free  space,  we  use  the  vacuum  values  of  the  parame¬ 
ters  {e,p,c,  r/},  that  is,  {eo,iJo,Co,  r/ol-  The  free-space  wavelength  and  corresponding 
wavenumber  are: 

Ao  =  ^  =  ^  ,  feo  =  -  (2.2.9) 

ko  f  Co 

In  a  lossless  but  non-magnetic  (p  =  po)  dielectric  with  refractive  index  n  =  ^jelco, 
the  speed  of  light  c,  wavelength  A,  and  characteristic  impedance  rj  are  all  reduced  by  a 
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scale  factor  n  compared  to  the  free-space  values,  whereas  the  wavenumber  k  is  increased 
by  a  factor  of  n.  Indeed,  using  the  dehnitions  c  =  IZ-^goe  and  g  =  Vpo/^,  we  have: 


II 

n='^, 

A  =  ^  ,  k  =  nko 

n 

n 

n 

Example  2.2.1:  A  microwave  transmitter  operating  at  the  carrier  frequency  of  6  GHz  is  pro¬ 
tected  by  a  Plexiglas  radome  whose  permittivity  is  e  =  Scq. 

The  refractive  index  of  the  radome  is  n  =  Vc/Co  =  a/3  =  1.73.  The  free-space  wavelength 
and  the  wavelength  inside  the  radome  material  are: 


Ao  = 


Co 

f 


3  X  10^ 
6  X  109 


=  0.05  m  =  5  cm. 


5 

1.73 


2.9  cm 


We  will  see  later  that  if  the  radome  is  to  be  transparent  to  the  wave,  its  thickness  must  be 
chosen  to  be  equal  to  one-half  wavelength,  /  =  A/2.  Thus,  /  =  2.9/2  =  1.45  cm.  □ 


Example  2.2.2:  The  nominal  speed  of  light  in  vacuum  is  Cq  =  3x10^  m/s.  Because  of  the  rela¬ 
tionship  Co  =  Af,  it  maybe  expressed  in  the  following  suggestive  units  that  are  appropriate 
in  different  application  contexts: 


Co  =  5000  km  x  60  Hz 
300  m  X  1  MHz 
40  m  X  7.5  MHz 
3  m  X  100  MHz 
30  cm  X  1  GHz 
10  cm  X  3  GHz 
3  cm  X  10  GHz 
1.5  pm  X  200  THz 
500  nm  x  600  THz 
100  nm  X  3000  THz 


(power  systems) 
(AM  radio) 

(amateur  radio) 

(FM  radio,  TV) 

(cell  phones) 
(waveguides,  radar) 
(radar,  satellites) 
(optical  fibers) 
(visible  spectrum) 
(UV) 


Similarly,  in  terms  of  length/time  of  propagation: 


Co  =  36  000  km/ 120 msec 
300  km/msec 
300  m/psec 
30  cm/nsec 


(geosynchronous  satellites) 
(power  lines) 

(transmission  lines) 

(circuit  boards) 


The  typical  half-wave  monopole  antenna  (half  of  a  half-wave  dipole  over  a  ground  plane) 
has  length  A/4  and  is  used  in  many  applications,  such  as  AM,  FM,  and  cell  phones.  Thus, 
one  can  predict  that  the  lengths  of  AM  radio,  FM  radio,  and  cell  phone  antennas  will  be  of 
the  order  of  75  m,  0.75  m,  and  7.5  cm,  respectively. 

A  more  detailed  list  of  electromagnetic  frequency  bands  is  given  in  Appendix  B.  The  precise 
value  of  Co  and  the  values  of  other  physical  constants  are  given  in  Appendix  A.  □ 


Wave  propagation  effects  become  important,  and  cannot  be  ignored,  whenever  the 
physical  length  of  propagation  is  comparable  to  the  wavelength  A.  It  follows  from 
Eqs.  (2.2.2)  that  the  incremental  change  of  a  forward-moving  electric  held  in  propagating 
from  z  to  z  -r  Az  is: 


\AE^\ 

lE+l 


kAz  =  277 


Az 

X 


(2.2.11) 
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Thus,  the  change  in  the  electric  held  can  be  ignored  only  if  Z\z  ^  A,  otherwise,  propa¬ 
gation  effects  must  be  taken  into  account. 

For  example,  for  an  integrated  circuit  operating  at  10  GHz,  we  have  A  =  3  cm,  which 
is  comparable  to  the  physical  dimensions  of  the  circuit. 

Similarly,  a  cellular  base  station  antenna  is  connected  to  the  transmitter  circuits  by 
several  meters  of  coaxial  cable.  For  a  1-GHz  system,  the  wavelength  is  0.3  m,  which 
implies  that  a  30-meter  cable  will  be  equivalent  to  100  wavelengths. 


2.3  Energy  Density  and  Flux 


The  time-averaged  energy  density  and  hux  of  a  uniform  plane  wave  can  be  determined 
by  Eq.  (1.8.6).  As  in  the  previous  section,  the  energy  is  shared  equally  by  the  electric 
and  magnetic  helds  (in  the  forward  or  backward  cases.)  This  is  a  general  result  for  most 
wave  propagation  and  waveguide  problems. 

The  energy  hux  will  be  in  the  direction  of  propagation.  For  either  a  forward-  or  a 
backward-moving  wave,  we  have  from  Eqs.  (1.8.6)  and  (2.2.5): 

We  =  ^Re  ^eE±(z)-EUz)  =  ^Re  |^te£’o±e“'''‘^  ■  =  ^e|£'o±l^ 


Wm  =  ^Re  ^^H±iz)■HUz)^  =  ^^\Ho±\^  =  ^^^\zxEo±\^  =  ^e|£'o±P  =  We 
Thus,  the  electric  and  magnetic  energy  densities  are  equal  and  the  total  density  is: 

1  9 

W  =  We  -^Wm  =  2We  =  -e|£’o± I  (2.3.1) 

For  the  time-averaged  Poynting  vector,  we  have  similarly: 

y  =  t  Re[ (z) XH*  (z)]  =  ^  Re[ £o±  x  (±z  x  £o*±) ] 

Using  the  BAC-CAB  rule  and  the  orthogonality  property  z  ■  Eo±  =  0,  we  hnd: 

y  =  ±z^|£o±l^  =  ±Czte|£o±l^  (2.3.2) 

Thus,  the  energy  hux  is  in  the  direction  of  propagation,  that  is,  ±z.  The  correspond¬ 
ing  energy  velocity  is,  as  in  the  previous  section: 


T 

V  =  —  =  ±cz 
w 


(2.3.3) 


In  the  more  general  case  of  forward  and  backward  waves,  we  hnd: 


w  =  ^Re[eE{z)-E*iz)+iJH{z)-H*{z)]  =  ^e\Eo+\'^  +  ^e\Eo- 
y  =  ^Re[E{z)xH*{z)]  =  ^ 


Thus,  the  total  energy  is  the  sum  of  the  energies  of  the  forward  and  backward  com¬ 
ponents,  whereas  the  net  energy  hux  (to  the  right)  is  the  difference  between  the  forward 
and  backward  huxes. 
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2.4  Wave  Impedance 

For  forward  or  backward  helds,  the  ratio  of  £(z)  to  H(z)xz  is  constant  and  equal  to 
the  characteristic  impedance  of  the  medium.  Indeed,  it  follows  from  Eq.  (2.2.4)  that 

E±  (z)  =  ±r]H±  (z)  xz 

However,  this  property  is  not  true  for  the  more  general  solution  given  by  Eqs.  (2.2.6). 
In  general,  the  ratio  of  E{z)  to  H(z)  xz  is  called  the  wave  impedance.  Because  of  the 
vectorial  character  of  the  helds,  we  must  dehne  the  ratio  in  terms  of  the  corresponding 
X-  and  y-components: 


[g(z)]x 

[H{z)xz]^ 

[E{z)]y 

[H{z)xz]y 


(wave  impedances) 


Using  the  cartesian  expressions  of  Eq.  (2.2.7),  we  find: 


ZAz)  = 


Zyiz)  = 


'  A+e-J^^  -  A-eJ^^ 

B+e-j^^  + 

B+e-j^^  -B-eJ^^ 


(wave  impedances) 


Thus,  the  wave  impedances  are  nontrivial  functions  of  z.  For  forward  waves  (that  is, 
with  A-  =  B-  =  0),  we  have  Zx  (z)  =  Zy  (z)  =  p.  For  backward  waves  {A+  =  B+  =  0),  we 
have  Zx (z)  =  Zy{z)=  -rj. 

The  wave  impedance  is  a  very  useful  concept  in  the  subject  of  multiple  dielectric 
interfaces  and  the  matching  of  transmission  lines.  We  will  explore  its  use  later  on. 


2.5  Polarization 

Consider  a  forward-moving  wave  and  let  £o  =  xA+  +yB+  be  its  complex- valued  pha- 
sor  amplitude,  so  that  £’(z)=  EQe~j^^  =  (xA+  -r  yB+)e~J^^.  The  time-varying  held  is 
obtained  by  restoring  the  factor 

£(z,  t)=  (xA+  -r 

The  polarization  of  a  plane  wave  is  dehned  to  be  the  direction  of  the  electric  held. 
For  example,  if  B+  =0,  the  T-held  is  along  the  x-direction  and  the  wave  will  be  linearly 
polarized. 

More  precisely,  polarization  is  the  direction  of  the  time-varying  real-valued  held 
E  (z,  t)  =  Re[£(z,  t)  ] .  At  any  hxed  point  z,  the  vector  E  (z,  t)  may  be  along  a  fixed 
linear  direction  or  it  may  be  rotating  as  a  function  of  t,  tracing  a  circle  or  an  ellipse. 
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The  polarization  properties  of  the  plane  wave  are  determined  by  the  relative  magni¬ 
tudes  and  phases  of  the  complex-valued  constants  A+,B+.  Writing  them  in  their  polar 
forms  A+  =  and  B+  =  where  A,B  are  positive  magnitudes,  we  obtain: 

E{z,t)=  {xAe‘^^‘^  ^  ^j^^Jicot-kz+cf)a)  ^ {(Vt-kz+cj)],)  (2.5.1) 

Extracting  real  parts  and  setting  E (z,  f )  =  Re [Eiz,  f )  ]  =  xTx  (z,  t)  +y  Xy  (z,  t) ,  we 
hnd  the  corresponding  real-valued  x,y  components: 


Xx{z,t)  =  A  cos {cjot  -  kz  +  (pa) 

Xy{z,t)  =  B  cos  (cjot  -  kz  +  (pt) 


(2.5.2) 


For  a  backward  moving  held,  we  replace  k  by  -k  in  the  same  expression.  To  deter¬ 
mine  the  polarization  of  the  wave,  we  consider  the  time-dependence  of  these  helds  at 
some  ftxed  point  along  the  z-axis,  say  at  z  =  0: 


Exit)  =  Acosicvt  +  (pa) 
Xyit)  =  B  cos  (cot  <pb) 


(2.5.3) 


The  electric  held  vector  X{t)=  xXxit)  +yXy{t)  will  be  rotating  on  the  xy-plane 
with  angular  frequency  co,  with  its  tip  tracing,  in  general,  an  ellipse.  To  see  this,  we 
expand  Eq.  (2.5.3)  using  a  trigonometric  identity: 

Exit)  =  A[cos  cot  cos  (pa  -  sin  cot  sin  (pa] 

Eyit)  =  B[coscotcos(pt  -  sincotsinpt] 


Solving  for  cos  cot  and  sin  cof  in  terms  of  Exit) ,  Eyit)  ,wc  hnd: 


cos  cot  sin  (p  = 


Eyit)  .  ^  Exit) 

——sm4>a - ^ 


sin(pi, 


■  .  ■  ^  ^  ^x(t) 

sm  COtsm(p  =  —  cos  (pa - r — 

B  A 


cos  (pt 


where  we  dehned  the  relative  phase  angle  p  =  pa  -  Pb- 

Forming  the  sum  of  the  squares  of  the  two  equations  and  using  the  trigonometric 
identity  sin^  cot  +  cos^  cot  =  1,  we  obtain  a  quadratic  equation  for  the  components  Ex 
and  Ey,  which  describes  an  ellipse  on  the  Ex,  Ey  plane: 


^Eyit) 


^  'Exit)  .  ^  Y  ,  [ 
-  sin  Pa - sm  pbj  +  ( 


V  B 
This  simplihes  into: 


Eyit)  ^  Exit) 

—  COS  pa - - - COS 


pb"^  =sin^p 


E'^ 

■‘-'X 


Ey  ^  ExEy  .  2  ^ 

^-2cos0— =  sm^0 


(polarization  ellipse) 


(2.5.4) 


Depending  on  the  values  of  the  three  quantities  {A,B,p}  this  polarization  ellipse 
may  be  an  ellipse,  a  circle,  or  a  straight  line.  The  electric  held  is  accordingly  called 
elliptically,  circularly,  or  linearly  polarized. 
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To  get  linear  polarization,  we  set  p  =  0  or  p  =  n,  corresponding  to  pa  =  Pb  =  0. 
or  Pa  =  0,pb  =  -TT,  so  that  the  phasor  amplitudes  are  Eq  =  xA±yB.  Then,  Eq.  (2.5.4) 
degenerates  into: 


E^ 

-‘-'X 


.  ExEy 

£2  AB 


=  0 


=  0 


representing  the  straight  lines: 


^y  =  ±f^x 


The  helds  (2.5.2)  take  the  forms,  in  the  two  cases  p  =  0  and  p  =  n: 


Exit)  =  A  cos  cot  Exit)  =  A  cos  cot 

Ey  it)  =  B  cos  cot  Ey  it)  =  B  cos  icot  -  tt)= -B  cos  cot 


To  get  circular  polarization,  we  setA=B  and  p  =  ±tt/2.  In  this  case,  the  polariza¬ 
tion  ellipse  becomes  the  equation  of  a  circle: 


nr2  rr2 


+  ^  =  1 


A2  A2 


The  sense  of  rotation,  in  conjunction  with  the  direction  of  propagation,  dehnes  left- 
circular  versus  right-circular  polarization.  For  the  case,  pa  =  and  pt  =  -Tr/2,  we 
have  p  =  pa  -  pb  =  Tr/2  and  complex  amplitude  Eq  =  Aix-jy).  Then, 


Exit)  =  A  cos  cot 

Eyit)  =  A  cos  icot  -  Tr/2)  =  A  sin  cot 


Thus,  the  tip  of  the  electric  held  vector  rotates  counterclockwise  on  the  xy-plane. 
To  decide  whether  this  represents  right  or  left  circular  polarization,  we  use  the  IEEE 
convention[92],  which  is  as  follows. 

Curl  the  huger s  of  your  left  and  right  hands  into  a  hst  and  point  both  thumbs  towards 
the  direction  of  propagation.  If  the  hngers  of  your  right  (left)  hand  are  curling  in  the 
direction  of  rotation  of  the  electric  held,  then  the  polarization  is  right  (left)  polarized.^ 
Thus,  in  the  present  example,  because  we  had  a  forward-moving  held  and  the  held  is 
turning  counterclockwise,  the  polarization  will  be  right-circular.  If  the  held  were  moving 
backwards,  then  it  would  be  left-circular.  For  the  case,  p  =  -Tr/2,  arising  from  pa  =  9 


^Most  engineering  texts  use  the  IEEE  convention  and  most  physics  texts,  the  opposite  convention. 
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and  4>t  =  Tr/2,  we  have  complex  amplitude  Eq  =  A  (x  +  jy) .  Then,  Eq.  (2.5.3)  becomes: 

Exit)  =  A  cos  cjot 

Ey  (t)  =  A  COS  (cot  +  Tr/2)  =  -A  sin  cot 


The  tip  of  the  electric  held  vector  rotates  clockwise  on  the  xy-plane.  Since  the  wave 
is  moving  forward,  this  will  represent  left-circular  polarization.  Fig.  2.5.1  depicts  the 
four  cases  of  left/right  polarization  with  forward/backward  waves. 


Fig.  2.5.1  Left  and  right  circular  polarizations. 


To  summarize,  the  electric  held  of  a  circularly  polarized  uniform  plane  wave  will  be, 
in  its  phasor  form: 


£(z)  =  A  (x  -  jy)  e~j^^ 
E{z)  =  A  (x  +  jy)  e~j^^ 
E{z)  =  A  {x-  jy)  ej^^ 
E{z)  =  A  (x  +  jy)  ej^^ 


(right-polarized,  forward-moving) 
(left-polarized,  forward-moving) 
(left-polarized,  backward-moving) 
(right-polarized,  backward-moving) 


If  A  ^5,  but  the  phase  difference  is  still  </)  =  ± Tr/2,  we  get  an  ellipse  with  major 
and  minor  axes  oriented  along  the  x,y  directions.  Eq.  (2.5.4)  will  be  now: 


Finally,  if  A  B  and  </)  is  arbitrary,  then  the  major/minor  axes  of  the  ellipse  (2.5.4) 
will  be  rotated  relative  to  the  x,y  directions.  Fig.  2.5.2  illustrates  the  general  case. 
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Fig.  2.5.2  General  polarization  ellipse. 


It  can  be  shown  (see  Problem  2.15)  that  the  tilt  angle  0  is  given  by: 

2AB 

tan20  =  — —  COS0  (2.5.5) 

The  ellipse  semi-axes  A'  ,B',  that  is,  the  lengths  OC  and  OD,  are  given  by: 


A'  =  +B2)+|^(^2  _b2)2+4^2£2cos2<^ 

(2.S.6) 

B'  =  A(A2  +B2)_|^(^2  _b2)2+4^2£2cos2<^ 


where  s  =  sign  (A  -  B).  These  results  are  obtained  by  dehning  the  rotated  coordinate 
system  of  the  ellipse  axes: 


E'^  =  Ex  cos  6  +  Ey  sin  6 
Ey  =  Ey  cos  9  -  Ex  sin  9 

and  showing  that  Eq.  (2.5.4)  transforms  into  the  standardized  form: 

A'2  B'^ 


(2.5.7) 


(2.5.8) 


The  polarization  ellipse  is  bounded  by  the  rectangle  with  sides  at  the  end-points 
±A,  ±B,  as  shown  in  the  hgure.  To  decide  whether  the  elliptic  polarization  is  left-  or 
right-handed,  we  may  use  the  same  rules  depicted  in  Fig.  2.5.1 


Example  2.5.1:  Determine  the  real-valued  electric  and  magnetic  field  components  and  the  po¬ 
larization  of  the  following  fields  specified  in  their  phasor  form  (given  in  units  of  V/m): 

a.  E{z)=  -3jxe~Az 

b.  E{z)=  {3  x  + 4y)e^Az 

c.  E{z)  =  {-4x+ 3y)e~Az 

d.  E{z)=  {3ej^^^x  +  3y)e+Az 

e.  E{z)=  {4x+ 3e~j'^^'^y)e~Az 

f.  E{z)=  {3e-j^^^x  +  4ej^^^y)e+Az 

g.  E{z)=  {4ej^^^x+3e-j^^^y)e-A^ 

h.  E{z)=  {3e-j^^^x  +  4ej^^'^y)e+Az 
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Solution:  Restoring  the  factor  and  taking  real-parts,  we  find  the  x,y  electric  field  compo¬ 
nents,  according  to  Eq.  (2.5.2): 


a. 

Exiz,t)  = 

--  3 

cos 

iCJOt  - 

kz  - 

TT/2), 

Eyiz,  t)  = 

--  0 

b. 

Exiz,t)  = 

=  3 

cos 

icot  + 

kz), 

EyiZ,t)  = 

=  4 

cos 

icot  +  kz) 

c. 

Exiz,t)  = 

=  4 

cos 

icot  - 

kz  + 

TT), 

Eyiz,  t)  = 

=  3 

cos 

icot  - 

-  kz) 

d. 

Exiz,t)  = 

=  3 

cos 

icot  + 

kz  + 

tt/3). 

EyiZ,t)  = 

=  3 

cos 

icot  +  kz) 

e. 

Exiz,t)  = 

=  4 

cos 

icot  - 

kz), 

Eyiz,  t)  = 

=  3 

cos 

icot  - 

-kz  - 

tt/4) 

f. 

Exiz,t)  = 

=  3 

cos 

icot  + 

kz  - 

tt/8). 

EyiZ,t)  = 

=  4 

cos 

icot  +  kz  + 

tt/8) 

g- 

Exiz,t)  = 

=  4 

cos 

icot  - 

kz  + 

tt/4). 

Eyiz,  t)  = 

=  3 

cos 

icot  - 

-kz  - 

tt/2) 

h. 

Exiz,t)  = 

=  3 

cos 

icot  + 

kz  - 

tt/2). 

EyiZ,t)  = 

=  4 

cos 

icot  +  kz  + 

tt/4) 

Since  these  are  either  forward  or  backward  waves,  the  corresponding  magnetic  fields  are 
obtained  by  using  the  formula  .^(z,  t)  =  ±zx'E{z,t)  /  ri.  This  gives  the  x,y  components: 


(cases  a,  c,  e,  g): 
(cases  b,  d,  f,  h): 


3<Az,t)=  --Ty{z,t),  J-Cy{z,t)=  -Tx{z,t) 
n  ^  n 

3<Az,t)=  -'Ey{z,t),  3<y{z,t)=  --Xx{z,t) 

Y]  ^  ^  Y] 


To  determine  the  polarization  vectors,  we  evaluate  the  electric  fields  at  z  =  0: 


a.  'Ex{t)=  3  cos  {cjot  -  n/ 2), 

b.  'Exit)=  3  cos  (cot), 

c.  Tx  it)  =  4  cos  {cjot  +  n) , 

d.  Tx  it)  =  3  cos  (cot  +  n/ 3) , 

e.  'Ex{t)=  4  cos  (cjot) , 

f.  'Exit)=  3  cos  (cot  -  n/ 8), 

g.  'Ex{t)=  4  cos  (cjot  +  n/ 4) , 

h.  Tx  it)  =  3  cos  (cot  -  n/ 2) , 


it)  —  0 

'Eyit)=  4cos(cot) 

'Ey  it)  =  3  cos  (cot) 
Eyit)=  3cos(cot) 
Eyit)=  3cos(cof  -  7t/4) 
Eyit)=  4  cos  (cot  +  tt/8) 
Eyit)=  3cos(cof  -  tt/2) 
Eyit)=  4  cos  (cot  +  tt/4) 


The  polarization  ellipse  parameters  A,  B,  and  (p  =  -  0^,  as  well  as  the  computed 


semi-major  axes  A'  ,B' ,  tilt  angle  6,  sense  of  rotation  of  the  electric  field,  and  polarization 
type  are  given  below: 

case  A  B  p  A'  B'  6  rotation  polarization 

a. 

3 

0 

-90° 

3 

0 

0° 

- 

linear/forward 

b. 

3 

4 

0° 

0 

5 

-36.87° 

/ 

linear/backward 

c. 

4 

3 

180° 

5 

0 

-36.87° 

\ 

linear/forward 

d. 

3 

3 

60° 

3.674 

2.121 

45° 

o 

left/backward 

e. 

4 

3 

45° 

4.656 

1.822 

33.79° 

o 

right/forward 

f. 

3 

4 

-45° 

1.822 

4.656 

-33.79° 

o 

right/backward 

g- 

4 

3 

135° 

4.656 

1.822 

-33.79° 

o 

right/forward 

h. 

3 

4 

-135° 

1.822 

4.656 

33.79° 

o 

right/backward 

In  the  linear  case  (b),  the  polarization  ellipse  collapses  along  its  A' -axis  (A'  =  0)  and 
becomes  a  straight  line  along  its  5' -axis.  The  tilt  angle  6  still  measures  the  angle  of  the  A'- 
axis  from  the  x-axis.  The  actual  direction  of  the  electric  field  will  be  90°  -  36.87°  =  53.13°, 
which  is  equal  to  the  slope  angle,  atan(5/A)  =  atan(4/3)  =  53.13°. 
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In  case  (c),  the  ellipse  collapses  along  its  5' -axis.  Therefore,  6  coincides  with  the  angle  of 
the  slope  of  the  electric  field  vector,  that  is,  atan(-5/A)  =  atan(-3/4)  =  -36.87°.  □ 

With  the  understanding  that  6  always  represents  the  slope  of  the  A' -axis  (whether 
collapsed  or  not,  major  or  minor),  Eqs.  (2.5.5)  and  (2.5.6)  correctly  calculate  all  the  special 
cases,  except  when  A  =  B,  which  has  tilt  angle  and  semi-axes: 

0  =  45°,  A'  =  A^l  +  cos  (p  ,  B'  =  A^l  -  cos  (p  (2.5.9) 

The  MATLAB  function  el  1  i  pse .  m  calculates  the  ellipse  semi-axes  and  tilt  angle.  A', 
B',  6,  given  the  parameters  A,  B,  <p.  It  has  usage: 

[a,b,th]  =  ell  i  pse  (A, B, phi)  %  polarization  ellipse  parameters 

For  example,  the  function  will  return  the  values  of  the  A' ,B'  ,6  columns  of  the  pre¬ 
vious  example,  if  it  is  called  with  the  inputs: 

A  =  [3,  3,  4,  3,  4,  3,  4,  3]’; 

B  =  [0,  4,  3,  3,  3,  4,  3,  4]  ’  ; 

phi  =  [-90,  0,  180,  60,  45,  -45,  135,  -135]’; 


To  determine  quickly  the  sense  of  rotation  around  the  polarization  ellipse,  we  use 
the  rule  that  the  rotation  will  be  counterclockwise  if  the  phase  difference  <p  =  <pa  -  <t>b 
is  such  that  sin  <p  >  0,  and  clockwise,  if  sin  <p  <  0.  This  can  be  seen  by  considering  the 
electric  field  at  time  t  =  0  and  at  a  neighboring  time  t.  Using  Eq.  (2.5.3),  we  have: 


E  (0)  =  X  A  cos  <pa  +  yB  cos  <pb 


'Bit)  EiO) 


EiO) 


Eit)  =  xAcos  icvt  +  (pa)  +y  B  cos  icvt  +  <pt) 


~^^Eit) 


The  sense  of  rotation  may  be  determined  from  the  cross-product  Ei0)xEit).  If 
the  rotation  is  counterclockwise,  this  vector  will  point  towards  the  positive  z-direction, 
and  otherwise,  it  will  point  towards  the  negative  z-direction.  It  follows  easily  that: 

E  iO)  X  E  it)  =  z  AB  sin  (p  sin  (JO t  (2.5.10) 

Thus,  for  t  small  and  positive  (such  that  sincof  >  0),  the  direction  of  the  vector 
Ei0)xE it)  is  determined  by  the  sign  of  sin  <p. 


2.6  Uniform  Plane  Waves  in  Lossy  Media 

We  saw  in  Sec.  1.9  that  power  losses  may  arise  because  of  conduction  and/or  material 
polarization.  A  wave  propagating  in  a  lossy  medium  will  set  up  a  conduction  current 
Jcond  =  trE  and  a  displacement  (polarization)  current  Jdisp  =  jtoD  =  jwedE.  Both 
currents  will  cause  ohmic  losses.  The  total  current  is  the  sum: 

Jtot  ~  Jcond  +  Jdisp  “  +  jt0^d)B  =  jOJCcB 
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where  €c  is  the  effective  complex  dielectric  constant  introduced  in  Eq.  (1.9.29); 

jcvGc  =  <J  +jcved  =>  ec  =  Ed- j  —  (2.6.1) 

CO 

The  quantities  a,  Cd  maybe  complex-valued  and  frequency-dependent.  However,  we 
will  assume  that  over  the  desired  frequency  band  of  interest,  the  conductivity  a  is  real¬ 
valued;  the  permittivity  of  the  dielectric  may  be  assumed  to  be  complex,  Cd  =  ~JEd- 
Thus,  the  effective  Cc  has  real  and  imaginary  parts: 

(2.6.2) 

Power  losses  arise  from  the  non-zero  imaginary  part  e".  We  recall  from  Eq.  (1.9.32) 
that  the  time-averaged  ohmic  power  losses  per  unit  volume  are  given  by: 


=  ^ReUoff*]  =  \cve"\E\^  =  ^{a  +  cve';)\E\^  (2.6.3) 

Uniform  plane  waves  propagating  in  such  lossy  medium  will  satisfy  Maxwell’s  equa¬ 
tions  (1.8.2),  with  the  right-hand  side  of  Ampere’s  law  given  by  Jtot  =  J+ JEoD  =  jcoecE. 

The  assumption  of  uniformity  (0x  =  =  0),  will  imply  again  that  the  helds  E,  H  are 

transverse  to  the  direction  z.  Then,  Earaday’s  and  Ampere’s  equations  become: 


V  X  E  =  -jcjOjjH  z  X  dzE  =  -jcjOjjH 

=> 

V  X  H  =  jcjoCcE  z  X  dzH  =  jcjoCcE 


(2.6.4) 


These  may  be  written  in  a  more  convenient  form  by  introducing  the  complex  wavenum¬ 
ber  kc  and  complex  characteristic  impedance  r}c  dehned  by; 


They  correspond  to  the  usual  dehnitions  k  =  co/c  =  (jo^fjle  and  rj  =  with 

the  replacement  e  Cc-  Noting  that  cop  =  kcrjc  and  cjoGc  =  kc/rjc,  Eqs.  (2.6.4)  may 
be  written  in  the  following  form  (using  the  orthogonality  property  z  ■  E  =  0  and  the 
BAC-CAB  rule  on  the  hrst  equation): 


r  E 

dz  rjcHxz 


0  -jkc  1  r  E 

-jkc  0  r]cH  X  z 


(2.6.6) 
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with  solutions: 

(z)  =  Eo+e^j’^^^  ,  where  z  ■  £’o±  =  0  (2.6.9) 

Thus,  the  propagating  electric  and  magnetic  helds  are  linear  combinations  of  forward 
and  backward  components: 


(2.6.10) 


In  particular,  for  a  forward-moving  wave  we  have; 

E{z)  =  Eoe~J’^‘^^  ,  H(z)  =  ,  with  z  ■  £o  =  0 ,  Hq  =  —  z  x  £0  (2.6.11) 

Elc 

Eqs.  (2.6.10)  are  the  same  as  in  the  lossless  case  but  with  the  replacements  k  ^  kc 
and  q  ^  r]c-  The  lossless  case  is  obtained  in  the  limit  of  a  purely  real-valued  Cc- 

Because  kc  is  complex-valued,  we  dehne  the  phase  and  attenuation  constants  p  and 
a  as  the  real  and  imaginary  parts  of  kc,  that  is, 

kc  =  p-Ja  =  cv^j^ie'  -je")  (2.6.12) 

We  may  also  dehne  a  complex  refractive  index  Uc  =  kc/ko  that  measures  kc  relative 
to  its  free-space  value  ko  =  co/co  =  co^poeo.  Eor  a  non-magnetic  medium,  we  have: 


where  Uy,  n,  are  the  real  and  imaginary  parts  of  Uc.  The  quantity  n,  is  called  the  ex¬ 
tinction  coefficient  and  Uy,  the  refractive  index.  Another  commonly  used  notation  is  the 
propagation  constant  y  dehned  by; 

y  =  jkc  =  a -\-jl3  (2.6.14) 


It  follows  from  y  =  a  jp  =  jkc  =  jkoUc  =  jkoiuy  -  jUi)  that  p  =  koUy  and 
a  =  koUi.  The  nomenclature  about  phase  and  attenuation  constants  has  its  origins  in 
the  propagation  factor  We  can  write  it  in  the  alternative  forms: 


(2.6.15) 


Thus,  the  wave  amplitudes  attenuate  exponentially  with  the  factor  e~^^,  and  oscillate 
with  the  phase  factor  The  energy  of  the  wave  attenuates  by  the  factor  as 

can  be  seen  by  computing  the  Poynting  vector.  Because  longer  a  pure  phase 

factor  and  Pc  is  not  real,  we  have  for  the  forward-moving  wave  of  Eq.  (2.6.11): 


T{z)  =  \e[E(z)xH*(z)]  =  We  ^  £o  x  (z  x 
2  2  \_Pc 


z -Re{Pc^)  \Eo\^e  ^^^  =  zT{0)e  ^^^  =  zT{z) 
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Thus,  the  power  per  unit  area  flowing  past  the  point  z  in  the  forward  z-direction  will  be: 


J’(z)=  y(0)e“^“^ 


(2.6.16) 


The  quantity  TiO)  is  the  power  per  unit  area  flowing  past  the  point  z  =  0.  Denoting 
the  real  and  imaginary  parts  of  r/c  by  so  that,  r/c  =  and  noting  that 

l^ol  =  IflcHo  X  z  I  =  I  Pc  I  \Hq  I ,  we  may  express  T  (0)  in  the  equivalent  forms: 

T{0)=  tRe(r7-i)  |£oP  =  \ri'  l«oP  (2.6.17) 

The  attenuation  coefficient  a  is  measured  in  nepers  per  meter.  However,  a  more 
practical  way  of  expressing  the  power  attenuation  is  in  dB  per  meter.  Taking  logs  of 
Eq.  (2.6.16),  we  have  for  the  dB  attenuation  at  z,  relative  to  z  =  0: 

Acib(z)= -lOlogio  =  201ogio(e)az  =  8.686  az  (2.6.18) 

where  we  used  the  numerical  value  201ogio  e  =  8.686.  Thus,  the  quantity  tXdB  =  8.686  a 
is  the  attenuation  in  dB  per  meter: 


cXdB  =  8.686  a  (dB/m) 


(2.6.19) 


Another  way  of  expressing  the  power  attenuation  is  by  means  of  the  so-called  pen¬ 
etration  or  skin  depth  defined  as  the  inverse  of  a: 


(skin  depth) 


(2.6.20) 


Then,  Eq.  (2.6.18)  can  be  rewritten  in  the  form: 

y^dB  (z)  =  8.686  ^  (attenuation  in  dB)  (2.6.21) 

o 

This  gives  rise  to  the  so-called  “9-dB  per  delta”  rule,  that  is,  every  time  z  is  increased 
by  a  distance  5,  the  attenuation  increases  by  8.686  ^  9  dB. 

A  useful  way  to  represent  Eq.  (2.6.16)  in  practice  is  to  consider  its  infinitesimal  ver¬ 
sion  obtained  by  differentiating  it  with  respect  to  z  and  solving  for  a  : 

d?  ^  ( 7) 

T' (z)= -2aT(0)e~^^^  =  2aT(z)  tx  =  -  ,  . 

2T{z) 

The  quantity  T  =  -T'  represents  the  power  lost  from  the  wave  per  unit  length 
(in  the  propagation  direction.)  Thus,  the  attenuation  coefficient  is  the  ratio  of  the  power 
loss  per  unit  length  to  twice  the  power  transmitted: 


Pi 


loss 


2Prr 


(attenuation  coefficient) 


(2.6.22) 


If  there  are  several  physical  mechanisms  for  the  power  loss,  then  a  becomes  the 
sum  over  all  possible  cases.  Eor  example,  in  a  waveguide  or  a  coaxial  cable  filled  with  a 
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slightly  lossy  dielectric,  power  will  be  lost  because  of  the  small  conduction/polarization 
currents  set  up  within  the  dielectric  and  also  because  of  the  ohmic  losses  in  the  walls 
of  the  guiding  conductors,  so  that  the  total  a  will  be  cx  =  cXdiei  +  t>^waUs- 

Next,  we  verify  that  the  exponential  loss  of  power  from  the  propagating  wave  is  due 
to  ohmic  heat  losses.  In  Eig.  2.6.1,  we  consider  a  volume  dV  =  IdA  of  area  dA  and 
length  /  along  the  z-direction. 


■^z 


Fig.  2.6.1  Power  flow  in  lossy  dielectric. 


Erom  the  definition  of  T  (z)  as  power  flow  per  unit  area,  it  follows  that  the  power 
entering  the  area  dA  at  z  =  0  will  be  dPin  =  P  {0)dA,  and  the  power  leaving  that  area 
at  z  =  /,  dPout  =  T  {l)dA.  The  difference  dPioss  =  dPm  -  dPout  =  [T  (0) -T  {l)]dA  will 
be  the  power  lost  from  the  wave  within  the  volume  /  dA.  Because  T{1)=  T  (0)  e~^^^ ,  we 
have  for  the  power  loss  per  unit  area: 

=y(O)-y(/)=y(O)(l-e-2“0  =  tRe(^-i)  |£ol^(l (2.6.23) 

On  the  other  hand,  according  to  Eq.  (2.6.3),  the  ohmic  power  loss  per  unit  volume 
will  be  cjoe"\Eiz)  |^/2.  Integrating  this  quantity  from  z  =  0  to  z  =  /  will  give  the  total 
ohmic  losses  within  the  volume  /  dA  of  Eig.  2.6.1.  Thus,  we  have: 


dP ohmic  “  2  ^  ^ 


fl  1 

\E(z)\^  dzdA  =  -coe" 

{  \Eo\^e  dz 

Jo  2 

Jo 

dA , 


or. 


^  |£oP(l-e-2“') 
dA  4a 


(2.6.24) 


Are  the  two  expressions  in  Eqs.  (2.6.23)  and  (2.6.24)  equal?  The  answer  is  yes,  as 
follows  from  the  relationship  among  the  quantities  Pc,  0(  (see  Problem  2.17): 


eve" 

2a 


(2.6.25) 


Thus,  the  power  lost  from  the  wave  is  entirely  accounted  for  by  the  ohmic  losses 
within  the  propagation  medium.  The  equality  of  (2.6.23)  and  (2.6.24)  is  an  example  of 
the  more  general  relationship  proved  in  Problem  1.5. 
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In  the  limit  /  ^  oo,  we  have  T  (/)  ^  0,  so  that  dPnhm\r/dA  =  T{0),  which  states  that 
all  the  power  that  enters  at  z  =  0  will  be  dissipated  into  heat  inside  the  semi-inhnite 
medium.  Using  Eq.  (2.6.17),  we  summarize  this  case: 

(ohmic  losses)  (2.6.26) 

This  result  will  be  used  later  on  to  calculate  ohmic  losses  of  waves  incident  on  lossy 
dielectric  or  conductor  surfaces,  as  well  as  conductor  losses  in  waveguide  and  transmis¬ 
sion  line  problems. 

Example  2.6.1:  The  absorption  coefficient  a  of  water  reaches  a  minimum  over  the  visible 
spectrum— a  fact  undoubtedly  responsible  for  why  the  visible  spectrum  is  visible. 

Recent  measurements  [113]  of  the  absorption  coefficient  show  that  it  starts  at  about  0.01 
nepers/m  at  380  nm  (violet),  decreases  to  a  minimum  value  of  0.0044  nepers/m  at  418 
nm  (blue),  and  then  increases  steadily  reaching  the  value  of  0.5  nepers/m  at  600  nm  (red). 
Determine  the  penetration  depth  d  in  meters,  for  each  of  the  three  wavelengths. 

Determine  the  depth  in  meters  at  which  the  light  intensity  has  decreased  to  1/1 0th  its 
value  at  the  surface  of  the  water.  Repeat,  if  the  intensity  is  decreased  to  1/1 00th  its  value. 

Solution:  The  penetration  depths  6  =  1/ a  are: 

6  =  100,  227.3,  2  m  for  a  =  0.01,  0.0044,  0.5  nepers/m 

Using  Eq.  (2.6.21),  we  may  solve  for  the  depth  z  =  (A/8.9696) d.  Since  a  decrease  of 
the  light  intensity  (power)  by  a  factor  of  10  is  equivalent  to  A  =  10  dB,  we  find  z  = 
(10/8.9696)5  =  1.128  6,  which  gives:  z  =  112.8,  256.3,  2.3  m.  A  decrease  by  a  factor  of 
100  =  10^*^^^®  corresponds  to  A  =  20  dB,  effectively  doubling  the  above  depths.  □ 

Example  2.6.2:  A  microwave  oven  operating  at  2.45  GHz  is  used  to  defrost  a  frozen  food  having 
complex  permittivity  Cc  =  (4  -j)€o  farad/m.  Determine  the  strength  of  the  electric  field 
at  a  depth  of  1  cm  and  express  it  in  dB  and  as  a  percentage  of  its  value  at  the  surface. 
Repeat  if  €c  =  (45  -  15j)eo  farad/m. 

Solution:  The  free-space  wavenumber  is  ko  =  co-ypo^o  =  2nf/co  =  2tt(2.45x10^)/(3x10^)  = 
51.31  rad/m.  Using  kc  =  co-^po^c  =  fcoV^c/^o,  we  calculate  the  wavenumbers: 

kc  =  P  -ja  =  51.31  V4  -j  =  51.31(2.02  -  0.25J)=  103.41  -  12.73J  m-^ 
kc  =  ^  -ja  =  51.31  V45  -  15J  =  51.31(6.80  -  1.10J)=  348.84  -  56.61/  m-^ 

The  corresponding  attenuation  constants  and  penetration  depths  are: 

a  =  12.73  nepers/m,  5  =  7.86  cm 
a  =  56.61  nepers/m,  5  =  1.77  cm 

It  follows  that  the  attenuations  at  1  cm  will  be  in  dB  and  in  absolute  units: 

A  =  8.686 z/5  =  1.1  dB,  =  q  gg 

A  =  8.686 z/5  =  4.9  dB,  ^  q  57 


Thus,  the  fields  at  a  depth  of  1  cm  are  88%  and  57%  of  their  values  at  the  surface.  The 
complex  permittivities  of  some  foods  may  be  found  in  [114].  □ 
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A  convenient  way  to  characterize  the  degree  of  ohmic  losses  is  by  means  of  the  loss 
tangent,  originally  dehned  in  Eq.  (1.9.35).  Here,  we  set: 


T  =  tan  6 


(2.6.27) 


Then,  Gc  =  e'  -je"  =  e'  (1  -  jr)  =  (1  -Jt)  .  Therefore,  kc,  rjc  may  be  written  as: 


(1  nc  =  -jt) 


(2.6.28) 


The  quantities  Q  =  1/ype^  and  rjd  =  would  be  the  speed  of  light  and 

characteristic  impedance  of  an  equivalent  lossless  dielectric  with  permittivity 

In  terms  of  the  loss  tangent,  we  may  characterize  weakly  lossy  media  versus  strongly 
lossy  ones  by  the  conditions  T  ^  1  versus  t  »  1,  respectively.  These  conditions  depend 
on  the  operating  frequency  co  : 

a  +  cjoe'j  a  +  coe'j 

- ^  1  versus  - »  1 

WGd 

The  expressions  (2.6.28)  may  be  simplihed  considerably  in  these  two  limits.  Using 
the  small-x  Taylor  series  expansion  (1  +  x)  ^  1  +  x/2,  we  hnd  in  the  weakly  lossy  case 
(1  1  -jt/2,  and  similarly,  (1  1  +  jt/2. 

On  the  other  hand,  if  T  »  1,  we  may  approximate  (-Jt)^^^= 

where  we  wrote  (-/)^^^=  (e-i^/2^1/2^  similarly,  (1 e^4T/4-j— i/2_ 

Thus,  we  summarize  the  two  limits: 


(1  -  jt)' 


(1-JT)- 


e  =  (1  : 


gJT7/4T-l/2  =  +  j) 


if  T  ^  1 


if  T  »  1 


if  T  ^  1 


if  T  »  1 


(2.6.29) 


(2.6.30) 


2.7  Propagation  in  Weakly  Lossy  Dielectrics 

In  the  weakly  lossy  case,  the  propagation  parameters  kc,  r/c  become: 

T  I — 7f  T\  I — r/  (J  +  cucj 

kc  =  P -joi  =  ( 1  -J- j  =  (  1  -j  ^  “ 


/  •  //  [7  f-,  ■T\  nr  t  .a  +  (ve'^\ 

nc  =  n  +jn  =Jfr  =J4  i+j 

■y  V  2/  -y  V  20)6^  J 


Thus,  the  phase  and  attenuation  constants  are: 


IS  =  w/u/j  =  — ,  a  =  ^  7(0-  +  (ve'J)=  +  cve^) 

Cd  4  y  6^  z 


2.8.  Propagation  in  Good  Conductors 
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For  a  slightly  conducting  dielectric  with  =  0  and  a  small  conductivity  a ,  Eq.  (2.7.2) 
implies  that  the  attenuation  coefficient  a  is  frequency-independent  in  this  limit. 

Example  2.7.1:  Seawater  has  cr  =  4  Siemens/m  and  =  81Co  (so  that  =  81Co.  =  0-) 

Then,  =  Vq/^o  =  9,  and  Cd  =  Co/rid  =  0.33  x  10^  m/sec  and  rjd  =  Ho/Ud  =  377/9  = 
41.89  Q.  The  attenuation  coefficient  (2.7.2)  will  be: 

0(  =  ^rjdcr  =  ^41.89  x  4  =  83.78  nepers/m  ^  WdB  =  8.686  a  =  728  dB/m 

The  corresponding  skin  depth  is  d  =  1/a  =  1.19  cm.  This  result  assumes  that  cr  ^  coed, 
which  can  be  written  in  the  form  co  »  cr/Cd,  or  f  »  fo,  where  fo  =  cr!  (2ttq).  Here,  we 
have  fo  =  888  MHz.  For  frequencies  f  ^  fo,  we  must  use  the  exact  equations  (2.6.28).  For 
example,  we  hnd: 


f  = 

1  kHz, 

«dB 

=  1.09  dB/m, 

5  = 

7.96  m 

f  = 

1  MHz, 

«dB 

=  34.49  dB/m, 

6  = 

25.18  cm 

f  = 

1  GHz, 

«dB 

=  672.69  dB/m, 

6  = 

1.29  cm 

Such  extremely  large  attenuations  explain  why  communication  with  submarines  is  impos¬ 
sible  at  high  RF  frequencies.  □ 


2.8  Propagation  in  Good  Conductors 

A  conductor  is  characterized  by  a  large  value  of  its  conductivity  cr,  while  its  dielectric 
constant  may  be  assumed  to  be  real-valued  Cd  =  €  (typically  equal  to  Co-)  Thus,  its 
complex  permittivity  and  loss  tangent  will  be: 


A  good  conductor  corresponds  to  the  limit  t  »  1,  or,  cr  »  cue.  Using  the  approxi¬ 
mations  of  Eqs.  (2.6.29)  and  (2.6.30),  we  hnd  for  the  propagation  parameters  kc,  rje- 


P-joi 


(2.8.2) 


(2.8.3) 


where  we  replaced  co  =  Znf.  The  complex  characteristic  impedance  r/c  can  be  written 
in  the  form  Pc  =  ^5  (1  +  j) ,  where  Rs  is  called  the  surface  resistance  and  is  given  by  the 
equivalent  forms  (where  r]  =  ^jj/e): 


(2.8.4) 
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Example  2.8.1:  For  copper  we  have  cr  =  5.8  x  10^  Siemens/m.  The  skin  depth  at  frequency  f 
is: 


6  =  ,  ^  ^  f  =  0.0661  f  if  in  Hz) 

Vtt  ■  4tt  ■  10-7  ■  5.8  ■  107 

We  hnd  at  frequencies  of  1  kHz,  1  MHz,  and  1  GHz: 

f  =  I  kHz,  6  =  2.09  mm 
f  =  1  MHz,  6  =  0.07  mm 
f  =  1  GHz,  6  =  2.09  pm 


Thus,  the  skin  depth  is  extremely  small  for  good  conductors  at  RF.  □ 

Because  5  is  so  small,  the  helds  will  attenuate  rapidly  within  the  conductor,  de¬ 
pending  on  distance  like  e~'^^  =  factor  e~^^^  effectively 

conhnes  the  helds  to  within  a  distance  5  from  the  surface  of  the  conductor. 

This  allows  us  to  dehne  equivalent  “surface”  quantities,  such  as  surface  current  and 
surface  impedance.  With  reference  to  Fig.  2.6.1,  we  dehne  the  surface  current  density  by 
integrating  the  density  J(z)  =  (jE{z)  =  aEoe~'^^  over  the  top-side  of  the  volume  IdA , 
and  taking  the  limit  /  ^  00  : 

poo  poo  ^ 

Js  =  Jiz)dz  =  aEoe  ^^dz  =  —Eq  ,  or, 

Jo  Jo  y 

Js  =  ^Eo  (2.8.S) 

Zs 

where  we  dehned  the  surface  impedance  Zg  =  y/cr.  In  the  good-conductor  limit,  Zg  is 
equal  to  rje-  Indeed,  it  follows  from  Eqs.  (2.8.3)  and  (2.8.4)  that: 


« +jp 

a 


~  (1  +  j)  —  Rsi^  +  j)  —  tic 


Because  Ho  x  z  =  Eo/rje ,  it  follows  that  the  surface  current  will  be  related  to  the 
magnetic  held  intensity  at  the  surface  of  the  conductor  by: 


Jg  =  HoXz  =  nx  Ho  (2.8.6) 

where  h  =  -z  is  the  outward  normal  to  the  conductor.  The  meaning  of  Jg  is  that  it 
represents  the  current  howing  in  the  direction  of  Eq  per  unit  length  measured  along  the 
perpendicular  direction  to  Eq,  that  is,  the  Ho -direction.  It  has  units  of  A/m. 

The  total  amount  of  ohmic  losses  per  unit  surface  area  of  the  conductor  may  be 
calculated  from  Eq.  (2.6.26),  which  reads  in  this  case: 

(ohmic  loss  per  unit  conductor  area)  (2.8.7) 


2.9.  Propagation  in  Oblique  Directions 
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2.9  Propagation  in  Oblique  Directions 

So  far  we  considered  waves  propagating  towards  the  z-direction.  For  single-frequency 
uniform  plane  waves  propagating  in  some  arbitrary  direction  in  a  lossless  medium,  the 
propagation  factor  is  obtained  by  the  substitution: 

where  k  =  kk,  with  k  =  (jo.^f\Je  =  co/c  and  k  is  a  unit  vector  in  the  direction  of  propa¬ 
gation.  The  helds  take  the  form: 

£(r,f)=  £0 

where  Eq,  Hq  are  constant  vectors  transverse  to  k,  that  is,  k  ■  £0  =  k  ■  Hq  =  0,  such  that: 

Ho  =  —  k  X  £0  =  -  k  X  £0  (2.9.2) 

co/L/  rj 

where  r/  =  Thus,  {E,  H,  k}  form  a  right-handed  orthogonal  system. 

The  solutions  (2.9.1)  can  be  derived  from  Maxwell’s  equations  in  a  straightforward 
fashion.  When  the  gradient  operator  acts  on  the  above  helds,  it  can  be  simplihed  into 
V  ^  -jk.  This  follows  from: 


(2.9.1) 


V{e-j^n  =  -Jk{e-^^n 

After  canceling  the  common  factor  Maxwell’s  equations  (2.1.1)  take  the  form: 

-jk  X  Eq  =  -jcjOjjHo  kx  Eo  =  cjOjjHo 

-jk  X  Hq  =  jcjoeEo  kx  Ho  =  -cjocEq 

^  (2.9.3) 

k-  Eq  =  0  k-  Eo  =  0 

k  -  Ho  =  0  k  -  Ho  =  0 

The  last  two  imply  that  Eo,  Ho  are  transverse  to  k.  The  other  two  can  be  decoupled 
by  taking  the  cross  product  of  the  hrst  equation  with  k  and  using  the  second  equation: 

kx  (kx  Eo)=  coiJkx  Ho  = -co^lJeEo  (2.9.4) 

The  left-hand  side  can  be  simplihed  using  the  BAC-CAB  rule  and  k  ■  Eo  =  0,  that  is, 
kx  (kx  Eo)=  kik  ■  Eo)-Eoik  k)=  -{k-  k)Eo.  Thus,  Eq.  (2.9.4)  becomes: 

-{k-  k)Eo  =  -cv^iJeEo 

Thus,  we  obtain  the  consistency  condition: 


k  -  k  =  cjo^ije 


(2.9.5) 


62 


2.  Uniform  Plane  Waves 


Dehning  k  =  =  |  k  | ,  we  have  k  =  co^fiJe.  Using  the  relationship  coiJ  =  krj  and 

dehning  the  unit  vector  k  =  k/\k\  =  k/k,  the  magnetic  held  is  obtained  from: 


Ho  = 


kx  Eo 
cop 


kx  Eo 

kn 


—  k  X  £0 

n 


The  constant-phase  (and  constant-amplitude)  wavefronts  are  the  planes  k  ■  r  = 
constant,  or,  k  ■  r  =  constant.  They  are  the  planes  perpendicular  to  the  propagation 
direction  k. 

As  an  example,  consider  a  rotated  coordinate  system  {x'  ,y'  ,z'}  in  which  the  z'x' 
axes  are  rotated  by  angle  6  relative  to  the  original  zx  axes,  as  shown  in  Fig.  2.9.1.  Thus, 
the  new  coordinates  and  corresponding  unit  vectors  will  be: 


Fig.  2.9.1  TM  and  TE  waves. 


z' =  zcos  0 -r  xsin0,  z' =  zcos  0 -r  xsin0 

x' =  xcos  0  -  zsin0,  x' =  xcos  0  -  zsin0  (2.9.6) 

y'  =  y,  y  =  y 

We  choose  the  propagation  direction  to  be  the  new  z-axis,  that  is,  k  =  z',  so  that  the 
wave  vector  k  =  k  k  =  k  z'  will  have  components  kz  =  k  cos  6  and  kx  =  k  sin  6  : 

k  =  k  k  =  k  (z  cos  6  -r  x  sin  0 )  =  z  kz  +  x  kx 
The  propagation  phase  factor  becomes: 

g-Jk-r  ^  ^-j{kzZ+kxx)  ^  ^-jk {z cos  0+xsm0)  _  ^-jkz' 

Because  {Eo,Ho,k}  form  a  right-handed  vector  system,  the  electric  held  may  have 
components  along  the  new  transverse  (with  respect  to  zj  axes,  that  is,  along  x'  and  y. 
Thus,  we  may  resolve  Eo  into  the  orthogonal  directions: 

Eo  =  xA  -r  yB  =  (xcos  6  -  zsin0)A  -r  yB  (2.9.7) 

The  corresponding  magnetic  held  will  be  Ho  = 'kxEo/ri  =  z  x  (x  A -\-yB)  I rj.  Using 
the  relationships  z'  x  x'  =  y  and  z'  x  y  =  -x',  we  hnd: 

^0  =  —  [y^  -  x'B]  =  ^  [yA  -  (xcos  6  -  zsm6)B] 


(2.9.8) 
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The  complete  expressions  for  the  helds  are  then: 

1  ...  (2.9.9) 

H{r,t)  =  —[yA-  (xcos  0  -  zsin0)£]e^^^  jkiz cos 0+xsm0) 

Written  with  respect  to  the  rotated  coordinate  system  {x',y',z'},  the  solutions  be¬ 
come  identical  to  those  of  Sec.  2.2; 


E{r,t)  =  [xA  +  yB]e'^^^ 
H(r,  t)  =  -  [yA  -  x' 

n 


(2.9.10) 


They  are  uniform  in  the  sense  that  they  do  not  depend  on  the  new  transverse  coor¬ 
dinates  x'  ,y' .  The  constant-phase  planes  are  z'  =  z'  ■  r  =  zcos  0  -r  xsin0  =  const. 

The  polarization  properties  of  the  wave  depend  on  the  relative  phases  and  ampli¬ 
tudes  of  the  complex  constants  A,B,  with  the  polarization  ellipse  lying  on  the  x'y'  plane. 

The  A-  and  5-components  of  Eq  are  referred  to  as  transverse  magnetic  (TM)  and 
transverse  electric  (TE),  respectively,  where  “transverse”  is  meant  here  with  respect  to 
the  z-axis.  The  TE  case  has  an  electric  held  transverse  to  z;  the  TM  case  has  a  magnetic 
held  transverse  to  z.  Eig.  2.9.1  depicts  these  two  cases  separately. 

This  nomenclature  arises  in  the  context  of  plane  waves  incident  obliquely  on  inter¬ 
faces,  where  the  xz  plane  is  the  plane  of  incidence  and  the  interface  is  the  xy  plane.  The 
TE  and  TM  cases  are  also  referred  to  as  having  “perpendicular”  and  “parallel”  polariza¬ 
tion  vectors  with  respect  to  the  plane  of  incidence,  that  is,  the  T-held  is  perpendicular 
or  parallel  to  the  xz  plane. 

We  may  dehne  the  concept  of  transverse  impedance  as  the  ratio  of  the  transverse 
(with  respect  to  z)  components  of  the  electric  and  magnetic  helds.  In  particular,  by 
analogy  with  the  dehnitions  of  Sec.  2.4,  we  have: 


2.10  Complex  or  Inhomogeneous  Waves 

The  steps  leading  to  the  wave  solution  (2.9.1)  do  not  preclude  a  complex-valued  wavevec- 
tor  k.  Eor  example,  if  the  medium  is  lossy,  we  must  replace  {g,k}  by  where 

kc  =  1^  -Joe,  resulting  from  a  complex  effective  permittivity  Cc-  If  the  propagation 
direction  is  dehned  by  the  unit  vector  k,  chosen  to  be  a  rotated  version  of  z,  then  the 
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wavevector  will  be  dehned  by  k  =  kck  =  (jS-jtx)k.  Because  =  oo^pCc  and  k-k  =  1, 
the  vector  k  satishes  the  consistency  condition  (2.9.5): 

kk  =  k^  =  (jo^pcc  (2.10.1) 

The  propagation  factor  will  be: 

g-Jk-r  ^  g-jkek-r  ^  ^  g-wk-rg-Jj^k-r 

The  wave  is  still  a  uniform  plane  wave  in  the  sense  that  the  constant-amplitude 
planes,  txk  ■  r  =  const.,  and  the  constant-phase  planes,  jSk  ■  r  =  const.,  coincide  with 
each  other— being  the  planes  perpendicular  to  the  propagation  direction.  Eor  example, 
the  rotated  solution  (2.9.10)  becomes  in  the  lossy  case; 

£(r,  t)  =  [xA-\-yB]e‘^^^~‘^^^^'  =  [x'A -r 

1  1  (2.10.2) 

H(r,f)  =  —  =  —  [y'A  - 

tic  tic 

In  this  solution,  the  real  and  imaginary  parts  of  the  wavevector  k  =  P  -  joc  are 
collinear,  that  is,  jS  =  k  and  Of  =  tx  k. 

More  generally,  there  exist  solutions  having  a  complex  wavevector  k  =  P  -ja  such 
that  P,  a  are  not  collinear.  The  propagation  factor  becomes  now; 

e-jk  r  ^  ^-ia+jP)  r  ^  ^-a  r^-jP-r  (2.10.3) 

If  a,  P  are  not  collinear,  such  a  wave  will  not  be  a  uniform  plane  wave  because  the 
constant-amplitude  planes.  Of  ■  r  =  const.,  and  the  constant-phase  planes,  P  r  =  const., 
will  be  different.  The  consistency  condition  k  ■  k  =  k^  =  (P  -  j a) ^  splits  into  the 
following  two  conditions  obtained  by  equating  real  and  imaginary  parts: 

{p-Ja)-{fi-Joi)=  =  ”  (2.10.4) 

With  Eq  chosen  to  satisfy  k  -  Eq  =  (p  -Ja)  -  Eq  =  0,  the  magnetic  held  is  computed  from 
Eq.  (2.9.2),  Ho  =  kx  Eo/cop  =  (P  -  ja)  xEo/cop. 

Let  us  look  at  an  explicit  construction.  We  choose  P,  a  to  lie  on  the  xz  plane  of 
Eig.  2.9.1,  and  resolve  them  as  P  =  z  Pz  x  Px  and  a  =  z  az  +  x  ax-  Thus, 

k  =  P  -  ja  =  ziPz  -jaz)  +  xiPx  -jax)=  zkz  +  xkx 
Then,  the  propagation  factor  (2.10.3)  and  conditions  (2.10.4)  read  explicitly; 

g-Jk-r  ^  ^-{(XzZ+(Xxx)  ^-j{pzz+px^) 


^z«z  +  ^x«x  =  Po( 


(2.10.S) 
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Because  k  is  orthogonal  to  both  y  and  y  x  k,  we  construct  the  electric  held  Eq  as  the 
following  linear  combination  of  TM  and  TE  terms: 

Eq  =  if  xk)A  +  yB  ,  where  =  ^ ^  (2.10.6) 

kc  P-joc 

This  satishes  k-  Eq  =  0.  Then,  the  magnetic  held  becomes; 

Ho  =  —  [yA- (yxk)B]  (2.10.7) 

CO/J  lie 

The  vector  k  is  complex-valued  and  satishes  k  ■  k  =  1.  These  expressions  reduce  to 
Eq.  (2.10.2),  if  k  =  z. 

Waves  with  a  complex  k  are  known  as  complex  waves,  or  inhomogeneous  waves.  In 
applications,  they  always  appear  in  connection  with  some  interface  between  two  media. 
The  interface  serves  either  as  a  rehecting/transmitting  surface,  or  as  a  guiding  surface. 

Eor  example,  when  plane  waves  are  incident  obliquely  from  a  lossless  dielectric  onto 
a  planar  interface  with  a  lossy  medium,  the  waves  transmitted  into  the  lossy  medium 
are  of  such  complex  type.  Taking  the  interface  to  be  the  xy-plane  and  the  lossy  medium 
to  be  the  region  z  >  0,  it  turns  out  that  the  transmitted  waves  are  characterized  by 
attenuation  only  in  the  z-direction.  Therefore,  Eqs.  (2.10.5)  apply  with  cXz  >  0  and 
ax  =  0.  The  parameter  Px  is  hxed  by  Snel’s  law,  so  that  Eqs.  (2.10.5)  provide  a  system 
of  two  equations  in  the  two  unknowns  Pz  and  tXz-  We  discuss  this  further  in  Chap.  7. 

Wave  solutions  with  complex  k  =  P  -  joc  are  possible  even  when  the  propagation 
medium  is  lossless  so  that  Cc  =  ^  is  real,  and  p  =  uo-^pe  and  a  =  0.  Then,  Eqs.  (2.10.4) 
become  P  '  P  -  a  ■  a  =  and  j?  ■  «  =  0.  Thus,  the  constant-amplitude  and  constant- 
phase  planes  are  orthogonal  to  each  other. 

Examples  of  such  waves  are  the  evanescent  waves  in  total  internal  reflection,  various 
guided-wave  problems,  such  as  surface  waves,  leaky  waves,  and  traveling-wave  antennas. 
The  most  famous  of  these  is  the  Zenneck  wave,  which  is  a  surface  wave  propagating 
along  a  lossy  ground,  decaying  exponentially  with  distance  above  and  along  the  ground. 

Another  example  of  current  interest  is  surface  plasmons  [553-591],  which  are  sur¬ 
face  waves  propagating  along  the  interface  between  a  metal,  such  as  silver,  and  a  dielec¬ 
tric,  such  as  air,  with  the  helds  decaying  exponentially  perpendicularly  to  the  interface 
both  in  the  air  and  the  metal.  We  discuss  them  further  in  Sections  7.11  and  8.5. 

Eor  a  classiheation  of  various  types  of  complex  waves  and  a  review  of  several  ap¬ 
plications,  including  the  Zenneck  wave,  see  Refs.  [869-876].  We  will  encounter  some  of 
these  in  Section  7.7. 

The  table  below  illustrates  the  vectorial  directions  and  relative  signs  of  some  possible 
types,  assuming  that  Of,  lie  on  the  xz  plane  with  the  yz  plane  being  the  interface  plane. 
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2.11  Doppler  Effect 


The  Doppler  effect  is  the  frequency  shift  perceived  by  an  observer  whenever  the  source 
of  the  waves  and  the  observer  are  in  relative  motion. 

Besides  the  familiar  Doppler  effect  for  sound  waves,  such  as  the  increase  in  pitch 
of  the  sound  of  an  approaching  car,  ambulance,  or  train,  the  Doppler  effect  has  several 
other  applications,  such  as  Doppler  radar  for  aircraft  tracking,  the  weather,  ground 
imaging,  and  police  radar;  several  medical  ultrasound  applications,  such  as  monitoring 
blood  flow  or  imaging  internal  organs  and  fetuses;  and  astrophysical  applications,  such 
as  measuring  the  red  shift  of  light  emitted  by  receding  galaxies. 

In  the  classical  treatment  of  the  Doppler  effect,  one  assumes  that  the  waves  prop¬ 
agate  in  some  medium  (e.g.,  sound  waves  in  air).  If  c  is  the  wave  propagation  speed  in 
the  medium,  the  classical  expression  for  the  Doppler  effect  is  given  by: 


fb  =  fa 


C-Vb 

C-Va 


(2.11.1) 


where  fa  and  ft  are  the  frequencies  measured  in  the  rest  frames  of  the  source  Sa  and 
observer  St,  and  Va  and  vt  are  the  velocities  of  Sa  and  St  with  respect  to  the  propagation 
medium  and  projected  along  their  line  of  sight. 

The  algebraic  sign  of  Va  is  positive  if  Sa  is  moving  toward  St  from  the  left,  and  the 
sign  of  Vb  is  positive  if  Sb  is  moving  away  from  Sa-  Thus,  there  is  a  frequency  increase 
whenever  the  source  and  the  observer  are  approaching  each  other  {Va  >  0  or  Vb  <  0), 
and  a  frequency  decrease  if  they  are  receding  from  each  other  (v^  <  0  or  >0). 

Eq.  (2.11.1)  can  be  derived  by  considering  the  two  cases  of  a  moving  source  and  a  sta¬ 
tionary  observer,  or  a  stationary  source  and  a  moving  observer,  as  shown  in  Eig.  2.11.1. 


moving  source  stationary  observer 


stationary  souree  moving  observer 


Fig.  2.11.1  Classical  Doppler  effect. 

In  the  hrst  case,  the  spacing  of  the  successive  crests  of  the  wave  (the  wavelength)  is 
decreased  in  front  of  the  source  because  during  the  time  interval  between  crests,  that 
is,  during  one  period  Ta  =  Ufa,  the  source  has  moved  by  a  distance  VaTa  bringing  two 
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successive  crests  closer  together  by  that  amount.  Thus,  the  wavelength  perceived  by 
the  observer  will  be  =  (c  -  v^)  /fa,  which  gives: 


Af7  c  Vq 


(moving  source) 


(2.11.2) 


In  the  second  case,  because  the  source  is  stationary,  the  wavelength  A^  will  not 
change,  but  now  the  effective  speed  of  the  wave  in  the  rest  frame  of  the  observer  is 
(c  -  v^) .  Therefore,  the  frequency  perceived  by  the  observer  will  be: 


fb 


C-Vb 

A« 


fa 


C-Vb 

c 


(moving  observer) 


(2.11.3) 


The  combination  of  these  two  cases  leads  to  Eq.  (2.11.1).  We  have  assumed  in 
Eqs.  (2.1  l.l)-(2. 11.3)  that  v^,  are  less  than  c  so  that  supersonic  effects  are  not  consid¬ 
ered.  A  counter-intuitive  aspect  of  the  classical  Doppler  formula  (2.11.1)  is  that  it  does 
not  depend  on  the  relative  velocity  (v^,  -  Va)  of  the  observer  and  source.  Therefore, 
it  makes  a  difference  whether  the  source  or  the  observer  is  moving.  Indeed,  when  the 
observer  is  moving  with  Vb  =  v  away  from  a  stationary  source,  or  when  the  source  is 
moving  with  Va  =  -v  away  from  a  stationary  observer,  then  Eq.  (2.11.1)  gives: 

fb=fail-v/c),  fb  =  (2.11.4) 

1  -r  v/c 

These  two  expressions  are  equivalent  to  hrst-order  in  v/c.  This  follows  from  the 
Taylor  series  approximation  (l-rx)“^^  1  -  x,  which  is  valid  for  |x|  ^  1.  More  generally, 
to  hrst  order  in  v^/c  and  v^/c,  Eq.  (2.11.1)  does  depend  only  on  the  relative  velocity.  In 
this  case  the  Doppler  shift  Af  =  fb  -  fa  is  given  approximately  by: 


^  ^  Vfl  -  Vb 
fa  C 


(2.11.5) 


Eor  Doppler  radar  this  doubles  to  Af  /fa  =  2  (Va  -Vb)/c  because  the  wave  suffers 
two  Doppler  shifts,  one  for  the  transmitted  and  one  for  the  reflected  wave.  This  is 
further  discussed  in  Sec.  5.8. 

Eor  electromagnetic  waves, i  the  correct  Doppler  formula  depends  only  on  the  rela¬ 
tive  velocity  between  observer  and  source  and  is  given  by  the  relativistic  generalization 
of  Eq.  (2.11.1): 


fb  —  fa^ 

jc-Vb  C  +  Va  . 

/c  -  V 

C  +  Vb'  C-Va  '""S 

c  +  v 

(relativistic  Doppler  effect) 


(2.11.6) 


where  v  is  the  velocity  of  the  observer  relative  to  the  source,  which  according  to  the 
Einstein  addition  theorem  for  velocities  is  given  through  the  equivalent  expressions: 

v=  «  v,=  ^2.11.7) 

1  -  /c^  1  -r  VaV/C^  C  +  V  C  +  Vb  c  -  Va 

^The  question  of  the  existence  of  a  medium  (the  ether)  required  for  the  propagation  of  electromagnetic 
waves  precipitated  the  development  of  the  special  relativity  theory. 
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Using  the  hrst-order  Taylor  series  expansion  (1  -r  x)-^^^=  1  ±  x/2,  one  can  show 
that  Eq.  (2.11.6)  can  be  written  approximately  as  Eq.  (2.11.5). 

Next,  we  present  a  more  precise  discussion  of  the  Doppler  effect  based  on  Lorentz 
transformations.  Our  discussion  follows  that  of  Einstein’s  1905  paper  on  special  rela¬ 
tivity  [435].  Eig.  2.11.2  shows  a  uniform  plane  wave  propagating  in  vacuum  as  viewed 
from  the  vantage  point  of  two  coordinate  frames:  a  fixed  frame  S  and  a  frame  S'  moving 
towards  the  z-direction  with  velocity  v.  We  assume  that  the  wavevector  kinS  lies  in  the 
xz-plane  and  forms  an  angle  6  with  the  z-axis  as  shown. 


stationary  frame 


moving  frame 


z 


-  z' 


Fig.  2.11.2  Plane  wave  viewed  from  stationary  and  moving  frames. 

As  discussed  in  Appendix  H,  the  transformation  of  the  frequency-wavenumber  four- 
vector  (co/c,  k)  between  the  frames  S  and  S'  is  given  by  the  Lorentz  transformation  of 
Eq.  (H.14).  Because  ky  =  0  and  the  transverse  components  of  k  do  not  change,  we  will 
have  k'y  =  ky  =  0,  that  is,  the  wavevector  k'  will  still  lie  in  the  xz-plane  of  the  S'  frame. 
The  frequency  and  the  other  components  of  k  transform  as  follows: 


cv'  =  yicv  -  Pckz) 
K  =  y{^z  -  ^(u) 

k'x  =  kx 


V  1 

c’  ^“vr^ 


(2.11.8) 


Setting  kz  =  kcosO,  kx  =  ksinO,  with  k  =  co/c,  and  similarly  in  the  S'  frame, 
k'^  =  k'cos6',k'^  =  k' sin  0',  with  k'  =  co7c,  Eqs.  (2.11.8)  may  be  rewritten  in  the  form: 


cv'  =  (joyil  -  P  cos  6) 

cv'  cos  6'  =  (JO y  {cos  6  -  p)  (2.11.9) 

cv'  siriO'  =  CO  sin  0 


The  hrst  equation  is  the  relativistic  Doppler  formula,  relating  the  frequency  of  the 
wave  as  it  is  measured  by  an  observer  in  the  moving  frame  S'  to  the  frequency  of  a 
source  in  the  hxed  frame  S: 


r 


fy{l  -  l3cose)=f 


I  -  P  cos  6 


(2.11.10) 


The  last  two  equations  in  (2.11.9)  relate  the  apparent  propagation  angles  6,6'  in  the 
two  frames.  Eliminating  co,  co',  we  obtain  the  following  equivalent  expressions: 


cos  6' 


cos  6-13  -a'  - 

l-l3cos6  y{l  -  l3cos6) 


tan(072) 

tan(0/2) 


i  +  g 

1-^ 


(2.11.11) 
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where  to  obtain  the  last  one  we  used  the  identity  tan{<p/2)  =  sm<p/  {1  +  cos  <p).  The 
difference  in  the  propagation  angles  6,6'  is  referred  to  as  the  aberration  of  light  due 
to  motion.  Using  Eqs.  (2.11.11),  the  Doppler  equation  (2.11.10)  may  be  written  in  the 
alternative  forms: 


r  =fy{l-Pcos6)- 


y(l  +  pcos  6') 


1  -  cos  0 
1  +  j^cos  6' 


(2.11.12) 


If  the  wave  is  propagating  in  the  z-direction  (6  =  0°),  Eq.  (2.11.10)  gives: 


and,  if  it  is  propagating  in  the  x-direction  (6  =  90°),  we  obtain  the  so-called  transverse 
Doppler  effect:  f'  =  fy.  The  relativistic  Doppler  effect,  including  the  transverse  one, 
has  been  observed  experimentally. 

To  derive  Eq.  (2.11.6),  we  consider  two  reference  frames  Sa,St  moving  along  the 
z-direction  with  velocities  v^,  with  respect  to  our  hxed  frame  S,  and  we  assume  that 
0  =  0°  in  the  frame  S.  Let  fa,  ft  be  the  frequencies  of  the  wave  as  measured  in  the 
frames  Sa,St-  Then,  the  separate  application  of  Eq.  (2.11.13)  to  Sa  and  St  gives: 


f- 


1  +  Pb  ' 


^  -  Pb  1  + 
l  +  h'  I- 1^ a 


(2.11.14) 


where  Pa  =  Valc  and  Pt  =  v^/c.  This  is  equivalent  to  Eq.  (2.11.6).  The  case  when  the 
wave  is  propagating  in  an  arbitrary  direction  6  is  given  in  Problem  2.27. 

Next,  we  consider  the  transformation  of  the  electromagnetic  held  components  be¬ 
tween  the  two  frames.  The  electric  held  has  the  following  form  in  S  and  S': 


(2. 11. IS) 


As  we  discussed  in  Appendix  H,  the  propagation  phase  factors  remain  invariant  in 
the  two  frames,  that  is,  cot  -  kxX  -  kzZ  =  cv't'  -  k'^x'  -  k'^z' .  Assuming  a  TE  wave  and 
using  Eq.  (2.9.9),  the  electric  and  magnetic  held  amplitudes  will  have  the  following  form 
in  the  two  frames: 

Eq  =  Eqy,  cBq  =  r]oHo  =  k  X  Eb  =  Eoi-xcos  6  +  zsin0) 

,  -  ,  ,  ,  ,  (2.11.16) 
Eq  =  E'qY ,  cEq  =  r/o^)  =  k  X  Eq  =  E'Qi-xcos6'  zsm6') 

Applying  the  Lorentz  transformation  properties  of  Eq.  (H.31)  to  the  above  held  com¬ 
ponents,  we  hnd: 

E'y  =  y{Ey  +  pcBx)  E'q  =  EqyH  -  p  cos  6) 

cB'^  =  yicBx-^  PEy)  ^  -E'qCOs6'  =  -EQyicos6  -  P)  (2.11.17) 

cB'^  =  cBz  E'q  sin  0'  =  Eq  sin  6 

The  hr  St  equation  gives  the  desired  relationship  between  Eq  and  E'q.  The  last  two 
equations  imply  the  same  angle  relationships  as  Eq.  (2.11.11).  The  same  relationship 
between  Eq,E'q  holds  also  for  a  TM  wave  dehned  by  Eq  =  Eq  (x cos  0  -  z  sin  0) . 
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2.12  Propagation  in  Negative-Index  Media 

In  media  with  simultaneously  negative  permittivity  and  permeability,  e  <  0  and  p  <  0, 
the  refractive  index  must  be  negative  [353].  To  see  this,  we  consider  a  uniform  plane 
wave  propagating  in  a  lossless  medium: 

(z,  f )  =  Eo  ,  Hy  (z,  t)  =  Ho 

Then,  Maxwell’s  equations  require  the  following  relationships,  which  are  equivalent 
to  Earaday’s  and  Ampere’s  laws,  respectively: 


kEQ  =  cjoijHq  ,  kHQ  =  cjocEq  ,  or. 


Eq  _  CJOjJ 
H~q~^ 


k^  =  (jo^ejA 


(2.12.1) 


Because  the  medium  is  lossless,  k  and  rj  will  be  real  and  the  time-averaged  Poynting 
vector,  which  points  in  the  z-direction,  will  be: 


tRe[£oHo*]=  ^|£ol'  =  \n\Ho\ 


(2.12.2) 


If  we  require  that  the  energy  hux  is  towards  the  positive  z-direction,  that  is,  Tz  >  0, 
then  we  must  have  q  >  0.  Because  p  and  e  are  negative,  Eq.  (2.12.1)  implies  that  k  must 
be  negative,  k  <  0,  in  order  for  the  ratio  rj  =  coij/k  to  be  positive.  Thus,  in  solving 
k^  =  cjo^jje,  we  must  choose  the  negative  square  root: 


k  =  -cjOx/fie 


(2.12.3) 


The  refractive  index  n  may  be  dehned  through  k  =  kQn,  where  kQ  =  co^/pb^  is 
the  free-space  wavenumber.  Thus,  we  have  n  =  k/kQ  =  -Vp^/po^o  =  -  Vitrei ^rei, 
expressed  in  terms  of  the  relative  permittivity  and  permeability.  Writing  e  =  -|e|  and 
p  =  - 1  p  I ,  we  have  for  the  medium  impedance: 


(2.12.4) 


(2.12.5) 


Thus,  in  negative-index  media,  the  wave  vector  k  and  the  phase  velocity  Vph  =  co/k  = 
CQ/n  will  be  negative,  pointing  in  opposite  direction  than  the  Poynting  vector.  As  we  saw 
in  Sec.  1.11,  for  lossless  negative-index  media  the  energy  transport  velocity  Ven,  which 
is  in  the  direction  of  the  Poynting  vector,  coincides  with  the  group  velocity  Vg.  Thus, 
yg  =  Ven  >  0,  while  Vph  <  0. 

Two  consequences  of  the  negative  refractive  index,  n  <  0,  are  the  reversal  of  Snel’s 
law  discussed  in  Sec.  7.16  and  the  possibility  of  a  perfect  lens  discussed  in  Sec.  8.6.  These 
and  other  consequences  of  n  <  0,  such  as  the  reversal  of  the  Doppler  and  Cherenkov 
effects  and  the  reversal  of  the  held  momentum,  have  been  discussed  by  Veselago  [353]. 
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If  the  propagation  is  along  an  arbitrary  direction  defined  by  a  unit-vector  s  (i.e., 
a  rotated  version  of  z),  then  we  may  debne  the  wavevector  by  k  =  ks,  with  k  to  be 
determined,  and  look  for  solutions  of  Maxwell’s  equations  of  the  form: 


£(r,f)=  £o 


(2.12.6) 


Gauss’s  laws  require  that  the  constant  vectors  Eq,  Hq  be  transverse  to  k,  or  s,  that 
is,  s  ■  £b  =  s  ■  Ho  =  0.  Then,  Faraday’s  and  Ampere’s  laws  require  that: 

Ho  =  -  (s  X  £o)  ,  rj  =  ^  =  (JO^IJ€  (2.12.7) 

r/  k  eve 

with  a  Poynting  vector: 

3>  =  tRe[£o  xfl^]  =s^|£oP  (2.12.8) 

Thus,  if  T  is  assumed  to  be  in  the  direction  of  s,  then  we  must  have  q  >  0,  and 
therefore,  k  must  be  negative  as  in  Eq.  (2.12.3).  It  follows  that  the  wavevector  k  =  ks 
will  be  in  the  opposite  direction  of  s  and  T.  Eq.  (2.12.7)  implies  that  the  triplet  {Eo,Ho,s} 
is  still  a  right-handed  vector  system,  but  {Eq,  Hq,  k}  will  be  a  left-handed  system.  This 
is  the  reason  why  Veselago  [353]  named  such  media  left-handed  media.^ 

In  a  lossy  negative-index  medium,  the  permittivity  and  permeability  will  be  complex¬ 
valued,  e  =  Er  -JEi  and  p  =  Pr  -  JPz,  with  negative  real  parts  Cr.Pr  <  0,  and  positive 
imaginary  parts  e,  ,  p,  >  0.  Eq.  (2.12.1)  remains  the  same  and  will  imply  that  k  and  q  will 
be  complex-valued.  Letting  k  =  P  -ja,  the  helds  will  be  attenuating  as  they  propagate: 

(z,  f )  =  £oe““ ,  Hyiz,t)= 


and  the  Poynting  vector  will  be  given  by: 

T,  =  tRe[EAz)H;{z)]  =  tRe(t)|£ol^e“"“"  =  ^ ReCr?)  (2.12.9) 

The  refractive  index  is  complex-valued,  n  =  ny  -  jni,  and  is  related  to  k  through 
k  =  kon,  or,  p  -ja  =  ko  (ny  -  jni),  or,  p  =  kony  and  a  =  koti/.  Thus,  the  conditions  of 
negative  phase  velocity  (j3  <  0),  held  attenuation  (cx  >  0),  and  positive  power  how  can 
be  stated  equivalently  as  follows: 


ny<0,  n/>0,  Re(q)>0  (2.12.10) 

Next,  we  look  at  the  necessary  and  sufficient  conditions  for  a  medium  to  satisfy  these 
conditions.  If  we  express  e,p  in  their  polar  forms,  e  =  \e\e~j^^  and  p  =  then, 

regardless  of  the  signs  of  ey,iJy,  the  assumption  that  the  medium  is  lossy,  C/,  Pz  >  0, 
requires  that  sin  >  0  and  sin  >  0,  and  these  are  equivalent  to  the  restrictions: 

0<ee<TT,  0<e^<TT  (2.12.11) 


^The  term  negative-index  media  is  preferred  in  order  to  avoid  confusion  with  chiral  media. 
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To  guarantee  tx  >  0,  the  wavenumber  k  must  be  computed  by  taking  the  positive 

square  root  of  =  tv^ixe  =  co^  that  is, 

k  =  P  -ja  =  ,  0+ =  (2.12.12) 

Indeed,  the  restrictions  (2.12.11)  imply  the  same  for  6+,  that  is,  0  <  6+  <  n,  or, 
equivalently,  sin0+  >  0,  and  hence  tx  >  0.  Similarly,  the  quantities  n,  q  are  given  by: 

6  —  6 

n  =  q  =  |q|e“^^-,  — ~  (2.12.13) 

where  \n\  =  Vlp^l/Po^o  and  |q|  =  Vlpl/I^l-  It  follows  that  n,-  =  \n  \  sm6+  >  0.  Since 

ny  =  |n|cos0+  andRe(q)=  |q|cos0_,  the  conditions  ny  <  0andRe(q)>  0  will  be 
equivalent  to 

cos  6+  =  cos|^  2  ^  ^  ’  cos  0- =  cos|^^^-^-^^  >  0  (2.12.14) 

Using  some  trigonometric  identities,  these  conditions  become  equivalently: 

cos{6e/2)cosi6^/2)- smi6e/2)smi6^/2)  <  0 
cos{6e/2)cosi6^/2)-\- sm{6e/2)smi6^/2)  >  0 

which  combine  into 

-  sin(0e/2)sin(0^/2)  <  cos(0e/2)cos(0^/2)  <  sin(0e/2)sin(0^/2) 

Because  0  <  6e/2  <  Tr/2,  we  have  cos(0e/2)>  0  and  sin(0e/2)>  0,  and  similarly 
for  6^/2.  Thus,  the  above  conditions  can  be  replaced  by  the  single  equivalent  inequality: 

tan(0e/2)tan(0^/2)>  1  (2.12.15) 

A  number  of  equivalent  conditions  have  been  given  in  the  literature  [374,402]  for  a 
medium  to  have  negative  phase  velocity  and  positive  power: 

(|e|  -er)(lzj|  -  Er)  >  CiEi 

er\E\+  Er\e\  <0  (2.12.16) 

ErEi  +  ErEi  <  0 

They  are  all  equivalent  to  condition  (2.12.15).  This  can  be  seen  by  writing  them 
in  terms  of  the  angles  0e,  and  then  using  simple  trigonometric  identities,  such  as 
tan(0/2)  =  (1  -  cos  6)  /  sinO,  to  show  their  equivalence  to  (2.12.15): 

(1  -  cos  6e)  (1  -  cos  9^)>  sin^e  sm6^ 

cos  +  cos  <  0  (2.12.17) 

cot  6e  +  cot  6^  <  0 

If  the  medium  has  negative  real  parts,  <  0  and  Pr  <  0,  then  the  conditions 
(2.12.16)  are  obviously  satished. 
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2.1  A  function  Eiz,t)  may  be  thought  of  as  a  function  £(^,5)  of  the  independent  variables 
=  z  -  ct  and  g  =  z  +  cf.  Show  that  the  wave  equation  (2.1.6)  and  the  forward-backward 
equations  (2.1.10)  become  in  these  variables: 


d^E 


0, 


Thus,  E+  may  depend  only  on  ^  and  E-  only  on  g. 

2.2  A  source  located  at  z  =  0  generates  an  electromagnetic  pulse  of  duration  of  T  sec,  given  by 
£(0,t)=  xEo  [uit)-uit  -  T)],  where  u(r)  is  the  unit  step  function  and  Eq  is  a  constant. 
The  pulse  is  launched  towards  the  positive  z-direction.  Determine  expressions  for  E{z,t) 
and  H{z,  t)  and  sketch  them  versus  z  at  any  given  t. 

2.3  Show  that  for  a  single-frequency  wave  propagating  along  the  z-direction  the  corresponding 
transverse  fields  E{z) ,  H{z)  satisfy  the  system  of  equations: 


d  E  _  0  -jcofu  E 

dz  Hxz  ~  -j(Joe  0  H X  z 


where  the  matrix  equation  is  meant  to  apply  individually  to  the  x,y  components  of  the 
vector  entries.  Show  that  the  following  similarity  transformation  diagonalizes  the  transition 
matrix,  and  discuss  its  role  in  decoupling  and  solving  the  above  system  in  terms  of  forward 
and  backward  waves: 


Ip  0  -Jcop  1  ^  ^  _  -j^  0 

1  -Y]  -Jcoe  0  1  -p  ~  0  jk 


where  k  =  co/c,  c  =  ll-^iue,  and  rj  =  ^lAle. 

2.4  The  visible  spectrum  has  the  wavelength  range  380-780  nm.  What  is  this  range  in  THz?  In 
particular,  determine  the  frequencies  of  red,  orange,  yellow,  green,  blue,  and  violet  having 
the  nominal  wavelengths  of  700,  610,  590,  530,  470,  and  420  nm. 

2.5  What  is  the  frequency  in  THz  of  a  typical  CO2  laser  (used  in  laser  surgery)  having  the  far 
infrared  wavelength  of  20  jum? 

2.6  What  is  the  wavelength  in  meters  or  cm  of  a  wave  with  the  frequencies  of  10  kHz,  10  MHz, 
and  10  GHz? 

What  is  the  frequency  in  GHz  of  the  21-cm  hydrogen  line  observed  in  the  cosmos? 

What  is  the  wavelength  in  cm  of  the  typical  microwave  oven  frequency  of  2.45  GHz? 

2.7  Suppose  you  start  with  £(z,  t)=  but  you  do  not  yet  know  the  relationship 

between  k  and  co  (you  may  assume  they  are  both  positive.)  By  inserting  E{z,  t)  into  Maxwell’s 
equations,  determine  the  k-w  relationship  as  a  consequence  of  these  equations.  Determine 
also  the  magnetic  field  H{z,  t)  and  verify  that  all  of  Maxwell’s  equations  are  satisfied. 
Repeat  the  problem  if  E{z,  t)  =  xEqC'^^^^^^^  and  if  E{z,  t)  =  y  . 

2.8  Determine  the  polarization  types  of  the  following  waves,  and  indicate  the  direction,  if  linear, 
and  the  sense  of  rotation,  if  circular  or  elliptic: 
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2.9  A  uniform  plane  wave,  propagating  in  the  z-direction  in  vacuum,  has  the  following  electric 
field: 

E{t,z)=  2x  cos(cot  -  kz)+4y  sin(cot  -  kz) 

a.  Determine  the  vector  phasor  representing  E{t,z)  in  the  complex  form  E  = 

b.  Determine  the  polarization  of  this  electric  field  (linear,  circular,  elliptic,  left-handed, 
right-handed?) 

c.  Determine  the  magnetic  field  J-C{t,z)  in  its  real-valued  form. 

2.10  A  uniform  plane  wave  propagating  in  vacuum  along  the  z  direction  has  real-valued  electric 
field  components: 

£’x(z,  t)=  cos  (cot  -  kz)  ,  Sy{z,t)=  2sin(cot  -  kz) 

a.  Its  phasor  form  has  the  form  E  =  {Ax  +  By) Determine  the  numerical  values  of 
the  complex- valued  coefficients  A,B  and  the  correct  sign  of  the  exponent. 

b.  Determine  the  polarization  of  this  wave  (left,  right,  linear,  etc.).  Explain  your  reasoning. 

2.11  Consider  the  two  electric  fields,  one  given  in  its  real-valued  form,  and  the  other,  in  its  phasor 
form: 

a.  'E{t,z)=  xsin(cor  +  kz) +2y  cos(cor  +  kz) 

b.  £(z)=  [(l+j)x- (l-j)y]e-J»=" 

For  both  cases,  determine  the  polarization  of  the  wave  (linear,  circular,  left,  right,  etc.)  and 
the  direction  of  propagation. 

For  case  (a),  determine  the  field  in  its  phasor  form.  For  case  (b),  determine  the  field  in  its 
real-valued  form  as  a  function  of  t,  z. 

2.12  A  uniform  plane  wave  propagating  in  the  z-direction  has  the  following  real-valued  electric 
field: 

E{t,z)=  X  cos  (cot  -  kz  -  tt/4) +y  cos(cot  -  kz  +  tt/4) 

a.  Determine  the  complex-phasor  form  of  this  electric  field. 

b.  Determine  the  corresponding  magnetic  field  (t,  z)  given  in  its  real-valued  form. 

c.  Determine  the  polarization  type  (left,  right,  linear,  etc.)  of  this  wave. 

2.13  Determine  the  polarization  type  (left,  right,  linear,  etc.)  and  the  direction  of  propagation  of 
the  following  electric  fields  given  in  their  phasor  forms: 

a.  £(z)  =  [  (1  +  J^/3)x  +  2y]e+^^^ 

b.  £(z)=  [{l+j)x-{l-j)y]e-j^^ 

c.  £(z)  =  [x  -  z  + 

2.14  Consider  a  forward-moving  wave  in  its  real-valued  form: 

'E{t,z)=  xAcos(cof  -  kz  +  (pa) +9  B  cos  {cot  -  kz  +  pt) 

Show  that: 

E{t  +  At,z  +  Az)xE{t,z)=  zAB  sm{pa  -  pb)sm{coAt  -  kAz) 
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2.15  Show  that  in  order  for  the  polarization  ellipse  of  Eq.  (2.5.4)  to  be  equivalent  to  the  rotated  one 
of  Eq.  (2.5.7),  one  must  determine  the  tilt  angle  6  such  that  the  following  matrix  condition 
is  satisfied: 


cos  6 

sin0 

1 

A2 

cos  (p 
AB 

cos  6 

-  sin0 

=  sin^  p 

~  1 

0 

-  sin0 

cos  6 

cos  (p 

1 

sin0 

cos  6 

0 

1 

L  AB 

¥  _ 

^  _ 

Show  that  the  required  angle  6  is  given  by  Eq.  (2.5.5).  Then,  show  that  the  following  condition 
is  satisfied,  where  t  =  tan0: 

- -  =  A^B^  sin^  cp 

Using  this  property,  show  that  the  semi-axes  A'  ,B'  are  given  by  the  equations: 

2  A^-BH^  2 

^  -  1-t2  ’  ^  -  l-T^ 

Then,  transform  these  equations  into  the  form  of  Eq.  (2.5.6).  Einally,  show  that  A' ,B'  satisfy 
the  relationships: 

A'2  +b'^  =  A^  +B^,  A'B'  =  A5|sin0| 

2.16  Show  the  cross-product  equation  (2.5.10).  Then,  prove  the  more  general  relationship: 

Xiti)x'E{t2)=  zAB  sin0  sin(co  {tz  -  ti) ) 

Discuss  how  linear  polarization  can  be  explained  with  the  help  of  this  result. 

2.17  Using  the  properties  kcrjc  =  cop  and  =  co^ijec  for  the  complex-valued  quantities  kc,  r/c 
of  Eq.  (2.6.5),  show  the  following  relationships,  where  €c  =  e'  -  je"  and  kc  =  ^  -  joe: 


Re(i7(.‘) 


coe"  _  jS 
2a  cop 


2.18  Show  that  for  a  lossy  medium  the  complex-valued  quantities  kc  and  rjc  may  be  expressed  as 
follows,  in  terms  of  the  loss  angle  0  defined  in  Eq.  (2.6.27): 

kc  =  ^  -ja  =  [cos  ^  -Jsin^]  (cos0)“^/2 


r]c  =  r]  +jri 


-V  cos  -  +Jsin-  {cos  6) 


2.19  It  is  desired  to  reheat  frozen  mashed  potatoes  and  frozen  cooked  carrots  in  a  microwave  oven 
operating  at  2.45  GHz.  Determine  the  penetration  depth  and  assess  the  effectiveness  of  this 
heating  method.  Moreover,  determine  the  attenuation  of  the  electric  field  (in  dB  and  absolute 
units)  at  a  depth  of  1  cm  from  the  surface  of  the  food.  The  complex  dielectric  constants  of 
the  mashed  potatoes  and  carrots  are  (see  [114])  Cc  =  (65  -  J25)eo  and  €c  =  (75  -  J25)eo- 

2.20  We  wish  to  shield  a  piece  of  equipment  from  RE  interference  over  the  frequency  range  from 
10  kHz  to  1  GHz  by  enclosing  it  in  a  copper  enclosure.  The  RE  interference  inside  the 
enclosure  is  required  to  be  at  least  50  dB  down  compared  to  its  value  outside.  What  is  the 
minimum  thickness  of  the  copper  shield  in  mm? 
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2.21  In  order  to  protect  a  piece  of  equipment  from  RE  interference,  we  construct  an  enclosure 
made  of  aluminum  foil  (you  may  assume  a  reasonable  value  for  its  thickness.)  The  conduc¬ 
tivity  of  aluminum  is  3.5x10^  S/m.  Over  what  frequency  range  can  this  shield  protect  our 
equipment  assuming  the  same  50-dB  attenuation  requirement  of  the  previous  problem? 

2.22  A  uniform  plane  wave  propagating  towards  the  positive  z-direction  in  empty  space  has  an 
electric  field  at  z  =  0  that  is  a  linear  superposition  of  two  components  of  frequencies  coi 
and  0)2 : 


E{0,  t)=x  +  EzeJ'^^A 

Determine  the  fields  E{z,  t)  and  H{z,  t)  at  any  point  z. 

2.23  An  electromagnetic  wave  propagating  in  a  lossless  dielectric  is  described  by  the  electric  and 
magnetic  fields,  E{z)  =  xE  (z)  and  H{z)  =  yH{z),  consisting  of  the  forward  and  backward 
components: 

E{z)  =  E+e-j^^  +  E-eJ^^ 


H{z)  =  -{E+e-j^^  -E-eJ^^) 

n 

a.  Verify  that  these  expressions  satisfy  all  of  Maxwell’s  equations. 

b.  Show  that  the  time-averaged  energy  flux  in  the  z-direction  is  independent  of  z  and  is 
given  by: 

T,  =  iRe[£(z)H*(z)]  =  ^  (If+l"  -  |£_|2) 

c.  Assuming  p  =  Po  and  e  =  n^Co,  so  that  n  is  the  refractive  index  of  the  dielectric,  show 
that  the  fields  at  two  different  z-locations,  say  at  z  =  Zi  and  z  =  Zz  are  related  by  the 
matrix  equation: 


E{zi) 

rioHizi) 


cos kl  jn  ^  sin kl  E{zz) 

insinkl  cos  kl  rioH{zz) 


where  /  =  Z2  -  Zi,  and  we  multiplied  the  magnetic  field  by  r/o  =  in  order  to 

give  it  the  same  dimensions  as  the  electric  field. 

d.  Eet  Z (z)  =  ,  and  Y (z)  =  ,  be  the  normalized  wave  impedance  and  admit- 

rioH{z)  Z(z) 

tance  at  location  z.  Show  the  relationships  at  at  the  locations  Zi  and  Z2 : 

Z(z2)+jn-Uank/  Y  (Z2) +j>7  tank/ 

1  +  jnZ{zz)tankl  '  1  +  jn-^Y {zz)tankl 

What  would  be  these  relationships  if  had  we  normalized  to  the  medium  impedance, 
that  is,  Z{z)=  E{z)/riH{z)7 

2.24  Show  that  the  time-averaged  energy  density  and  Poynting  vector  of  the  obliquely  moving 
wave  of  Eq.  (2.9.10)  are  given  by 

w=^Re[^eE- E*  +  ^^H- H*]  =  ie(|A|2  +  |B|2) 

T  =  iRe[i;x/f*]=z'— (|A|^  +  |Bp)  =  (zcos  0  +  xsin0)  — (|A|^  +  \B\^) 

2  2ri  2ri 


where  z  =  z  cos  6  +xsin  6  is  the  unit  vector  in  the  direction  of  propagation.  Show  that  the 
energy  transport  velocity  isv=P/w  =  cz'. 
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2.25  A  uniform  plane  wave  propagating  in  empty  space  has  electric  field: 

Co 

a.  Inserting  E{x,z,t)  into  Maxwell’s  equations,  work  out  an  expression  for  the  corre¬ 
sponding  magnetic  field  Hix,  z,  t) . 

b.  What  is  the  direction  of  propagation  and  its  unit  vector  k? 

c.  Working  with  Maxwell’s  equations,  determine  the  electric  field  E{x,  z,  t)  and  propaga¬ 
tion  direction  k,  if  we  started  with  a  magnetic  field  given  by: 

H(x,z,  f)= 

2.26  A  linearly  polarized  light  wave  with  electric  field  Eq  at  angle  6  with  respect  to  the  x-axis 
is  incident  on  a  polarizing  filter,  followed  by  an  identical  polarizer  (the  analyzer)  whose 
primary  axes  are  rotated  by  an  angle  (p  relative  to  the  axes  of  the  first  polarizer,  as  shown 
in  Fig.  2.13.1. 


Fig.  2.13.1  Polarizer-analyzer  filter  combination. 


Assume  that  the  amplitude  attenuations  through  the  first  polarizer  are  ai,a2  with  respect 
to  the  X-  and  y-directions.  The  polarizer  transmits  primarily  the  x-polarization,  so  that 
a2  ai.  The  analyzer  is  rotated  by  an  angle  cp  so  that  the  same  gains  rzi,  rzz  now  refer  to 
the  x'-  and  y' -directions. 


a.  Ignoring  the  phase  retardance  introduced  by  each  polarizer,  show  that  the  polarization 
vectors  at  the  input,  and  after  the  first  and  second  polarizers,  are: 

Eq  =  xcos  0  +  y  sin0 
El  =xai  cos  6  +  ya2  sin  6 

E2  =  X  (al  cos  p  cos  6  +  aia2  smpsm6)+y  {a\  cos  psinO  -  aia2  sin 0  cos  6) 

where  {x',y'}  are  related  to  {x,y}  as  in  Problem  4.7. 

b.  Explain  the  meaning  and  usefulness  of  the  matrix  operations: 


ai 

0  “ 

cos  p  sin  p 

fli 

0  ' 

COS  0  1 

0 

a2  _ 

-  sin  p  cos  p 

0 

sin0  J 

cos  p  - 
sinp 

sinp 
cos  p 

ai  0 

0  fl2 

cos  p 
-  sinp 

sin0  1  r 
cos  P 

cos  6  1 

sin  6  J 
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c.  Show  that  the  output  light  intensity  is  proportional  to  the  quantity: 

I  =  {a\  cos^  6  +  a 2  sin^  0)cos^  p  +  a\a\  sin^  p  + 

+  2aia2  {al  -  al)cos  p  sin 0  cos  6  sin0 

d.  If  the  input  light  were  unpolarized,  that  is,  incoherent,  show  that  the  average  of  the 
intensity  of  part  (c)  over  all  angles  0  <  6  <  2tt,  will  be  given  by  the  generalized  Malus’s 
law: 


I  =  ^{al  +  aj)cos^  p  +  alal  sin^  p 

The  case  a2  =  0,  represents  the  usual  Malus’  law. 

2.27  First,  prove  the  equivalence  of  the  three  relationships  given  in  Eq.  (2.11.11).  Then,  prove  the 
following  identity  between  the  angles  6,6'\ 

{I  -  P  cos  6)  {I  +  P  cos  0')=  {I  +  P  cos  6)  {I  -  P  cos  0')  =  1  -  P^ 


Using  this  identity,  prove  the  alternative  Doppler  formulas  (2.11.12). 

2.28  In  proving  the  relativistic  Doppler  formula  (2.11.14),  it  was  assumed  that  the  plane  wave 
was  propagating  in  the  z-direction  in  all  three  reference  frames  S,Sa,St.  If  in  the  frame  S 
the  wave  is  propagating  along  the  0 -direction  shown  in  Fig.  2.11.2,  show  that  the  Doppler 
formula  may  be  written  in  the  following  equivalent  forms: 


^  .  yfo(l  -  Pb  cos  0)  n  Q  ^  . 

fb  —  fa  r>  ~fay{^  PcOS0a)  — 

Yail  -  Pa  COS0) 


fa 


y(l  +  Pcos0b) 


—  fa 


1  -  P  COS  0a 
1  +  Pcos  0b 


where 


O  a 

~  c  ’  ~  c  ' 


>  ^  1 

'  ~  )  Ya  —  I - ) 


Yb  = 


y  = 


vr^ 


and  V  is  the  relative  velocity  of  the  observer  and  source  given  by  Eq.  (2.11.7),  and  0a,  0b 
are  the  propagation  directions  in  the  frames  Sa,  Sb-  Moreover,  show  the  following  relations 
among  these  angles: 


cos  0a 


COS0  -  Pa  _  COS0  -  Pb 

I  -  Pa  cos  0  '  ^  I  -  Pb  COS  0  ’ 


COS  0b  = 


COS  0a  -  P 
1  -  Pcos  0a 


2.29  Ground-penetrating  radar  operating  at  900  MHz  is  used  to  detect  underground  objects,  as 
shown  in  the  figure  below  for  a  buried  pipe.  Assume  that  the  earth  has  conductivity  cr  = 
10“^  S/m,  permittivity  e  =  9eo,  and  permeability  p  =  po-  You  may  use  the  “weakly  lossy 
dielectric”  approximation. 

antenna  1 


buried  pipe 


a.  Determine  the  numerical  value  of  the  wavenumber  k  =  P  -  ja  in  meters  \  and  the 
penetration  depth  d  =  l/«  in  meters. 

b.  Determine  the  value  of  the  complex  refractive  index  ric  =  rir  -  jrii  of  the  ground  at 
900  MHz. 
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c.  With  reference  to  the  above  figure,  explain  why  the  electric  field  returning  back  to  the 
radar  antenna  after  getting  reflected  by  the  buried  pipe  is  given  by 

4Vh2  +  ^2 1 

-5  J 

where  Eq  is  the  transmitted  signal,  d  is  the  depth  of  the  pipe,  and  h  is  the  horizontal 
displacement  of  the  antenna  from  the  pipe.  You  may  ignore  the  angular  response  of 
the  radar  antenna  and  assume  it  emits  isotropically  in  all  directions  into  the  ground. 

d.  The  depth  d  may  be  determined  by  measuring  the  roundtrip  time  t{h)  of  the  trans¬ 
mitted  signal  at  successive  horizontal  distances  h.  Show  that  tih)  is  given  by: 


t{h)=  —^d^Th^ 

Co 

where  Ur  is  the  real  part  of  the  complex  refractive  index  Uc. 

e.  Suppose  tih)  is  measured  over  the  range  -2  <  h  <  2  meters  over  the  pipe  and  its 
minimum  recorded  value  is  tmin  =  0.2  jusec.  What  is  the  depth  d  in  meters? 
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Pulse  Propagation  in  Dispersive  Media 


In  this  chapter,  we  examine  some  aspects  of  pulse  propagation  in  dispersive  media  and 
the  role  played  by  various  wave  velocity  definitions,  such  as  phase,  group,  and  front 
velocities.  We  discuss  group  velocity  dispersion,  pulse  spreading,  chirping,  and  disper¬ 
sion  compensation,  and  look  at  some  slow,  fast,  and  negative  group  velocity  examples. 
We  also  present  a  short  introduction  to  chirp  radar  and  pulse  compression,  elaborating 
on  the  similarities  to  dispersion  compensation.  The  similarities  to  Fresnel  diffraction 
and  Fourier  optics  are  discussed  in  Sec.  17.18.  The  chapter  ends  with  a  guide  to  the 
literature  in  these  diverse  topics. 


3.1  Propagation  Filter 

As  we  saw  in  the  previous  chapter,  a  monochromatic  plane  wave  moving  forward  along 
the  z-direction  has  an  electric  field  E{z)=  E  (0)  where  E  (z)  stands  for  either  the  x 

or  the  y  component.  We  assume  a  homogeneous  isotropic  non-magnetic  medium  (p  = 
Po)  with  an  effective  permittivity  e(co);  therefore,  k  is  the  frequency-dependent  and 
possibly  complex-valued  wavenumber  defined  by  k(co)=  co^eico) Pq.  To  emphasize 
the  dependence  on  the  frequency  co,  we  rewrite  the  propagated  field  as:^ 


E{z,  cjo)=  e  ‘^^^EiO,  cjo) 


(3.1.1) 


Its  complete  space-time  dependence  will  be: 


e^^^Eiz,cjo)=  e^^^^-^^^E{0,cjo)  (3.1.2) 

A  wave  packet  or  pulse  can  be  made  up  by  adding  different  frequency  components, 
that  is,  by  the  inverse  Fourier  transform: 


Eiz,t)  = 


E{0,cjo)dcjo 


(3.1.3) 


^ where  the  hat  denotes  Fourier  transformation. 


3.1.  Propagation  Filter 
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Setting  z  =  0,  we  recognize  Ei0,(jo)  to  be  the  Fourier  transform  of  the  initial  wave¬ 
form  £(0,  t),  that  is, 

1  ^  00  ^00 

£(0,f)=—  e''"'£(0,co)d6O  »  £(0,6o)=  e-J’^‘E{0,t)dt  (3.1.4) 

tdlT  J  —00  J  —00 


The  multiplicative  form  of  Eq.  (3.1.1)  allows  us  to  think  of  the  propagated  held  as 
the  output  of  a  linear  system,  the  propagation  hlter,  whose  frequency  response  is 


H (z,  co)=  e 


(3.1.5) 


Indeed,  for  a  linear  time-invariant  system  with  impulse  response  h(t)  and  corre¬ 
sponding  frequency  response  iT(co),  the  input/output  relationship  can  be  expressed 
multiplicatively  in  the  frequency  domain  or  convolutionally  in  the  time  domain: 


Eout  (tv)  =  H(cv) Fin  (cv) 


Eom  (f )  — 


t')Ein(t')dt' 


E'm(tv) 


H{(jo) 


^out(^) 


For  the  propagator  frequency  response  H(z,cv)=  e  we  obtain  the  corre¬ 

sponding  impulse  response: 


h  (z,  t)  = 


2tt 


(v)d(jo  = 


2tt 


(3.1.6) 


Alternatively,  Eq.  (3.1.6)  follows  from  (3.1.3)  by  setting  £’(0,  co)  =  1,  corresponding 
to  an  impulsive  input  E(0,t)=  (5(f).  Thus,  Eq.  (3.1.3)  may  be  expressed  in  the  time 
domain  in  the  convolutional  form: 


^(0,0  ^  E(z,t) 

- ►  h(z,  t)  - ► 


E(z,t)  = 


h(z,t-t')E(0,t')dt' 


(3.1.7) 


Example  3.1.1:  For  propagation  in  a  dispersionless  medium  with  frequency-independent  per¬ 
mittivity,  such  as  the  vacuum,  we  have  k  =  co/c,  where  c  =  1/^/juc.  Therefore, 

H{z,(jo)=  ^  delayby  z/c 

h{z,t)=  —  \  dco  =  —  \  duo  =  5{t  -  z! c) 

2tt  J-oo  2tt  J-oo 

and  Eq.  (3.1.7)  gives  £(z,  f)  =  £(0,  f  -  z/c),  in  agreement  with  the  results  of  Sec.  2.1.  □ 

The  reality  of  h  (z,  t)  implies  the  hermitian  property,  H  (z,  -co)  *  =  iT(z,  co) ,  for  the 
frequency  response,  which  is  equivalent  to  the  anti-hermitian  property  for  the  wave- 
number,  k(-cv)*=  -k(cv). 
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3.  Pulse  Propagation  in  Dispersive  Media 


3.2  Front  Velocity  and  Causality 


For  a  general  linear  system  H (co)  =  \H (w)  ,  one  has  the  standard  concepts  of 

phase  delay,  group  delay,  and  signal-front  delay  [155]  dehned  in  terms  of  the  system’s 
phase-delay  response,  that  is,  the  negative  of  its  phase  response,  <p((v)=  -ArgiT(co) : 


4>((v) 


dtpicv) 

dev 


tf  =  lim 


4>((v) 


(3.2.1) 


The  signihcance  of  the  signal-front  delay  tf  for  the  causality  of  a  linear  system  is 
that  the  impulse  response  vanishes,  h  (t)  =  0,  for  t  <  tf,  which  implies  that  if  the  input 
begins  at  time  t  =  to,  then  the  output  will  begin  at  t  =  to  tf : 


£’in(t)=0  for  t  <  to  ^  £out(f)=0  for  t  <  to  +  tf  (3.2.2) 

To  apply  these  concepts  to  the  propagator  hlter,  we  write  k((v)  in  terms  of  its  real 
and  imaginary  parts,  k  (co)  =  13  (cv)  -j a  (cv) ,  so  that 

H{z,cv)=  ^  0(co)  =  j5(co)z  (3.2.3) 


Then,  the  dehnitions  (3.2.1)  lead  naturally  to  the  concepts  of  phase  velocity,  group 
velocity,  and  signal-front  velocity,  dehned  through: 


z  z  z 

Vp  Vg  Vf 


(3.2.4) 


For  example,  tg  =  d<p/d(v  =  (dp/d(v)z  =  zlvg,  and  similarly  for  the  other  ones, 
resulting  in  the  dehnitions: 


CO  dev  ,  CO 

^  P(ev)  ^  dp  '  0)^00  P(ev) 


(3.2.5) 


The  expressions  for  the  phase  and  group  velocities  agree  with  those  of  Sec.  1.11. 
Under  the  reasonable  assumption  that  e(co)  ^  eo  as  co  ^  oo,  which  is  justihed  on  the 
basisofthepermittivitymodelofEq.  (1.9.13),  we  have  k( CO )=  ev^e(ev)\Ao  ^  ev-^/eoJJo  = 
co/c,  where  c  is  the  speed  of  light  in  vacuum.  Therefore,  the  signal  front  velocity  and 
front  delay  are: 


Vf  =  lim 

'  CO^oo 


CO 

Pico) 


CO 

=  hm  — —  =  c 

co/c 


(3.2.6) 


Thus,  we  expect  that  the  impulse  response  h{z,t)  of  the  propagation  medium  would 
satisfy  the  causality  condition: 


h(z,t)  =  0,  for  t  <  tf  =  - 
c 


(3.2.7) 


We  show  this  below.  More  generally,  if  the  input  pulse  at  z  =  0  vanishes  for  f  <  to, 
the  propagated  pulse  to  distance  z  will  vanish  for  f  <  fo  z/c.  This  is  the  statement 
of  relativistic  causality,  that  is,  if  the  input  signal  has  a  sharp,  discontinuous,  front  at 
some  time  to,  then  that  front  cannot  move  faster  than  the  speed  of  light  in  vacuum  and 
cannot  reach  the  point  z  faster  than  z/c  seconds  later.  Mathematically, 


£(0,  t)=0  for  t  <  to  ^  £(z,  f)  =  0  for  f  <  to - 

c 


(3.2.8) 


3.2.  Front  Velocity  and  Causality 
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- t^=zlc  - H 


I-. - tf=zlc  - H 


Fig.  3.2.1  Causal  pulse  propagation,  but  with  superluminal  group  velocity  (v^  >  c). 


Fig.  3.2.1  depicts  this  property.  Sommerfeld  and  Brillouin  [154,1111]  originally 
showed  this  property  for  a  causal  sinusoidal  input,  that  is,  E  (0,  f )  =  (t) . 

Group  velocity  describes  the  speed  of  the  peak  of  the  envelope  of  a  signal  and  is  a 
concept  that  applies  only  to  narrow-band  pulses.  As  mentioned  in  Sec.  1.11,  it  is  possi¬ 
ble  that  if  this  narrow  frequency  band  is  concentrated  in  the  vicinity  of  an  anomalous 
dispersion  region,  that  is,  near  an  absorption  peak,  the  corresponding  group  velocity 
will  exceed  the  speed  of  light  in  vacuum,  Vg  >  c,  or  even  become  negative  depending  on 
the  value  of  the  negative  slope  of  the  refractive  index  dUr/dco  <  0. 

Conventional  wisdom  has  it  that  the  condition  Vg  >  c  is  not  at  odds  with  relativity 
theory  because  the  strong  absorption  near  the  resonance  peak  causes  severe  distortion 
and  attenuation  of  the  signal  peak  and  the  group  velocity  loses  its  meaning.  However,  in 
recent  years  it  has  been  shown  theoretically  and  experimentally  [228,229,247]  that  the 
group  velocity  can  retain  its  meaning  as  representing  the  speed  of  the  peak  even  if  Vg  is 
superluminal  or  negative.  Yet,  relativistic  causality  is  preserved  because  the  signal  front 
travels  with  the  speed  of  light.  It  is  the  sharp  discontinuous  front  of  a  signal  that  may 
convey  information,  not  necessarily  its  peak.  Because  the  pulse  undergoes  continuous 
reshaping  as  it  propagates,  the  front  cannot  be  overtaken  by  the  faster  moving  peak. 

This  is  explained  pictorially  in  Fig.  3.2.1  which  depicts  such  a  case  where  Vg  >  c, 
and  therefore,  tg  <  tf.  For  comparison,  the  actual  field  T  (z,  t)  is  shown  together  with 
the  input  pulse  as  if  the  latter  had  been  traveling  in  vacuum,  T  (0,  t  -  z/c) ,  reaching  the 
point  z  with  a  delay  of  tf  =  z/c.  The  peak  of  the  pulse,  traveling  with  speed  Vg,  gets 
delayed  by  the  group  delay  tg  when  it  arrives  at  distance  z.  Because  tg  <  tf,  the  peak  of 
E  (z,  f )  shifts  forward  in  time  and  occurs  earlier  than  it  would  if  the  pulse  were  traveling 
in  vacuum.  Such  peak  shifting  is  a  consequence  of  the  “filtering”  or  “rephasing”  taking 
place  due  to  the  propagator  filter’s  frequency  response 

The  causality  conditions  (3.2.7)  and  (3.2.8)  imply  that  the  value  of  the  propagated 
field  £’(z,  t)  at  some  time  instant  t  >  to  +  z/c  is  determined  only  by  those  values  of 
the  input  pulse  Ei0,t')  that  ene  z/c  seconds  earlier,  that  is,  for  to  <  t'  <  t  -  z/c.  This 
follows  from  the  convolutional  equation  (3.1.7):  the  factor  h{z,t  -  t')  requires  that 
t  -  t'  >  z/c,  the  factor  £(0,  t')  requires  t'  >  to,  yielding  to  <  t'  <  t  -  z/c.  Thus, 


E{z,t)  = 


rt-z/c 

Jfo 


hiz,t  -  t')EiO,t')dt' ,  for  t>to  +  z/c 


(3.2.9) 
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For  example,  the  value  of  E  (z,  t)  at  f  =  fi  -r  =  ti  -r  z/c  is  given  by: 

rfi 

E{z,ti tf)=  h{z,ti  tf  -  t')EiO,t')dt' 

Jto 

Thus,  as  shown  in  Fig.  3.2.2,  the  shaded  portion  of  the  input  E{0,t')  over  the  time 
interval  to  <  t'  <  ti  determines  causally  the  shaded  portion  of  the  propagated  signal 
Eiz,  t)  over  the  interval  to  tf  <  t  <  ti  tf.  The  peaks,  on  the  other  hand,  are  not 
causally  related.  Indeed,  the  interval  [to,ti]  of  the  input  does  not  include  the  peak, 
whereas  the  interval  [to  tf ,  ti  tf]  of  the  output  does  include  the  (shifted)  peak. 


h - h=z/c  - H 


Fig.  3.2.2  Shaded  areas  show  causally  related  portions  of  input  and  propagated  signals. 

Next,  we  provide  a  justification  of  Eq.  (3.2.8).  The  condition  £(0,  t)  =  0  for  t  <  to, 
implies  that  its  Fourier  transform  is: 

^00  ^00 

E{0,(JO)=  e“-''"'£'(0,f)df  ^  e'"f»£(0,  co)  =  f  +  fo)df  (3.2.10) 

Jfo  Jo 

where  the  latter  equation  was  obtained  by  the  change  of  integration  variable  from  t  to 
t  -r  to-  It  follows  now  that  (0,  co)  is  analytically  continuable  into  the  lower-half  co- 

plane.  Indeed,  the  replacement  by  cr  >  o  and  t  >  0, 

improves  the  convergence  of  the  time  integral  in  (3.2.10).  We  may  write  now  Eq.  (3.1.3) 
in  the  following  form: 


1  fOO 

E{z,t)=  —  e‘^^^^E{Q,(jo)d(jo 

2.71  J  — 00 


(3.2.11) 


and  assume  that  t  <  to  +  z/c.  A  consequence  of  the  permittivity  model  (1.9.13)  is  that 
the  wavenumber  kicv)  has  singularities  only  in  the  upper-half  co -plane  and  is  analytic 
in  the  lower  half.  Eor  example,  for  the  single-resonance  case,  we  have: 


eicv)=  Co 


1  -r 


wl 


(Vp 

0)2  +j(vy 


zeros  = 


jy_ 

2 


y! 

4 


poles  = 


jy 

2 


E 

4 


Thus,  the  integrand  of  Eq.  (3.2.11)  is  analytic  in  the  lower-half  co-plane  and  we 
may  replace  the  integration  path  along  the  real  axis  by  the  lower  semi-circular  counter- 


3.3.  Exact  Impulse  Response  Examples 
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clockwise  path  Cr  at  a  very  large  radius  R,  as  shown  below: 


1  ■ 

E{z,t)  =  —  (jo)d(jo 

2tt  J-oo 

=  lim  —  {  e^^^o£’(0,  co)r/co 

R-oo  2tt  JCr 

But  for  large  co,  we  may  replace  k  (co)  =  co/c.  Thus, 

Eiz,t)=  lim  f  e^^^o£’(0,  co)r/co 

R^oo  2tt  JCr 

Because  t  -  to  -  zlc  <  0,  and  under  the  mild  assumption  that  (0,  co)  ^  0  for 

I  CO  I  =  ^  00  in  the  lower-half  plane,  it  follows  from  the  Jordan  lemma  that  the  above 

integral  will  be  zero.  Therefore,  E  (z,  t)  =  0  for  t  <  to  +  z/c. 

As  an  example,  consider  the  signal  £(0,  f)=  e-^h-fo)gj(oo(f-fo)y  (f  _  tj^^t  is,  a 
delayed  exponentially  decaying  {a  >  0)  causal  sinusoid.  Its  Fourier  transform  is 

p-j(Vto  .  ^  1 

E{0,  CJO)  =  .  ,  -  .  y  ^  gJtoto£(Q,  ^  - - 

jicv  -  0)0  -ja)  jio)  -  0)0  -ja) 

which  is  analytic  in  the  lower  half-plane  and  converges  to  zero  for  |  co  |  ^  oo. 

The  proof  of  Eq.  (3.2.7)  is  similar.  Because  of  the  analyticity  of  k  (co) ,  the  integration 
path  in  Eq.  (3.1.6)  can  again  be  replaced  by  Cr,  and  k(co)  replaced  by  co/c: 

h{z,t)=  lim  —  {  ,  for  t  <z/c 

i?-oo  2Tr  Jcr 


This  integral  can  be  done  exactly,^  and  leads  to  a  standard  representation  of  the 
delta  function: 


h  (z,  f )  =  lim 

R^oo 


sin(£(t  -  z/c)) 
Tr(t  -  zlc) 


5{t  -  zlc) 


which  vanishes  since  we  assumed  that  t  <  z/c.  For  t  >  z/c,  the  contour  in  (3.1.6)  can  be 
closed  in  the  upper  half-plane,  but  its  evaluation  requires  knowledge  of  the  particular 
singularities  of  k  (co) . 


3.3  Exact  Impulse  Response  Examples 

Some  exactly  solvable  examples  are  given  in  [161].  They  are  all  based  on  the  following 
Fourier  transform  pair,  which  can  be  found  in  [ISd]:"*" 

H{Z  CO)=  =  p-tf^jw+a+b^jw+a-b 

h(b.lt^.)  (3.3.1) 

h  (z,  t)=  5 {t  -  tf) e  +  ' - 1  -  btf  e  u{t  -  tf) 


^  set  CO  ^  ,d(X)  =  JEe^^^dO,  and  integrate  over  -n  <  6  <  0 

"I" see  the  pair  863.1  on  p.  110  of  [156]. 
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where  Ii  (x)  is  the  modihed  Bessel  function  of  the  hrst  kind  of  order  one,  and  tf  =  zlc 
is  the  front  delay.  The  unit  step  u  (t  -  tf)  enforces  the  causality  condition  (3.2.7).  From 
the  expression  of  H (z,  co) ,  we  identify  the  corresponding  wavenumber: 

k(co)=  +  a  +  b  ^Jjo)  +  a-b  (3.3.2) 

The  following  physical  examples  are  described  by  appropriate  choices  of  the  param¬ 
eters  a,  b,  c  in  Eq.  (3.3.2): 


1.  a  =  0, 

b  =  0 

-  propagation  in  vacuum  or  dielectric 

2.  a>0, 

b  =  0 

-  weakly  conducting  dielectric 

3.  a  =  b  >  0 

-  medium  with  hnite  conductivity 

o 

II 

b  =  jwp 

-  lossless  plasma 

5.  a  =  0, 

b  =  j(Oc 

-  hollow  metallic  waveguide 

6.  a-\-b  = 

R'/L',  a-b  =  G'/C' 

-  lossy  transmission  line 

The  anti-hermitian  property  k(-co)*=  -k(co)  is  satished  in  two  cases:  when  the 
parameters  cz,  h  are  both  real,  or,  when  a  is  real  and  b  imaginary. 

In  case  1,  we  have  k  =  co/c  and  h  (z,  f)  =  5it  -tf)=  5{t  -  zlc).  Setting  cz  =  ccx  >  0 
and  h  =  0,  we  hnd  for  case  2: 


^  ^  o)  -ja 
c 


(3.3.3) 


which  corresponds  to  a  medium  with  a  constant  attenuation  coefficient  a  =  ale  and 
a  propagation  constant  jS  =  co/c,  as  was  the  case  of  a  weakly  conducting  dielectric  of 
Sec.  2.7.  In  this  case  c  is  the  speed  of  light  in  the  dielectric,  i.e.  c  =  II ^/]Jc  and  a  is 
related  to  the  conductivity  cr  by  cz  =  coz  =  al2e.  The  medium  impulse  response  is: 


h{z,t)=  6{t  -  tf)e  =  6{t-zlc)e 


Eq.  (3.1.7)  then  implies  that  an  input  signal  will  travel  at  speed  c  while  attenuating 
with  distance: 

E{z,  t)  =  e~^^E{0,  t  -  zlc) 

Case  3  describes  a  medium  with  frequency-independent  permittivity  and  conductiv¬ 
ity  c,  (J  with  the  parameters  a  =  b  =  al2e  and  c  =  ll-^jJoC.  Eq.  (3.3.2)  becomes: 


k  = 


(3.3.4) 


and  the  impulse  response  is: 


h{z,t)=  5it  -  zlc)e  + 


h{a^]C  -  (^/c)^) 
Vf^  -  (z/c)  2 


czz 


e  iz(t  -  zlc) 


(3.3.5) 


A  plot  of  h  (z,  t)  for  t  >  tf  is  shown  below. 


3.3.  Exact  Impulse  Response  Examples 


87 


For  large  t,  hiz,t)  is  not  exponentially  decaying,  but  falls  like  Using  the 

large-x  asymptotic  form  h  (x)  ^  ^llixx,  and  setting  -  tj  ^  t  for  t  »  tf,  we  find 

hiz,t)^ — ^  atf  t  tf 

tV2TT^  ^  ^ 

Case  4  has  parameters  a  =  0  and  b  =  jWp  and  describes  propagation  in  a  plasma, 
where  (jOp  is  the  plasma  frequency.  Eq.  (3.3.2)  reduces  to  Eq.  (1.9.39): 


To  include  evanescent  waves  (having  co  <  cOp),  Eq.  (3.3.2)  maybe  written  in  the  more 
precise  form  that  satishes  the  required  anti-hermitian property  k(-co)*  =  -kicv): 


1  sign(co)dco2  -  COp  ,  if  |co|  >  cOp 

k(co)=-3  _ _  (3.3.6) 

-j^cvp-cv^,  if  \cv\  <  cvp 


When  I  CO  I  <  cOp,  the  wave  is  evanescent  in  the  sense  that  it  attenuates  exponentially 
with  distance: 

For  numerical  evaluation  using  MATLAB,  it  proves  convenient  to  leave  A:(co)  in  the 
form  of  Eq.  (3.3.2),  that  is. 


k{cv)=  +  COp)  ^jicv  -  Wp) 

which  evaluates  correctly  according  to  Eq.  (3.3.6)  using  MATLAB’s  rules  for  computing 
square  roots  (e.g.,  Va/  = 

Because  b  is  imaginary,  we  can  use  the  property  Ii  (jx)  =  jJi  (x) ,  where  Ji  (x)  is  the 
ordinary  Bessel  function.  Thus,  setting  a  =  0  and  b  =  juop  in  Eq.  (3.3.1),  we  hnd: 


h{z,t)=  6{t-tf) 


-tf) 

Vf"  - 


CVptfUit-  tf) 


(3.3.7) 


A  plot  of  h  (z,  t)  for  t  >  tf  is  shown  below. 
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The  propagated  output  E{z,t)  due  to  a  causal  input,  EiO,t)=  £(0,  t)u(t),  is  ob¬ 
tained  by  convolution,  where  we  must  impose  the  conditions  f  >  tf  and  t  -  f  >  0: 


E{z, 


h  (z,  t')EiO,  t  -  t')dt' 


which  for  t  >  tf  leads  to: 

ff  -  tj) 

Eiz,t)=  Ei0,t  -  tf)-  \  -  -  -  - -cjOptf  Ei0,t  -  t  )dt  (3.3.8) 

itr 

We  shall  use  Eq.  (3.3.8)  in  the  next  section  to  illustrate  the  transient  and  steady- 
state  response  of  a  propagation  medium  such  as  a  plasma  or  a  waveguide.  The  large-t 
behavior  of  h  (z,  f )  is  obtained  from  the  asymptotic  form: 


X  »  1 


which  leads  to 

h(z,t)^ cos  {wpt ,  t  :s>  tf  (3.3.9) 

Case  5  is  the  same  as  case  4,  but  describes  propagation  in  an  air-hlled  hollow  metallic 
waveguide  with  cutoff  frequency  cOc-  We  will  see  in  Chap.  9  that  the  dispersion  relation¬ 
ship  (3.3.6)  is  a  consequence  of  the  boundary  conditions  on  the  waveguide  walls,  and 
therefore,  it  is  referred  to  as  waveguide  dispersion,  as  opposed  to  material  dispersion 
arising  from  a  frequency-dependent  permittivity  e (co) . 

Case  6  describes  a  lossy  transmission  line  (see  Sec.  10.6)  with  distributed  (that  is,  per 
unit  length)  inductance  L',  capacitance  C' ,  series  resistance  R',  and  shunt  conductance 
G'.  This  case  reduces  to  case  3  if  G'  =  0.  The  corresponding  propagation  speed  is 
c  =  1/ Vh'CC  The  co-k  dispersion  relationship  can  be  written  in  the  form  of  Eq.  (10.6.5): 


k  =  +Ju)L')  (C  +JtoC') 


3.4  Transient  and  Steady-State  Behavior 


The  frequency  response  is  the  Fourier  transform  of  h  (z,  t) ,  but  because  of  the 

causality  condition  h  (z,  f )  =  0  for  f  <  z/c,  the  time-integration  in  this  Fourier  transform 
can  be  restricted  to  the  interval  z/c  <  f  <  oo,  that  is. 


^-jk{w)z 


r  OO 

Jz/c 


e  ‘^^^hiz,t)dt 


(3.4.1) 
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We  mention,  parenthetically,  that  Eq.  (3.4.1),  which  incorporates  the  causality  con¬ 
dition  of  h  (z,  t) ,  can  be  used  to  derive  the  lower  half-plane  analyticity  of  k  (co)  and  of 
the  corresponding  complex  refractive  index  n  (co)  dehned  through  kicjo)=  (jon{(jo)  I c. 
The  analyticity  properties  of  n  (co)  can  then  be  used  to  derive  the  Kramer s-Kronig  dis¬ 
persion  relations  satished  by  n(co)  itself  [159],  as  opposed  to  those  satished  by  the 
susceptibility  x  that  were  discussed  in  Sec.  1.10. 

When  a  causal  sinusoidal  input  is  applied  to  the  linear  system  h  (z,  t) ,  we  expect  the 
system  to  exhibit  an  initial  transient  behavior  followed  by  the  usual  sinusoidal  steady- 
state  response.  Indeed,  applying  the  initial  pulse  E’(0,t)=  we  obtain  from 

the  system’s  convolutional  equation: 

E{z,t)=  f  h{z,t')E{0,t  -  t')dt' =  f  h (z, 

Jz/c  Jz/c 

where  the  restricted  limits  of  integration  follow  from  the  conditions  f  >  zlc  and  t-f  > 
0  as  required  by  the  arguments  of  the  functions  hiz,t')  and  Ei0,t  -  t').  Thus,  for 
t  >  zlc,  the  propagated  held  takes  the  form: 

Eiz,t)=  h{z,t')dt'  (3.4.2) 

Jz/c 

In  the  steady-state  limit,  t  ^  oo,  the  above  integral  tends  to  the  frequency  response 
(3.4.1)  evaluated  at  co  =  coq,  resulting  in  the  standard  sinusoidal  response: 

rt  ^  roo  ^ 

gJ^of  (2,  f')t/t' ^  (z,  t')dt' =  iT(z,  coo)eJ^°^ ,  or, 

Jz/c  Jz/c 

£’steady(2,  t)  =  ,  for  t:^ZlC  (3.4.3) 

Thus,  the  held  E  (z,  t)  eventually  evolves  into  an  ordinary  plane  wave  at  frequency 
(joq  and  wavenumber  k  (coq)  =  Picvo)  -jaicoo) .  The  initial  transients  are  given  by  the 
exact  equation  (3.4.2)  and  depend  on  the  particular  form  of  k(co).  They  are  generally 
referred  to  as  “precursors”  or  “forerunners”  and  were  originally  studied  by  Sommerfeld 
and  Brillouin  [154,1111]  for  the  case  of  a  single-resonance  Lorentz  permittivity  model. 

It  is  beyond  the  scope  of  this  book  to  study  the  precursors  of  the  Lorentz  model. 
However,  we  may  use  the  exactly  solvable  model  for  a  plasma  or  waveguide  given  in 
Eq.  (3.3.7)  and  numerically  integrate  (3.4.2)  to  illustrate  the  transient  and  steady-state 
behavior. 

Eig.  3.4.1  shows  on  the  left  graph  the  input  sinusoid  (dotted  line)  and  the  steady- 
state  sinusoid  (3.4.3)  with  ko  computed  from  (3.3.6).  The  input  and  the  steady  output 
differ  by  the  phase  shift  -koz.  The  graph  on  the  right  shows  the  causal  output  for 
t  >  tf  computed  using  Eq.  (3.3.8)  with  the  input  Ei0,t)=  sin(coot)u(t).  During  the 
initial  transient  period  the  output  signal  builds  up  to  its  steady-state  form.  The  steady 
form  of  the  left  graph  was  not  superimposed  on  the  exact  output  because  the  two  are 
virtually  indistinguishable  for  large  t.  The  graph  units  were  arbitrary  and  we  chose  the 
following  numerical  values  of  the  parameters: 

c  =  1  cjOp  =  1 ,  coo  =  3 ,  tf  =  z  =  10 

The  following  MATLAB  code  illustrates  the  computation  of  the  exact  and  steady-state 
output  signals: 
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input  and  steady- state  output  exact  output 


0  10  20  30  40  0  10  20  30  40 

t  t 

Fig.  3.4.1  Transient  and  steady-state  sinusoidal  response. 


wp  =  1;  wO  =  3;  tf  =  10; 

kO  =  -j  *  sqrt(j*(w0+wp))  *  sqrt(j*(w0-wp))  ;  %  equivalent  to  Eq.  (3.3.6) 

t  =  linspace(0,40,  401); 

N  =  15;  K  =  20;  %  use  N-point  Gaussian  quadrature,  dividing  [f^,  f]  into  if  subintervals 

for  i=l: 1 ength(t) , 
if  t(i)<tf, 

Ez(i)  =  0; 

Es(i)  =  0; 

el  se 

[w,x]  =  quad  rs  (1  i  n  space  (tf,  t(i  ),  K)  ,  N)  ;  %  quadrature  weights  and  points 

h  =  -  wpA2  *  tf  *  31over(wp*sqrt(x. A2  -  tfA2))  .*  exp(j*w0*(t(i )-x)) ; 
Ez(i)  =  exp(j*w0*(t(i)-tf))  +  w’-'h;  %  exact  output 

Es(i)  =  exp(j*w0*t(i)-j''k0*tf)  ;  %  steady- state 

end 
end 

es  =  imag(Es);  ez  =  imag(Ez);  %  input  is  £(0,  f)  =  sin(coof)  w(f) 

figure;  p1ot(t,es);  figure;  p1ot(t,ez); 

The  code  uses  the  function  quadrs  (see  Sec.  18.10  and  Appendix  I)  to  compute  the 
integral  over  the  interval  [tf,t],  dividing  this  interval  into  K  subintervals  and  using  an 
N-point  Gauss-Legendre  quadrature  method  on  each  subinterval. 

We  wrote  a  function  3 lover  to  implement  the  function  Ji  (x)  lx.  The  function  uses 
the  power  series  expansion,  Ji(x)/x  =  0.5(1  -  x^/8  +  x^/192),  for  small  x,  and  the 
built-in  MATLAB  function  bessel  j  for  larger  x: 

function  y  =  31over(x) 

y  =  zeros(size(x))  ;  %  y  has  the  same  size  as  x 

xmin  =  le-4; 


i  =  find(abs(x)  <  xmin); 
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y(i)  =  0.5  *  (1  -  x(i).A2  /  8  +  x(i).A4  /  192); 

i  =  fincl(abs(x)  >=  xmin); 
y(i)  =  besseljCl,  x(i))  ./  x(i); 


input  and  steady-state  evanescent  output  exact  evanescent  output 


Fig.  3.4.2  Transient  and  steady-state  response  for  evanescent  sinusoids. 

Fig.  3.4.2  illustrates  an  evanescent  wave  with  cjOq  <  cvp.  In  this  case  the  wavenumber 
becomes  pure  imaginary,  ko  =  -jao  =  -J^jcop  -  cOq/c,  leading  to  an  attenuated  steady- 
state  waveform: 

£steady(Z,  f)  =  ^  f  »  ? 

The  following  numerical  values  were  used: 

c  =  l  cOp  =  1 ,  coo  =  0.9,  tf  =  z  =  S 
resulting  in  the  imaginary  wavenumber  and  attenuation  amplitude: 

ko  =  -jao  =  -0.4359J,  Ho  =  ^  o.ll31 

We  chose  a  smaller  value  of  z  in  order  to  get  a  reasonable  value  for  the  attenuated 
signal  for  display  purposes.  The  left  graph  in  Fig.  3.4.2  shows  the  input  and  the  steady- 
state  output  signals.  The  right  graph  shows  the  exact  output  computed  by  the  same 
MATLAB  code  given  above.  Again,  we  note  that  for  large  t  (here,  t  >  80),  the  exact 
output  approaches  the  steady  one. 

Finally,  in  Fig.  3.4.3  we  illustrate  the  input-on  and  input-off  transients  for  an  input 
rectangular  pulse  of  duration  td,  and  for  a  causal  gaussian  pulse,  that  is, 

£(0,  t)=  sin(coot)  [u(t)-u(t  -  t^^)]  ,  £(0,  t)  =  exp  u(t) 

L  2to  _ 

The  input-off  transients  for  the  rectangular  pulse  are  due  to  the  oscillating  and  de¬ 
caying  tail  of  the  impulse  response  h  (z,  t)  given  in  (3.3.9).  The  following  values  of  the 
parameters  were  used: 

c  =  1  CJOp  =  1,  coo  =  3 ,  tf  =  z  =  30,  td  =  20,  £  =  Tq  =  5 
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propagation  of  rectangular  pulse  propagation  of  gaussian  pulse 


0  10  20  30  40  50  60  70  80  0  10  20  30  40  50  60  70  80 


t  t 

Fig.  3.4.3  Rectangular  and  gaussian  pulse  propagation. 

The  MATLAB  code  for  the  rectangular  pulse  case  is  essentially  the  same  as  above 
except  that  it  uses  the  function  upul  se  to  enforce  the  hnite  pulse  duration: 

wp  =  1;  wO  =  3;  tf  =  30;  td  =  20;  N  =  15;  K  =  20; 
kO  =  -j  *  sqrt(j*(w0+wp))  *  sqrt(j*(w0-wp)) ; 

t  =  linspace(0,80,801) ; 

EO  =  exp(j*w0*t)  .*  upulse(t,td) ; 

for  i=l: 1 ength(t) , 
if  t(i)<tf, 

Ez(i)  =  0; 
el  se 

[w,x]  =  quadrs(1inspace(tf ,t(i) ,K) ,  N) ; 
h  =  -  wpA2  *  tf  *  31over(wp*sqrt(x.A2-tfA2))  .*  ... 

exp(j*w0*(t(i)-x))  .*  upu1se(t(i)-x,td) ; 

Ez(i)  =  exp(j*w0*(t(i)-tf))  . ''upu1se(t(i)-tf  ,td)  +  w’*h; 
end 
end 

eO  =  imag(EO);  ez  =  imag(Ez); 
p1ot(t,ez, ,  t,e0,’-’); 

3.5  Pulse  Propagation  and  Group  Velocity 

In  this  section,  we  show  that  the  peak  of  a  pulse  travels  with  the  group  velocity.  The  con¬ 
cept  of  group  velocity  is  associated  with  narrow-band  pulses  whose  spectrum  £(0,  co) 
is  narrowly  concentrated  in  the  neighborhood  of  some  frequency,  say,  coo,  with  an  ef¬ 
fective  frequency  band  |co  -  coqI  <  Aco,  where  Acv  coq,  as  depicted  in  Fig.  3.5.1. 

Such  spectrum  can  be  made  up  by  translating  a  low-frequency  spectrum,  say  F  (0,  co) , 
to  coo,  that  is,  £  (0,  co)  =  F(0,  co  -  coq)  -  From  the  modulation  property  of  Fourier  trans- 
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Fig.  3.5.1  High-frequency  sinusoid  with  slowly-varying  envelope. 


forms,  it  follows  that  the  corresponding  time-domain  signal  E{0,t)  will  be: 
E{0,cjo)=  F{0,cjo  -  cjoq)  ^  £ (0,  t)  =  (0,  t) 


(3.5.1) 


that  is,  a  sinusoidal  carrier  modulated  by  a  slowly  varying  envelope  E  (0,  t) ,  where 

F(0,t)=  —  ^F{0,cjo')dcjo' =  —  \  e‘^^^~^^'^^F{0,cjo  -  cjOo)dcjo  (3.5.2) 

2.TT  j —00  2.TT  J— 00 

Because  the  integral  over  co'  =  co-coq  is  effectively  restricted  over  the  low-frequency 
band  |co'|  ^  2\co,  the  resulting  envelope  F(0,  t)  will  be  slowly-varying  (relative  to  the 
period  2ttI(joq  of  the  carrier.)  If  this  pulse  is  launched  into  a  dispersive  medium  with 
wavenumber  kicv),  the  propagated  pulse  to  distance  z  will  be  given  by: 


1 

£(z,t)=— 

27T  j — 00 


f  (O^cjo  -  cjoo)dcjo  (3.5.3) 

Defining  ko  =  A:  (coo) ,  we  may  rewrite  E  (z,  t)  in  the  form  of  a  modulated  plane  wave: 


£’(z, f)  =  ^o2)p(2,f) 


where  the  propagated  envelope  F  (z,  t)  is  given  by 


F{z,t)  = 


2tt 


^jicv-cvo)t-j{k-ko)zp^Q^^_ 


(3.5.4) 


(3.5.5) 


This  can  also  be  written  in  a  convolutional  form  by  defining  the  envelope  impulse 
response  function  g  (z,  t)  in  terms  of  the  propagator  impulse  response  h  (z,  t) : 


h{z,t)=  ^o^^^(z,  t) 


(3.5.6) 


so  that 


1 

0(z,f)=—  eJ{<^-m)t-J(k-ko)z  (3  5  7) 

2tt  J-co 

Then,  the  propagated  envelope  can  be  obtained  by  the  convolutional  operation: 

m  0 


g(z.  0 


F(z,  0 


^00 

E(z,t)=  g{z,t')F{0,t  -  t')dt'  (3.5.8) 

J  —00 
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Because  F(0,  co  -  coq)  restricts  the  effective  range  of  integration  in  Eq.  (3.5.5)  to  a 
narrow  band  about  cjoq,  one  can  expand  A:  (co)  to  a  Taylor  series  about  cjOq  and  keep  only 
the  first  few  terms: 


k{a))=  ko  +  ko{cv  -  coo)  +  -ko  (cv  -  a)o)^+  ■ 


where 


ko  =  k{cvo) 


w  dk 
"  dco 


kn  = 


cfk 

docP- 


(3.5.9) 


(3.5.10) 


If  A:(co)  is  real,  we  recognize  k'o  as  the  inverse  of  the  group  velocity  at  frequency  coo’. 


k'  -  ^ 
dev 


(3.S.11) 


If  A:o  is  complex-valued,  A:o  =  0o  -Jocq,  then  its  real  part  determines  the  group  velocity 
through  00  =  l/Vg,  or,  Vg  =  l/0o-  The  second  derivative  k'o  is  referred  to  as  the 
“dispersion  coefficient”  and  is  responsible  for  the  spreading  and  chirping  of  the  wave 
packet,  as  we  see  below. 

Keeping  up  to  the  quadratic  term  in  the  quantity  k(co) -ko  in  (3.5.5),  and  changing 
integration  variables  to  co'  =  co  -  coo,  we  obtain  the  approximation: 


F(z,f)=—  (3.S.12) 

277  J-oo 


In  the  linear  approximation,  we  may  keep  k'o  and  ignore  the  k'o  term,  and  in  the 
quadratic  approximation,  we  keep  both  k'o  and  k'o.  For  the  linear  case,  we  have  by 
comparing  with  Eq.  (3.5.2): 


F(z,  t)=  —  co')  dco' =  F(0,  f  -  kgz) 

27T  j —00 


(3.5.13) 


Thus,  assuming  that  k'o  is  real  so  that  k'o  =  1/v^,  Eq.  (3.5.13)  implies  that  the  initial 
envelope  F(0,  t)  is  moving  as  whole  with  the  group  velocity  Vg.  The  field  E(z,  t)  is 
obtained  by  modulating  the  high-frequency  plane  wave  e^^i^ot-koz)  envelope: 


E (z,  t)  =  koz)  p(o^  f  -  z/Vg) 


(3.5.14) 


Every  point  on  the  envelope  travels  at  the  same  speed  Vg,  that  is,  its  shape  remains 
unchanged  as  it  propagates,  as  shown  in  Fig.  3.5.2.  The  high-frequency  carrier  suffers  a 
phase-shift  given  by  -koz. 

Similar  approximations  can  be  introduced  in  (3.5.7)  anticipating  that  (3.5.8)  will  be 
applied  only  to  narrowband  input  envelope  signals  F  (0,  f ) : 


giz,t)  = 


1  pOO 

_  ^jw'it-kQz)-jkQZw'^/2 

2TT  J-oo 


(3.5.15) 


This  integral  can  be  done  exactly,  and  leads  to  the  following  expressions  in  the  linear 
and  quadratic  approximation  cases  (assuming  that  k'o,  k'o  are  real): 


linear: 

quadratic: 


g{z,t)=  5  it-  k'oz) 

.  ^  1 
giz,t)=  -==exp 

y2TrjkoZ 


jt-k'pz)^ 

2jk'^z 


(3.5.16) 
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/g  =  Z/Vg 


Fig.  3.5.2  Pulse  envelope  propagates  with  velocity  Vg  remaining  unchanged  in  shape. 


The  corresponding  frequency  responses  follow  from  Eq.  (3.5.15),  replacing  w'  by  co: 
linear:  G{z,(jo)= 

■V"  2,0  (3.5.1 

quadratic:  G(z,cjo)=  e 


The  linear  case  is  obtained  from  the  quadratic  one  in  the  limit  /cq  ^  0.  We  note  that 
the  integral  of  Eq.  (3.5.15),  as  well  as  the  gaussian  pulse  examples  that  we  consider  later, 
are  special  cases  of  the  following  Eourier  integral: 


1 

—  ^<vt-(a+Jb)w^,2  ^ 

2tt  J-oo 


V2Tr(a  +jb) 


exp 


2  (a  +jb) 


(3.5.18) 


where  a,  b  are  real,  with  the  restriction  that  a  >  0.^  The  integral  for  g  (z,  t)  corresponds 
to  the  case  a  =  0  and  b  =  k'^z.  Using  (3.5.16)  into  (3.5.8),  we  obtain  Eq.  (3.5.13)  in  the 
linear  case  and  the  following  convolutional  expression  in  the  quadratic  one: 


linear: 

quadratic: 


F{z,  t)  =  F{0,t  -  RqZ) 

r  00 

Fiz,t)  = 


rOO  ^ 

it'  -  k'pz)^ 

1 - 

J-oo  ^2nJkoZ 

2jkpZ 

F{0,t-t')dt' 


(3.5.19) 


and  in  the  frequency  domain: 

linear:  F(z,  co)  =  G(z,  co)F(0,  co)  =  co) 

quadratic:  F(z,  co)  =  G(z,  co)F(0,  co)  =  oj) 


(3.5.20) 


3.6  Group  Velocity  Dispersion  and  Pulse  Spreading 


In  the  linear  approximation,  the  envelope  propagates  with  the  group  velocity  Vg,  re¬ 
maining  unchanged  in  shape.  But  in  the  quadratic  approximation,  as  a  consequence  of 
Eq.  (3.5.19),  it  spreads  and  reduces  in  amplitude  with  distance  z,  and  it  chirps.  To  see 
this,  consider  a  gaussian  input  pulse  of  effective  width  tq: 


F  (0,  t)  =  exp 


F  (0,  t)  =  (Q^  f )  =  gjfvot  gxp 


(3.6.1) 


1  Given  the  polar  form  a  +jb  =  ,  we  must  choose  the  square  root  sja  +jb  =  . 
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with  Eourier  transforms  F(0,  co)  and  £(0,  w)  =  F (0,  w  -  coq): 

F(0,  co)  =  ^2tttq  ^  £(0,  co)  =  ^2tttq  (3.6.2) 


with  an  effective  width  Aco  =  I/tq.  Thus,  the  condition  Aco  coq  requires  that 
tqCOo  »  1,  that  is,  an  envelope  with  a  long  duration  relative  to  the  carrier’s  period. 

The  propagated  envelope  F  (z,  t)  can  be  determined  either  from  Eq.  (3.5.19)  or  from 
(3.5.20).  Using  the  latter,  we  have: 


F(Z,  co)  =  pTTT^  g-JKzw-JKzw^/2g-TW/2 


g-jfciza)g-(T§+jki'z)«,2/2  (3_g  3) 


The  Fourier  integral  (3.S.18),  then,  gives  the  propagated  envelope  in  the  time  domain: 


F(z,t)  = 


\  To  +jkoZ 


exp 


(f  -  kpZ)^ 
2{tI  +jkoZ) 


(3.6.4) 


Thus,  effectively  we  have  the  replacement  Tq  —  Tp+JkoZ.  Assuming  for  the  moment 
that  /Cq  and  are  real,  we  find  for  the  magnitude  of  the  propagated  pulse: 


|i^(z,t)| 


h 

1/4 

(t-kpZ)'^Tl 

_To  +  {kozV_ 

exp 

2(t^  +  (koZ)2)  _ 

(3.6.5) 


where  we  used  the  property  |  Tq  +  jkQ  z  \  =  +  (^q  z)^.  The  effective  width  is  deter¬ 

mined  from  the  argument  of  the  exponent  to  be: 


T 


2 


To  + 

n-2 


(3.6.6) 


Therefore,  the  pulse  width  increases  with  distance  z.  Also,  the  amplitude  of  the 
pulse  decreases  with  distance,  as  measured  for  example  at  the  peak  maximum: 


\F\, 


To 


Tt^ik''z)^ 


1/4 


The  peak  maximum  occurs  at  the  group  delay  t  =  koZ,  and  hence  it  is  moving  at  the 
group  velocity  =  1/ko. 

The  effect  of  pulse  spreading  and  amplitude  reduction  due  to  the  term  k^  is  referred 
to  as  group  velocity  dispersion  or  chromatic  dispersion.  Eig.  3.6.1  shows  the  amplitude 
decrease  and  spreading  of  the  pulse  with  distance,  as  well  as  the  chirping  effect  (to  be 
discussed  in  the  next  section.) 

Because  the  frequency  width  is  Aco  =  1/to,  we  may  write  the  excess  time  spread 
At  =  ko  z/to  in  the  form  At  =  ko  zAco.  This  can  be  understood  in  terms  of  the  change 
in  the  group  delay.  It  follows  from  tg  =  zlvg  =  k'z  that  the  change  in  tg  due  to  Aco 
will  be: 

Atg  =  Acjo  =  - — zAcjo  =  - — 7:zA(J0  =  k  zAcv 
dcu  d(jo  d(jo^ 


(3.6.7) 
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Fig.  3.6.1  Pulse  spreading  and  chirping. 


which  can  also  be  expressed  in  terms  of  the  free-space  wavelength  A  =  2ttc/cjo: 


Atg  =  ^  AA  =  zAA  =  DzAA 
^  dA  dA 


(3.6.8) 


where  D  is  the  “dispersion  coefficient” 


dk'  _  _2ttc  dk^ 
dA  ~~  A^  dcjo 


—  k" 

A2 


(3.6.9) 


where  we  replaced  dA  =  - (A^/2Trc)dco.  Since  k'  is  related  to  the  group  refractive 
index  rig  by  k'  =  1/Vg  =  rig/c,  we  may  obtain  an  alternative  expression  for  D  directly 
in  terms  of  the  refractive  index  n.  Using  Eq.  (1.11.6),  that  is,  rig  =  n  -  Adn/dA,  we  find 


dk'  _  Idrig  _1  d  I  dnl  _  Ad^n 

liK  ~  cli\  ~cdX  L”~'^dAj  “  “c  dV 


(3.6.10) 


Combining  Eqs.  (3.6.9)  and  (3.6.10),  we  also  have: 

„  ^  (fn 
2nc^  dA^ 


(3.6.11) 


In  digital  data  transmission  using  optical  fibers,  the  issue  of  pulse  broadening  as 
measured  by  (3.6.8)  becomes  important  because  it  limits  the  maximum  usable  bit  rate, 
or  equivalently,  the  maximum  propagation  distance.  The  interpulse  time  interval  of,  say, 
Tt  seconds  by  which  bit  pulses  are  separated  corresponds  to  a  data  rate  of  ft  =  1/Tt 
bits/second  and  must  be  longer  than  the  broadening  time,  Tt  >  Atg,  otherwise  the 
broadened  pulses  will  begin  to  overlap  preventing  their  clear  identification  as  separate. 
This  limits  the  propagation  distance  z  to  a  maximum  value: ^ 


DzAA  <Tt  = 


fb 


_  1  1 
^  “  fbDAA  ~  fbk"Aw 


(3.6.12) 


Because  D  =  Atg/zAA,  the  parameter  D  is  typically  measured  in  units  of  picosec¬ 
onds  per  km  per  nanometer— the  km  referring  to  the  distance  z  and  the  nm  to  the 
wavelength  spread  AA.  Similarly,  the  parameter  k"  =  Atg/zAcv  is  measured  in  units  of 
ps^  /km.  As  an  example,  we  used  the  Sellmeier  model  for  fused  silica  given  in  Eq.  (1.9.18) 
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refractive  index  dispersion  coefficient  in  ps/km  nm 


Fig.  3.6.2  Refractive  index  and  dispersion  coefficient  of  fused  silica. 


to  plot  in  Fig.  3.6.2  the  refractive  index  n  (A)  and  the  dispersion  coefficient  D  (A)  versus 
wavelength  in  the  range  1  <  A  <  1.6  qm. 

We  observe  that  D  vanishes,  and  hence  also  k"  =  0,  at  about  A  =  1.27  qm  corre¬ 
sponding  to  dispersionless  propagation.  This  wavelength  is  referred  to  as  a  “zero  dis¬ 
persion  wavelength.”  However,  the  preferred  wavelength  of  operation  is  A  =  1.55  qm 
at  which  fiber  losses  are  minimized.  At  A  =  1.55,  we  calculate  the  following  refractive 
index  values  from  the  Sellmeier  equation: 

n  =  1.444,  ^  =  -11.98x10“^  ^  =  -4.24x10“^  (3.6.13) 

dA  dA‘^ 

resulting  in  the  group  index  rig  =  1.463  and  group  velocity  Vg  =  c/ rig  =  0.684c.  Using 
(3.6.10)  and  (3.6.11),  the  calculated  values  of  D  and  k"  are: 

2 

D  =  21.9  — ,  fe"  = -27.9  (3.6.14) 

km  ■  nm  km 

The  ITU-G.652  standard  single-mode  fiber  [206]  has  the  following  nominal  values  of 
the  dispersion  parameters  at  A  =  1.55  qm: 

D  =  17-^^ — ,  *;"  = -21.67^  (3.6.15) 

km  ■  nm  km 

with  the  dispersion  coefficient  D  (A)  given  approximately  by  the  fitted  linearized  form 
in  the  neighborhood  of  1.55  qm: 

D  (A)  =  17 -f  0.056  (A  -  1550)  - — — — ,  with  A  in  units  of  nm 

km  ■  nm 

Moreover,  the  standard  fiber  has  a  zero-dispersion  wavelength  of  about  1.31  qm  and 
an  attenuation  constant  of  about  0.2  dB/km. 

We  can  use  the  values  in  (3.6.15)  to  get  a  rough  estimate  of  the  maximum  propagation 
distance  in  a  standard  fiber.  We  assume  that  the  data  rate  is  ft  =  40  Gbit/s,  so  that  the 


Iwhere  the  absolute  values  of  D,  k"  must  be  used  in  Eq.  (3.6.12). 
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interpulse  spacing  is  =  25  ps.  For  a  10  picosecond  pulse,  i.e.,  Tq  =  10  ps  and  Acv  = 
1/to  =  0.1  rad/ps,  we  estimate  the  wavelength  spread  to  be  A\  =  {\^ I2ttc)A(jo  = 
0.1275  nm  at  A  =  1.55  pm.  Using  Eq.  (3.6.12),  we  hnd  the  limit  z  <  11.53  km— a 
distance  that  falls  short  of  the  40-km  and  80-km  recommended  lengths. 

Longer  propagation  lengths  can  be  achieved  by  using  dispersion  compensation  tech¬ 
niques,  such  as  using  chirped  inputs  or  adding  negative-dispersion  hber  lengths.  We 
discuss  chirping  and  dispersion  compensation  in  the  next  two  sections. 

The  result  (3.6.4)  remains  valid  [163],  with  some  caveats,  when  the  wavenumber  is 
complex  valued,  k{cjo)=  p (cjo)  -j a  (cjo) .  The  parameters  ko  =  P'q  -  Joc'q  and  ko  = 
K  -  can  be  substituted  in  Eqs.  (3.6.3)  and  (3.6.4): 


F{Z,CJ0)=  ■\I2tTtI  e~‘^(Fo-JOio)zw  g-(T^+(«o+J^o)z)  0^2/2 


(t-  (go  -jao)z) 
2(tI  +  (x'oz+jpoz) 


(3.6.16) 


The  Fourier  integral  (3.5.18)  requires  that  the  real  part  of  the  effective  complex  width 
Tq  -r  jko'z  =  (Tq  -r  (XQz)+j^QZ  be  positive,  that  is,  Tq  +  (XqZ  >  0.  If  cXq  is  negative, 
this  condition  limits  the  distances  z  over  which  the  above  approximations  are  valid.  The 
exponent  can  be  written  in  the  form: 


(t-  (go  -jaQ)zy 
2iTl  +  a'QZ+jISoz) 


{t  -  P'qZ  +J0t;z)^(T§  +  (XqZ  -JPoz) 

2[(tI  +  aoZ)2+(;8oZ)2] 


(3.6.17) 


Separating  this  into  its  real  and  imaginary  parts,  one  can  show  after  some  algebra 
that  the  magnitude  of  F  (z,  t)  is  given  by:^ 

r.  .11  r  ^0  r  1  r 

(3.6.18) 

where  the  peak  of  the  pulse  does  not  quite  occur  at  the  ordinary  group  delay  tg  =  PqZ, 
but  rather  at  the  effective  group  delay: 


tg  =  P'oZ  - 


(x'oPoZ^ 


The  effective  width  of  the  peak  generalizes  Eq.  (3.6.6) 


From  the  imaginary  part  of  Eq.  (3.6.17),  we  observe  two  additional  effects.  First,  the 
non-zero  coefficient  of  the  jt  term  is  equivalent  to  a  z-dependent  frequency  shift  of  the 
carrier  frequency  coq,  and  second,  from  the  coefficient  of  jt^/2,  there  will  be  a  certain 
amount  of  chirping  as  discussed  in  the  next  section.  The  frequency  shift  and  chirping 
coefficient  (generalizing  Eq.  (3.7.6))  turn  out  to  be: 


a'„z{Tl  + (XqZ) 

°  (To  +  aoZ)2+(^oZ)2 

ffiote  that  if  E  =  then  |E|  = 


(To  +  «oZ)2+(^oZ)^ 
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In  most  applications  and  in  the  fast  and  slow  light  experiments  that  have  been  carried 
out  thus  far,  care  has  been  taken  to  minimize  these  effects  by  operating  in  frequency 
bands  where  cXq,  ocq  are  small  and  by  limiting  the  propagation  distance  z. 


3.7  Propagation  and  Chirping 

A  chirped  sinusoid  has  an  instantaneous  frequency  that  changes  linearly  with  time, 
referred  to  as  linear  frequency  modulation  (FM).  It  is  obtained  by  the  substitution: 

gjaiof  ^  ^j(wot+wot^/2)  (3.7.1) 

where  the  “chirping  parameter”  coq  is  a  constant  representing  the  rate  of  change  of  the 
instantaneous  frequency.  The  phase  0(t)  and  instantaneous  frequency  6  (t)  =  dO  (t)  / dt 
are  for  the  above  sinusoids: 


6{t)=  cvot 
0{t)=  cvo 


0{t)=  coot  +  -coot^ 

6{t)=  CJOq  +  COot 


The  parameter  coq  can  be  positive  or  negative  resulting  in  an  increasing  or  decreasing 
instantaneous  frequency.  A  chirped  gaussian  pulse  is  obtained  by  modulating  a  chirped 
sinusoid  by  a  gaussian  envelope: 


F(0,  t)  =  e 


J{(jOot+cjoof/2) 


gJmt  gxp  (1  -jcvotI) 

2.To 


which  can  be  written  in  the  following  form,  in  the  time  and  frequency  domains: 


E  (0,  t)  =  gxp  - 


F(0,co)=y2TrT,\irpe- 


where  is  an  equivalent  complex-valued  width  parameter  dehned  by: 


Tgd  +jd)oTg) 


1  -  jcboTg 


Thus,  a  complex- valued  width  is  associated  with  linear  chirping.  An  unchirped  gaus¬ 
sian  pulse  that  propagates  by  a  distance  z  into  a  medium  becomes  chirped  because  it 
acquires  a  complex-valued  width,  that  is,  Tq  +  jk^z,  as  given  by  Eq.  (3.6.4).  Therefore, 
propagation  is  associated  with  chirping.  Close  inspection  of  Fig.  3.6.1  reveals  that  the 
front  of  the  pulse  appears  to  have  a  higher  carrier  frequency  than  its  back  (in  this  hgure, 
we  took  ko  <  0,  for  normal  dispersion).  The  effective  chirping  parameter  coq  can  be 
identihed  by  writing  the  propagated  envelope  in  the  form: 


F(z,  t) 


^  rg  +jkoZ 


To  +jK^ 


(f  -  feoZ)2 
2(Tl+jkoZ)  _ 

(t  -  k'oZ)^ 
'2{Tt+{k'^z)2) 


(To  -Jk'oz) 
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Comparing  with  (3.7.3),  we  identify  the  chirping  parameter  due  to  propagation: 


cho 


4+(fe''z)2 


(3.7.6) 


If  a  chirped  gaussian  input  is  launched  into  a  propagation  medium,  then  the  chirping 
due  to  propagation  will  combine  with  the  input  chirping.  The  two  effects  can  some¬ 
times  cancel  each  other  leading  to  pulse  compression  rather  than  spreading.  Indeed,  if 
the  chirped  pulse  (3.7.4)  is  propagated  by  a  distance  z,  then  according  to  (3.6.4),  the 
propagated  envelope  will  be: 


Fiz,t)  = 


*  chirp 


^  "^chirp  J^O  ^ 


exp 


(f  -  k'^z)^ 


2(Tchlrp  +jkoZ) 


The  effective  complex-valued  width  parameter  will  be: 


I  + 


*  chirp 

If  CO 0  is  selected  such  that 


=  -k'oZo 


(3.7.7) 


_  Tg(l+jd)0Tg)  _  tI  /  (Vo4  \ 


l  +  WpT^ 

for  some  positive  distance  Zq,  then  the  effective  width  (3.7.8)  can  be  written  as: 

'A 

^O'O 


■j-2 

Tchirp  +JkoZ  =  ,  ■°2.^4  +  JK  iz  -  Zq) 

i  COn  I  n 


(3.7.9) 


and  as  z  increases  over  the  interval  0  <  z  <  zq,  the  pulse  width  will  be  getting  narrower, 
becoming  the  narrowest  at  z  =  Zq.  Beyond,  z  >  Zq,  the  pulse  width  will  start  increasing 
again.  Thus,  the  initial  chirping  and  the  chirping  due  to  propagation  cancel  each  other 
at  z  =  Zq.  Some  dispersion  compensation  methods  are  based  on  this  effect. 


3.8  Dispersion  Compensation 


The  hltering  effect  of  the  propagation  medium  is  represented  in  the  frequency  domain  by 
F(z,  co)  =  G(z,  co)F(0,  CO ),  where  the  transfer  function  G(z,  co)  is  given  by  Eq.  (3.5.20). 

To  counteract  the  effect  of  spreading,  a  compensation  hlter  H comp  (tv)  may  be  in¬ 
serted  at  the  end  of  the  propagation  medium  as  shown  in  Fig.  3.8.1  that  effectively 
equalizes  the  propagation  response,  up  to  a  prescribed  delay  td,  that  is. 


G(z,  w) //comp  (£«)=  e 


Q-jWtd 

-ffcomp  ( to  )  =  ——  - 

G(z,  co) 


(3.8.1) 


The  overall  compensated  output  will  be  the  input  delayed  by  td,  that  is,  Fcomp  (z,  t)  = 
F(0,  f  -  td)-  For  example,  if  the  delay  is  chosen  to  be  the  group  delay  td  =  tg  =  ^qZ, 
then,  in  the  quadratic  approximation  for  G(z,  co),  condition  (3.8.1)  reads: 


G(z,  (o)Hcomp(c^)=  e  e 
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Fig.  3.8.1  Dispersion  compensation  filters. 


which  gives  for  the  compensation  hlter: 


//comp  (60)= 


(3.8.2) 


with  impulse  response: 


,(f)  = 


yj-2TTjko: 


exp 


(3.8.3) 


The  output  of  the  compensation  hlter  will  then  agree  with  that  of  the  linear  approx¬ 
imation  case,  that  is,  it  will  be  the  input  delayed  as  a  whole  by  the  group  delay: 

Fcomp(z,w)=  Hcomp(w)F(z,w)=  Hcomp(co)G(z,w)F(0,co)=  e“-'*'»^"/'(0,  co) 

or,  in  the  time  domain,  Fcomp  (z,  t)  =  F(0,t  -  IcqZ)  . 

As  shown  in  Fig.  3.8.1,  it  is  possible  [198]  to  insert  the  compensation  hlter  at  the 
input  end.  The  pre-compensated  input  then  suffers  an  equal  and  opposite  dispersion  as 
it  propagates  by  a  distance  z,  resulting  in  the  same  compensated  output.  As  an  example, 
an  input  gaussian  and  its  pre-compensated  version  will  be: 

F{0,U))=  ^27TTo  fcomp  (0,  (O)  =  //comp  (  w)f  (0,  CO)  =  ^27TTo  e-Gl-jKz)io^  12 


and  in  the  time  domain: 


F(0,  t)  =  exp 


2t: 


0  J 


f^comp  (0)  f)  — 


■\  tI  -jk'oz 


exp 


2  (To  -jk'oZ) 


This  corresponds  to  a  chirped  gaussian  input  with  a  chirping  parameter  opposite 
that  of  Eq.  (3.7.6).  If  the  pre-compensated  signal  is  propagated  by  a  distance  z,  then  its 
new  complex-width  will  be,  (tq  -  jkQ  z)  +jkQ  z  =  Tq,  and  its  new  amplitude: 


Tq  Tl-jk'jz  ^  ^ 

To  -/fco'z  ^  (rg  -jkoZ)+jkoZ 

thus,  including  the  group  delay,  the  propagated  signal  will  be  Fcomp  iz,t)=  Fi0,t-kQz). 

There  are  many  ways  of  implementing  dispersion  compensation  hlters  in  optical 
hber  applications,  such  as  using  appropriately  chirped  inputs,  or  using  hber  delay-line 
hlters  at  either  end,  or  appending  a  length  of  hber  that  has  equal  end  opposite  disper¬ 
sion.  The  latter  method  is  one  of  the  most  widely  used  and  is  depicted  below: 
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k'Q,  kl  k\,  k’{ 

Mmmm  i  ^ 

H -  Z  - •►h* - Zi - H 

To  see  how  it  works,  let  the  appended  hber  have  length  Zi  and  group  delay  and 
dispersion  parameters  Then,  its  transfer  function  will  be: 

Gi  (zi,  CO)  =  e-J^'iZi'«e-Jk'i'zia)2/2 

The  combined  transfer  function  of  propagating  through  the  main  hber  of  length  z 
followed  by  Zi  will  be: 

G(Z,  a))Gi  (Zi,  CO)  =  e-Xza)g-jkoza)2/2g-jk;zi«,g-Kzi«,2/2 

„  „  ,  <3.8.4) 

=  Q-jikQZ+k^zi)w^-j{kQZ+kiZi)w^/2 

If  k'l  has  the  opposite  sign  from  /cq  and  Zi  is  chosen  such  that  k'^z  +  k'/zi  =  0,  or, 
kiZi  =  -k^z,  then  the  dispersion  will  be  canceled.  Thus,  up  to  a  delay,  Gi  (zi,  co)  acts 
just  like  the  required  compensation  hlter  Hcomp  (t^)-  In  practice,  the  appended  hber  is 
manufactured  to  have  1  »  I^q  I,  so  that  its  length  will  be  short,  Zi  =  -k'^z/k'^  z. 


3.9  Slow,  Fast,  and  Negative  Group  Velocities 

The  group  velocity  approximations  of  Sec.  3.5  are  valid  when  the  signal  band  is  narrowly 
centered  about  a  carrier  frequency  coq  around  which  the  wavenumber  kico)  is  a  slowly- 
varying  function  of  frequency  to  justify  the  Taylor  series  expansion  (3.5.9). 

The  approximations  are  of  questionable  validity  in  spectral  regions  where  the  wave- 
number,  or  equivalently,  the  refractive  index  n  (co) ,  are  varying  rapidly  with  frequency, 
such  as  in  the  immediate  vicinity  of  absorption  or  gain  resonances  in  the  propaga¬ 
tion  medium.  However,  even  in  such  cases,  the  basic  group  velocity  approximation, 
F (z,  t)  =  T(0,  t  -  z/Vg),  can  be  justihed  provided  the  signal  bandwidth  Acv  is  suffi¬ 
ciently  narrow  and  the  propagation  distance  z  is  sufficiently  short  to  minimize  spread¬ 
ing  and  chirping;  for  example,  in  the  gaussian  case,  this  would  require  the  condition 
Iko'zl  ^  Tq,  or,  \kQ  ziAcjo)^\  1,  as  well  as  the  condition  |  Im(A:o)z|  ^  1  to  minimize 
amplitude  distortions  due  to  absorption  or  gain. 

Because  near  resonances  the  group  velocity  Vg  can  be  subluminal,  superluminal,  or 
negative,  this  raises  the  issue  of  how  to  interpret  the  result  F (z,  t)  =  F(0,  t  -  z/Vg).  For 
example,  if  Vg  is  negative  within  a  medium  of  thickness  z,  then  the  group  delay  tg  =  z/Vg 
will  be  negative,  corresponding  to  a  time  advance,  and  the  envelope’s  peak  will  appear 
to  exit  the  medium  before  it  even  enters  it.  Indeed,  experiments  have  demonstrated 
such  apparently  bizarre  behavior  [228,229,247].  As  we  mentioned  in  Sec.  3.2,  this  is 
not  at  odds  with  relativistic  causality  because  the  peaks  are  not  necessarily  causally 
related— only  sharp  signal  fronts  may  not  travel  faster  than  c. 

The  gaussian  pulses  used  in  the  above  experiments  do  not  have  a  sharp  front.  Their 
(inhnitely  long)  forward  tail  can  enter  and  exit  the  medium  well  before  the  peak  does. 
Because  of  the  spectral  reshaping  taking  place  due  to  the  propagation  medium’s  re¬ 
sponse  the  forward  portion  of  the  pulse  that  is  already  within  the  propagation 
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medium,  and  the  portion  that  has  already  exited,  can  get  reshaped  into  a  peak  that  ap¬ 
pears  to  have  exited  before  the  peak  of  the  input  has  entered.  In  fact,  before  the  incident 
peak  enters  the  medium,  two  additional  peaks  develop  caused  by  the  forward  tail  of  the 
input:  the  one  that  has  already  exited  the  medium,  and  another  one  within  the  medium 
traveling  backwards  with  the  negative  group  velocity  Vg.  Such  backward-moving  peaks 
have  been  observed  experimentally  [275].  We  clarify  these  remarks  later  on  by  means 
of  the  numerical  example  shown  in  Fig.  3.9.4  and  elaborated  further  in  Problem  3.10. 

Next,  we  look  at  some  examples  that  are  good  candidates  for  demonstrating  the 
above  ideas.  We  recall  from  Sec.  1.11  the  following  relationships  between  wavenumber 
k  =  P  -  ja,  refractive  index  n  =  Ur  -  jni,  group  index  Ug,  and  dispersion  coefficient 
k",  where  all  the  quantities  are  functions  of  the  frequency  co: 

cjon  _  cjo  (Ur  -jnj) 
c  c 


k  =  P  -ja  = 


_  dk  _  1  dicon) 
dcjo  c  dcjo 


=  —  ^  Va  = 


(3.9.1) 


k"  = 


Re(k')  Re(n^) 

d^k  _  Idn^  _ 
dcjo^  c  dcjo  c 

We  consider  hrst  a  single-resonance  absorption  or  gain  Lorentz  medium  with  per¬ 
mittivity  given  by  Eq.  (1.9.15),  that  is,  having  susceptibility  x  and  refractive  index  n\ 


X  = 


fcvl 


}r  -  0)2  +jwy 


n  =  a/i  +  x  = 


1 


fcvl 


Jtvy 


(3.9.2) 


where  cOr,  y  are  the  resonance  frequency  and  linewidth,  and  (JOp,f  are  the  plasma  fre¬ 
quency  and  oscillator  strength.  For  an  absorption  medium,  we  will  set  f  =  1,  for  a  gain 
medium,  f  =  -1,  and  for  vacuum,  f  =  0.  To  simplify  the  algebra,  we  may  use  the 
approximation  (1.11.3),  that  is. 


n  =  ^jl+x  -  1  +  W  =  1  + 


fco^/2 


CJOr  -  (JO^  +  jcjoy 


(3.9.3) 


This  approximation  is  fairly  accurate  in  the  numerical  examples  that  we  consider. 
The  corresponding  complex-valued  group  index  follows  from  (3.9.3): 

/’co^(co^  -r  60^)  12 


rin  = 


dicon) 


=  1  +  ^ 


-  -  0)2 


-jtoy)^ 


^  dco  "  '  ico 
with  real  and  imaginary  parts: 

fco^ico^  +  coj)  [(co^  -  co^)^-co^y^] 


(3.9.4) 


Re(nJ  =  1 


[(C02  -  C0r)^+C02y2] 


Iming)  = 


fcolycoico^  -  co^) 


(3.9.5) 


[(0)2  -  C0r)^  +  C02y2] 

Similarly,  the  dispersion  coefficient  dng/dco  is  given  by: 

dng  fcolico^  +  3co^co  -jycoj) 


dco 


(cvp  -  0)2  -rjo)y)3 


(3.9.6) 
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At  resonance,  co  =  cOr,  we  find  the  values: 


n 


'^2ywr  ’ 


ng 


fwl 


(3.9.7) 


For  an  absorption  medium  {f  =  1),  if  cOp  <  y,  the  group  index  will  be  0  <  <  1, 

resulting  into  a  superluminal  group  velocity  Vg  =  c/ rig  >  c,  but  if  y  <  cjOp,  which  is  the 
more  typical  case,  then  the  group  index  will  become  negative,  resulting  into  a  negative 
Vg  =  c/rig  <  0.  This  is  illustrated  in  the  top  row  of  graphs  of  Fig.  3.9.1.  On  the  other 
hand,  for  a  gain  medium  (f  =  -1),  the  group  index  is  always  >  1  at  resonance, 
resulting  into  a  subluminal  group  velocity  Vg  =  c/rig  <  c.  This  is  illustrated  in  the 
middle  and  bottom  rows  of  graphs  of  Fig.  3.9.1. 


Fig.  3.9.1  Slow,  fast,  and  negative  group  velocities  (at  off  resonance). 


Fig.  3.9.1  plots  n{cjo)=  nricjo)-jni{cjo)  and  Re[n^(co)]  versus  co,  evaluated  us¬ 
ing  Eqs.  (3.9.3)  and  (3.9.4),  with  the  frequency  axis  normalized  in  units  of  co/cor-  The 
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following  values  of  the  parameters  were  used  (with  arbitrary  frequency  units): 


(top  row) 

f  =  +i, 

CVp  = 

1, 

COr  =  5  , 

y  = 

=  0.4 

(middle  row) 

f  =  -i, 

(Mp  = 

1, 

COr  =  5  , 

y  = 

=  0.4 

(bottom  row) 

f  =  -i, 

COp  = 

1, 

COr  =  5  , 

y  = 

=  0.2 

The  calculated  values  of  n,  rig  at  resonance  were: 


(top) 

CO 

=  , 

n  = 

1-0.25J, 

=  -5.25 

(middle) 

CO 

=  (JOr  , 

n  = 

1  -r  0.25J, 

=  7.25 

(bottom) 

CO 

=  tXJr  , 

n  = 

1  +  0.5J, 

^g 

=  26 

Operating  at  resonance  is  not  a  good  idea  because  of  the  fairly  substantial  amounts 
of  attenuation  or  gain  arising  from  the  imaginary  part  n,  of  the  refractive  index,  which 
would  cause  amplitude  distortions  in  the  signal  as  it  propagates. 

A  better  operating  frequency  band  is  at  off  resonance  where  the  attenuation  or  gain 
are  lower  [234].  The  top  row  of  Fig.  3.9.1  shows  such  a  band  centered  at  a  frequency  coq 
on  the  right  wing  of  the  resonance,  with  a  narrow  enough  bandwidth  to  justify  the  Taylor 
series  expansion  (3.5.9).  The  group  velocity  behavior  is  essentially  the  reverse  of  that  at 
resonance,  that  is,  Vg  becomes  subluminal  for  the  absorption  medium,  and  superluminal 
or  negative  for  the  gain  medium.  The  carrier  frequency  coq  and  the  calculated  values  of 
n,ng  at  (JO  =  (joq  were  as  follows: 

(top,  slow)  coo/cOr  =  1.12  ,  u  =  0.93  -  0.02j  ,  =  1.48  +  0.39j 

(middle,  fast)  coo/cOr  =  1.12  ,  n  =  1.07  +  0.02j  ,  =  0.52  -  0.39j 

(bottom,  negative)  cvo/cvr  =  1.07,  n  =  1.13  +  0.04j,  rig  =  -0.58  -  1.02j 

We  note  the  sign  and  magnitude  of  Re(n^)  and  the  substantially  smaller  values  of 
the  imaginary  part  n,.  For  the  middle  graph,  the  group  index  remains  in  the  interval 
0  <  Re(n^)  <  1,  and  hence  Vg  >  c,  for  all  values  of  the  frequency  in  the  right  wing  of 
the  resonance. 

In  order  to  get  negative  values  for  Re  (rig)  and  for  Vg,  the  linewidth  y  must  be  re¬ 
duced.  As  can  be  seen  in  the  bottom  row  of  graphs.  Re  (rig)  becomes  negative  over  a 
small  range  of  frequencies  to  the  right  and  left  of  the  resonance.  The  edge  frequencies 
can  be  calculated  from  the  zero-crossings  of  Re  (rig)  and  are  shown  on  the  graph.  For 
the  given  parameter  values,  they  were  found  to  be  (in  units  of  co/cOr): 

[0.9058,  0.9784]  ,  [1.0221,  1.0928] 

The  chosen  value  of  cvo/cVr  =  1.07  falls  inside  the  right  interval. 

Another  way  of  demonstrating  slow,  fast,  or  negative  group  velocities  with  low  at¬ 
tenuation  or  gain,  which  has  been  used  in  practice,  is  to  operate  at  a  frequency  band 
that  lies  between  two  nearby  absorption  or  gain  lines. 

Some  examples  are  shown  in  Fig.  3.9.2.  The  top  row  of  graphs  depicts  the  case  of 
two  nearby  absorption  lines.  In  the  band  between  the  lines,  the  refractive  index  exhibits 
normal  dispersion.  Exactly  at  midpoint,  the  attenuation  is  minimal  and  the  real  part 
Ur  has  a  steep  slope  that  causes  a  large  group  index,  Re(n^)»  1,  and  hence  a  small 
positive  group  velocity  0  <  Vg  c.  In  experiments,  very  sharp  slopes  have  been 
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Fig.  3.9.2  Slow,  fast,  and  negative  group  velocities  (halfway  between  resonances). 


achieved  through  the  use  of  the  so-called  “electromagnetically  induced  transparency,” 
resulting  into  extremely  slow  group  velocities  of  the  order  of  tens  of  m/sec  [289]. 

The  middle  row  of  graphs  depicts  two  nearby  gain  lines  [235]  with  a  small  gain 
at  midpoint  and  a  real  part  Ur  that  has  a  negative  slope  resulting  into  a  group  index 
0  <  Re(n^)  <  1,  and  a  superluminal  group  velocity  Vg  >  c. 

Choosing  more  closely  separated  peaks  in  the  third  row  of  graphs,  has  the  effect  of 
increasing  the  negative  slope  of  thus  causing  the  group  index  to  become  negative 
at  midpoint,  Re(n^)<  0,  resulting  in  negative  group  velocity,  Vg  <  0.  Experiments 
demonstrating  this  behavior  have  received  a  lot  of  attention  [247]. 

The  following  expressions  were  used  in  Fig.  3.9.2  for  the  refractive  and  group  indices. 
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with  f  =  1  for  the  absorption  case,  and  f  =  -1  for  the  gain  case: 

fcvl/2  fcvl/2 

n  =  1  - .  --  -  +  ‘  ^  :  ' 

coi  -  co^  +  jcvy  CO2  -  +  jcvy 

(3  9  8) 

f(Jo^{(Jo^  +  (Jol)/2  fco^(co^  +  CO2) /2 
(col  -  ^  (^2  -  +j^y)^ 

The  two  peaks  were  symmetrically  placed  about  the  midpoint  frequency  coq,  that 
is,  at  CO  1  =  coo  -  A  and  CO2  =  coo  +  A,  and  a  common  linewidth  y  was  chosen.  The 
particular  numerical  values  used  in  this  graph  were: 

(top,  slow)  /’=+!,  cOp  =  1 ,  coo  =  5,  A  =  0.25,  y  =  0.1 

(middle,  fast)  f  = -1 ,  cOp  =  1 ,  coo  =  5  ,  A  =  0.75,  y  =  0.3 

(bottom,  negative)  f  =  -1 ,  cOp  =  1 ,  coo  =  5  ,  A  =  0.50 ,  y  =  0.2 

resulting  in  the  following  values  for  n  and  ng\ 

(top,  slow)  n  =  0.991  -  0.077J,  =  8.104  +  0.063j 

(middle,  fast)  n  =  1.009  +  0.026j,  rig  =  0.208  -  0.021j 

(bottom,  negative)  n  =  1.009  +  0.039j,  rig  =  -0.778  -  0.03 2j 

Next,  we  look  at  an  example  of  a  gaussian  pulse  propagating  through  a  medium  with 
negative  group  velocity.  We  consider  a  single-resonance  gain  medium  and  operating 
frequency  band  similar  to  that  shown  in  the  bottom  row  of  graphs  in  Fig.  3.9.1.  This 
example  is  variation  of  that  discussed  in  [234].  Fig.  3.9.3  shows  the  geometry. 
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Fig.  3.9.3  Absorption  and  gain  media  separated  by  vacuum. 

The  gaussian  pulse  begins  in  vacuum  on  the  left,  then  it  enters  an  absorbing  medium 
of  thickness  a  in  which  it  propagates  with  a  slow  group  velocity  suffering  a  modest 
amount  of  attenuation.  It  then  enters  a  vacuum  region  of  width  2a,  followed  by  a  gain 
medium  of  thickness  a  in  which  it  propagates  with  negative  group  velocity  suffering  a 
moderate  amount  gain,  and  finally  it  exits  into  vacuum. 

The  attenuation  and  gain  are  adjusted  to  compensate  each  other,  so  that  the  final 
output  vacuum  pulse  is  identical  to  the  input. 

The  wavenumbers  ky,  ka,  kg,  in  vacuum,  the  absorption  and  gain  media  are  cal¬ 
culated  from  Eqs.  (3.9.1)-(3.9.6)  with  f  =  0,-fl,-l,  respectively.  The  analytical  and 
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Fig.  3.9.4  Snapshots  of  pulse  propagating  through  regions  of  different  group  velocities. 


numerical  details  for  this  example  are  outlined  in  Problem  3.10.  Fig.  3.9.4  shows  a  se¬ 
ries  of  snapshots.  The  short  vertical  arrow  on  the  horizontal  axis  represents  the  position 
of  the  peak  of  an  equivalent  pulse  propagating  in  vacuum. 

At  f  =  -50  (in  units  such  that  c  =  1),  the  forward  tail  of  the  gaussian  pulse  has 
already  entered  the  absorbing  medium.  Between  0  <  t  <  120,  the  peak  of  the  pulse 
has  entered  the  absorbing  medium  and  is  being  attenuated  as  it  propagates  while  it  lags 
behind  the  equivalent  vacuum  pulse  because  Vg  <  c. 

At  t  =  120,  while  the  peak  is  still  in  the  absorbing  medium,  the  forward  tail  has 
passed  through  the  middle  vacuum  region  and  has  already  entered  into  the  gain  medium 
where  it  begins  to  get  amplified.  At  f  =  180,  the  peak  has  moved  into  the  middle  vacuum 
region,  but  the  forward  tail  has  been  sufficiently  amplified  by  the  gain  medium  and  is 
beginning  to  form  a  peak  whose  tail  has  already  exited  into  the  rightmost  vacuum  region. 

At  t  =  220,  the  peak  is  still  within  the  middle  vacuum  region,  but  the  output  peak 
has  already  exited  into  the  right,  while  another  peak  has  formed  at  the  right  side  of  the 
gain  medium  and  begins  to  move  backwards  with  the  negative  group  velocity,  Vg  <  0. 
Meanwhile,  the  output  peak  has  caught  up  with  the  equivalent  vacuum  peak. 

Between  230  <  t  <  260,  the  peak  within  the  gain  medium  continues  to  move  back¬ 
wards  while  the  output  vacuum  peak  moves  to  the  right.  As  we  mentioned  earlier,  such 
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output  peaks  that  have  exited  before  the  input  peaks  have  entered  the  gain  medium, 
including  the  backward  moving  peaks,  have  been  observed  experimentally  [275]. 

A  MATLAB  movie  of  this  example  may  be  seen  by  running  the  file  g  rvmovi  el .  m  in  the 
movi  es  subdirectory  of  the  ewa  toolbox.  See  also  the  movie  g  rvmovi  e2 .  m  in  which  the 
carrier  frequency  has  been  increased  and  corresponds  to  a  superluminal  group  velocity 
(v^  >  c)  for  the  gain  medium.  In  this  case,  which  is  also  described  in  Problem  3.10,  all 
the  peaks  are  moving  forward. 


3.10  Chirp  Radar  and  Pulse  Compression 

Pulse  Radar  Requirements 

The  chirping  and  dispersion  compensation  concepts  discussed  in  the  previous  sections 
are  applicable  also  to  chirp  radar  systems.  Here,  we  give  a  brief  introduction  to  the  main 
ideas  [320]  and  the  need  for  pulse  compression. 

In  radar,  the  propagation  medium  is  assumed  to  be  non-dispersive  (e.g.,  air),  hence, 
it  introduces  only  a  propagation  delay.  Chirping  is  used  to  increase  the  bandwidth  of  the 
transmitted  radar  pulses,  while  keeping  their  time-duration  long.  The  received  pulses 
are  processed  by  a  dispersion  compensation  filter  that  cancels  the  frequency  dispersion 
introduced  by  chirping  and  results  in  a  time-compressed  pulse.  The  basic  system  is 
shown  in  Fig.  3.10.1.  The  technique  effectively  combines  the  benefits  of  a  long-duration 
pulse  (improved  detectability  and  Doppler  resolution)  with  those  of  a  broadband  pulse 
(improved  range  resolution.) 

A  typical  pulsed  radar  sends  out  sinusoidal  pulses  of  some  finite  duration  of,  say,  T 
seconds.  A  pulse  reflected  from  a  stationary  target  at  a  distance  R  returns  back  at  the 
radar  attenuated  and  with  an  overall  round-trip  delay  of  td  =  2R/c  seconds.  The  range 
R  is  determined  from  the  delay  td-  An  uncertainty  in  measuring  td  from  two  nearby 
targets  translates  into  an  uncertainty  in  the  range,  AR  =  c{Atd)  12.  Because  the  pulse 
has  duration  T,  the  uncertainty  in  td  will  be  =  T,  and  the  uncertainty  in  the  range, 
AR  =  cT  12.  Thus,  to  improve  the  range  resolution,  a  short  pulse  duration  T  must  be 
used. 


h -  T - H 

pulse 

generator 

transmitted  long  chirped  pulse 

^  compr 


amplified  pulse  compression  filter 


antenna 


-^compr  (0  1 1 _ 

H  fco) 

Eit-u)  KVVVVVVWii— 

compressed  and 

received  long  chirped  pulse 

to  target 


from  target 


Fig.  3.10.1  Chirp  radar  system. 
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On  the  other  hand,  the  detectability  of  the  received  pulse  requires  a  certain  minimum 
value  of  the  signal-to-noise  ratio  (SNR),  which  in  turn,  requires  a  large  value  of  T.  The 
SNR  at  the  receiver  is  given  by 


SNR 


P  recT 


where  Prec  and  Prec  =  PrecT  denote  the  power  and  energy  of  the  received  pulse,  and  No  is 
the  noise  power  spectral  density  given  in  terms  of  the  effective  noise  temperature  of 
the  receiver  by  No  =  kTe  (as  discussed  in  greater  detail  in  Sec.  15.7).  It  follows  from  the 
radar  equation  (15.11.4)  of  Sec.  15.11,  that  the  received  power  Prec  is  proportional  to  the 
transmitter  power  Ptr  and  inversely  proportional  to  the  fourth  power  of  the  distance  R. 
Thus,  to  keep  the  SNR  at  detectable  levels  for  large  distances,  a  large  transmitter  power 
and  corresponding  pulse  energy  Ptr  =  PtrT’  must  be  used.  This  can  be  achieved  by 
increasing  T,  while  keeping  Ptr  at  manageable  levels. 

The  Doppler  velocity  resolution,  similarly,  improves  with  increasing  T.  The  Doppler 
frequency  shift  for  a  target  moving  at  a  radial  velocity  v  is  fd  =  2fov/c,  where  fo  is 
the  carrier  frequency.  We  will  see  below  that  the  uncertainty  in  fd  is  given  roughly  by 
Afd  =  l/T.  Thus,  the  uncertainty  in  speed  will  be  Z\v  =  c{Afd)  /2fo  =  d  i2foT) . 

The  simultaneous  conflicting  requirements  of  a  short  duration  T  to  improve  the 
resolution  in  range,  and  a  large  duration  T  to  improve  the  detectability  of  distant  targets 
and  Doppler  resolution,  can  be  realized  by  sending  out  a  pulse  that  has  both  a  long 
duration  T  and  a  very  large  bandwidth  of,  say,  B  Hertz,  such  that  BT  »  1.  Upon 
reception,  the  received  pulse  can  be  compressed  with  the  help  of  a  compression  hlter  to 
the  much  shorter  duration  of  Pcompr  =  1/P  seconds,  which  satishes  Pcompr  =  1/P  ^  P. 
The  improvement  in  range  resolution  will  be  then  AR  =  crcompr/2  =  c/2P. 

In  summary,  the  following  formulas  capture  the  tradeoffs  among  the  three  require¬ 
ments  of  detectability,  range  resolution,  and  Doppler  resolution: 


For  example,  to  achieve  a  30-meter  range  resolution  and  a  50  m/s  (180  km/hr)  veloc¬ 
ity  resolution  at  a  3 -GHz  carrier  frequency,  would  require  P  =  5  MHz  and  T  =  1  msec, 
resulting  in  the  large  time -bandwidth  product  of  BT  =  5000. 

Such  large  time-bandwidth  products  cannot  be  achieved  with  plain  sinusoidal  pulses. 
For  example,  an  ordinary,  unchirped,  sinusoidal  rectangular  pulse  of  duration  of  T  sec¬ 
onds  has  an  effective  bandwidth  of  P  =  l/T  Hertz,  and  hence,  BT  =  1.  This  follows 
from  the  Fourier  transform  pair: 


P(t)=  rect  y-j  N' 


.  sin(  (co  -  coo)  T /2) 
{(JO  -  (jOo)T  12 


(3.10.2) 


where  rect(x)  is  the  rectangular  pulse  dehned  with  the  help  of  the  unit  step  u  (x) : 


rect(x)  =  u(x  -r  0.5) -u{x  -  0.5) 


Jl,  if  |x|  <  0.5 
|o,  if  |x|  >  0.5 


It  follows  from  (3.10.2)  that  the  3-dB  width  of  the  spectrum  is  Aco  =  0.886  (2Tr)  /T, 
or  in  Hz,  Af  =  0.886/ T,  and  similarly,  the  quantity  =  l/T  represents  the  4-dB  width. 
Thus,  the  effective  bandwidth  of  the  rectangular  pulse  is  l/T. 
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Linear  FM  Signals 

It  is  possible,  nevertheless,  to  have  a  waveform  whose  envelope  has  an  arbitrary  dura¬ 
tion  T  while  its  spectrum  has  an  arbitrary  width  P,  at  least  in  an  approximate  sense. 
The  key  idea  in  accomplishing  this  is  to  have  the  instantaneous  frequency  of  the  signal 
vary— during  the  duration  T  of  the  envelope— over  a  set  of  values  that  span  the  de¬ 
sired  bandwidth  P.  Such  time  variation  of  the  instantaneous  frequency  translates  in  the 
frequency  domain  to  a  spectrum  of  effective  width  P. 

The  simplest  realization  of  this  idea  is  through  linear  TM,  or  chirping,  that  corre¬ 
sponds  to  a  linearly  varying  instantaneous  frequency.  More  complicated  schemes  exist 
that  use  nonlinear  time  variations,  or,  using  phase-coding  in  which  the  instantaneous 
phase  of  the  signal  changes  by  specihed  amounts  during  the  duration  T  in  such  a  way 
as  to  broaden  the  spectrum.  A  chirped  pulse  is  given  by: 


(3.10.3) 


where  F{t)  is  an  arbitrary  envelope  with  an  effective  duration  T,  dehned  for  example 
over  the  time  interval  -  T/2  <  t  <  T/2.  The  envelope  T  (t)  can  be  specihed  either  in  the 
time  domain  or  in  the  frequency  domain  by  means  of  its  spectrum  F(co) : 


^00  1  ^00 

F(co)=  »  F(t)=—  F  (co)  dco  (3.10.4) 

J— 00  27TJ— 00 


Typically,  T (t)  is  real-valued  and  therefore,  the  instantaneous  frequency  of  (3.10.3) 
is  CO  (t)  =  6  it)  =  coo  cbot.  During  the  time  interval  -T/2  <  t  <  r/2,  it  varies  over  the 
band  coo  -  cboT/2  <  cv  (t)  <  cvo  +  coqT /2,  (we  are  assuming  here  that  cbo  >  0.)  Hence, 
it  has  an  effective  total  bandwidth: 


Q  =  dooT ,  or,  in  units  of  Hz ,  P 
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dpT 
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(3.10.5) 


Thus,  given  T  and  P,  the  chirping  parameter  can  be  chosen  to  be  cbo  =  2ttB/T.  We 
will  look  at  some  examples  of  F  (t)  shortly  and  conhrm  that  the  spectrum  of  the  chirped 
signal  E{t)  is  effectively  conhned  in  the  band  \  f  -  fo\  ^  P/2.  But  hrst,  we  determine 
the  compression  hlter. 


Pulse  Compression  Filter 

The  received  signal  rehected  from  a  target  is  an  attenuated  and  delayed  copy  of  the 
transmitted  signal  E{t),  that  is, 

£rec(f)=  a£'(f-fd)=  (3.10.6) 

where  a  is  an  attenuation  factor  determined  from  the  radar  equation  to  be  the  ratio  of 
the  received  to  the  transmitted  powers:  a^  =  Free /Ptr- 

If  the  target  is  moving  with  a  radial  velocity  v  towards  the  radar,  there  will  be  a 
Doppler  shift  by  (jOd  =  2vcoo/c.  Although  this  shift  affects  all  the  frequency  compo¬ 
nents,  that  is,  CO  ^  CO  -r  co^^,  it  is  common  to  make  the  so-called  narrowband  approxi¬ 
mation  in  which  only  the  carrier  frequency  is  shifted  coq  ^  coq  co^.  This  is  justihed 
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for  radar  signals  because,  even  though  the  bandwidth  Q  is  wide,  it  is  still  only  a  small 
fraction  (typically  one  percent)  of  the  carrier  frequency,  that  is,  O  cjOq.  Thus,  the 
received  signal  from  a  moving  target  is  taken  to  be: 


£’rec(t)=  aEit-td)e 


JCVdit-td)  ^ 


=  aF{t  -  td)e 


,j{cvo  +  cvd)  {t-td)+jwo{t-tdE/2 


(3.10.7) 


To  simplify  the  notation,  we  will  ignore  the  attenuation  factor  and  the  delay,  which 
can  be  restored  at  will  later,  and  take  the  received  signal  to  be: 


£'rec(f)= 


(3.10.8) 


This  signal  is  then  processed  by  a  pulse  compression  hlter  that  will  compress  the 
waveform  to  a  shorter  duration.  To  determine  the  specihcations  of  the  compression 
hlter,  we  consider  the  unrealizable  case  of  a  signal  that  has  inhnite  duration  and  inhnite 
bandwidth  dehned  by  Fit)  =  1,  for  -oo  <  f  <  oo.  For  now,  we  will  ignore  the  Doppler 
shift  so  that  Tree  it)  =  Fit).  Using  Eq.  (3.5.18),  the  chirped  signal  and  its  spectrum  are: 


Eit)=e 


jwot+j(bot^/2 


Ei(jo)  = 


^-j{co-coo)^/2cbo 

(ho 


(3.10.9) 


Clearly,  the  magnitude  spectrum  is  constant  and  has  inhnite  extent  spanning  the  en¬ 
tire  frequency  axis.  The  compression  hlter  must  equalize  the  quadratic  phase  spectrum 
of  the  signal,  that  is,  it  must  have  the  opposite  phase: 


-ff compr  (  (r^ )  — 


^  ^j{cv-cvoF/2cbo 


(pulse  compression  hlter) 


(3.10.10) 


The  corresponding  impulse  response  is  the  inverse  Fourier  transform  of  Eq.  (3.10.10): 


hcompr  it)  - 


jujot^/2  compression  hlter) 


(3.10.11) 


The  resulting  output  spectrum  for  the  input  (3.10.9)  will  be: 


^compr  (  CO  )  —  ITcompr  (  CO  )  T  (  CO  ) 


^-Hcv-cvnF/2cbn  .  {w-cvqF /2cbo 


that  is,  a  constant  for  all  co.  Hence,  the  input  signal  gets  compressed  into  a  Dirac  delta: 


^compr  it)- 


(3.10.12) 


When  the  envelope  Fit)  is  a  hnite-duration  signal,  the  resulting  spectrum  of  the 
chirped  signal  E  it)  still  retains  the  essential  quadratic  phase  of  Eq.  (3.10.9),  and  there¬ 
fore,  the  compression  hlter  will  still  be  given  by  Eq.  (3.10.10)  for  all  choices  of  F  it) .  Using 
the  stationary-phase  approximation.  Problem  3.17  shows  that  the  quadratic  phase  is  a 
general  property.  The  group  delay  of  this  hlter  is  given  by  Eq.  (3.2.1): 


d  icjo  -  coo)^ 
dcjo  2cbo 


cv-cvq  ^  Znjf  -fo)  ^  -fo 
ebn  ZttB/T  B 
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As  the  frequency  if  -  fo)  increases  from  -B/2  to  5/2,  the  group  delay  decreases 
from  T/2  to  -T 12,  that  is,  the  lower  frequency  components,  which  occur  earlier  in  the 
chirped  pulse,  suffer  a  longer  delay  through  the  hlter.  Similarly,  the  high  frequency 
components,  which  occur  later  in  the  pulse,  suffer  a  shorter  delay,  the  overall  effect 
being  the  time  compression  of  the  pulse. 

It  is  useful  to  demodulate  the  sinusoidal  carrier  ^nd  write  hcompr  it)  =  e^^^^g  it) 
and  Hcompr  i(2o)=  Giev-evo),  where  the  demodulated  “baseband”  hlter,  which  is  known 
as  a  quadrature-phase  filter,  is  dehned  by: 


_^ja)oP/2^  G(co)  =  (quadratic  phase  hlter)  (3.10.13) 


For  an  arbitrary  envelope  Fit),  one  can  derive  the  following  fundamental  result  that 
relates  the  output  of  the  compression  hlter  (3.10.11)  to  the  Fourier  transform,  Pico),  of 
the  envelope,  when  the  input  is  E  it)  =  F it)  eJ^ot+jajot^/2 . 


fcompr  (t)= 


(3.10.14) 


This  result  belongs  to  a  family  of  so-called  “chirp  transforms”  or  “Fresnel  trans¬ 
forms”  that  hnd  application  in  optics,  the  diffraction  effects  of  lenses  [1160],  and  in 
other  areas  of  signal  processing,  such  as  for  example,  the  “chirp  z-transform”  [47].  To 
show  Eq.  (3.10.14),  we  use  the  convolutional  dehnition  for  the  hlter  output: 


^  00 

hcomprit  -t')E{t')df 

J  — OO 

r  ^jwo{t-t')-j(bo{t-t')^/2  p 

V  2tt  J-oo 

^jwot-jwoF/2  r  P(t')e/(^of)f' 

V  277  J-oo 


where  the  last  integral  factor  is  recognized  as  F(-cbot).  As  an  example,  Eq.  (3.10.12) 
can  be  derived  immediately  by  noting  that  F  it)  =  1  has  the  Fourier  transform  F(co)  = 
277(5 (co),  and  therefore,  using  Eq.  (3.10.14),  we  have: 


'  gjcwof  Zndi-doot)-- 


where  we  used  the  property  (5(-cbot)  =  (5(cbot)  =  5it)  /coq  and  set  t  =  0  in  the  expo¬ 
nentials. 

The  property  (3.10.14)  is  shown  pictorially  in  Fig.  3.10.2.  This  arrangement  can  also 
be  thought  of  as  a  real-time  spectrum  analyzer  of  the  input  envelope  Fit). 

In  order  to  remove  the  chirping  factor  e-i^of^/2^  prehlter  Fit)  with  the 

baseband  hlter  G(co)  and  then  apply  the  above  result  to  its  output.  This  leads  to  a 
modihed  compressed  output  given  by: 


^compr  it)- 


e^^^^  Fi-cbot) 


(3.10.15) 
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Fig.  3.10.2  Pulse  compression  filter. 


Fig.  3.10.2  also  depicts  this  property.  To  show  it,  we  note  the  identity: 

L  Jco  =  -cbof 


Thus,  if  in  this  expression  F(co)  is  replaced  by  its  prehltered  version  G  (co)F(co) , 
then  the  quadratic  phase  factor  will  be  canceled  leaving  only  F  (co) . 

For  amoving  target,  the  envelope  F(t)  is  replaced  by  F  (t)  andF(co)  is  replaced 

by  F  ( CO  -  co^^ ) ,  and  similarly,  F  ( -  cd  o  t )  is  replaced  byF(-cdot-cOrf).  Thus ,  Eq.  ( 3 . 1 0. 1 4) 
is  modihed  as  follows: 


E 


compr 


(f)  = 


(3.10.16) 


Chirped  Rectangular  Pulse 


Next,  we  discuss  the  practical  case  of  a  rectangular  envelope  of  duration  T : 

F(f)=rect^^^  ^  F(t)  =  rect  j  (3.10.17) 

From  Eq.  (3.10.2),  the  Eourier  transform  of  F  (t)  is, 

^  sin((oF/2) 

F{cv)=  T - — - — 

CJoT/2 

Therefore,  the  output  of  the  compression  hlter  will  be: 

£compr(f)=  (-6bof)=  . ySin(-coofr/2) 

^  V  277  V  277  -CJOotT/2 


Noting  that  coqT  =  O  =  2ttB  and  that  ^JjaooT^ I2tt  =  ^jBT,  we  obtain: 


r(f)= 


sin  ( 775 1) 

775 1 


(3.10.18) 


The  sinc-function  envelope  sm{nBt)  /nBt  has  an  effective  compressed  width  of 
T’compr  =  1/5  measured  at  the  4-dB  level.  Moreover,  the  height  of  the  peak  is  boosted 
by  a  factor  of  ^/WT. 
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Fig.  3.10.3  shows  a  numerical  example  with  the  parameter  values  F  =  30  and  5  =  4 
(in  arbitrary  units),  andcoo  =  0.  The  left  graph  plots  the  real  part  of  F(t)  of  Eq.  (3.10.17). 
The  right  graph  is  the  real  part  of  Eq.  (3.10.18),  where  because  of  the  factor  yj,  the  peak 
reaches  the  maximum  value  of  VBT /  a/2. 


FM  pulse,  T  =30,  B  =  4,  fo  =  0  compressed  pulse,  T  =  30,  B  =  4,  fQ  =  0 


Fig.  3.10.3  FM  pulse  and  its  compressed  version,  with  T  =  30,  5  =  4,  fo  =  0. 


We  may  also  determine  the  Fourier  transform  of  E  (t)  of  Eq.  (3.10.17)  and  verify  that 
it  is  primarily  conhned  in  the  band  \  f  -  fo\  <5/2.  We  have: 

roo  rT/2 

F(co)=  E{t)e-j^^dt=  ^jcoot+jcoot^/2^-jcot^j 
J-00  J-r/2 


After  changing  variables  from  t  to  u  =  -^Jcvo/Trlt  -  (cv  -  coo)/odo],  this  integral 
can  be  reduced  to  the  complex  Fresnel  integral  J'M=  C(x)-j5(x)=  Jq  du 

discussed  in  greater  detail  in  Appendix  F.  The  resulting  spectrum  then  takes  the  form: 

E{co)=  2Le-J(c^-m)^i2wo  [f{w+)-f{w-)]* 

V  too 

which  can  be  written  in  the  normalized  form: 


£(co)=  e-J«u-<uo)"/2d,o£,*(^)  D(co)=  ■7(w+)  J(w-) 

0)0  1  -J 


where  w±  are  dehned  by: 


w±  = 


coo  /  V  2 


f-fo] 
5  ) 


(3.10.19) 


(3.10.20) 


Eq.  (3.10.19)  has  the  expected  quadratic  phase  term  and  differs  from  (3.10.9)  by  the 
factor  D*(co) .  This  factor  has  a  magnitude  that  is  effectively  conhned  within  the  ideal 
band  \  f  -  fo\  <5/2  and  a  phase  that  remains  almost  zero  within  the  same  band,  with 
both  of  these  properties  improving  with  increasing  time-bandwidth  product  5F.^  Thus, 


Ixhe  denominator  (1  -  j)  inD(co)  is  due  to  the  asymptotic  value  of  F(°°)  =  (1  -  j)  /2. 
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the  choice  for  the  compression  hlter  that  was  made  on  the  basis  of  the  quadratic  phase 
term  is  justihed. 

Fig.  3.10.4  displays  the  spectrum  fCco)  for  the  values  T  =  30  and  5  =  4,  and  cjOq  =  0. 
The  left  and  right  graphs  plot  the  magnitude  and  phase  of  the  quantity  D*(co).  For 
comparison,  the  spectrum  of  an  ordinary,  unchirped,  pulse  of  the  same  duration  T  =  30, 
given  by  Eq.  (3.10.2),  is  also  shown  on  the  magnitude  graph.  The  Fresnel  functions  were 
evaluated  with  the  help  of  the  MATLAB  function  f  cs .  m  of  Appendix  F.  The  ripples  that 
appear  in  the  magnitude  and  phase  are  due  to  the  Fresnel  functions. 


magnitude  spectrum,  IZ)*((jo)l  phase  spectrum,  Arg[Z)*((jo) 


frequency,  f  frequency,  f 


Fig.  3.10.4  Frequency  spectrum  of  FM  pulse,  with  T  =  30,  B  =  4,  fo  =  0. 


Doppler  Ambiguity 

For  a  moving  target  causing  a  Doppler  shift  cOd,  the  output  will  be  given  by  Eq.  (3.10.16), 
which  for  the  rectangular  pulse  gives: 


(t^=  .iw.t-iwnf/2  ^  Sin(  (COd  +  Wpf )  T/2) 

'  V  2tt  (cOd  +  cvot)T/2 


Noting  that  (cOd  +  cooOT  =  ZnifdT  +  Bt) ,  and  replacing  t  by  t  - to  restore  the  actual 
delay  of  arrival  of  the  received  pulse,  we  obtain: 


fcompr  it,fd)=  ^ 


smlnifdT  +  B(t-td)}] 
nifdT  +  B(t-td)} 


(3.10.21) 


It  is  seen  that  the  peak  of  the  pulse  no  longer  takes  place  at  t  =  but  rather  at  the 
shifted  time  fdT  +  B  (t  -  td)  =  0,  or,  t  =  td-fdT IB,  resulting  in  a  potential  ambiguity  in 
the  range.  Eq.  (3.10.21)  is  an  example  of  an  ambiguity  function  commonly  used  in  radar 
to  quantify  the  simultaneous  uncertainty  in  range  and  Doppler.  Setting  t  =  t^,  we  hnd: 


ritd,fd)=^jBT 


smjnfdT) 

ttfdT 


(3.10.22) 


which  shows  that  the  Doppler  resolution  is  Afd  =  1  /  T,  as  we  discussed  at  the  beginning. 
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Sidelobe  Reduction 

Although  the  hlter  output  (3.10.18)  is  highly  compressed,  it  has  signihcant  sidelobes 
that  are  approximately  13  dB  down  from  the  main  lobe.  Such  sidelobes,  referred  to  as 
“range  sidelobes,”  can  mask  the  presence  of  small  nearby  targets. 

The  sidelobes  can  be  suppressed  using  windowing,  which  can  be  applied  either  in  the 
time  domain  or  the  frequency  domain.  To  reduce  sidelobes  in  one  domain  (frequency 
or  time),  one  must  apply  windowing  to  the  conjugate  domain  (time  or  frequency). 

Because  the  compressed  output  envelope  is  the  Fourier  transform  F(co)  evaluated 
at  CO  =  -cdot,  the  sidelobes  can  be  suppressed  by  applying  a  time  window  w(t)  of 
length  T  to  the  envelope,  that  is,  replacing  F (t)  by  Fw  (t)  =  wit) Fit) .  Alternatively,  to 
reduce  the  sidelobes  in  the  time  signal  F(-cdot) ,  one  can  apply  windowing  to  its  Fourier 
transform,  which  can  be  determined  as  follows: 

F(co)=  Fi-cbot)e~‘^^^dt  =  F  i(jo')e^^^' d(jo' I  ooq  =  ^  F  i(jo  I  ooq) 

J— 00  J— 00  COq 

that  is,  the  time-domain  envelope  Fit)  evaluated  at  t  =  co/cbo-  Thus,  a  time  window 
wit)  can  just  as  well  be  applied  in  the  frequency  domain  in  the  form: 

F  icjo)=  F  icjo/doo)  ^  Fyyicjo)=  wicjo/cjbo)Ficjo/doo) 


Since  wit)  is  concentrated  over  -FI 2  <  t  <  F 12,  the  frequency  window  w(co/cdo) 
will  be  concentrated  over 


F  (JO  F 

- <  —  <  — 

2  cbo  2 


n  n 

<  (JO  <  — 
2  2 


where  O  =  dooF  =  2nB.  For  example,  a  Hamming  window,  which  affords  a  suppression 
of  the  sidelobes  by  40  dB,  can  be  applied  in  the  time  or  frequency  domain: 


wit)  =  1  +  2cx  cos 


,  ,  .  ,  ^  ^  /  2Trco  \ 

wicv/CVo)  =  1  +  2CXCOS  , 


F  F 

- <  t  <  — 

2  2 

Q  Q 

<  (JO  <  — 
2  2 


(3.10.23) 


where  2a  =  0.46/0.54,  or,  a  =  0.4259.^  The  time-domain  window  can  be  implemented 
in  a  straightforward  fashion  using  delays.  Writing  wit)  in  exponential  form,  we  have 

w(t)=  1-r 

The  spectrum  of  Fy^it)  =  wit) Fit)  =  (1  -r  cx  [g2TTjf/r  ^ 


Fw(co)  =  Fi(jo)  +  a[Fi(jo  -  2n/F)+Fi(jo  +  217 IF)] 


Thus,  the  envelope  of  the  compressed  signal  will  be: 

F’w(-cbot)  =  F i-dbot)  +a[F i-doot  -  2n/F) +F i-dbot  +  2n/F)] 

=  F  i  —  djQt)  +a[F  i  —  dJoit  +  F  compr  ))  +  F  i  —  djQ  it  —  F  compr  )  )  ] 


^This  definition  of  w(f)  differs  from  the  ordinary  Hamming  window  by  a  factor  of  0.54. 
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where  Tcompr  =  2jtT /  ooq  =  1/5.  It  follows  that  the  compressed  output  will  be: 

£’compr(f)=  eJ^ot-jwot^/2  [sinc (5t)  +  tx  siuc (5f  +  l)  +  tx  sinc(5t  -  1)]  (3.10.24) 

where  sinc(x)  =  sin(Trx)  /ttx,  and  we  wrote  Bit  ±  Tcompr)  =  (5t  ±  1) .  Fig.  3.10.5  shows 
the  Hamming  windowed  chirped  pulse  and  the  corresponding  compressed  output  com¬ 
puted  from  Eq.  (3.10.24). 


Hamming  windowed  FM  pulse  Hamming  windowed  compressed  pulse 


time,  t  time,  t 


Fig.  3.10.5  Hamming  windowed  FM  pulse  and  its  compressed  version,  with  T  =  30,  B  =  4. 

The  price  to  pay  for  reducing  the  sidelobes  is  a  somewhat  wider  mainlobe  width. 
Measured  at  the  4-dB  level,  the  width  of  the  compressed  pulse  is  Tcompr  =  1.46/5,  as 
compared  with  1/5  in  the  unwindowed  case. 


Matched  Filter 

A  more  appropriate  choice  for  the  compression  hlter  is  the  matched  filter,  which  maxi¬ 
mizes  the  receiver’s  SNR.  Without  getting  into  the  theoretical  justihcation,  a  hlter  matched 
to  a  transmitted  waveform  5(t)  has  the  conjugate-rehected  impulse  response  hit)  = 
5*  (-t)  and  corresponding  frequency  response  iT(co)=  5*(co).  In  particular  for  the 
rectangular  chirped  pulse,  we  have: 

^  ?,(f)=  £*  (-f)=  rect  j  (3.10.2s) 

which  differs  from  our  simplihed  compression  hlter  by  the  factor  rect(t/r).  Its  fre¬ 
quency  response  is  given  by  the  conjugate  of  Eq.  (3.10.19) 


H{U))=  ^  D(w)=  ^  (3.10.26) 

V  0)0  i-J 

We  have  seen  that  the  factor  D(co)  is  essentially  unity  within  the  band  \  f  -  fo\  < 
5/2.  Thus  again,  the  matched  hlter  resembles  the  hlter  (3.10.10)  within  this  band.  The 
resulting  output  of  the  matched  hlter  is  remarkably  similar  to  that  of  Eq.  (3.10.18): 
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while  it  vanishes  for  |t|  >  T. 

In  practice,  the  matched/compression  hlters  are  conveniently  realized  either  dig¬ 
itally  using  digital  signal  processing  (DSP)  techniques  or  using  surface  acoustic  wave 
(SAW)  devices  [345].  Similarly,  the  waveform  generator  of  the  chirped  pulse  may  be 
realized  using  DSP  or  SAW  methods.  A  convenient  generation  method  is  to  send  an 
impulse  (or,  a  broadband  pulse)  to  the  input  of  a  hlter  that  has  as  frequency  response 
H  ico)  =  E ico) ,  so  that  the  impulse  response  of  the  hlter  is  the  signal  5 (t)  that  we  wish 
to  generate. 

Signal  design  in  radar  is  a  subject  in  itself  and  the  present  discussion  was  only  meant 
to  be  an  introduction  motivated  by  the  similarity  to  dispersion  compensation. 

3.11  Further  Reading 

The  topics  discussed  in  this  chapter  are  vast  and  diverse.  The  few  references  given 
below  are  inevitably  incomplete. 

References  [130-153]  discuss  the  relationship  between  group  velocity  and  energy  ve¬ 
locity  for  lossless  or  lossy  media,  as  well  as  the  issue  of  electromagnetic  held  momentum 
and  radiation  pressure. 

Some  references  on  pulse  propagation,  spreading,  chirping,  and  dispersion  compen¬ 
sation  in  optical  hbers,  plasmas,  and  other  media  are  [154-206],  while  precursors  are 
discussed  in  Sommerfeld  [1111],  Brillouin  [154],  and  [207-219]. 

Some  theoretical  and  experimental  references  on  fast  and  negative  group  velocity 
are  [220-275].  Circuit  realizations  of  negative  group  delays  are  discussed  in  [276-280]. 
References  [281-312]  discuss  slow  light  and  electromagnetically  induced  transparency 
and  related  experiments. 

Some  references  on  chirp  radar  and  pulse  compression  are  [313-352].  These  include 
phase-coding  methods,  as  well  as  alternative  phase  modulation  methods  for  Doppler- 
resistant  applications. 


3.12  Problems 


3.1  Using  the  dehnitions  (3.2.5),  show  that  the  group  and  phase  velocities  are  related  by: 


Vp+  ^ 


dvp 

~dj 


3.2  It  was  mentioned  earlier  that  when  Vg  >  c,  the  peak  of  a  pulse  shifts  forward  in  time  as 

it  propagates.  With  reference  to  Fig.  3.2.2,  let  tpeak  be  the  time  of  the  peak  of  the  initial 
pulse  5(0,  t).  First,  show  that  the  peak  of  the  propagated  pulse  5(z,  t)  occurs  at  time 
fprop  =  fpeak  +  ^l^g-  Then,  show  that  the  peak  value  E  (z,  tprop)  does  not  depend  on  the  initial 
peak  E  (0,  tpeak)  but  rather  it  depends  causally  on  the  values  E (0,  t) ,  for  to  <  t  <  tpeak  -  2\t, 
where  At  =  zlc  -  zlVg,  which  is  positive  if  Vg  >  c.  What  happens  if  0  <  <  c  and  if 

<  0? 

3.3  Consider  case  6  of  the  exactly  solvable  examples  of  Sec.  3.3  describing  a  lossy  transmission 
line  with  distributed  parameters  L',C',R' ,G'.  The  voltage  and  current  along  the  line  satisfy 
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the  so-called  telegrapher’s  equations: 


dV  ,dl  ,  dl  ,dV 

—  +L'—+R'I  =  0,  —  +C—  +G'V  =  0  (3.12.1) 

dz  dt  dz  dt 

The  voltage  impulse  response  V{z,t)  of  the  line  is  given  by  Eq.  (3.3.1),  where  tf  =  zlc, 
a  +  b  =  R' /L',  a  -  b  =  G' /C,  and  c  =  l/^/L'C'\ 


V{z,t)=  6it  -  tf)e  +  e 


-a, 


r-^} 


btfU{t-tf) 


Show  that  the  corresponding  current  I  (z,  t)  is  given  by 


I{z,t)=  6{t  -  tf)e  +  e 


h{b^G-tj) 


bt  -  bIo[b^G  -  tf)  u{t  -  tf) 


by  verifying  that  V  and  /  satisfy  Eqs.  (3.12.1).  Hint:  Use  the  relationships:  Iq  {x)  =  h  (x)  and 
I'l  (x)  =  Iq  (x)  -Ii  (x)  /x  between  the  Bessel  functions  Iq  (x)  and  h  (x) . 

Next,  show  that  the  Eourier  transforms  of  V  (z,  t)  and  /  (z,  t)  are: 

y  (z,  co)  =  ,  /(z,  co)  = 

where  y,  Z  are  the  propagation  constant  and  characteristic  impedance  (see  Sec.  10.6): 


y  =jk  =  jR'  +JwL'JG'  +JcoC'  ,  Z 


/  R'  +  jcoL' 
G'  +  j(X)C' 


3.4  Computer  Experiment— Transient  Behavior.  Reproduce  the  results  and  graphs  of  the  Eigures 
3.4.1,  3.4.2,  and  3.4.3. 

3.5  Consider  the  propagated  envelope  of  a  pulse  under  the  linear  approximation  of  Eq.  (3.5.13), 

that  is,  F  (z,  f )  =  f  (0,  t  -  /^qZ)  ,  for  the  case  of  a  complex-valued  wavenumber,  -jaQ. 

Eor  a  gaussian  envelope: 


F  (z,  t)  =  f  (0,  t  -  k'^z)  =  exp 


(t-  (00  -j(Xo)zy 


Determine  an  expression  for  its  magnitude  |f(z,  t)|.  Then  show  that  the  maximum  of 
\F  (z,  t)  I  with  respect  to  t  at  a  given  fixed  z  is  moving  with  the  group  velocity  Vg  =  1/ 
Alternatively,  at  fixed  t  show  that  the  maximum  with  respect  to  z  of  the  snapshot  \F  (z,  t)  \ 
is  moving  with  velocity  [160]: 

ro 


3.6  Consider  the  propagating  wave  E  (z,  t)=  F  (z,  t)ej^^^  Assuming  the  quadratic  approx¬ 
imation  (3.5.9),  show  that  the  envelope  F  (z,  t)  satisfies  the  partial  differential  equation: 


Show  that  the  envelope  impulse  response  g{z,  t)  of  Eq.  (3.5.16)  also  satisfies  this  equation. 
And  that  so  does  the  gaussian  pulse  of  Eq.  (3.6.4). 
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3.7  Eet  F{z,t)  be  the  narrowband  envelope  of  a  propagating  pulse  as  in  Eq.  (3.5.5).  Eet  z(t) 
be  a  point  on  the  snapshot  T  (z,  t)  that  corresponds  to  a  particular  constant  value  of  the 
envelope,  that  is,  F  (z(t) ,  t)  =  constant.  Show  that  the  point  z(t)  is  moving  with  velocity: 


Under  the  linear  approximation  of  Eq.  (3.5.13),  show  that  the  above  expression  leads  to  the 
group  velocity  z(t)=  l/k'^. 

Alteratively,  use  the  condition  \F  (z,  t)  P  =  constant,  and  show  that  in  this  case 

ReOtT/f) 

^  ReOzf/f) 

Under  the  linear  approximation  and  assuming  that  the  initial  envelope  T  (0,  t)  is  real-valued, 
show  that  z  =  1/  Re(/^o). 

3.8  Given  the  narrowband  envelope  F  (z,  t)  of  a  propagating  pulse  as  in  Eq.  (3.5.5),  show  that  it 
satisfies  the  identity: 


j{k  ^o)z ^  T(z,  r)e 


Define  the  “centroid”  time  t(z)  by  the  equation 

^  ^  r^F{z,t)dt 

Using  the  above  identity,  show  that  t(z)  satisfies  the  equation: 

t(z)=  t{0)+kQZ  (3.12.2) 

Therefore,  t(z)  may  be  thought  of  as  a  sort  of  group  delay.  Note  that  no  approximations 
are  needed  to  obtain  Eq.  (3.12.2). 

3.9  Consider  the  narrowband  envelope  F  (z,  t)  of  a  propagating  pulse  E  (z,  t)=  F  (z,  t) 

and  assume  that  the  medium  is  lossless  so  that  kiw)  is  real-valued.  Show  the  identity 

J  \E(z,t)\^e~‘^'^^  dt  =  E*{0,cjo')  E{0,cjo'  +  co)  dco' 

Define  the  average  time  delay  and  average  inverse  group  velocity  through: 

root\F{z,t)\^dt  rf  ^  S-ook'{coo  +  co)\F{0,w)\^dw 
^  Too  If  (z,r)|2dt  ’  °  c  |f(0,a))|2da) 


where  f  (0,  co)  is  defined  in  Eq.  (3.5.2).  Using  the  above  identity,  show  the  relationship: 

t(z)=  f(0)+koZ 

3.10  Computer  Experiment— Propagation  with  Negative  Group  Velocity.  Consider  the  pulse  prop¬ 
agation  experiment  described  in  Eigs.  3.9.3  and  3.9.4,  which  is  a  variation  of  the  experiment 
in  Ref.  [234].  The  wavenumbers  in  vacuum,  in  the  absorption  and  gain  media  will  be  de¬ 
noted  by  ky,  ka,  kg.  They  can  be  calculated  from  Eqs.  (3.9.1)-(3.9.6)  with  f  =  0,  +1,  -1, 
respectively. 

Eet  E{t)  and  E{cjo)  be  the  initially  launched  waveform  and  its  Eourier  transform  on  the 
vacuum  side  of  the  interface  with  the  absorbing  medium  at  z  =  0.  Because  the  refractive 
indices  n  (co)  are  very  nearly  unity,  we  will  ignore  all  the  reflected  waves  and  assume  that 
the  wave  enters  the  successive  media  with  unity  transmission  coefficient. 
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a.  Show  that  the  wave  will  be  given  as  follows  in  the  successive  media  shown  in  Fig.  3.9.3: 


Qjwt  Jkaz  if  0  <  Z  < 

E{z,t)=  —  I  E{co)d(M\  if  a  <  z  <  3a  (3.12.3) 

2.n  J -00 

Qj(vt-j(,ka+2kv)a-jkg{z-3a)  if  3a  <  Z  <  4a 

Qj(vt-jika+2kv+kg)a-jkviz-4a)  if  4a  <  Z 

Thus,  in  each  region,  the  pulse  will  have  the  following  form,  with  appropriate  defini¬ 
tions  of  the  wavenumbers  qiw) ,  kiw) ,  and  offset  d\ 


E{z,t)=  —  \  E{(jo)e^^^  ^^dco 

2tt  J-oo 


b.  Consider,  next,  a  gaussian  pulse  with  width  Tq,  modulating  a  carrier  coo,  defined  at 
z  =  0  as  follows: 

E{t)=  £(co)  =  a/2ttTo  (3.12.5) 

Assuming  a  sufficiently  narrow  bandwidth  (small  I/tq  or  large  Tq,)  the  wavenumbers 
q{(jo)  and  k{(jo)  in  Eq.  (3.12.4)  can  be  expanded  up  to  second  order  about  the  carrier 
frequency  cvq  giving: 

qiw)  =  qo  +  q'Qiw  -  Wo)+qQ  (w  -  Wo)^/2 

(3.12.6) 

kiw)  =  ko  +  kQiw  -  Wo)+kQ  iw  -  Wq)  /2 


where  the  quantities  =  qi(^o),qo  =  i?' (coq),  etc.,  canbe  calculated  fromEqs.  (3.9.1)- 
(3.9.6).  Inserting  these  expansions  into  Eq.  (3.12.4),  show  that  the  pulse  waveform  is 
given  by: 


Eiz,t)  =  Qj^ot-jqoa-jkoiz-d) 


rl+jq^a+jk^iz-d) 


r  jt-qoa-koiz-d)) 
’^(To+Jq'oa+Jk'oiz-d)) 

c.  Assume  the  following  values  of  the  various  parameters: 


c  =  1,  Wp  =  1,  y  =  0.01,  Wr  =  5,  To  =  40,  a  =  50,  coq  =  5.35 


The  carrier  frequency  coq  is  chosen  to  lie  in  the  right  wing  of  the  resonance  and  lies 
in  the  negative-group-velocity  range  for  the  gain  medium  (this  range  is  approximately 
[5.005,  5.5005]  in  the  above  frequency  units.) 

Calculate  the  values  of  the  parameters  qo,  q'o^  q'o,  ^o,  ^o,  within  the  various  ranges 
of  z  as  defined  by  Eq.  (3.12.3),  and  present  these  values  in  a  table  form. 

Thus,  E  iz,  t)  can  be  evaluated  for  each  value  of  t  and  for  all  the  z’s  in  the  four  ranges. 
Eq.  (3.12.7)  can  easily  be  vectorized  for  each  scalar  t  and  a  vector  of  z’s. 

Make  a  MATLAB  movie  of  the  pulse  envelope  |  £  (z,  t)  | ,  that  is,  for  each  successive  f, 
plot  the  envelope  versus  z.  Take  z  to  vary  over  -2a  <  z  <  6a  and  t  over  -100  <  t  < 
300.  Such  a  movie  can  be  made  with  the  following  code  fragment: 
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z  =  -2*a  :  6*a;  %  vector  of  z’s 

t  =  -100  :  300;  %  vector  of  t’s 

for  i=l:length(t) , 

%  here  insert  code  that  calculates  the  vector  E  =  E(z,  t(i)) 

plot(z/a,  abs(E));  %  plot  as  function  of  z 

xl  im(  [-2 , 6] )  ;  xtick([0,l,3,4])  ;  grid  %  keep  axes  the  same 

ylim([0,l])  ;  ytick(0:l:l)  ;  % xtick,  ytick  are  part  of  ewa 

text(-1.8,  0.35,  strcat(’t=’ ,num2str(t(i))) ,  ’fontsize’,  15); 

F( :  ,  i  )  =  get  frame  ;  %  save  current  frame 

end 

movi  e  (F)  ;  %  replay  movie  -  check  syntax  of  movieO  for  playing  options 

Discuss  your  observations,  and  explain  what  happens  within  the  absorption  and  gain 
media.  An  example  of  such  a  movie  may  be  seen  by  running  the  file  grvmovi  el .  m  in 
the  movi  es  subdirectory  of  the  ewa  toolbox. 

d.  Reproduce  the  graphs  of  Fig.  3.9.4  by  evaluating  the  snapshots  at  the  time  instants: 
t  =  [-50,  0,  40,  120,  180,  220,  230,  240,  250,  260] 


e.  For  both  the  absorbing  and  the  gain  media,  plot  the  real  and  imaginary  parts  of  the 
refractive  index  n  =  Ur  -jrii  and  the  real  part  of  the  group  index  Ug  versus  frequency 
in  the  interval  4  <  co  <  6.  Indicate  on  the  graph  the  operating  frequency  points.  For 
the  gain  case,  indicate  the  ranges  over  which  Re(n^)  is  negative. 

f.  Repeat  Parts  c-d  for  the  carrier  frequency  Wq  =  5.8  which  lies  in  the  superluminal 
range  0  <  Re(n^)  <  1. 

3.11  Consider  Eqs.  (3.9.1)-(3.9.6)  for  the  single-resonance  Lorentz  model  that  was  used  in  the 
previous  experiment.  Following  [234],  define  the  detuning  parameters: 


and  make  the  following  assumptions  regarding  the  range  of  these  quantities: 


y  Wp  Wr 


and 


Wp 

Wr 


«  l?l  « 


Wr 

Wp 


(3.12.9) 


Thus,  y/Wp  1,  Wp/Wr  ^  1,  and  g.So  can  be  taken  to  be  order  of  1.  In  the  above 
experiment,  they  were  go  =  0.35  and  go  =  0.8. 

Show  that  the  wavenumber  kiw),  and  its  first  and  second  derivatives  k'  iw),k"  iw),  can  be 
expressed  approximately  to  first  order  in  the  quantities  y/Wp  and  Wp/Wr  as  follows  [234]: 


kiw) 
k'  iw) 
k"  iw) 


"  [i  _  _  iJ—  f^] 

C  _  4§  COr  \COr  ) 


_L 

4§2 


1  r  f 

COJp  [2§3 
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The  group  velocity  Vg  is  obtained  from  the  real  part  of  k'  (cjo): 


—  =Re[J;'(a))]=  - 


Thus,  Vg  =  c  in  vacuum  {f  =  0)  and  Vg  <  c  in  the  absorbing  medium  {f  =  1) .  For  the  gain 
medium  {f  =  -1),  we  have  <  0  if  |g|  <  1/2,  and  >  c  if  |g|  >  1/2. 

Verify  that  this  approximation  is  adequate  for  the  numerical  values  given  in  the  previous 
problem. 

3.12  Consider  a  chirped  pulse  whose  spectrum  has  an  ideal  rectangular  shape  and  an  ideal 
quadratic  phase,  where  O  =  2nB  and  cbo  =  2nB/T\ 


E{cjo)  = 


^  ^0  I  p-Ji(V-(Vo)^ /2(bo 


This  is  the  ideal  spectrum  that  all  waveforms  in  chirp  radar  strive  to  have.  Show  that  the 
corresponding  time  signal  E  (t)  is  given  in  terms  of  the  Fresnel  function  by 


=  f(f)  = 


J{T+)-J(T_) 


r,  =  V2Br(±|4) 


Show  that  the  output  of  the  compression  filter  (3.10.10)  is  given  by 

fcompr  (f)  =  a/ABT 

3.13  Computer  Experiment— Pulse  Compression.  Take  T  =  30,  B  =  4,  fo  =  0.  Plot  the  real  parts  of 
the  signals  E{t)  and  Tcompr  (f )  of  the  previous  problem  versus  t  over  the  interval  -  T  <  t  <  T. 
Some  example  graphs  are  shown  in  Fig.  3.12.1. 

3.14  Consider  the  following  chirped  pulse,  where  cbo  =  2ttB/T: 

Sin(TTt/r)  ^ja^(^t+.iwoC/2 

nt/T 

Show  that  the  output  of  the  compression  filter  (3.10.10)  is  given  by 


Ecomw(t)=  ^JBT  e 


J(vot-j(boC/2 


rect(5t) 


Moreover,  show  that  the  spectrum  of  E  (f)  is  given  in  terms  of  the  Fresnel  function  //^(x)  as 
follows: 


J(w+)-J(w_) 


if-fo)T 


3.15  Computer  Experiment— Pulse  Compression.  Take  T  =  30,  B  =  4,  fo  =  0. 


a.  Plot  the  real  parts  of  the  signals  E  (f )  and  Tcompr  it)  of  the  previous  problem  over  the 
interval  -T  <  t  <  T.  Some  example  graphs  are  shown  in  Fig.  3.12.2. 

b.  Plot  the  magnitude  spectrum  |£(co)  |  in  dB  versus  frequency  over  the  interval  -5/2  < 
f  <  B/2  (normalize  the  spectrum  to  its  maximum  at  f  =  fo-)  Verify  that  the  spectrum 
lies  essentially  within  the  desired  bandwidth  B  and  determine  its  4-dB  width. 
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c.  Write  £  (co)  in  the  form: 

E{co)=  D{m)=  ^{w-w„)^i2w„ 

1  -j 

Plot  the  residual  phase  spectrum  Arg  [D  ( co )  ]  over  the  above  frequency  interval.  Verify 
that  it  remains  essentially  flat,  confirming  that  the  phase  of  £(co)  has  the  expected 
quadratic  dependence  on  co.  Show  that  the  small  residual  constant  phase  is  numeri¬ 
cally  is  equal  to  the  phase  of  the  complex  number  (1  +  j)J  {1/ ^2BT). 


FM  pulse,  T  =  30,  5  =  4,  /-Q  =  0  FM  pulse,  T  =  30,  5  =  4,  /q  =  0 


time,  t  time,  t 


Fig.  3.12.1  Example  graphs  for  Problem  3.13. 


FM  pulse,  T  =  30,  5  =  4,  /o  =  0  FM  pulse,  T  =  30,  5  =  4,  /q  =  0 


time,  t  time,  t 


Fig.  3.12.2  Example  graphs  for  Problem  3.15. 
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Show  that  in  the  limit  of  large  time -bandwidth  product,  DT  »  1,  the  last  exponential  factor 
becomes 


exp 


(cv  -  COo)^  1 

20^  J 


which  shows  that  the  effective  width  of  the  chirped  spectrum  is 

3.17  Stationary-Phase  Approximation.  Consider  a  radar  waveform  E{t)=  with  enve¬ 

lope  F  (t)  and  phase  6  (t) . 


a.  Using  the  stationary-phase  approximation  of  Eq.  (F.22)  of  Appendix  F,  show  that  the 
spectrum  of  £  (f )  can  be  expressed  approximately  as: 


£(co)=J  Fit)e^^^^^  e  dt 


Fita,)e-j^^-^ 


where  t^  is  the  solution  of  the  equation  6it)=  co,  obtained  by  applying  the  stationary- 
phase  approximation  to  the  phase  function  (pit)  =  6  (t) -cot. 

b.  For  the  case  of  a  linearly  chirped  signal  £ (f)  =  £ (t)  show  that  the  above 

approximation  reads: 

Eico)-  E  (  ^  ~  Q-ji(v-wo)^/2wo 

V  cbo  V  cbo  / 


Thus,  it  has  the  usual  quadratic  phase  dispersion.  Show  that  if  £  (f )  has  finite  duration 
over  the  time  interval  |f|  <  T/2,  then,  the  above  approximate  spectrum  is  sharply 
confined  within  the  band  |co  -  coqI  ^  012,  with  bandwidth  Q  =  coqT. 

c.  Consider  the  inverse  Fourier  transform  of  the  above  expression: 


J_ 

2tt 


V  cbo  V  cbo  / 


Define  the  phase  function  pico)=  cot  -  (co  -  coo)^ I2coo.  By  applying  the  stationary- 
phase  approximation  to  the  above  integral  with  respect  to  the  phase  function  0  (co) , 
show  that  the  above  inverse  Fourier  transform  is  precisely  equal  to  the  original  chirped 
signal,  that  is,  £(t)=  f  (f)e‘^'"of+Ja^o£/2 

d.  Apply  the  compression  filter  (3.10.10)  to  the  approximate  spectrum  of  Part  b,  and  show 
that  the  corresponding  compressed  signal  is  in  the  time  domain: 


Fcomprit)=  Fi-COot) 


where  £  (co)  is  the  Fourier  transform  of  £  (t).  This  is  similar,  but  not  quite  identical, 
to  the  exact  expression  (3.10.14). 

e.  Show  that  Part  c  is  a  general  result.  Consider  the  stationary-phase  approximation 
spectrum  of  Part  a.  Its  inverse  Fourier  transform  is: 


1 

2tt 


Define  the  phase  function  p  (co)  =  6  (tw)  -cotco  +  cot.  Show  that  the  stationary-phase 
approximation  applied  to  this  integral  with  respect  to  the  phase  function  0  (co)  recov¬ 
ers  the  original  waveform  £  (t)  =  £  (f ) 

[Hint:  the  condition  0(ta;)=  co  implies  0(fa;)  idtcjo/dco)=  1.] 
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3.18  An  envelope  signal  £(t)  is  processed  through  two  successive  pulse  compression  filters  with 
chirping  parameters  cbi  and  cb2,  as  shown  below. 


where  G,(co)=  i  =  1,2.  Show  that  if  the  chirping  parameter  of  the  intermediate 

quadratic  modulation  is  chosen  to  be  cbo  =  cbi  +  cb2,  then  the  overall  output  is  a  time-scaled 
version  of  the  input: 

d)2t\ 
cbi  / 


V  cbi  V 
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Propagation  in  Eire f ring ent  Media 


4.1  Linear  and  Circular  Birefringence 

In  this  chapter,  we  discuss  wave  propagation  in  anisotropic  media  that  are  linearly  or  cir¬ 
cularly  birefringent.  In  such  media,  uniform  plane  waves  can  be  decomposed  in  two  or¬ 
thogonal  polarization  states  (linear  or  circular)  that  propagate  with  two  different  speeds. 
The  two  states  develop  a  phase  difference  as  they  propagate,  which  alters  the  total  po¬ 
larization  of  the  wave.  Such  media  are  used  in  the  construction  of  devices  for  generating 
different  polarizations. 

Linearly  birefringent  materials  can  be  used  to  change  one  polarization  into  another, 
such  as  changing  linear  into  circular.  Examples  are  the  so-called  uniaxial  crystals,  such 
as  calcite,  quartz,  ice,  tourmaline,  and  sapphire. 

Optically  active  or  chiral  media  are  circularly  birefringent.  Examples  are  sugar  solu¬ 
tions,  proteins,  lipids,  nucleic  acids,  amino  acids,  DNA,  vitamins,  hormones,  and  virtually 
most  other  natural  substances.  In  such  media,  circularly  polarized  waves  go  through 
unchanged,  with  left-  and  right-circular  polarizations  propagating  at  different  speeds. 
This  difference  causes  linearly  polarized  waves  to  have  their  polarization  plane  rotate 
as  they  propagate— an  effect  known  as  natural  optical  rotation. 

A  similar  but  not  identical  effect— the  Faraday  rotation— takes  place  in  gyroelec- 
tric  media,  which  are  ordinary  isotropic  materials  (glass,  water,  conductors,  plasmas) 
subjected  to  constant  external  magnetic  fields  that  break  their  isotropy.  Gyromagnetic 
media,  such  as  ferrites  subjected  to  magnetic  fields,  also  become  circularly  birefringent. 

We  discuss  all  four  birefringent  cases  (linear,  chiral,  gyroelectric,  and  gyromagnetic) 
and  the  type  of  constitutive  relationships  that  lead  to  the  corresponding  birefringent 
behavior.  We  begin  by  casting  Maxwell’s  equations  in  different  polarization  bases. 

An  arbitrary  polarization  can  be  expressed  uniquely  as  a  linear  combination  of  two 
polarizations  along  two  orthogonal  directions.^  Eor  waves  propagating  in  the  z-direction, 
we  may  use  the  two  linear  directions  {x,  y } ,  or  the  two  circular  ones  for  right  and  left 
polarizations  {e+,e_},  where  e+  =  x  -  jy  and  e_  =  x  -r  jy.^  Indeed,  we  have  the 
following  identity  relating  the  linear  and  circular  bases: 

^For  complex-valued  vectors  ei,  e2,  orthogonality  is  defined  with  conjugation:  e*  ■  ez  =  0. 

'I'Note  that  e+  satisfy:  ej  ■  e+  =  2,  ej  ■  e-  =  0,  e+  x  e-  =  2Jz,  and  z  x  e+  =  ±je±. 
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where  E±  =  ^{Ex  ±jEy)  (4.1.1) 

The  circular  components  E+  and  E-  represent  right  and  left  polarizations  (in  the 
IEEE  convention)  if  the  wave  is  moving  in  the  positive  z-direction,  but  left  and  right  if  it 
is  moving  in  the  negative  z-direction. 

Because  the  propagation  medium  is  not  isotropic,  we  need  to  start  with  the  source- 
free  Maxwell’s  equations  before  we  assume  any  particular  constitutive  relationships: 

V  XE=  -jcvB,  S/xH  =  jcoD,  V-D  =  0,  V-B=0  (4.1.2) 

Eor  a  uniform  plane  wave  propagating  in  the  z-direction,  we  may  replace  the  gradient 
by  V  =  z  dz-  It  follows  that  the  curls  V  x  E  =  z  x  dzE  and  V  x  H  =  z  x  dzH  will  be 
transverse  to  the  z-direction.  Then,  Earaday’s  and  Ampere’s  laws  imply  that  Dz  =  0 
and  Bz  =  0,  and  hence  both  of  Gauss’  laws  are  satished.  Thus,  we  are  left  only  with: 

z  X  dzE  =  -jcjoB 

.  .  (4.1.3) 

z  X  dzH  =  JcoD 

These  equations  do  not  “see”  the  components  EzMz-  However,  in  all  the  cases  that 
we  consider  here,  the  conditions  Dz  =  Bz  =  0  will  imply  also  that  Ez  =  Hz  =  0.  Thus, 
all  helds  are  transverse,  for  example,  E  =  xEx  +  yEy  =  e+E+  +  e-T-.  Equating  x,y 
components  in  the  two  sides  of  Eq.  (4.1.3),  we  hnd  in  the  linear  basis: 

(linear  basis)  (4.1.4) 

Using  the  vector  property  z  x  e±  =  ±J  e±  and  equating  circular  components,  we 

obtain  the  circular-basis  version  of  Eq.  (4.1.3)  (after  canceling  some  factors  of  j): 

(circular  basis)  (4.1.5) 


4.2  Uniaxial  and  Biaxial  Media 


In  uniaxial  and  biaxial  homogeneous  anisotropic  dielectrics,  the  D-E  constitutive  rela¬ 
tionships  are  given  by  the  following  diagonal  forms,  where  in  the  biaxial  case  all  diagonal 
elements  of  the  permittivity  matrix  are  distinct: 


Eor  the  uniaxial  case,  the  x-axis  is  taken  to  be  the  extraordinary  axis  with  ei  = 
whereas  the  y  and  z  axes  are  ordinary  axes  with  permittivities  €2  =63  =  €0. 

The  ordinary  z-axis  was  chosen  to  be  the  propagation  direction  in  order  for  the 
transverse  x,y  axes  to  correspond  to  two  different  permittivities.  In  this  respect,  the 
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uniaxial  and  biaxial  cases  are  similar,  and  therefore,  we  will  work  with  the  biaxial  case. 
Setting  Dx  =  CiEx  and  Dy  =  ezEy  in  Eq.  (4.1.4)  and  assuming  B  =  jJoH,  we  have: 

dzE^  = -jwHiiHy,  dzEy=jMH(,H^ 

^zEly  =  —jCV€\Ex  i  ^zEIx  —  J(^^2Ey 

Differentiating  these  once  more  with  respect  to  z,  we  obtain  the  decoupled  Helmholtz 
equations  for  the  x-polarized  and  y-polarized  components: 


dlEx 

dlEy 


The  forward-moving  solutions  are: 


-co^lJoeiEx 

-U}^IJo€2Ey 


(4.2.3) 


Ex(z)=  Ae  ,  ki  =  =  koni 

(4.2.4) 

Ey(z)=  Be  ,  k2  =  =  kon2 

where  ko  =  uo  ^/jJoeo  =  co  /co  is  the  free-space  wavenumber  and  we  dehned  the  refractive 
indices  Ui  =  and  n2  =  V^2/^o-  Therefore,  the  total  transverse  held  at  z  =  0  and 

at  distance  z  =  /  inside  the  medium  will  be: 


E{0)  =xA^yB 

(4.2.5) 

£(/)  =  xAe  +yBe  =  [xA  jkd 

The  relative  phase  0  =  (ki  -  ^2)/  between  the  x-  and  y-components  introduced  by 
the  propagation  is  called  retardance: 

(4.2.6) 

where  A  is  the  free-space  wavelength.  Thus,  the  polarization  nature  of  the  held  keeps 
changing  as  it  propagates. 

In  order  to  change  linear  into  circular  polarization,  the  wave  may  be  launched  into 
the  birefringent  medium  with  a  linear  polarization  having  equal  x-  and  y-components. 
After  it  propagates  a  distance  /  such  that  <p  =  (ui  -  n2)kol  =  tt/2,  the  wave  will  have 
changed  into  left-handed  circular  polarization: 


E{0)  =  A(x  -r  y) 

£■(/)  =  A(x -r  y  =  A(x-r 


(4.2.7) 


Polarization-changing  devices  that  employ  this  property  are  called  retarders  and  are 
shown  in  Eig.  4.2.1.  The  above  example  is  referred  to  as  a  quarter-wave  retarder  because 
the  condition  (p  =  n/ 2  may  be  written  as  (ui  -  n2)/  =  A/4. 
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linear  polarization  elliptic  polarization 


circularly  birefringent 


linear  polarization 


linear  polarization 


Fig.  4.2.1  Linearly  and  circularly  birefringent  retarders. 


4.3  Chiral  Media 

Ever  since  the  first  experimental  observations  of  optical  activity  by  Arago  and  Biot  in 
the  early  1800s  and  Fresnel’s  explanation  that  optical  rotation  is  due  to  circular  bire¬ 
fringence,  there  have  been  many  attempts  to  explain  it  at  the  molecular  level.  Pasteur 
was  the  hrst  to  postulate  that  optical  activity  is  caused  by  the  chirality  of  molecules. 

There  exist  several  versions  of  constitutive  relationships  that  lead  to  circular  bire¬ 
fringence  [679-695].  For  single-frequency  waves,  they  are  all  equivalent  to  each  other. 
For  our  purposes,  the  following  so-called  Tellegen  form  is  the  most  convenient  [33]: 


D=eE-jxH 
B=  nH  +  jxE 


(chiral  media) 


(4.3.1) 


where  X  is  a  parameter  describing  the  chirality  properties  of  the  medium. 

It  can  be  shown  that  the  reality  (for  a  lossless  medium)  and  positivity  of  the  energy 
density  function  (£*  ■  D  +  H*  ■  B)  / 2  requires  that  the  constitutive  matrix 


e  -JX 
JX  A/ 

be  hermitian  and  positive  dehnite.  This  implies  that  e,iJ,x  are  real,  and  furthermore, 
that  lx  I  <  Using  Eqs.  (4.3.1)  in  Maxwell’s  equations  (4.1.5),  we  obtain: 

dzE±  =  +cjoB±  =  +cjoiijH±  +  jxE±) 

(4.3.2) 

dzH±  =  ±(joD±  =  ±(joieE±  -jxH±) 


Dehning  c  =  /?  =  k  =  cv/c  =  and  the  following  real-valued 

dimensionless  parameter  a  =  cx  =  X  / (so  that  \a\  <  1),  we  may  rewrite  Eqs.  (4.3.2) 
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in  the  following  matrix  forms: 


a 

E± 

jka 

k 

E± 

az 

nH. 

=  + 

-k 

jka 

riH± 

These  matrix  equations  maybe  diagonalized  by  appropriate  linear  combinations.  For 
example,  we  dehne  the  right-polarized  (forward-moving)  and  left-polarized  (backward- 
moving)  waves  for  the  {E+,H+}  case: 


Er+  =  t[£'+  -JnH+] 

It  then  follows  from  Eq.  (4.3.3)  that  {Er+,El+} 


E+  =  Er+  +  El+ 

H+  =  -j^  [Er+  -  El-\- 


(4.3.4) 


will  satisfy  the  decoupled  equations: 


a 

-jk+  0 

az 

_ 

1 

O 

_ 

ER^(z)=A+e-J’‘-^ 

ELAz)=B^e}'^-^ 


(4.3.5) 


where  k+,k-  are  dehned  as  follows: 


k±=k{l±a)=  a)(Viue±x) 


(4.3.6) 


We  may  also  dehne  circular  refractive  indices  by  n±  =  k±/ko,  where  ko  is  the  free- 
space  wavenumber,  ko  =  cv-^iJoeo.  Setting  also  n  =  k/ko  =  ..JJie/ -^ijoCq,  we  have: 


k±  =  n±ko  ,  n±  =  nil  ±  a) 


(4.3.7) 


For  the  {E- ,  H- }  circular  components,  we  dehne  the  left-polarized  (forward-moving) 
and  right -polarized  (backward-moving)  helds  by: 


El-  =  -[£_  +JW-] 
Er-  =  \[E--JnH-] 


T-  =  El-  +  Er- 


H-  =  -^[El--Er^ 

jn 


(4.3.8) 


Then,  {El-,Er-}  will  satisfy: 


a 

~  El- ~ 

‘  -jk- 

0 

~  El- ~ 

El-{z)=A 

az 

Er-  _ 

0 

_Er-_ 

^  Er-(z)=B 

e-Jfc-z 

pjk+z 


(4.3.9) 


In  summary,  we  obtain  the  complete  circular-basis  helds  E±  (z): 


£+  (z)  =  Er+  (z)  ^El+  (z)  =  A+  -f 

E-  (z)  =  El-  (z)  -^Er-  (z)  =  A- 


(4.3.10) 


Thus,  the  E+  (z)  circular  component  propagates  forward  with  wavenumber  k+  and 
backward  with  k_,  and  the  reverse  is  true  of  the  E-  (z)  component.  The  forward-moving 
component  of  E+  and  the  backward-moving  component  of  E-,  that  is,  Er+  and  Er-,  are 
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both  right-polarized  and  both  propagate  with  the  same  wavenumber  k+.  Similarly,  the 
left-polarized  waves  El+  and  El-  both  propagate  with  k-. 

Thus,  a  wave  of  given  circular  polarization  (left  or  right)  propagates  with  the  same 
wavenumber  regardless  of  its  direction  of  propagation.  This  is  a  characteristic  difference 
of  chiral  versus  gyrotropic  media  in  external  magnetic  helds. 

Consider,  next,  the  effect  of  natural  rotation.  We  start  with  a  linearly  polarized  held 
at  z  =  0  and  decompose  it  into  its  circular  components: 

£(0)  =  X Ax  yAy  =  e+A+  -r  e-A_  ,  with  A±  =  ^  (Ax  ±  jAy) 

where  Ax,  Ay  must  be  real  for  linear  polarization.  Propagating  the  circular  components 
forward  by  a  distance  /  according  to  Eq.  (4.3.10),  we  hnd: 

£■(/)  =  e+A+  -r  e-A_ 

=  (4.3.11) 

=  [e+A+e”^"^  + 

where  we  dehned  the  angle  of  rotation: 

(natural  rotation)  (4.3.12) 

Going  back  to  the  linear  basis,  we  hnd: 

+  e-A.ei*  =  (x  -  jy)  t  (A^,  +jAy)e-i*  +  (x  +jy)  t  (A;,  -jAy)ei* 

=  [xcos  (j)  -  y  sine/)] Ax  [y  cos  (j)  -r  x sine/)] Ay 
=  X  Ax  y  Ay 

Therefore,  at  z  =  0  and  z  =  I,  we  have: 


£(0)=  [xAx  -KyAy] 

£(/)  =  [x'Ax  +  y  Ay]e~A^++^-)i/2 


(4.3.13) 


The  new  unit  vectors  x'  =  xcos0-ysin0  and  y  =  y  cos  </)-rxsin0  are  recognized 
as  the  unit  vectors  x,  y  rotated  clockwise  (if  <p  >  0)  by  the  angle  (j),  as  shown  in  Fig.  4.2.1 
(for  the  case  Ax  ^  0,  Ay  =  0.)  Thus,  the  wave  remains  linearly  polarized,  but  its 
polarization  plane  rotates  as  it  propagates. 

If  the  propagation  is  in  the  negative  z-direction,  then  as  follows  from  Eq.  (4.3.10),  the 
roles  of  k+  andk_  are  interchanged  so  that  the  rotation  angle  becomes  </>  =  (k_-k+)//2, 
which  is  the  negative  of  that  of  Eq.  (4.3.12). 

If  a  linearly  polarized  wave  travels  forward  by  a  distance  /,  gets  rehected,  and  travels 
back  to  the  starting  point,  the  total  angle  of  rotation  will  be  zero.  By  contrast,  in  the 
Faraday  rotation  case,  the  angle  keeps  increasing  so  that  it  doubles  after  a  round  trip 
(see  Problem  4.10.) 
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4.4  Gyrotropic  Media 

Gyrotropic^  media  are  isotropic  media  in  the  presence  of  constant  external  magnetic 
helds.  A  gyroelectric  medium  (at  frequency  co)  has  constitutive  relationships: 


ei  jez  0 
-jez  ei  0 
0  0  63 


B=  iaH 


(4.4.1) 


For  a  lossless  medium,  the  positivity  of  the  energy  density  function  requires  that  the 
permittivity  matrix  be  hermitian  and  positive-dehnite,  which  implies  that  6i,  62,  ^3  are 
real,  and  moreover,  61  >0,  I62 1  ^  and  63  >  0.  The  quantity  62  is  proportional  to  the 
external  magnetic  held  and  reverses  sign  with  the  direction  of  that  held. 

A  gyromagnetic  medium,  such  as  a  ferrite  in  the  presence  of  a  magnetic  held,  has 
similar  constitutive  relationships,  but  with  the  roles  of  D  and  H  interchanged: 


■fix] 

El 

jE2 

0  “ 

'H,  ■ 

By  = 

-jE2 

El 

0 

Hy 

II 

(4.4.2) 

Bzj 

0 

0 

E3  _ 

Hz 

where  again  pi  >0,  |p2 1  ^  Ei,  and  P3  >  0  for  a  lossless  medium. 

In  the  circular  basis  of  Eq.  (4.1.1),  the  above  gyrotropic  constitutive  relationships 
take  the  simplihed  forms: 

D±  =  (61  ±ez)E±  ,  B±  =  ijH±  ,  (gyroelectric) 

(4.4.3) 

B±  =  (pi  ±  iJz)H±  ,  D±  =  €E±  ,  (gyromagnetic) 

where  we  ignored  the  z-components,  which  are  zero  for  a  uniform  plane  wave  propa¬ 
gating  in  the  z-direction.  For  example, 

Dx  ±jDy  =  (eiEx  +jezEy)±j{eiEy  -jezEx)=  (61  ±  62)  (Ex  ±jEy) 

Next,  we  solve  Eqs.  (4.1.5)  for  the  forward  and  backward  circular-basis  waves.  Con¬ 
sidering  the  gyroelectric  case  hrst,  we  dehne  the  following  quantities: 

(4.4.4) 

Using  these  dehnitions  and  the  constitutive  relations  D±  =  e±E±,  Eqs.  (4.1.5)  may 
be  rearranged  into  the  following  matrix  forms: 


These  may  be  decoupled  by  dehning  forward-  and  backward-moving  helds  as  in 
Eqs.  (4.3.4)  and  (4.3.8),  but  using  the  corresponding  circular  impedances  ri±: 


ERy  =  ^[Ey  -Jn+Hy]  Er.  =  ^ [£_  +Jri-H-] 

Ely  =  ^[Ey  +Jn+Hy]  Er.  =  ^[E.  -Jn-H-] 


(4.4.6) 


^The  term  “gyrotropic”  is  sometimes  also  used  to  mean  “optically  active.” 
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These  satisfy  the  decoupled  equations: 

A  r  1  =  r  0 1  r  1  ^  ^ 

0Z  El+  0  Jk+  El+  ^  El+(z)= 

(4.4.7) 

El-  _  -jk-  0  El-  El-(z)=  A- 

dz  _Er-  _  _  0  J^-  ^  Er-(z)=  B- 

Thus,  the  complete  circular -basis  helds  E±  (z)  are: 

(4.4.8) 

Now,  the  E+  (z)  circular  component  propagates  forward  and  backward  with  the  same 
wavenumber  k+,  while  E-  (z)  propagates  with  k_.  Eq.  (4.3.13)  and  the  steps  leading  to 
it  remain  valid  here.  The  rotation  of  the  polarization  plane  is  referred  to  as  the  Earaday 
rotation.  If  the  propagation  is  in  the  negative  z-direction,  then  the  roles  of  k+  and  k- 
remain  unchanged  so  that  the  rotation  angle  is  still  the  same  as  that  of  Eq.  (4.3.12). 

If  a  linearly  polarized  wave  travels  forward  by  a  distance  /,  gets  reflected,  and  travels 
back  to  the  starting  point,  the  total  angle  of  rotation  will  be  double  that  of  the  single 
trip,  that  is,  2<p  =  (k+  -k-)L 

Problems  1.10  and  4.12  discuss  simple  models  of  gyroelectric  behavior  for  conduc¬ 
tors  and  plasmas  in  the  presence  of  an  external  magnetic  held.  Problem  4.14  develops 
the  Appleton-Hartree  formulas  for  plane  waves  propagating  in  plasmas,  such  as  the 
ionosphere  [696-700]. 

The  gyromagnetic  case  is  essentially  identical  to  the  gyroelectric  one.  Eqs.  (4.4.5)  to 

(4.4.8)  remain  the  same,  but  with  circular  wavenumbers  and  impedances  dehned  by: 

(4.4.9) 

Problem  4.13  discusses  a  model  for  magnetic  resonance  exhibiting  gyromagnetic 
behavior.  Magnetic  resonance  has  many  applications— from  NMR  imaging  to  ferrite  mi¬ 
crowave  devices  [701-712].  Historical  overviews  maybe  found  in  [710,712]. 

4.5  Linear  and  Circular  Dichroism 

Dichroic  polarizers,  such  as  polaroids,  are  linearly  birefringent  materials  that  have  widely 
different  attenuation  coefficients  along  the  two  polarization  directions.  Eor  a  lossy  ma¬ 
terial,  the  held  solutions  given  in  Eq.  (4.2.4)  are  modihed  as  follows: 

Ex{z)  =  ,  k\  =  cjo^/jJe^  =  pi  -joci 

(4.5.1) 

Ey(z)=  Be-J^^^  =  ,  k2  =  -joc2 

where  txi,  tX2  are  the  attenuation  coefficients.  Passing  through  a  length  /  of  such  a 
material,  the  initial  and  output  polarizations  will  be  as  follows: 
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£(0)=xA  +  y£ 

£(/)  =  -r  ^  ^ 

In  addition  to  the  phase  change  (p  =  iPi-p2)L  the  held  amplitudes  have  attenuated 
by  the  unequal  factors  ai  =  and  a2  =  e~^^K  The  resulting  polarization  will  be 

elliptic  with  unequal  semi-axes.  If  tX2  »  tXi,  then  a2  ^  ai  and  the  y-component  can  be 
ignored  in  favor  of  the  x-component. 

This  is  the  basic  principle  by  which  a  Polaroid  material  lets  through  only  a  preferred 
linear  polarization.  Anideallinear  polarizer  would  have  rzi  =  landrz2  =  0,  correspond¬ 
ing  to  txi  =0  and  CX2  =  oo.  Typical  values  of  the  attenuations  for  commercially  available 
polaroids  are  of  the  order  of  ai  =  0.9  and  a2  =  10“^,  or  0.9  dB  and  40  dB,  respectively. 

Chiral  media  may  exhibit  circular  dichroism  [681,694],  in  which  the  circular  wavenum¬ 
bers  become  complex,  k±  =  p±  -ja±.  Eq.  (4.3.11)  reads  now: 

£(/)  =  e+A+  -r  e_A_ 

=  (4.5.3) 

where  we  dehned  the  complex  rotation  angle: 

-Jt/'  =  ^(k+  -k-)l=  -  P-)l-J^(a+  -  a-)l  (4.5.4) 

Going  back  to  the  linear  basis  as  in  Eq.  (4.3.13),  we  obtain: 

£(0)=  [xAx  +9  Ay] 

E(l)  =  [x  a;  +  yAy]e-j^^*+^-'>'>^ 

where  {x',y'}  are  the  same  rotated  (by  p)  unit  vectors  of  Eq.  (4.3.13),  and 

a;  =  Ax  cosh  (p  -  jAy  sinh  p  ^ 

Ay  =  Ay  cosh  Ljj  +  jAx  sinh  (p 

Because  the  amplitudes  A^,  A^  are  now  complex- valued,  the  resulting  polarization 
will  be  elliptical. 


4.6  Oblique  Propagation  in  Birefringent  Media 

Here,  we  discuss  TE  and  TM  waves  propagating  in  oblique  directions  in  linearly  birefrin¬ 
gent  media.  We  will  use  these  results  in  Chap.  8  to  discuss  rehection  and  refraction  in 
such  media,  and  to  characterize  the  properties  of  birefringent  multilayer  structures. 

Applications  include  the  recently  manufactured  (by  3M,  Inc.)  multilayer  birefrin¬ 
gent  polymer  mirrors  that  have  remarkable  and  unusual  optical  properties,  collectively 
referred  to  as  giant  birefringent  optics  (GBO)  [658]. 

Oblique  propagation  in  chiral  and  gyrotropic  media  is  discussed  in  the  problems. 
Eurther  discussions  of  wave  propagation  in  anisotropic  media  may  be  found  in  [30-32]. 
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We  recall  from  Sec.  2.9  that  a  uniform  plane  wave  propagating  in  a  lossless  isotropic 
dielectric  in  the  direction  of  a  wave  vector  k  is  given  by: 

E(r)=Ee~j'^\  with  k-£'=0,  H=—kxE  (4.6.1) 

ho 

where  n  is  the  refractive  index  of  the  medium  n  =  ^[eT^,  r/o  the  free-space  impedance, 
and  k  the  unit-vector  in  the  direction  of  k,  so  that, 

k  =  kk,  k  =  Ikl  =  =  nko,  ko  =  —  =  cv^jJo^o  (4.6.2) 

Co 

and  ko  is  the  free-space  wavenumber.  Thus,  E,  H,  k  form  a  right-handed  system. 

In  particular,  following  the  notation  of  Fig.  2.9.1,  if  k  is  chosen  to  lie  in  the  xz  plane 
at  an  angle  6  from  the  z-axis,  that  is,  k  =  xsin  0  -r  z  cos  9,  then  there  will  be  two  inde¬ 
pendent  polarization  solutions:  TM,  parallel,  or  p-polarization,  and  TE,  perpendicular, 
or  s-polarization,  with  helds  given  by 

Yl 

(TM,  p-polarization):  E  =  Eo  (xcos  0  -  z  sin  0)  ,  H  =  —  Eof 

n  (4.6.3) 

(TE,  s-polarization):  E  =  Eof ,  H  =  —  Eoi-x  cos  0  -r  z  sin  0 ) 

9o 

where,  in  both  the  TE  and  TM  cases,  the  propagation  phase  factor  is: 


g-Jk-r  ^  ^-jikzZ+kxx)  ^  ^-jkon{zcos  0+xsm0) 


(4.6.4) 


The  designation  as  parallel  or  perpendicular  is  completely  arbitrary  here  and  is  taken 
with  respect  to  the  xz  plane.  In  the  reflection  and  refraction  problems  discussed  in 
Chap.  7,  the  dielectric  interface  is  taken  to  be  the  xy  plane  and  the  xz  plane  becomes 
the  plane  of  incidence. 

In  a  birefringent  medium,  the  propagation  of  a  uniform  plane  wave  with  arbitrary 
wave  vector  k  is  much  more  difficult  to  describe.  For  example,  the  direction  of  the 
Poynting  vector  is  not  towards  k,  the  electric  held  E  is  not  orthogonal  to  k,  the  simple 
dispersion  relationship  k  =  nco / Co  is  not  valid,  and  so  on. 

In  the  previous  section,  we  considered  the  special  case  of  propagation  along  an  ordi¬ 
nary  optic  axis  in  a  birefringent  medium.  Here,  we  discuss  the  somewhat  more  general 
case  in  which  the  xyz  coordinate  axes  coincide  with  the  principal  dielectric  axes  (so  that 
the  permittivity  tensor  is  diagonal,)  and  we  take  the  wave  vector  k  to  lie  in  the  xz  plane 
at  an  angle  6  from  the  z-axis.  The  geometry  is  depicted  in  Fig.  4.6.1. 

Although  this  case  is  still  not  the  most  general  one  with  a  completely  arbitrary  direc¬ 
tion  for  k,  it  does  contain  most  of  the  essential  features  of  propagation  in  birefringent 
media.  The  3M  multilayer  hlms  mentioned  above  have  similar  orientations  for  their 
optic  axes  [658]. 

The  constitutive  relations  are  assumed  to  be  E  =  jJoH  and  a  diagonal  permittivity 
tensor  for  D.  Let  ei,  62,  ^3  be  the  permittivity  values  along  the  three  principal  axes  and 
dehne  the  corresponding  refractive  indices  n,  =  fci/eo,  i  =  1,2,3.  Then,  the  D-E 
relationship  becomes: 


Dy 

_ 

0 

0  0 

_ 1 

~E^' 

Ey 

=  Co 

~  nl  0  0  “ 

0  nl  0 

'E^' 

Ey 

(4.6.5) 

Dz 

0  0  63 

Ez 

0  0  nl 

Ez 
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Fig.  4.6.1  Uniform  plane  waves  in  a  birefringent  medium. 


For  a  biaxial  medium,  the  three  n,  are  all  different.  For  a  uniaxial  medium,  we  take 
the  xy-axes  to  be  ordinary,  with  ni  =  n2  =  no,  and  the  z-axis  to  be  extraordinary,  with 
n^  =  n^i  The  wave  vector  k  can  be  resolved  along  the  z  and  x  directions  as  follows: 

k  =  k  k  =  k  (x  sin  0  +  z  cos  9 )  =  xkx  +  zkz  (4.6.6) 

The  co-k  relationship  is  determined  from  the  solution  of  Maxwell’s  equations.  By 
analogy  with  the  isotropic  case  that  has  k  =  nko  =  nco/co,  we  may  dehne  an  effective 
refractive  index  N  such  that: 


k  =  Nko  =  N  — 
Co 


(effective  refractive  index) 


(4.6.7) 


We  will  see  in  Eq.  (4.6.22)  by  solving  Maxwell’s  equations  that  N  depends  on  the 
chosen  polarization  (according  to  Fig.  4.6.1)  and  on  the  wave  vector  direction  9\ 


N  = 


nins 


(TM,  p-polarization) 


n2,  (TE,  s-polarization) 

For  the  TM  case,  we  may  rewrite  the  N-9  relationship  in  the  form: 


1  cos^  9  sin^  9 
n\  nl 


(effective  TM  index) 


(4.6.8) 


(4.6.9) 


Multiplying  by  k^  and  using  ko  =  k/N,  and  kx  =  k  sin  9,  kz  =  k  cos  9,  we  obtain  the 
co-k  relationship  for  the  TM  case: 


co^  kl  kl  1  , 

^  — I  (TM,  p-polanzation) 


2  ^  2 

ni  nl 


Similarly,  we  have  for  the  TE  case: 

co^  _  k^ 

cl  nl 


(TE,  s-polarization) 


(4.6.10) 


(4.6.11) 


hn  Sec.  4.2,  the  extraordinary  axis  was  the  x-axis. 
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Thus,  the  TE  mode  propagates  as  if  the  medium  were  isotropic  with  index  n  =  Uz, 
whereas  the  TM  mode  propagates  in  a  more  complicated  fashion.  If  the  wave  vector  k 
is  along  the  ordinary  x-axis  {6  =  90°),  then  k  =  kx  =  n^cjo/co  (this  was  the  result  of 
the  previous  section),  and  if  k  is  along  the  extraordinary  z-axis  (6  =  0°) ,  then  we  have 
k  =  kz  =  yiiUo/Cq. 

For  TM  modes,  the  group  velocity  is  not  along  k.  In  general,  the  group  velocity 
depends  on  the  uo-k  relationship  and  is  computed  as  v  =  dw/dk.  From  Eq.  (4.6.10),  we 
hnd  the  x-  and  z-components: 


dev 

dev 

Wz 


^xcl  N  .  . 
- ^  =  Co  ^  sm  6 

evni  ni 


c] 

evrii 


^zci  N 
- y  =  Co  ^  cos  0 


(4.6.12) 


The  velocity  vector  v  is  not  parallel  to  k.  The  angle  0  that  v  forms  with  the  z-axis  is 
given  by  tan  6  =  Vx/Vz-  It  follows  from  (4.6.12)  that: 


tan0  = 


tan  6 


(group  velocity  direction) 


(4.6.13) 


Clearly,  6  ^  6  if  rii  ^  n^.  The  relative  directions  of  k  and  vare  shown  in  Fig.  4.6.2. 
The  group  velocity  is  also  equal  to  the  energy  transport  velocity  dehned  in  terms  of  the 
Poynting  vector  T  and  energy  density  w  as  v  =  T/w.  Thus,  v  and  T  have  the  same 
direction.  Moreover,  with  the  electric  held  being  orthogonal  to  the  Poynting  vector,  the 
angle  6  is  also  equal  to  the  angle  the  F’-held  forms  with  the  x-axis. 


Fig.  4.6.2  Directions  of  group  velocity,  Poynting  vector,  wave  vector,  and  electric  held. 

Next,  we  derive  Eqs.  (4.6.8)  for  N  and  solve  for  the  held  components  in  the  TM 
and  TE  cases.  We  look  for  propagating  solutions  of  Maxwell’s  equations  of  the  type 
Eir)=  and  H(r)=  Replacing  the  gradient  operator  by  V  ^  -jk  and 

canceling  some  factors  of  j,  Maxwell’s  equations  take  the  form: 
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V  X  E  =  -jeviJoH 

kx  E=  evjJoH 

V  X  H  =  jevD 

kx  H  =  -evD 

<1 

II 

o 

kD=0 

o 

II 

> 

o 

II 

The  last  two  equations  are  implied  by  the  hrst  two,  as  can  be  seen  by  dotting  both 
sides  of  the  hrst  two  with  k.  Replacing  k  =  k  k  =  Nkok,  where  N  is  still  to  be  determined, 
we  may  solve  Faraday’s  law  for  H  in  terms  of  E: 


ev  - 

N  —  k  X  £■  =  eviJoH 
Co 


i\  - 

H=  —kxE 

no 


(4.6.15) 


where  we  used  r/o  =  CoPo-  Then,  Ampere’s  law  gives: 


1  1  CO  -  - 

D=  -—kxH=  -  —  N—kxH= - kx  (£xk)  ^ 

ev  ev  Co  noCo 


where  we  used  CoPo  =  l/^o-  The  quantity  kx  (F’xk)  is  recognized  as  the  component  of 
E  that  is  transverse  to  the  propagation  unit  vector  k.  Using  the  BAC-CAB  vector  identity, 
we  have  k  x  (£  x  k)  =  £  -  k(k  ■  £) .  Rearranging  terms,  we  obtain: 


kx  (£xk)=  — 
eoiV2 


E- 


1 

eoi^ 


D  =  k(k  ■  E) 


(4.6.16) 


Because  D  is  linear  in  E,  this  is  a  homogeneous  linear  equation.  Therefore,  in  order 
to  have  a  nonzero  solution,  its  determinant  must  be  zero.  This  provides  a  condition 
from  which  N  can  be  determined. 

To  obtain  both  the  TE  and  TM  solutions,  we  assume  initially  that  Ehas  all  its  three 
components  and  rewrite  Eq.  (4.6.16)  component-wise.  Using  Eq.  (4.6.5)  and  noting  that 
k  ■  E  =  Ex  sin  0  Ez  cos  0,  we  obtain  the  homogeneous  linear  system: 


^  1  -  ^  ^  Ex  =  (Ex  sin  0  +  Ez  cos  0 )  sin  0 

(i-^)£y  =  o  <4.6.17) 

^  1  -  ^  ^  Ez  =  (Ex  sin  0  +  Ez  cos  0 )  cos  0 

The  TE  case  has  Ey  0  and  Ex  =  Ez  =  0,  whereas  the  TM  case  has  Ex  ^  0,  Ez  ^  0, 
and  Ey  =  0.  Thus,  the  two  cases  decouple. 

In  the  TE  case,  the  second  of  Eqs.  (4.6.17)  immediately  implies  that  N  =  n2.  Setting 
E  =  Eqy  and  using  k  x  y  =  -xcos  0  -r  z  sin  0,  we  obtain  the  TE  solution: 
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Eir)  =  Eofe 

H(r)  =  —  Eo{-xcos6  +  zsm6)e~^^'^ 

flo 


(4.6.18) 


where  the  TE  propagation  phase  factor  is: 


^  jk-r  ^  ^  jkouziz cos  0+xsm0)  (TE  propagation  factor)  (4.6.19) 

The  TM  case  requires  a  little  more  work.  The  linear  system  (4.6.17)  becomes  now: 


1  -  ^  j  Ex  =  (Ex  sin  6  +  Ez  cos  0)  sin  6 


1  -  ^  j  Ez  =  {Ex  sin  6  +  Ez  cos  0)  cos  I 


(4.6.20) 


Using  the  identity  sin^  0  +  cos^  0  =  1,  we  may  rewrite  Eq.  (4.6.20)  in  the  matrix  form: 


os^  0  -  -  sin  0  cos  0  r  u 

^2  £ 

-  sin  0  cos  0  sin^  0  -  L 
JV2  J 


(4.6.21) 


Setting  the  determinant  of  the  coefficient  matrix  to  zero,  we  obtain  the  desired  con¬ 
dition  on  N  in  order  that  a  non-zero  solution  Ex,  Ez  exist: 


2  n  _  111  oH^2 


sim  0  cos^  0  =  0 


(4.6.22) 


This  can  be  solved  for  to  give  Eq.  (4.6.9).  Erom  it,  we  may  also  derive  the  following 
relationship,  which  will  prove  useful  in  applying  Snel’s  law  in  birefringent  media: 


Ncos0  =  —  Jnl  -  sin^  0  =  rii  1  - 


sin^  0 


(4.6.23) 


With  the  help  of  the  relationships  given  in  Problem  4.16,  the  solution  of  the  homo¬ 
geneous  system  (4.6.20)  is  found  to  be,  up  to  a  proportionality  constant: 


Ex  =  A  —  cos  0  ,  Ez  =  -A  —  sin  ( 

ni  Us 


(4.6.24) 


The  constant  A  can  be  expressed  in  terms  of  the  total  magnitude  of  the  held  Eq 
\E\  =  Vl^’xP  +  |£’zP-  Using  the  relationship  (4.7.11),  we  hnd  (assuming  A  >  0): 


^ni  +  ni-N^ 

The  magnetic  held  H  can  also  be  expressed  in  terms  of  the  constant  A.  We  have: 


(4.6.25) 


4.6.  Oblique  Propagation  in  Birefringent  Media 
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(x  sin  0  +  z  cos  0 )  X  {xEx  +  zEz 


N  N 

—  y{Ex  cos  0  -  Ez  sm0)  =  —  yA 
00  00 


N  .  .  riiUs 


^  ,  riiris 

rio'^  N 


where  we  used  Eq.  (4.7.10).  In  summary,  the  complete  TM  solution  is: 


.Jnl  +  nl-N^ 


X  —  cos  0 


sin0^  e 


(4.6.26) 


(4.6.27) 


ho  +  nl  -  N'^ 

where  the  TM  propagation  phase  factor  is: 

Q-jkOi  _  ^-jkoN{z cos  0+xsm0) 


(TM  propagation  factor) 


(4.6.28) 


The  solution  has  been  put  in  a  form  that  exhibits  the  proper  limits  at  0  =  0°  and 
90°.  It  agrees  with  Eq.  (4.6.3)  in  the  isotropic  case.  The  angle  that  E forms  with  the  x-axis 
in  Eig.  4.6.2  is  given  by  tan  0  =  -Ez/Ex  and  agrees  with  Eq.  (4.6.13). 

Next,  we  derive  expressions  for  the  Poynting  vector  and  energy  densities.  It  turns 
out— as  is  common  in  propagation  and  waveguide  problems— that  the  magnetic  energy 
density  is  equal  to  the  electric  one.  Using  Eq.  (4.6.27),  we  hnd: 

T  =  -  Re(E’x  H*)  =  — - ^  sm0  +  z  —  cos  (4.6.29) 

2  2rio  nl  ^  nl  -  \  m  J 

and  for  the  electric,  magnetic,  and  total  energy  densities: 


X  —  sm  ( 
n3 


-  «3  n 

Z  -  COS  0 

Yli 


(4.6.29) 


We  =  \v.t(D-E*)=  ]eo{nl\E^\^  +  nl\E,\^)  =  — 

2  4  4  Ui 


Wm  =  H*)= 


P2  n\n\ 

„2+„2-JV2 


^  1  r^2  ^1^3 

W  =  We  -r  Wm  =  2We  =  -Co^o  ^ - V” 

2  m  +  m  - 


(4.6.30) 


The  vector  T  is  orthogonal  to  E  and  its  direction  is  0  given  by  Eq.  (4.6.13),  as  can  be 
verihed  by  taking  the  ratio  tan  0  =  Tx/Tz-  The  energy  transport  velocity  is  the  ratio  of 
the  energy  hux  to  the  energy  density— it  agrees  with  the  group  velocity  (4.6.12): 


TIN  N  \ 

v  =  —  =  Cox^sin0-rz^  cos  0  (4.6.31) 

w  \  ni  ni  J 

To  summarize,  the  TE  and  TM  uniform  plane  wave  solutions  are  given  by  Eqs.  (4.6.18) 
and  (4.6.27).  We  will  use  these  results  in  Sects.  8.10  and  8.12  to  discuss  rehection  and  re¬ 
fraction  in  birefringent  media  and  multilayer  birefringent  dielectric  structures.  Eurther 
discussion  of  propagation  in  birefringent  media  can  be  found  in  [598]  and  [658-678]. 
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4. 7  Problems 

4.1  For  the  circular-polarization  basis  of  Eq.  (4.1.1),  show 

E=e+E++e-E-  ^  z  x  E  =  J  e+E+ -  j  e-E-  ^  zxE+  =  ±jE+ 

4.2  Show  the  component-wise  Maxwell  equations,  Eqs.  (4.1.4)  and  (4.1.5),  with  respect  to  the 
linear  and  circular  polarization  bases. 

4.3  Suppose  that  the  two  unit  vectors  {x,  y}  are  rotated  about  the  z-axis  by  an  angle  cf)  resulting 
in  x'  =  xcos  <p  +  y  sin0  and  y  =  y  cos  (p  -  xsincf).  Show  that  the  corresponding  circular 
basis  vectors  e+  =  x  +  jy  and  e+  =  x'  +  jy  change  by  the  phase  factors:  e+  =  e-^^e+  . 

4.4  Consider  a  linearly  birefringent  90°  quarter-wave  retarder.  Show  that  the  following  input 
polarizations  change  into  the  indicated  output  ones: 

x±y  -  x±Jy 
x±jy  -  x±y 

What  are  the  output  polarizations  if  the  same  input  polarizations  go  through  a  180°  half¬ 
wave  retarder? 

4.5  A  polarizer  lets  through  linearly  polarized  light  in  the  direction  of  the  unit  vector  = 
xcos  6p  +  ysinOp,  as  shown  in  Fig.  4.7.1.  The  output  of  the  polarizer  propagates  in  the 
z-direction  through  a  linearly  birefringent  retarder  of  length  /,  with  birefringent  refractive 
indices  Ui,  nz,  and  retardance  p  =  {ni  -  n2)kol. 


Fig.  4.7.1  Polarizer-analyzer  measurement  of  birefringence. 

The  output  £■(/)  of  the  birefringent  sample  goes  through  an  analyzing  linear  polarizer  that 
lets  through  polarizations  along  the  unit  vector  =  xcos  6a +9  sin  6 a-  Show  that  the  light 
intensity  at  the  output  of  the  analyzer  is  given  by: 

la  =  I  ea  ■  E{1)  I  ^  =  I  cos  0a  COS  dp  +  sin  6a  sin  6p  \  ^ 

For  a  circularly  birefringent  sample  that  introduces  a  natural  or  Faraday  rotation  of  p  = 
{k+  -k-)l/2,  show  that  the  output  light  intensity  will  be: 

Ia=  I  ea  ■  E{1)  I  ^  =  COS^  {6p  -  6a-p) 

For  both  the  linear  and  circular  cases,  what  are  some  convenient  choices  for  6a  and  6p7 

4.6  A  linearly  polarized  wave  with  polarization  direction  at  an  angle  6  with  the  x-axis  goes 
through  a  circularly  birefringent  retarder  that  introduces  an  optical  rotation  by  the  angle 
p  =  ik+  -  k-)l/2.  Show  that  the  input  and  output  polarization  directions  will  be: 

xcos0  +  ysin0  ^  xcos(0  -  0) +y sin(0  -  0) 


4.7.  Problems 
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4.7  Show  that  an  arbitrary  polarization  vector  can  be  expressed  as  follows  with  respect  to  a 
linear  basis  {x,y}  and  its  rotated  version  {x',y'}: 

E  =  Ax  +  By  =  A'  X  +  B'  y' 

where  the  new  coefficients  and  the  new  basis  vectors  are  related  to  the  old  ones  by  a  rotation 
by  an  angle  p\ 


A' 

B' 


cos  p  sin  0  1  r  A  1  r  X 

-  sin  p  cos  0  J  I  ^  J  ’  I  y' 


cos  p  sin  p  X 

-  sin  p  cos  p  y 


4.8  Show  that  the  source-free  Maxwell’s  equations  (4.1.2)  for  a  chiral  medium  characterized  by 
(4.3.1),  may  be  cast  in  the  matrix  form,  where  k  =  (jo./jJ€,  rj  =  and  a  =  x! 

r]H\ 

Show  that  these  may  be  decoupled  by  forming  the  “right”  and  “left”  polarized  fields: 


f  1  _ 

[  ka 

-Jk\ 

nH\ 

ka 

V  X 


~  Er  “ 

0 

'  Er  ] 

El  _ 

0 

-k- 

where 


Er  =  -(E-jriH), 


El  =  -{E  +  jriH) 


where  k±  =  k{l  ±  a).  Using  these  results,  show  that  the  possible  plane-wave  solutions 
propagating  in  the  direction  of  a  unit-vector  k  are  given  by: 


Eir)=  Eoifi  -  j s)e  and  E{r)=  Eoip  +  j s)e 

where  k+  =  k+  k  and  {p,  s,  k}  form  a  right-handed  system  of  unit  vectors,  such  as  jx' ,  y' ,  z' } 
of  Fig.  2.9.1.  Determine  expressions  for  the  corresponding  magnetic  fields.  What  freedom 
do  we  have  in  selecting  {p,  s}  for  a  given  direction  k? 

4.9  Using  Maxwell’s  equations  (4.1.2),  show  the  following  Poynting-vector  relationships  for  an 
arbitrary  source-free  medium: 

V  ■  (EXH*)  =jco(D*  E-B  H*) 

V  ■  Re(£'xH*)  =  -CO  Im(D*  ■  E+B*  ■  H) 

Explain  why  a  lossless  medium  must  satisfy  the  condition  V  ■  Re{E  x  H*)  =0.  Show  that 
this  condition  requires  that  the  energy  function  w  =  (D*  ■  E  +  B*  ■  H)  / 2  be  real-valued. 
For  a  lossless  chiral  medium  characterized  by  (4.3.1),  show  that  the  parameters  e,iJ,x  are 
required  to  be  real.  Moreover,  show  that  the  positivity  of  the  energy  function  w  >  0  requires 
that  lx  I  <  ^/pG,  as  well  as  e  >  0  and  p  >  0. 

4.10  In  a  chiral  medium,  at  z  =  0  we  lauch  the  fields  Er+  (0)  and  El-  (0) ,  which  propagate  by  a 
distance  /,  get  reflected,  and  come  back  to  the  starting  point.  Assume  that  at  the  point  of 
reversal  the  fields  remain  unchanged,  that  is,  Er+  (/)  =  El+  (/)  and  El-  (/)  =  Er-  (/) .  Using 
the  propagation  results  (4.3.5)  and  (4.3.9),  show  that  fields  returned  back  at  z  =  0  will  be: 

£i+(0)=£i+(/)e-J*=-'  =£„+(;)e--'*=-'  =£ji+(0)e-J«++'=-)' 

Er.(0)= 

Show  that  the  overall  natural  rotation  angle  will  be  zero.  For  a  gyrotropic  medium,  show 
that  the  corresponding  rountrip  fields  will  be: 
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El+  (0)  =  El+  =  Er^  =  Er^ 

Er-  (0)  =  Er-  =  El-  (/)e-^'^+'  =  El-  {0)e-y^-^ 

Show  that  the  total  Faraday  rotation  angle  will  be  2(p  =  ik+  -k-)L 

4.11  Show  that  the  x,y  components  of  the  gyroelectric  and  gyromagnetic  constitutive  relation¬ 
ships  (4.4.1)  and  (4.4.2)  may  be  written  in  the  compact  forms: 

Dt  =  €iEt  -  j €2  zx  Et  (gyroelectric) 

Bt  =  jJiHr  -  jfJzz  X  Ht  (gyromagnetic) 

where  the  subscript  T  indicates  the  transverse  (with  respect  to  z)  part  of  a  vector,  for  exam¬ 
ple,  Dt  =  xDx  +  fDy. 

4.12  Conductors  and  plasmas  exhibit  gyroelectric  behavior  when  they  are  in  the  presence  of  an 
external  magnetic  field.  The  equation  of  motion  of  conduction  electrons  in  a  constant  mag¬ 
netic  field  is  mv  =  e{E  +  v  x  B)-mav,  with  the  collisional  damping  term  included.  The 
magnetic  field  is  in  the  z-direction,  B  =  zBq. 

Assuming  time  dependence  and  decomposing  all  vectors  in  the  circular  basis  (4.1.1), 
for  example,  v  =  e+v+  +  e-V_  +  z  Vz,  show  that  the  solution  of  the  equation  of  motion  is: 

—  E±  —E, 

v±  =  - ^ - r  ,  Vz  =  . — 

a+ji(jo±(jOB)  a+jco 

where  cor  =  eBo/m  is  the  cyclotron  frequency.  Then,  show  that  the  D-E  constitutive 
relationship  takes  the  form  of  Eq.  (4.4.1)  with: 


e±  =  Cl  ±  £2  =  eo  1 


a)[a  +J(a)  ±  cob)] 


coia  +  jco) 


where  co^  =  Ne^/meo  is  the  plasma  frequency  and  N,  the  number  of  conduction  electrons 
per  unit  volume.  (See  Problem  1.10  for  some  helpful  hints.) 

4.13  If  the  magnetic  field  Htot  =  zHq  +  is  applied  to  a  magnetizable  sample,  the  in¬ 

duced  magnetic  moment  per  unit  volume  (the  magnetization)  will  have  the  form  Mtot  = 
zMq  +  where  zMq  is  the  saturation  magnetization  due  to  zHq  acting  alone.  The 

phenomenological  equations  governing  Mtot,  including  a  so-called  Landau-Lifshitz  damping 
term,  are  given  by  [7091: 


rj  -^tot  X  (Mtot  Uto 
MoHo 


where  y  is  the  gyromagnetic  ratio  and  t  =  1/a,  a  relaxation  time  constant.  Assuming  that 
|H|  iTo  and  |M|  ^  Mq,  show  that  the  linearized  version  of  this  equation  obtained  by 
keeping  only  first  order  terms  in  H  and  M  is: 


jcoM  =  com(z  X  H)-cjOh{z  X  M)-azx  [(M-  XoH)xz] 


where  com  =  yMo,  coh  =  yHo,  and  Xo  =  Mq/Hq.  Working  in  the  circular  basis  (4.1.1),  show 
that  the  solution  of  this  equation  is: 
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M*  =  Xo - — -  H*  =  and  Mz  =  0 

-  a+j{u)±<jOH)  -  - 

Writing  B  =  jJoiH  +  M) ,  show  that  the  permeability  matrix  has  the  gyromagnetic  form  of 
Eq.  (4.4.2)  with  jJi  ±  jUz  =  IJ±  =  Po  (1  +  X±)  and  ps  =  po-  Show  that  the  real  and  imaginary 
parts  of  Pi  are  given  by  [7091: 


+  Wnicv  +  Wh)  ,  -Wnicv  -  coh) 
Re(pi)  -  po  +  ^  a^+iw  +  cvH)^  ^  +  {w  -  coh)^ 


2  la'^  +  (cjo  +  cjOh)^  a'^  +  {cjo  -  cjOh)^  i 

Derive  similar  expressions  for  Re(p2)  and  lm(p2). 

4.14  A  uniform  plane  wave,  Ee~j^'^  and  is  propagating  in  the  direction  of  the  unit  vector 

k  =  z'  =  ZCOS0  +  zsin0  shown  in  Fig.  2.9.1  in  a  gyroelectric  medium  with  constitutive 
relationships  (4.4.1). 

Show  that  Eqs.  (4.6.14)-(4.6.16)  remain  valid  provided  we  define  the  effective  refractive  index 
N  through  the  wavevector  k  =  k  k,  where  k  =  Nko,  ko  =  co-ypco- 

Working  in  the  circular-polarization  basis  (4.1.1),  that  is,  E  =  e+E+  +  e-E-  +  zEz,  where 
E±  =  {Ex  ±  JEy)  / 2,  show  that  Eq.  (4.6.16)  leads  to  the  homogeneous  system: 


1  -  i  sin^  6 - ^ 

2  eoN^ 

-  i  sin^  6 
-  sin  6  cos  6 


-  -  sin^  6  -  -  sin  0  cos  ( 

2  2 

1  -  -  sin^  6 - f-TT  -  -  sin  0  cos  ( 

2  eoN^  2 

-  sin  6  cos  6  sin^  6 - ^ 


:  0  (4.7.1) 


where  e±  =  ei  ±  €2-  Alternatively,  show  that  in  the  linear-polarization  basis: 


~  61  -  6oN^  cos^  6 

Je2 

6oN^  sin  6  cos  6  ~  Ex~ 

-j62 

61  -  6oN^ 

0  Ey 

6oN'^  sin  6  cos  6 

0 

63  -  6oN^  sin^  6  Ez 

For  either  basis,  setting  the  determinant  of  the  coefficient  matrix  to  zero,  show  that  a  non¬ 
zero  E  solution  exists  provided  that  is  one  of  the  two  solutions  of: 


t„„2  (eoiV^-e+)(eoJV^-e-) 

ei  (eoN2-e3)(eoN2-ee) 

Show  that  the  two  solutions  for  are: 


where  €e 


2e+6- 
€+  +  €- 


(el  -  el-  eie3)sin2  6  +  26163  ±  Jiel  -  el  -  6i63)'^sm^  6  +4e^c^  cos^  6 
N  =  -  -  ^  2"-^  (4.7.4) 

2eo  (^1  sim  6  +  63  cos^  6) 


For  the  special  case  k  =  z  (0  =  0°),  show  that  the  two  possible  solutions  of  Eq.  (4.7.1)  are: 

6oN^  =  6+  ,  k  =  k+  =  co-^/JJe^,  E+  ^0,  £_  =  0,  Ez  =  0 
6oN^  =  6-,  k  =  k-  =  (jO-^/JJeZ,  E+  =  0,  ^  0,  Ez  =  0 
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For  the  case  k  =  x  (0  =  90°),  show  that: 

eoN^  =  €3,  k  =  k3  =  E+  =  0,  £_  =  0, 

CqN^  =  €e,  k  =  ke  =  E+  ^  0,  E-  =  -  - 


-E+  ,  Ez  =  0 


For  each  of  the  above  four  special  solutions,  derive  the  corresponding  magnetic  fields  H. 
Justify  the  four  values  of  on  the  basis  of  Eq.  (4.7.3).  Discuss  the  polarization  properties  of 
the  four  cases.  For  the  “extraordinary”  wave  k  =  ke,  show  that  Dx  =  0  and  Ex/Ey  =  -jez/Ci- 
Eq.  (4.7.4)  and  the  results  of  Problem  4.14  lead  to  the  so-called  Appleton-Hartree  equations 
for  describing  plasma  waves  in  a  magnetic  field  [696-700]. 

4.1 5  A  uniform  plane  wave,  Ee~^  and  He~j  is  propagating  in  the  direction  of  the  unit  vector 
k  =  z'  =  zcos  6  +  zsinO  shown  in  Fig.  2.9.1  in  a  gyromagnetic  medium  with  constitutive 
relationships  (4.4.2).  Using  Maxwell’s  equations,  show  that: 


kx  E=  coB,  k  -  B  =  0 
kxH=-(joeE,  k-E=0 


-B  =  k(k  H) 


where  the  effective  refractive  index  N  is  defined  through  the  wavevector  k  =  kk,  where 
k  =  Nko,  ko  =  Working  in  the  circular  polarization  basis  H  =  e+H+  +  e-H-  +zHz, 

where  H+  =  (Hx  ±  JHy)  12,  show  that  Eq.  (4.7.5)  leads  to  the  homogeneous  system: 


-  sin  6  cos  6 


-  -  sin^  6  -  -  sin  0  cos  6 

2  2 

1  -  -  sin^  6 - -  -  sin  0  cos  6 

2  ^oN^  2 

-  sin  6  cos  6  sin^  6 - 


:  0  (4.7.6) 


where  p+  =  ±  jU2-  Alternatively,  show  that  in  the  linear-polarization  basis: 


jUi  -  iJoN^  cos^  6 

j^2 

sin  0  cos  6 

~  Hx  “ 

-jl^2 

^l  -  ^oN^ 

0 

Hy 

jJoN^  sin  6  cos  6 

0 

^3  -  ^oN^  sin^  e 

Hz 

For  either  basis,  setting  the  determinant  of  the  coefficient  matrix  to  zero,  show  that  a  non¬ 
zero  E  solution  exists  provided  that  is  one  of  the  two  solutions  of: 


fa„2  g  ^  (PqN^  -  ^+)  (PqN^  - 

IJi  (iJoN^  -  IJ3)  (iJoN^  -  IJe) 

Show  that  the  two  solutions  for  are: 


,  where  Pe 


1^2 

1^1 


.  il^l  -  -A/iP3)sin2  0  +  2jUijU3  -  l^l  -  6  +  4jU^jU^  cos^  0 

N  =  - \ - 

2jUo  Sim  6  +  IU3  cos^  6) 

For  the  special  case  6  =  0°,  show  that  the  two  possible  solutions  of  Eq.  (4.7.6)  are: 

IJoN^=E+,  k  =  k+ =  co-yeju7,  H+^0,  H-=0,  Hz  =  0 

IJoN^=IJ-,  k  =  k+  =  w./e]JE,  H+=0,  F/_  ^  0,  Hz  =  0 

For  the  special  case  6  =  90°,  show  that: 

^oN^  =  iW3 ,  k  =  k3  =  coV^,  H+  =  0,  =  0,  Hz  ^  0 

IJoN^=IJe,  k  =  ke  =  CO  x/We  ,  H+  ^  0,  H-  =  -  —  H+,  Hz  =  0 
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For  each  of  the  above  four  special  solutions,  derive  the  corresponding  electric  fields  E.  Justify 
the  four  values  of  on  the  basis  of  Eq.  (4.7.8).  Discuss  the  polarization  properties  of  the 
four  cases.  This  problem  is  the  dual  of  Problem  4.14. 

4.16  Using  Eq.  (4.6.9)  for  the  effective  TM  refractive  index  in  a  birefringent  medium,  show  the 
following  additional  relationships: 


(4.7.9) 

(4.7.10) 

(4.7.11) 

(4.7.12) 

(4.7.13) 


Using  these  relationships,  show  that  the  homogeneous  linear  system  (4.6.20)  can  be  simpli¬ 
fied  into  the  form: 


Ex  —  sin  0  =  -Ez  —  cos  6  ,  Ez  —  cos  6  =  -Ex  —  sin  6 

n3  ni  ni  ns 


_ 5 

Reflection  and  Transmission 


5.1  Propagation  Matrices 

In  this  chapter,  we  consider  uniform  plane  waves  incident  normally  on  material  inter¬ 
faces.  Using  the  boundary  conditions  for  the  fields,  we  will  relate  the  forward-backward 
fields  on  one  side  of  the  interface  to  those  on  the  other  side,  expressing  the  relationship 
in  terms  of  a  2x2  matching  matrix. 

If  there  are  several  interfaces,  we  will  propagate  our  forward-backward  fields  from 
one  interface  to  the  next  with  the  help  of  a  2x2  propagation  matrix.  The  combination  of 
a  matching  and  a  propagation  matrix  relating  the  fields  across  different  interfaces  will 
be  referred  to  as  a  transfer  or  transition  matrix. 

We  begin  by  discussing  propagation  matrices.  Consider  an  electric  field  that  is  lin¬ 
early  polarized  in  the  x-direction  and  propagating  along  the  z-direction  in  a  lossless 
(homogeneous  and  isotropic)  dielectric.  Setting  £’(z)=  xExiz)=  x£(z)  and  H(z)  = 
yHy{z)  =  yH (z) ,  we  have  from  Eq.  (2.2.6): 

E(z)  =  Eo+e-j^^  +  Eo-ej^^  =  E+  (z)  +£_  (z) 

1  ,  ,1  (5-1-1) 

H(z)  =  -  [Eo+e-J'^^  -Eo-e’’^^]  =  -[£+(z)-£_(z)] 

g  g 

where  the  corresponding  forward  and  backward  electric  fields  at  position  z  are: 


'+{z)  =  Eo+e 
■-  (z)  =  Eo-ej^^ 


We  can  also  express  the  fields  E±  (z)  in  terms  of  E{z),H (z) .  Adding  and  subtracting 
the  two  equations  (5.1.1),  we  find: 


£+(z)=  ^[Eiz)+nH{z)] 

£_(z)=  ^[E(z)-nH(z)] 

Eqs.(5.1.1)  and  (5.1.3)  can  also  be  written  in  the  convenient  matrix  forms: 


(5.1.3) 
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E  ‘ 

1 

1 

“£+■ 

“£+" 

1 

"  1 

n 

“  E  ‘ 

H 

-n-\ 

E- 

’ 

£- 

“  2 

1 

-n 

H 

Two  useful  quantities  in  interface  problems  are  the  wave  impedance  at  z: 


Z(z)  = 


Ejz) 

H{z) 


(wave  impedance) 


and  the  reflection  coefficient  at  position  z; 


r{z)-- 


E-jz) 

E+(z) 


(reflection  coefficient) 


Using  Eq.  (5.1.3),  we  have: 


P  ^  nH)  ^  n  ^  2-n 

E+  1  E  _  z  +  n 


^(E  +  riH)  -  +  n 


Similarly,  using  Eq.  (5.1.1)  we  hnd: 


1  + 


-{E+-E-) 

n 


'  =  n 


=  n 


i  +  r 
i-r 


Thus,  we  have  the  relationships: 


Z(z)=  r) 


l+Ejz) 

l-Eiz) 


r(z)  = 


Z(z)-r) 

Z{z)+n 


Using  Eq.  (5.1.2),  we  And: 


£_(z)  Eo-eJ'^^ 


Ufr  =  p """  ikz  = 

E+{z)  Eo+e-J^^ 

where  E (0)  =  E0-/E0+  is  the  reflection  coefficient  at  z  =  0.  Thus, 
r(z)  =  r(0)  (propagation  of  E) 

Applying  (5.1.7)  at  z  and  z  =  0,  we  have: 

Z(z)+/7  ^  ^  ^  ’  Z(0)+/7 

This  may  be  solved  for  Z  (z)  in  terms  of  Z  (0) ,  giving  after  some  algebra: 


,  Z(0)-j/7tankz  n 

Z (z)  =  /7 - ^  (propagation  of  Z) 

q  -  jZ(0)tankz 


(5.1.4) 


(5.1.5) 


(5.1.6) 


(5.1.7) 


(5.1.8) 


(5.1.9) 
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The  reason  for  introducing  so  many  held  quantities  is  that  the  three  quantities 
{E+  (z) ,  E-  (z) ,  r  (z) }  have  simple  propagation  properties,  whereas  {E  (z)  ,H{z),Z  (z) } 
do  not.  On  the  other  hand,  {E  (z)  ,H{z),Z  (z) }  match  simply  across  interfaces,  whereas 
{E+  (z) ,  E-  (z) ,  r(z) }  do  not. 

Eqs.  (5.1.1)  and  (5.1.2)  relate  the  held  quantities  at  location  z  to  the  quantities  at 
z  =  0.  In  matching  problems,  it  proves  more  convenient  to  be  able  to  relate  these 
quantities  at  two  arbitrary  locations. 

Eig.  5.1.1  depicts  the  quantities  {E{z)  ,H  (z)  ,E+{z)  ,E-{z) ,  Z{z)  ,E{z)}  at  the  two 
locations  Zi  and  Z2  separated  by  a  distance  /  =  Z2  -  Zi.  Using  Eq.  (5.1.2),  we  have  for 
the  forward  held  at  these  two  positions: 

£2+  =  £1+  =  Eo+e-j'^^'  =  £o+e“-'''<^2-/)  =  (^^£2+ 


El.  Hi  £2,  H2 

Ei+,  El-  £2+,  £2- 

Zi.  El  Z2.  r2 


►  medium 

— ► 

◄ — 

Zi  Z2 


h- -  I  - H 

Fig.  5.1.1  Field  quantities  propagated  between  two  positions  in  space. 

And  similarly,  Ei-  =  e~^^^E2-.  Thus, 

£1+  =  e^^^E2+  ,  £i_  =  e-^’^^E2-  (5.1.10) 


and  in  matrix  form: 


£1+' 

-gjkl 

0 

'£2+' 

El- 

0 

e-jki 

£2- 

(propagation  matrix)  (5.1.11) 


We  will  refer  to  this  as  the  propagation  matrix  for  the  forward  and  backward  helds. 
It  follows  that  the  rehection  coefficients  will  be  related  by: 


El  = 


Ej^ 

Ei+ 


£2-6 

£2+6^^' 


=  £26“^-'''' , 


or. 


£1  = 


(rehection  coefficient  propagation) 


(5.1.12) 


Using  the  matrix  relationships  (5.1.4)  and  (5.1.11),  we  may  also  express  the  total 
electric  and  magnetic  helds  Ei,Hi  at  position  Zi  in  terms  of  E2,H2  at  position  Z2: 


‘£1  ■ 

1 

1 

£1+" 

1 

1  1 

-gjki 

0 

‘£2+" 

Ai_ 

£i-_ 

-0-1 J 

0  ( 

2-Jkl 

T2-_ 

1 

1 

1 

- 

-  eJki 

0 

'1  n' 

r  £2  ■ 

2 

-0-1 

0 

e 

-jkl 

-n_ 

[H2 
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which  gives  after  some  algebra: 


£1  ■ 

COS  kl  jg  sinkl 

■  £2  ~ 

Hi 

jg^^  sinkl  cos  kl 

Hi 

(propagation  matrix) 


(5.1.13) 


Writing  rj  =  rjo/n,  where  n  is  the  refractive  index  of  the  propagation  medium, 
Eq.  (5.1.13)  can  written  in  following  form,  which  is  useful  in  analyzing  multilayer  struc¬ 
tures  and  is  common  in  the  thin-hlm  literature  [592,594,598,609]: 


£1  ■ 

COS  (5  jn  ^r/osind 

~  £2  ■ 

jnr/o^sind  cosd 

A2_ 

(propagation  matrix)  (5.1.14) 


where  5  is  the  propagation  phase  constant,  5  =  kl  =  konl  =  Zninl)  /\o,  and  nl  the 
optical  length.  Eqs.  (5.1.13)  and  (5.1.5),  imply  for  the  propagation  of  the  wave  impedance: 


Zi 


Hi 


E2 

E2  cos  kl  +  J/7H2  sink/  _  H2  sink/ 

JE2n-^  sinkl  +  H2  coski  -  ^ 


which  gives: 


Zi  =  /? 


Z2  cos  kl  +  jg  sinkl 
g  cos  kl  +  jZ2  sinkl 


(impedance  propagation) 


It  can  also  be  written  in  the  form: 


^  ^  Z2  +jg  tank/ 
^  ^  /?  +  JZ2  tan  kl 


(impedance  propagation) 


(5.1.15) 


(5.1.16) 


A  useful  way  of  expressing  Zi  is  in  terms  of  the  reflection  coefficient  r2.  Using  (5.1.7) 
and  (5.1.12),  we  have: 


Zi  =  g 


l+Ti 

l-Ui 


1  +r2e-2JW 

^  l-r2e-^j^^ 


or. 


Zi  =  g 


1  +r2e-2JW 

i-r2e-y^^ 


(5.1.17) 


We  mention  hnally  two  special  propagation  cases:  the  half-wavelength  and  the  quarter- 
wavelength  cases.  When  the  propagation  distance  is  /  =  A/ 2,  or  any  integral  multiple 
thereof,  the  wave  impedance  and  reflection  coefficient  remain  unchanged.  Indeed,  we 
have  in  this  case  kl  =  2ttII\  =  2ttI2  =  tt  and  2kl  =  2jt.  It  follows  from  Eq.  (5.1.12) 
that  Fi  =  r2  and  hence  Zi  =  Z2. 

If  on  the  other  hand  /  =  A/4,  or  any  odd  integral  multiple  thereof,  then  kl  =  2Tr/4  = 
Tr/2  and  2kl  =  tt.  The  reflection  coefficient  changes  sign  and  the  wave  impedance 
inverts: 


T,  =  r2e-^j'^'  =  r2e-j'^  =  -r2 


Zi  =  ri 


l+Ti 

l-Ti 


=  n 


l-Tz 
1  +  T2 


=  n 


Z2/g 


Z2 
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Thus,  we  have  in  the  two  cases: 


.  A 

'-2 

^  Zi 

=  Z2, 

n  =£2 

^  Zi 

Z2’ 

£1  =  -£2 

(5.1.18) 


5.2  Matching  Matrices 

Next,  we  discuss  the  matching  conditions  across  dielectric  interfaces.  We  consider  a 
planar  interface  (taken  to  be  the  xy-plane  at  some  location  z)  separating  two  dielec¬ 
tric/conducting  media  with  (possibly  complex-valued)  characteristic  impedances  g,g', 
as  shown  in  Eig.  5.2.1.^ 


n 

ri' 

n 

n' 

n 

n' 

£+ 

£+ 

£+ 

E'+  =  TE+ 

E'+=J)EL 

E_ 

E'- 

E_=pE+ 

E_  =  T’E'- 

E'- 

P,T 

P',T' 

P,T 

P',T' 

P,T 

P',T' 

Fig.  5.2.1  Fields  across  an  interface. 

Because  the  normally  incident  helds  are  tangential  to  the  interface  plane,  the  bound¬ 
ary  conditions  require  that  the  total  electric  and  magnetic  helds  be  continuous  across 
the  two  sides  of  the  interface: 


E  =  E' 
H  =  H' 


(continuity  across  interface) 


In  terms  of  the  forward  and  backward  electric  helds,  Eq.  (5.2.1)  reads: 


(5.2.1) 


E++E-=E'^+  E'_ 


(5.2.2) 


Eq.  (5.2.2)  may  be  written  in  a  matrix  form  relating  the  helds  E±  on  the  left  of  the 
interface  to  the  helds  E'+  on  the  right: 


‘  £+  " 

1 

1 

P 

‘  £;  ■ 

£- 

T 

P 

1 

£'. 

and  inversely: 


(matching  matrix) 


(5.2.3) 


^The  arrows  in  this  figure  indicate  the  directions  of  propagation,  not  the  direction  of  the  fields— the  field 
vectors  are  perpendicular  to  the  propagation  directions  and  parallel  to  the  interface  plane. 
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1  r  1  p' 


(matching  matrix) 


where  {p,T}  and  {p',T'}  are  the  elementary  reflection  and  transmission  coefficients 
from  the  left  and  from  the  right  of  the  interface,  defined  in  terms  of  rj,rj'  as  follows: 


/?'  -  /? 

’ 

(5.2.5) 

n-n' 

’ 

t'  =  , 

n  +  n 

(5.2.6) 

Writing  rj  =  rjo/n  and  rj'  =  rjo/n',  we  have  in  terms  of  the  refractive  indices: 


n  -  n' 

2n 

n  -r  n'  ’ 

n  +  n' 

n'  -  n 

f  2n' 

n'  n’ 

n'  +  n 

These  are  also  called  the  Fresnel  coefficients.  We  note  various  useful  relationships: 

T  =  1  +  p,  p'  =  -p,  t'  =  1  +  p'  =  1  -  p,  tt'  =  1  -  p^  (5.2.8) 

In  summary,  the  total  electric  and  magnetic  fields  E,H  match  simply  across  the 
interface,  whereas  the  forward/backward  fields  E±  are  related  by  the  matching  matrices 
of  Eqs.  (5.2.3)  and  (5.2.4).  An  immediate  consequence  of  Eq.  (5.2.1)  is  that  the  wave 
impedance  is  continuous  across  the  interface: 

E  E'  . 

Z  =  —  =  —  =  Z 

H  H' 

On  the  other  hand,  the  corresponding  reflection  coefficients  E  =  E- /E+  and  E'  = 
E'_/E'^  match  in  a  more  complicated  way.  Using  Eq.  (5.1.7)  and  the  continuity  of  the 
wave  impedance,  we  have: 

1  +  ry  ryt  f  ^  ^  T' 


which  can  be  solved  to  get: 


P  +  r'  ,  p'  +E 

r  =  - ;:;7  and  E  =  - — 

1  +  pE'  1  +  p'E 


The  same  relationship  follows  also  from  Eq.  (5.2.3): 

P  l{pE'^+E'_)  P  + 

r  =  —  =  E _ = _ 

t(E'^+pE'_)  1  + 


^(PE'^+E'-)  ^  P+f;  ^  p  +  r 
l(E'^+pE'_)  1+pU 

T  E+ 
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To  summarize,  we  have  the  matching  conditions  for  Z  and  E: 


1  +  pE' 


p'+r 
1  +  p'E 


Two  special  cases,  illustrated  in  Fig.  5.2.1,  are  when  there  is  only  an  incident  wave 
on  the  interface  from  the  left,  so  that  E'_  =  0,  and  when  the  incident  wave  is  only  from 
the  right,  so  that  E+  =  0.  In  the  first  case,  we  have  E'  =  E'_/E'_^  =  0,  which  implies 
Z'  =  rj'  (1  +r')/(l  -  E')=  rj' .  The  matching  conditions  give  then: 

z  =  z'  =  r]\  r=  =p 

'  l  +  pE'  ^ 

The  matching  matrix  (5.2.3)  implies  in  this  case: 

E+  _  1  1  p 

T  p  10  T  P^'+ 

Expressing  the  reflected  and  transmitted  fields  E-,  E'^  in  terms  of  the  incident  field  E+, 
we  have: 


E-  =  pE+ 
E'  =  tE+ 


(left-incident  fields) 


(5.2.10) 


This  justifies  the  terms  reflection  and  transmission  coefficients  for  p  and  t.  In  the 
right-incident  case,  the  condition  E+  =  0  implies  for  Eq.  (5.2.4): 

£■+  _  1  Ip'  0  _  1  p'E- 

E'__  t'  p'  1  E-  t'  E- 

These  can  be  rewritten  in  the  form: 

5^  ^,^7  (right-incident  fields)  (5.2.11) 

h-  =  T 


(5.2.11) 


which  relates  the  reflected  and  transmitted  fields  to  the  incident  field  E'_.  In  this 

case  E  =  E-/E+  =  oo  and  the  third  of  Eqs.  (5.2.9)  gives  E'  =  E'_/E'^  =  1/ p',  which  is 
consistent  with  Eq.  (5.2.11). 

When  there  are  incident  fields  both  from  both  sides,  that  is,  E+,E'_,  we  may  invoke 
the  linearity  of  Maxwell’s  equations  and  add  the  two  right-hand  sides  of  Eqs.  (5.2.10) 
and  (5.2.11)  to  obtain  the  outgoing  fields  in  terms  of  the  incident  ones: 


£■+  =  tE+  +  p'E'_ 
=  pE+  +  t'E'_ 


(5.2.12) 


This  gives  the  scattering  matrix  relating  the  outgoing  fields  to  the  incoming  ones: 


(scattering  matrix) 


(5.2.13) 


Using  the  relationships  Eq.  (5.2.8),  it  is  easily  verified  that  Eq.  (5.2.13)  is  equivalent 
to  the  matching  matrix  equations  (5.2.3)  and  (5.2.4). 
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5.3  Reflected  and  Transmitted  Power 

For  waves  propagating  in  the  z-direction,  the  time-averaged  Poynting  vector  has  only  a 
z-component: 

T  =  ^Re{xE  xyH*)  =z^ReiEH*) 

A  direct  consequence  of  the  continuity  equations  (5.2.1)  is  that  the  Poynting  vector 
is  conserved  across  the  interface.  Indeed,  we  have: 

T  =  ^ReiEH*)=  ^Re{E'H'*)=T'  (S.3.1) 

In  particular,  consider  the  case  of  a  wave  incident  from  a  lossless  dielectric  r/  onto  a 
lossy  dielectric  r]'.  Then,  the  conservation  equation  (5.3.1)  reads  in  terms  of  the  forward 
and  backward  helds  (assuming  E'_  =  0): 

^  =M^)\E'^\^  =  P' 

The  left  hand-side  is  the  difference  of  the  incident  and  the  reflected  power  and  rep¬ 
resents  the  amount  of  power  transmitted  into  the  lossy  dielectric  per  unit  area.  We  saw 
in  Sec.  2.6  that  this  power  is  completely  dissipated  into  heat  inside  the  lossy  dielectric 
(assuming  it  is  inhnite  to  the  right.)  Using  Eqs.  (5.2.10),  we  hnd: 

y  =  ^  |£+l^(l  -  |p|2)=  Re(^)|£+|2|T|2  (5.3.2) 

This  equality  requires  that: 

t(i  -  |p|2)=Re(^)|T|2  (5.3.3) 

n  n 

This  can  be  proved  using  the  dehnitions  (5.2.5).  Indeed,  we  have: 

n  p  Rp  (_!iW  iUrl!  =  iUrl! 
n'  i  +  p  \n' )  li  +  pP  |t|2 

which  is  equivalent  to  Eq.  (5.3.3),  if  rj  is  lossless  (i.e.,  real.)  Dehning  the  incident,  re¬ 
flected,  and  transmitted  powers  by 


Pref  =  =  Einlpl^ 

Ttr  =  Re(^)  =  Re(^)  |£+|2|t|2  =  Re(i)|T|2 


Then,  Eq.  (5.3.2)  reads  Tir  =  Pm  -  Pref-  The  power  reflection  and  transmission 
coefficients,  also  known  as  the  reflectance  and  transmittance,  give  the  percentage  of  the 
incident  power  that  gets  reflected  and  transmitted: 
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If  both  dielectrics  are  lossless,  then  p,  t  are  real-valued.  In  this  case,  if  there  are 
incident  waves  from  both  sides  of  the  interface,  it  is  straightforward  to  show  that  the 
net  power  moving  towards  the  z-direction  is  the  same  at  either  side  of  the  interface: 


\E'_\^)  =  T' 


This  follows  from  the  matrix  identity  satished  by  the  matching  matrix  of  Eq.  (5.2.3): 

if'  ?1 


If  p,  T  are  real,  then  we  have  with  the  help  of  this  identity  and  Eq.  (5.2.3): 

1  ,,  1  r  1  0 1  r  £+ 1 


\E.\^)  =  ^[e:,e*] 

1 

0 

0  ' 
-1 

1 - 1 

1 _ 1 

*nj_r  1  P*  1 

1 

0  ' 

‘  1  p  ' 

■  r;  ■ 

TT*  P*  1 

0 

-1 

.  p  ^  . 

E'_ 

—  —  E'  *] 

2f7  f7'  ^ 


\E'J^-\E'_ 


Example  5.3.1:  Glasses  have  a  refractive  index  of  the  order  of  n  =  1.5  and  dielectric  constant 
€  =  n^Co  =  2.2 5co-  Calculate  the  percentages  of  reflected  and  transmitted  powers  for 
visible  light  incident  on  a  planar  glass  interface  from  air. 

Solution:  The  characteristic  impedance  of  glass  will  be  r/  =  rjo/n.  Therefore,  the  reflection  and 
transmission  coefficients  can  be  expressed  directly  in  terms  of  n,  as  follows: 


ri  -  rio  _  n  -  I  _  I  -  n 

r/  +  r/o  n-^  +  1  1  +  n  ’ 


T  =  1  +  p  : 


For  n  =  1.5,  we  find  p  =  -0.2  and  t  =  0.8.  It  follows  that  the  power  reflection  and 
transmission  coefficients  will  be 


Ipr  =  0.04, 


1  -  Ipr  =  0.96 


That  is,  4%  of  the  incident  power  is  reflected  and  96%  transmitted.  □ 

Example  5.3.2:  A  uniform  plane  wave  of  frequency  f  is  normally  incident  from  air  onto  a  thick 
conducting  sheet  with  conductivity  cr,  and  e  =  Cq,  p  =  Po-  Show  that  the  proportion 
of  power  transmitted  into  the  conductor  (and  then  dissipated  into  heat)  is  given  approxi¬ 
mately  by 

^  ^  ^  ^  Iscocq 

Tin  no  ^  cr 

Calculate  this  quantity  for  f  =  1  GHz  and  copper  cr  =  5.8x10^  Siemens/m. 
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Solution:  For  a  good  conductor,  we  have  ^uoe^To'  ^  1.  It  follows  from  Eq.  (2.8.4)  that  Rs/rfo  = 
Vcoeo/2cr  ^  1.  From  Eq.  (2.8.2),  the  conductor’s  characteristic  impedance  is  rjc  =  RsU  + 
j) .  Thus,  the  quantity  r/c/t/o  =  (1  +  j)Rs/no  is  also  small.  The  reflection  and  transmission 
coefficients  p,  t  can  be  expressed  to  first-order  in  the  quantity  rjclrjo  as  follows: 

He  +  no  no  no 

Similarly,  the  power  transmission  coefficient  can  be  approximated  as 

1  -  |p|2  =  1  -  It  -  1|2  =  1  -  1  -  |t|2  +  2Re(T)=  2Re{T)=  2^^^^  =  — 

no  no 

where  we  neglected  |tP  as  it  is  second  order  in  rjcIrjQ.  For  copper  at  1  GHz,  we  have 
Vcoeo/2cr  =  2.19x10“^  which  gives  Rg  =  Po^voe^Ud-  =  377x2.19x10“^  =  0.0082  Q.  It 
follows  that  1  -  IpP  =  ARz/po  =  8.76x10“^. 

This  represents  only  a  small  power  loss  of  8.76x10“^  percent  and  the  sheet  acts  as  very 
good  mirror  at  microwave  frequencies. 

On  the  other  hand,  at  optical  frequencies,  e.g.,  f  =  600  THz  corresponding  to  green 
light  with  A  =  500  nm,  the  exact  equations  (2.6.5)  yield  the  value  for  the  character¬ 
istic  impedance  of  the  sheet  r/c  =  6.3924  +  6.3888/  Q  and  the  reflection  coefficient 
p  =  -0.9661  +  0.0328/.  The  corresponding  power  loss  is  1  -  |pP  =  0.065,  or  6.5  percent. 
Thus,  metallic  mirrors  are  fairly  lossy  at  optical  frequencies.  □ 

Example  5.3.3:  A  uniform  plane  wave  of  frequency  f  is  normally  incident  from  air  onto  a  thick 
conductor  with  conductivity  cr,  and  e  =  €o,  p  =  po.  Determine  the  reflected  and  trans¬ 
mitted  electric  and  magnetic  fields  to  first-order  in  rje/Po  and  in  the  limit  of  a  perfect 
conductor  (r/c  =  0). 

Solution:  Using  the  approximations  for  p  and  t  of  the  previous  example  and  Eq.  (5.2.10),  we 
have  for  the  reflected,  transmitted,  and  total  electric  fields  at  the  interface: 


E-  =  pE+  =  I  —  1  + 


2ric 

no 


E'+  =  t£+  =  —  E+ 

no 


no 


For  a  perfect  conductor,  we  have  cr  ^  oo  and  ndno  ^  0.  The  corresponding  total  tangen¬ 
tial  electric  field  becomes  zero  E  =  E'  =  0,  and  p  =  -1,  t  =  0.  For  the  magnetic  fields,  we 
need  to  develop  similar  first-order  approximations.  The  incident  magnetic  field  intensity 
is  H+  =  E+Zr/o-  The  reflected  field  becomes  to  first  order: 


H-  = 


Similarly,  the  transmitted  field  is 
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K 


=  ^tH. 


no  ^nc 

nc  nc  +  no 


2/7o 

nc  +  no 


-2 


The  total  tangential  field  at  the  interface  will  be: 


H  =  H+  +  H-  =  2(^1  -  =  H'+  =  H' 

In  the  perfect  conductor  limit,  we  find  H  =  H'  =  2H+.  As  we  saw  in  Sec.  2.6,  the  fields  just 
inside  the  conductor,  will  attenuate  while  they  propagate.  Assuming  the  interface 

is  at  z  =  0,  we  have: 


£+  (z)  =  £;e““^e"-''^^,  fr;  (z)  = 

where  a  =  p  =  (1  -  J)  /<5,  and  <5  Is  the  skin  depth  <5  =  ^iOiJa/2.  We  saw  in  Sec.  2.6  that 
the  effective  surface  current  is  equal  in  magnitude  to  the  magnetic  field  at  z  =  0,  that  is, 
Js  =  iT+.  Because  of  the  boundary  condition  H  =  H'  =  iT+,  we  obtain  the  result  Jg  =  H, 
or  vectorially,  Jg  =  Hxz  =  hxH,  where  n  =  -z  is  the  outward  normal  to  the  conductor. 

This  result  provides  a  justification  of  the  boundary  condition  Jg  =  h  x  H  at  an  interface 
with  a  perfect  conductor.  □ 


5.4  Single  Dielectric  Slab 


Multiple  interface  problems  can  be  handled  in  a  straightforward  way  with  the  help  of 
the  matching  and  propagation  matrices.  For  example,  Fig.  5.4.1  shows  a  two-interface 
problem  with  a  dielectric  slab  r/i  separating  the  semi-infinite  media  na  and  nt- 


Ha 

ll.k^ 

rib 

El 

k- 

E[_  E2_ 

’l.Tl 

p2->^2 

Zi  Z2 


Fig.  5.4.1  Single  dielectric  slab. 

Let  h  be  the  width  of  the  slab,  ki  =  uo/Ci  the  propagation  wavenumber,  and  Ai  = 
2Tr/ki  the  corresponding  wavelength  within  the  slab.  We  have  Ai  =  Aq/mi,  where  Aq  is 
the  free-space  wavelength  and  rii  the  refractive  index  of  the  slab.  We  assume  the  incident 
field  is  from  the  left  medium  r/^,  and  thus,  in  medium  nt  there  is  only  a  forward  wave. 
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Let  Pi ,  p2  be  the  elementary  reflection  coefficients  from  the  left  sides  of  the  two 
interfaces,  and  let  Ti,  T2  be  the  corresponding  transmission  coefficients: 


rjb  +  Hi 


Ti  =  1  +  Pi ,  T2  =  1  +  P2 


To  determine  the  reflection  coefficient  Fi  into  medium  rja,  we  apply  Eq.  (5.2.9)  to 
relate  F 1  to  the  reflection  coefficient  F[  at  the  right-side  of  the  hrst  interface.  Then,  we 
propagate  to  the  left  of  the  second  interface  with  Eq.  (5.1.12)  to  get: 


Pi+r'i 

^  1  +  Pir'i  l  +  piFze-^M  ^  ' 

At  the  second  interface,  we  apply  Eq.  (5.2.9)  again  to  relate  F2  to  T^.  Because  there 
are  no  backward-moving  waves  in  medium  r/^,  we  have  =  0.  Thus, 

P2+  F2 

^  2  -  1  ^  “  ^2 

1  +  P2F2 


We  hnally  hnd  for  Ti : 


(5.4.3) 

This  expression  can  be  thought  of  as  function  of  frequency.  Assuming  a  lossless 
medium  r/i,  we  have  2kili  =  co(2/i/Ci)=  coT,  where  T  =  2/i/Ci  =  2(ni/i)/co  is  the 
two-way  travel  time  delay  through  medium  pi.  Thus,  we  can  write: 


(5.4.4) 

This  can  also  be  expressed  as  a  z-transform.  Denoting  the  two-way  travel  time  delay 
in  the  z-domain  by  z'^  =  e~j^^  =  we  may  rewrite  Eq.  (5.4.4)  as  the  hrst-order 

digital  hlter  transfer  function: 


(5.4.5) 

An  alternative  way  to  derive  Eq.  (5.4.3)  is  working  with  wave  impedances,  which 
are  continuous  across  interfaces.  The  wave  impedance  at  interface-2  is  Z2  =  Z2,  but 
Z2  =  rji,  because  there  is  no  backward  wave  in  medium  rji,.  Thus,  Z2  =  rji,.  Using  the 
propagation  equation  for  impedances,  we  hnd: 

,  Z2 +i/7i  tanki/i  nt +Jriitankih 

Zi  =  Zi  =  til  - r;z - - — ~  =  til  - ^ - - — — 

til  +JZ2  tanki/i  til  -\-jrit  tanki/i 

Inserting  this  into  Fi  =  (Zi  -  Pa)  /  (Zi  -r  Pa)  gives  Eq.  (5.4.3).  Working  with  wave 
impedances  is  always  more  convenient  if  the  interfaces  are  positioned  at  half-  or  quarter- 
wavelength  spacings. 

If  we  wish  to  determine  the  overall  transmission  response  into  medium  pt,  that  is, 
the  quantity  T  =  £'2+  /E’i+,  then  we  must  work  with  the  matrix  formulation.  Starting  at 


162 


5.  Reflection  and  Transmission 


the  left  interface  and  successively  applying  the  matching  and  propagation  matrices,  we 
obtain: 


‘£i+‘ 

_  ^  r  1  Pi " 

'E[y 

_  ^  r  1  Pi " 

0 

‘£2+" 

Ti-_ 

Ti  Pi  1 

A- . 

Ti  Pi  1 

0 

Q-jAh 

T2-_ 

_  1  1  Pi  0  1  1  P2  £'2+ 

Ti  Pi  1  0  T2  P2 

where  we  set  £”2-  =  0  by  assumption.  Multiplying  the  matrix  factors  out,  we  obtain: 

pJ^di  , 

£1+  =  - (l+PlP2e-2j'‘‘'‘)£2+ 

T1T2 

El-  =  —  (Pi  +P2e“^-'''^‘'‘)£2+ 

T1T2 

These  may  be  solved  for  the  rehection  and  transmission  responses: 


^  ^  ^  ^  Pi  + 

^  Ei+  1  +  pip2e~y’^i’i 

(5.4.6) 

J-  ^  TiT2e 

£1+  1  +  piP2e“2Jfci6 

The  transmission  response  has  an  overall  delay  factor  of  =  ^-jcoT/2^  repre¬ 

senting  the  one-way  travel  time  delay  through  medium  pi. 

Eor  convenience,  we  summarize  the  match-and-propagate  equations  relating  the  held 
quantities  at  the  left  of  interface- 1  to  those  at  the  left  of  interface-2.  The  forward  and 
backward  electric  helds  are  related  by  the  transfer  matrix: 


£1+  _  1  1  Pi  0  £2+ 

£1-  ~  Ti  Pi  1  0  £2- 

"  £1+  ]  _  ^  r  1  r  £2+  ‘ 

£1-  J  “  Ti  [  pie^'^i^i  \  I  £2- 

The  rehection  responses  are  related  by  Eq.  (5.4.2): 


Pi+F2e-^J^^^ 

1  -|-  Pi£26~2J^it 


The  total  electric  and  magnetic  helds  at  the  two  interfaces  are  continuous  across  the 
interfaces  and  are  related  by  Eq.  (5.1.13): 


£1  1  ^  r  coski/i  jriismkili  1  f  £2  1  ^5  4  q^ 

Hi  jrif^  sinkili  coski/i  H2 

Eqs.  (5.4.7)-(5.4.9)  are  valid  in  general,  regardless  of  what  is  to  the  right  of  the  second 
interface.  There  could  be  a  semi-inhnite  uniform  medium  or  any  combination  of  multiple 
slabs.  These  equations  were  simplihed  in  the  single-slab  case  because  we  assumed  that 
there  was  a  uniform  medium  to  the  right  and  that  there  were  no  backward-moving  waves. 
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For  lossless  media,  energy  conservation  states  that  the  energy  flux  into  medium  rji 
must  equal  the  energy  flux  out  of  it.  It  is  equivalent  to  the  following  relationship  between 
r  and  T,  which  can  proved  using  Eq.  (5.4.6): 


—  (1  -  |ri|2)  =  —  in^  (5.4.10) 

Ha  Hb 


Thus,  if  we  call  ITil^  the  reflectance  of  the  slab,  representing  the  fraction  of  the 
incident  power  that  gets  reflected  back  into  medium  rja,  then  the  quantity 


(5.4.11) 

will  be  the  transmittance  of  the  slab,  representing  the  fraction  of  the  incident  power  that 
gets  transmitted  through  into  the  right  medium  r/^.  The  presence  of  the  factors  r/^,  r]t 
can  be  can  be  understood  as  follows: 


'P  transmitted 
P  incident 


1 

2/?^ 

1 

2ria 


2 


2 


rib 


5.5  Reflectionless  Slab 

The  zeros  of  the  transfer  function  (5.4.5)  correspond  to  a  reflectionless  interface.  Such 
zeros  can  be  realized  exactly  only  in  two  special  cases,  that  is,  for  slabs  that  have  either 
half -wavelength  or  quarter-wavelength  thickness.  It  is  evident  from  Eq.  (5.4.5)  that  a 
zero  will  occur  if  pi  -r  p2Z~^  =  0,  which  gives  the  condition: 

Z  =  (5,5,1) 

Pi 

Because  the  right-hand  side  is  real-valued  and  the  left-hand  side  has  unit  magnitude, 
this  condition  can  be  satished  only  in  the  following  two  cases: 

z  =  =  -pi,  (half-wavelength  thickness) 

z  =  =  _i^  p2  =  pi,  (quarter-wavelength  thickness) 


The  hrst  case  requires  that  Zkih  be  an  integral  multiple  of  Zn,  that  is,  Zkih  =  2mn, 
where  m  is  an  integer.  This  gives  the  half-wavelength  condition  h  =  mAi/2,  where  Ai 
is  the  wavelength  in  medium- 1.  In  addition,  the  condition  p2  =  -pi  requires  that: 


rib -hi  ^ 

-  =  P2 

rib  +  rii 


-Pi 


ria  -  rii 
rja  +  rji 


ria 


rib 


that  is,  the  media  to  the  left  and  right  of  the  slab  must  be  the  same.  The  second  pos¬ 
sibility  requires  =  -i,  or  that  Zkih  be  an  odd  multiple  of  n,  that  is,  Zkih  = 

(2m  1)  TT,  which  translates  into  the  quarter-wavelength  condition  h  =  (2m  -r  1)  Ai  /4. 

Furthermore,  the  condition  p2  =  pi  requires: 


rib  -  rii 
rib  +  rii 


P2  =  Pi 


rii  +  ria 


riarib 
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To  summarize,  a  reflectionless  slab,  Ti  =  0,  can  be  realized  only  in  the  two  cases: 


half-wave:  /i  =  m  ^  ,  r/i  arbitrary,  Pa  =  rib 

quarter-wave:  li  =  (2m  -r  1)  ^  ,  r/i  =  ^PaPb  ,  ria,  Pb  arbitrary 


(5.5.2) 


An  equivalent  way  of  stating  these  conditions  is  to  say  that  the  optical  length  of 
the  slab  must  be  a  half  or  quarter  of  the  free-space  wavelength  Aq.  Indeed,  if  Ui  is  the 
refractive  index  of  the  slab,  then  its  optical  length  is  nih,  and  in  the  half -wavelength 
case  we  have  Ui/i  =  nimAi/2  =  mAo/2,  where  we  used  Ai  =  \o/ni.  Similarly,  we  have 
nili  =  (2m  -r  1)  Ao/4  in  the  quarter-wavelength  case.  In  terms  of  the  refractive  indices, 
Eq.  (5.5.2)  reads: 


half-wave:  nil 

1  =  WJ  y  , 

Ml  arbitrary. 

ria  =  rib 

quarter-wave:  nil 

1  =  (2m  +  1)  y  , 

Ml  =  ^/n^, 

na,nb  arbitrary 

The  reflectionless  matching  condition  can  also  be  derived  by  working  with  wave 
impedances.  For  half -wavelength  spacing,  we  have  from  Eq.  (5.1.18)  Zi  =  Z2  =  Pb-  The 
condition  Ti  =  0  requires  Zi  =  Pa,  thus,  matching  occurs  if  Pa  =  Pb-  Similarly,  for  the 
quarter-wavelength  case,  we  have  Zi  =  p\l Z2  =  p\lpb  =  Pa- 

We  emphasize  that  the  reflectionless  response  Fi  =  0  is  obtained  only  at  certain  slab 
widths  (half-  or  quarter- wavelength),  or  equivalently,  at  certain  operating  frequencies. 
These  operating  frequencies  correspond  to  coT  =  2mTt,  or,  coT  =  (2m  -r  l)Tr,  that  is, 
CO  =  ZmitlT  =  mcoo,  or,  co  =  (2m  -r  1)  coo/2,  where  we  dehned  coo  =  Zn/T. 

The  dependence  on  li  or  co  can  be  seen  from  Eq.  (5.4.5).  For  the  half-wavelength 
case,  we  substitute  p2  =  -pi  and  for  the  quarter-wavelength  case,  p2  =  Pi-  Then,  the 
reflection  transfer  functions  become: 


where  z  = 


Fiiz) 

Fiiz) 


Pl(l  -Z 

l-plz-r 

Pi(l  +z~i) 
1  +  PiZ~r 


(half-wave) 

(quarter-wave) 


(5.5.4) 


gjcwT  jYie  magnitude-square  responses  then  take  the  form: 


^  |2  _  2p^(l  -  cos(2ki/i)) 

^  1  -  2 pI  cos {2kili)-\-pj 

2  ^  2pj(l  -r  cos(2ki/i)) 

^  1 2 pI  cos (Zkih) -\-pf 


2p\  (1  -  cos  coT) 

1  -  2p\  cos  cjoT  p\  ' 


(half-wave) 


2p\  (1  -r  cos  coT) 

1  -r  2p\  cos  cjoT  p\  ’ 


(quarter-wave) 


(5.5.5) 


These  expressions  are  periodic  in  li  with  period  Ai  /2,  and  periodic  in  co  with  period 
coo  =  2tt/T.  In  DSP  language,  the  slab  acts  as  a  digital  hlter  with  sampling  frequency 
coo-  The  maximum  reflectivity  occurs  at  z  =  -1  and  z  =  1  for  the  half-  and  quarter- 
wavelength  cases.  The  maximum  squared  responses  are  in  either  case: 
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in  I 


2 

max 


(1+P?)2 


Fig.  5.5.1  shows  the  magnitude  responses  for  the  three  values  of  the  reflection  co¬ 
efficient:  Ipi  I  =  0.9,  0.7,  and  0.5.  The  closer  pi  is  to  unity,  the  narrower  are  the  reflec¬ 
tionless  notches. 


Fig.  5.5.1  Reflection  responses  |r(a))p.  (a)  \pi  \  =  0.9,  (b)  \pi  \  =  0.7,  (c)  \pi  \  =  0.5. 


It  is  evident  from  these  hgures  that  for  the  same  value  of  pi,  the  half-  and  quarter- 
wavelength  cases  have  the  same  notch  widths.  A  standard  measure  for  the  width  is 
the  3-dB  width,  which  for  the  half -wavelength  case  is  twice  the  3-dB  frequency  CO3,  that 
is,  Aco  =  2co3,  as  shown  in  Fig.  5.5.1  for  the  case  |pi|  =  0.5.  The  frequency  CO3  is 
determined  by  the  3-dB  half-power  condition: 

|ri(«3)l'  =  ^ini^ax 


or,  equivalently: 

(1  -  cos  C03r)  _1  4pl 

1  -  Zplcoscjo^T  +  pj  2  {1  +  pI)^ 

Solving  for  the  quantity  cos  CJO3T  =  cos (AcvT/Z) hnd: 


cos( 


AcoT, 


^P\ 

1  +  pt 


tan( 


A(JoT, 


1-pj 

1  +  P? 


(5.5.6) 


If  p\  is  very  near  unity,  then  1  -  p\  and  A(jo  become  small,  and  we  may  use  the 
approximation  tanx  ^  x  to  get: 


AaoT  I  -  pI  1  -  Pi 

~T~  "  i  +  pI  "  2 


which  gives  the  approximation: 
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AwT  =  2(1-  pI)  (S.S.7) 

This  is  a  standard  approximation  for  digital  hlters  relating  the  3-dB  width  of  a  pole 
peak  to  the  radius  of  the  pole  [48].  For  any  desired  value  of  the  bandwidth  Z\co,  Eq.  (5.5.6) 
or  (5.5.7)  may  be  thought  of  as  a  design  condition  that  determines  pi. 

Fig.  5.5.2  shows  the  corresponding  transmittances  1  -  ITi  (co)  of  the  slabs.  The 
transmission  response  acts  as  a  periodic  bandpass  hlter.  This  is  the  simplest  exam¬ 
ple  of  a  so-called  Fahry-Perot  interference  filter  or  Fabry-Perot  resonator.  Such  hlters 
hnd  application  in  the  spectroscopic  analysis  of  materials.  We  discuss  them  further  in 
Chap.  6. 


Fig.  5.5.2  Transmittance  of  half-  and  quarter-wavelength  dielectric  slab. 


Using  Eq.  (5.5.5),  we  may  express  the  frequency  response  of  the  half-wavelength 
transmittance  hlter  in  the  following  equivalent  forms: 


1-  |ri(c«)|2  = 


1  -  2pi  COS  CJOT  +  PI  1  +  sirF  {cjoT / 2) 
where  the  is  called  the  finesse  in  the  Fabry-Perot  context  and  is  dehned  by: 


(5.5.8) 


J  = 


4P^ 

(i-p?)2 


The  hnesse  is  a  measure  of  the  peak  width,  with  larger  values  of  corresponding 
to  narrower  peaks.  The  connection  of  J'  to  the  3-dB  width  (5.5.6)  is  easily  found  to  be: 


tan( 


AcoT . 
4  ' 


1-Pi 
1  +  P? 


1 

VTTJ 


(5.5.9) 


Quarter-wavelength  slabs  may  be  used  to  design  anti-rehection  coatings  for  lenses, 
so  that  all  incident  light  on  a  lens  gets  through.  Half -wavelength  slabs,  which  require  that 
the  medium  be  the  same  on  either  side  of  the  slab,  maybe  used  in  designing  radar  domes 
(radomes)  protecting  microwave  antennas,  so  that  the  radiated  signal  from  the  antenna 
goes  through  the  radome  wall  without  getting  reflected  back  towards  the  antenna. 
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Example  5.5.1:  Determine  the  reflection  coefficients  of  half-  and  quarter-wave  slabs  that  do  not 
necessarily  satisfy  the  impedance  conditions  of  Eq.  (5.5.2). 

Solution:  The  reflection  response  is  given  in  general  by  Eq.  (5.4.6).  Eor  the  half -wavelength  case, 
we  have  =  l  and  we  obtain: 

rii  -  rjg  ^  rib  -  ni 

^  ^  Pi  +  P2  ^  rji  +  ria  rib  +  rii  ^  m  -  Pa  ^  rig  - 
^  l  +  PiPi  ^^Pi-PaPb-m  rit  +  ria  rig  +  nt 
rii  +  riarib  +  Pi 

This  is  the  same  as  if  the  slab  were  absent.  Eor  this  reason,  half-wavelength  slabs  are 
sometimes  referred  to  as  absentee  layers.  Similarly,  in  the  quarter-wavelength  case,  we 
have  =  -1  and  find: 

^  Pi  -  Pi  ^  nl  -  PaPb  ^  ngUb  -  nl 

^  I-P1P2  pl  +  PaPb  UgUb  +  nl 

The  slab  becomes  reflectionless  if  the  conditions  (5.5.2)  are  satisfied.  □ 

Example  5.5.2:  Antireflection  Coating.  Determine  the  refractive  index  of  a  quarter-wave  antire¬ 
flection  coating  on  a  glass  substrate  with  index  1.5. 

Solution:  Erom  Eq.  (5.5.3),  we  have  with  ng  =  1  and  n^  =  1.5: 

ni  =  ^ngnt  =  a/Ts  =  1.22 

The  closest  refractive  index  that  can  be  obtained  is  that  of  cryolite  (NasAlEe)  with  ni  = 
1.35  and  magnesium  fluoride  (MgE2)  with  ni  =  1.38.  Magnesium  fluoride  is  usually  pre¬ 
ferred  because  of  its  durability.  Such  a  slab  will  have  a  reflection  coefficient  as  given  by 
the  previous  example: 

^  Pi  -  P2  ^  nl  -  naflb  ^  ngrib  -  n\  ^  1.5  -  1.38^  ^ 

^  I-P1P2  nl  +  naHh  riant +  nl  1.5  +  1.382 

with  reflectance  |rp  =  0.014,  or  1.4  percent.  This  is  to  be  compared  to  the  4  percent 
reflectance  of  uncoated  glass  that  we  determined  in  Example  5.3.1. 

Eig.  5.5.3  shows  the  reflectance  |r(A)  P  as  a  function  of  the  free-space  wavelength  A.  The 
reflectance  remains  less  than  one  or  two  percent  in  the  two  cases,  over  almost  the  entire 
visible  spectrum. 

The  slabs  were  designed  to  have  quarter-wavelength  thickness  at  Aq  =  550  nm,  that  is,  the 
optical  length  was  Ui/i  =  Ao/4,  resulting  in /i  =  112.71  nm  and  99.64  nm  in  the  two  cases 
of  ni  =  1.22  and  ni  =  1.38.  Such  extremely  thin  dielectric  films  are  fabricated  by  means 
of  a  thermal  evaporation  process  1592,594]. 

The  MATEAB  code  used  to  generate  this  example  was  as  follows: 


n  =  [1,  1.22,  1.50] ;  L  =  1/4; 
lambda  =  li nspace(400, 700, 101)  /  550; 
Gammal  =  multidiel(n,  L,  lambda); 


refractive  indices  and  optical  length 
visible  spectrum  wavelengths 
reflection  response  of  slab 
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Antireflection  Coating  on  Glass 


X  (nm) 


Fig.  5.5.3  Reflectance  over  the  visible  spectrum. 


The  syntax  and  use  of  the  function  multidiel  is  discussed  in  Sec.  6.1.  The  dependence 
of  r  on  A  comes  through  the  quantity  kih  =  2tt(ui/i)/A.  Since  Ui/i  =  Ao/4,  we  have 
kill  =  0.5ttAo/A.  □ 

Example  5.5.3:  Thick  Glasses.  Interference  phenomena,  such  as  those  arising  from  the  mul¬ 
tiple  reflections  within  a  slab,  are  not  observed  if  the  slabs  are  “thick”  (compared  to  the 
wavelength.)  Eor  example,  typical  glass  windows  seem  perfectly  transparent. 

If  one  had  a  glass  plate  of  thickness,  say,  of  /  =  1.5  mm  and  index  n  =  1.5,  it  would  have 
optical  length  nl  =  1.5x1. 5  =  2.25  mm  =  225x10^  nm.  At  an  operating  wavelength 
of  Ao  =  450  nm,  the  glass  plate  would  act  as  a  half-wave  transparent  slab  with  nl  = 
10^  (Ao/2),  that  is,  10^  half-wavelengths  long. 

Such  plate  would  be  very  difficult  to  construct  as  it  would  require  that  /  be  built  with 
an  accuracy  of  a  few  percent  of  Ao/2.  Eor  example,  assuming  u(A/)=  0.01  (Ao/2),  the 
plate  should  be  constructed  with  an  accuracy  of  one  part  in  a  million:  Al/l  =  nAl/ (nl)  = 
0.01/10^  =  10“®.  (That  is  why  thin  films  are  constructed  by  a  carefully  controlled  evapo¬ 
ration  process.) 

More  realistically,  a  typical  glass  plate  can  be  constructed  with  an  accuracy  of  one  part  in  a 
thousand,  Al/l  =  10“^,  which  would  mean  that  within  the  manufacturing  uncertainty  Al, 
there  would  still  be  ten  half -wavelengths,  nA\  =  10“^(u/)=  10(Ao/2). 

The  overall  power  reflection  response  will  be  obtained  by  averaging  ITi  P  over  several  Ao/2 
cycles,  such  as  the  above  ten.  Because  of  periodicity,  the  average  of  ITi  P  over  several  cycles 
is  the  same  as  the  average  over  one  cycle,  that  is, 

_  1  r(^o 

iri|2  =  —  iri(co)|2dtt) 

CVo  Jo 

where  coo  =  2n/T  and  T  is  the  two-way  travel-time  delay.  Using  either  of  the  two  expres¬ 
sions  in  Eq.  (5.5.5),  this  integral  can  be  done  exactly  resulting  in  the  average  reflectance 
and  transmittance: 


5.5.  Reflectionless  Slab 


169 


where  we  used  pi  =  {1  -  n)  /  {1  +  n).  This  explains  why  glass  windows  do  not  exhibit  a 
frequency-selective  behavior  as  predicted  by  Eq.  (5.5.5).  For  n  =  1.5,  we  find  1  -  lAP  = 
0.9231,  that  is,  92.31%  of  the  incident  light  is  transmitted  through  the  plate. 

The  same  expressions  for  the  average  reflectance  and  transmittance  can  be  obtained  by 
summing  incoherently  all  the  multiple  reflections  within  the  slab,  that  is,  summing  the 
multiple  reflections  of  power  instead  of  field  amplitudes.  The  timing  diagram  for  such 
multiple  reflections  is  shown  in  Fig.  5.6.1. 

Indeed,  if  we  denote  by  Pr  =  pi  and  pt  =  I  -  Pr  =  I  -  Pi,  the  power  reflection  and  trans¬ 
mission  coefficients,  then  the  first  reflection  of  power  will  be  Pr-  The  power  transmitted 
through  the  left  interface  will  be  pt  and  through  the  second  interface  pi  (assuming  the 
same  medium  to  the  right.)  The  reflected  power  at  the  second  interface  will  be  ptPr  and 
will  come  back  and  transmit  through  the  left  interface  giving  plpr- 

Similarly,  after  a  second  round  trip,  the  reflected  power  will  be  plpj,  while  the  transmitted 
power  to  the  right  of  the  second  interface  will  be  pi  pi,  and  so  on.  Summing  up  all  the 
reflected  powers  to  the  left  and  those  transmitted  to  the  right,  we  find: 


1 


TiP  =  +  pIp^  +  pIpI  +  pIpI  +  ■ . 


p^tP 

l-Pr 


AP  =  pI  +  pIpI  +  plpj  + 


pI  ^  ^-Pr 
I  -  pi  l+Pr 


2Pr 

l+Pr 


where  we  used  pt  =  I  -  Pr-  These  are  equivalent  to  Eqs.  (5.5.10). 


□ 


Example  5.5.4:  Radomes.  A  radome  protecting  a  microwave  transmitter  has  e  =  4eo  and  is 
designed  as  a  half-wavelength  reflectionless  slab  at  the  operating  frequency  of  10  GHz. 
Determine  its  thickness. 

Next,  suppose  that  the  operating  frequency  is  1%  off  its  nominal  value  of  10  GHz.  Calculate 
the  percentage  of  reflected  power  back  towards  the  transmitting  antenna. 

Determine  the  operating  bandwidth  as  that  frequency  interval  about  the  10  GHz  operating 
frequency  within  which  the  reflected  power  remains  at  least  30  dB  below  the  incident 
power. 

Solution:  The  free-space  wavelength  is  Aq  =  Co/fo  =  30  GHz  cm/ 10  GHz  =  3  cm.  The  refractive 
index  of  the  slab  is  n  =  2  and  the  wavelength  inside  it,  Ai  =  Aq/u  =  3/2  =  1.5  cm.  Thus, 
the  slab  thickness  will  be  the  half -wavelength  /i  =  Ai/2  =  0.75  cm,  or  any  other  integral 
multiple  of  this. 

Assume  now  that  the  operating  frequency  is  co  =  coq  +  6co,  where  coq  =  2nfo  =  2tt/T. 
Denoting  d  =  dco/coo,  we  can  write  co  =  coo(l  +  d).  The  numerical  value  of  d  is  very 
small,  d  =  1%  =  0.01.  Therefore,  we  can  do  a  first-order  calculation  in  d.  The  reflection 
coefficient  pi  and  reflection  response  F  are: 


n  -  no  ^  0.5  - 1  ^  _  1 
n  +  no  0-3  +  1  3 


ri(co)  = 


PiO-z  ‘) 
1  -  p?z-i 


1  - 


where  we  used  n  =  no/ti  =  no/2.  Noting  that  coT  =  cooT(l  +  d)=  2tt(1  +  d),  we  can 
expand  the  delay  exponential  to  first-order  in  d: 


^-1  =  ^-jcvT  ^  g-2TTj(l  +  5)  ^  g-2TTjg-2TTj5  ^  g-2TTj5  ^  ^  _  2TTj§ 
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Thus,  the  reflection  response  becomes  to  first-order  in  d: 

^  ^  Pi{l  -  (1  -  2nj6))  ^  Pi2TTj6  ^  Pi2nj6 
I-pIU-  2nj6)  I-  pI  +  pl2nj6  ~  I  -  pi 

where  we  replaced  the  denominator  by  its  zeroth-order  approximation  because  the  numer¬ 
ator  is  already  first-order  in  d.  It  follows  that  the  power  reflection  response  will  be: 

2  p!(2nS)^ 

Evaluating  this  expression  for  d  =  0.01  and  pi  =  -1/3,  we  find  |rp  =  0.00049,  or 
0.049  percent  of  the  incident  power  gets  reflected.  Next,  we  find  the  frequency  about 
coo  at  which  the  reflected  power  is  A  =  30  dB  below  the  incident  power.  Writing  again, 
CO  =  coo  +  dco  =  coo(l  +  S)  and  assuming  d  is  small,  we  have  the  condition: 

IP  |2  _  Pi  (2ttS)  ^  _  T  refl  _  ^^.-AHO  .  s  _  ^  ~  Pi  -1  (i-A/20 

Evaluating  this  expression,  we  find  d  =  0.0134,  or  dco  =  0.0134coo.  The  bandwidth  will 
be  twice  that,  Aco  =  2dco  =  0.0268coo,  or  in  Hz,  Af  =  0.0268/^0  =  268  MHz.  □ 

Example  5.5.5:  Because  of  manufacturing  imperfections,  suppose  that  the  actual  constructed 
thickness  of  the  above  radome  is  1%  off  the  desired  half -wavelength  thickness.  Determine 
the  percentage  of  reflected  power  in  this  case. 

Solution:  This  is  essentially  the  same  as  the  previous  example.  Indeed,  the  quantity  6  =  coT  = 
2kili  =  2co/i/Ci  can  change  either  because  of  co  or  because  of  h.  A  simultaneous  in¬ 
finitesimal  change  (about  the  nominal  value  6o  =  coqT  =  2tt)  will  give: 

69  =  2{S(jo)Ii/Ci  +  2wo{Sh)/Ci  ^  5=^  =  —  +  ^ 

Oo  0)0  /i 

In  the  previous  example,  we  varied  co  while  keeping  /i  constant.  Here,  we  vary  h,  while 
keeping  co  constant,  so  that  d  =  d/i//i.  Thus,  we  have  66  =  6o6  =  2ttS.  The  correspond¬ 
ing  delay  factor  becomes  approximately  =  e“/(2TT+50)  ^  i  -  j§0  =  i  -  2TTjd. 

The  resulting  expression  for  the  power  reflection  response  is  identical  to  the  above  and  its 
numerical  value  is  the  same  if  d  =  0.01.  □ 

Example  5.5.6:  Because  of  weather  conditions,  suppose  that  the  characteristic  impedance  of 
the  medium  outside  the  above  radome  is  1%  off  the  impedance  inside.  Calculate  the  per¬ 
centage  of  reflected  power  in  this  case. 

Solution:  Suppose  that  the  outside  impedance  changes  to  nt  =  no  +  6n.  The  wave  impedance 
at  the  outer  interface  will  be  Z2  =  nt  =  no  +  6n.  Because  the  slab  length  is  still  a  half¬ 
wavelength,  the  wave  impedance  at  the  inner  interface  will  be  Zi  =  Z2  =  no  +  6n.  It 

follows  that  the  reflection  response  will  be: 

^  ^  Zi  -  no  ^  no  +  Sn-  no  ^  ^n  ^ 

^  Zi  +  no  no  +  ^n  +  no  2no  +  ^n  2no 

where  we  replaced  the  denominator  by  its  zeroth-order  approximation  in  dp.  Evaluating 
at  dp/po  =  1%  =  0.01,  we  find  A  =  0.005,  which  leads  to  a  reflected  power  of  |AP  = 
2.5x10“^,  or,  0.0025  percent.  □ 
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We  conclude  our  discussion  of  the  single  slab  by  trying  to  understand  its  behavior  in 
the  time  domain.  The  z-domain  reflection  transfer  function  of  Eq.  (5.4.5)  incorporates 
the  effect  of  all  multiple  reflections  that  are  set  up  within  the  slab  as  the  wave  bounces 
back  and  forth  at  the  left  and  right  interfaces.  Expanding  Eq.  (5.4.5)  in  a  partial  fraction 
expansion  and  then  in  power  series  in  z~^  gives: 


ri(z)  = 


Pi  +  P2Z  ^ 

1+  plP2Z-^ 


1 

Pi 


1  (1-pl) 

Pi  1+  plP2Z-^ 


=  Pi  +  y  (1  -  Pi)  (-pi)"  V" z " 

n=l 


Using  the  reflection  coefficient  from  the  right  of  the  hrst  interface,  p'l  =  -pi,  and  the 
transmission  coefficients  Ti  =  1  +  pi  and  =  1  +  =  1  -  pi,  we  have  TiT^  =  1  -  Pi- 

Then,  the  above  power  series  can  be  written  as  a  function  of  frequency  in  the  form: 


ri(CO)=  Pi  +  y  TiTi(pi)"  V”^  " 

n=l 


Pi  +  X  TiTi(pi)"  V”  e 

n=l 


where  we  set  z  ^  =  e  It  follows  that  the  time-domain  reflection  impulse  response, 
that  is,  the  inverse  Eourier  transform  of  Ti  (co) ,  will  be  the  sum  of  discrete  impulses: 


ri(f)=  pi5(f)+ ^  TiT'iipi)"  ^p^5(t-nT)  (5.6.1) 

n=l 

This  is  the  response  of  the  slab  to  a  forward-moving  impulse  striking  the  left  inter¬ 
face  at  f  =  0,  that  is,  the  response  to  the  input  £1+ (t)  =  5{t).  The  hrst  term  pi(5(t)  is  the 
impulse  immediately  rehected  at  t  =  0  with  the  rehection  coefficient  pi.  The  remaining 
terms  represent  the  multiple  rehections  within  the  slab.  Eig.  5.6.1  is  a  timing  diagram 
that  traces  the  rehected  and  transmitted  impulses  at  the  hrst  and  second  interfaces. 

\< -  li - H 

1 

Pi 

t;  T1P2 
t;  TjpIp; 
t;  TiP|p;2 


Fig.  5.6.1  Multiple  reflections  building  up  the  reflection  and  transmission  responses. 

The  input  pulse  5  (t)  gets  transmitted  to  the  inside  of  the  left  interface  and  picks  up 
a  transmission  coefficient  factor  Ti.  In  r/2  seconds  this  pulse  strikes  the  right  interface 
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and  causes  a  rehected  wave  whose  amplitude  is  changed  by  the  rehection  coefficient  p2 
into  T1P2. 

Thus,  the  pulse  Tip2(5  (t  -  T/2)  gets  rehected  backwards  and  will  arrive  at  the  left 
interface  T/2  seconds  later,  that  is,  at  time  t  =  T.  A  proportion  t[  of  it  will  be  transmit¬ 
ted  through  to  the  left,  and  a  proportion  p[  will  be  re-rehected  towards  the  right.  Thus, 
at  time  t  =  T,  the  transmitted  pulse  into  the  left  medium  will  be  TiTip2(5(f  -  T),  and 
the  re-  rehected  pulse  Tip'ip26  {t  -  T). 

The  re-rehected  pulse  will  travel  forward  to  the  right  interface,  arriving  there  at  time 
f  =  3 r/2  getting  rehected  backwards  picking  up  a  factor  p2.  This  will  arrive  at  the  left 
at  time  t  =  2T.  The  part  transmitted  to  the  left  will  be  now  Tir'ip'ipld (t  -  2T),  and 
the  part  re-rehected  to  the  right  Tip'i^ p\5{t -2T) .  And  so  on,  after  the  nth  round  trip, 
the  pulse  transmitted  to  the  left  will  be  TiT^  (pi)”“V2<5  (t  -  nT).  The  sum  of  all  the 
rehected  pulses  will  be  T 1  (t)  of  Eq.  (5.6.1). 

In  a  similar  way,  we  can  derive  the  overall  transmission  response  to  the  right.  It  is 
seen  in  the  hgure  that  the  transmitted  pulse  at  time  t  =  nr+(r/2)  willbe  T1T2  (pi)”P2- 
Thus,  the  overall  transmission  impulse  response  will  be: 

00 

T{t)=  y  TiT2(pi)"P2  5(f  -nT  -  T/2) 

n=0 


It  follows  that  its  Eourier  transform  will  be: 

00 

T  (co)=  ^  TiT2{p'i)^  p2^~^^^^  e~^^^ 

n=0 


which  sums  up  to  Eq.  (5.4.6): 


'T  (cv) 


TiT2e 

i  -  p[p2e~j^^ 


TiT2e 

1  +  pip2e~j^'^ 


(5.6.2) 


Eor  an  incident  held  £1+  (t)  with  arbitrary  time  dependence,  the  overall  rehection 
response  of  the  slab  is  obtained  by  convolving  the  impulse  response  £  1  (t)  with  £1+  (t) . 
This  follows  from  the  linear  superposition  of  the  rehection  responses  of  all  the  frequency 
components  of  £1+  (f ) ,  that  is. 


£i_(f)=  \  Ti{cv)Ei+{co)ej^‘/A’  where  £i+(f)=  I  Ei+{cv)ei‘"^/A 
J— 00  2tt  J—oo  2tt 


Then,  the  convolution  theorem  of  Eourier  transforms  implies  that: 


dm 

£i-(f)=  Ti(w)Ei+{u})eJ‘"^— =  \  Ti{t')Ei+{t-t')dt'  (5.6.3) 

J—oo  2TT  J  —00 

Inserting  (5.6.1),  we  hnd  that  the  rehected  wave  arises  from  the  multiple  rehections 
of  £i+  (t)  as  it  travels  and  bounces  back  and  forth  between  the  two  interfaces: 


Ei-{t)=  piEi+{t)+  y  TiTi(p'i)"  V"  £'i+(f  -  nT) 

n=l 


(5.6.4) 
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For  a  causal  waveform  £1+  (f ) ,  the  summation  over  n  will  be  finite,  such  that  at  each 
time  t  >  0  only  the  terms  that  have  t  -  nT  >0  will  be  present.  In  a  similar  fashion,  we 
hnd  for  the  overall  transmitted  response  into  medium  rj^  : 


E', 


^ — 00 

.(t)=  'r(f')£i+(f-f')df' =  X  TiT2(p'i)"P2£i+(f-«7’-r/2)  (S.6.S) 


We  will  use  similar  techniques  later  on  to  determine  the  transient  responses  of  trans¬ 
mission  lines. 


5.7  Two  Dielectric  Slabs 

Next,  we  consider  more  than  two  interfaces.  As  we  mentioned  in  the  previous  section, 
Eqs.  (5.4.7)-(5.4.9)  are  general  and  can  be  applied  to  all  successive  interfaces.  Fig.  5.7.1 
shows  three  interfaces  separating  four  media.  The  overall  reflection  response  can  be 
calculated  by  successive  application  of  Eq.  (5.4.8): 

r  Pi  +  ^ 


r,,r;  r„n 


Fig.  5.7.1  Two  dielectric  slabs. 

If  there  is  no  backward-moving  wave  in  the  right-most  medium,  then  £3  =  0,  which 
implies  £3  =  P3.  Substituting  £2  into  £1  and  denoting  Zi  =  Z2  =  we 

eventually  hnd: 


r  Pi  +P2ZX  +PlP2P3Z2^  +P3z/z2^ 

-1  1  =  - — TT 

1  -r  P1P2Z1  +  P2P3Z2  +  P1P3Z1  ^Z2 

The  rehection  response  £  1  can  alternatively  be  determined  from  the  knowledge  of 
the  wave  impedance  Zi  =  Ei/Hi  at  interface-1: 

r  _  El -  Pa 


El  +  rfa 
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The  helds  Ei,Hi  are  obtained  by  successively  applying  Eq.  (5.4.9): 


El  ■ 

coski/i 

jni  sinki/i 

‘£2  ■ 

sinfci/i 

COSfci/i 

A2_ 

coski/i 

jm  sinki/i 

COSk2/2 

J<72Sink2/2 

‘£3  ■ 

sin£i;i 

COS/Cl/l 

jpX  sin£2/2 

cos  £2/2 

A3_ 

But  at  interface-3,  £3  =  £3  =  £3+  and  H3  =  because  Z3  =  rjt- 

Therefore,  we  can  obtain  the  helds  Ei,Hi  by  the  matrix  multiplication: 


~  El  ■ 

coski/i 

jnisinkih 

COSk2/2 

jn2Sink2h 

1 

jni^  sinkih 

cos£i/i 

jpX  sin£2/2 

cos  £2^2 

Because  Zi  is  the  ratio  of  £1  and  Hi,  the  factor  £3+  cancels  out  and  can  be  set  equal 
to  unity. 


Example  5.7.1:  Determine  £1  if  both  slabs  are  quarter-wavelength  slabs.  Repeat  if  both  slabs 
are  half -wavelength  and  when  one  is  half-  and  the  other  quarter-wavelength. 

Solution:  Because  h  =  Ai/4  and  h  =  A2/4,  we  have  2kili  =  Zkzh  =  tt,  and  it  follows  that 
Zi  =  Z2  =  -1.  Then,  Eq.  (5.7.1)  becomes: 


_  Pi  -  P2  -  P1P2P3  +  P3 

1  -  P1P2  -  P2P3  +  P1P3 


A  simpler  approach  is  to  work  with  wave  impedances.  Using  Z3  =  rjt,  we  have: 


Z2  nl/Zi 


r!l7  -  rjl 
nl  ^  ■  nl 


Inserting  this  into  £  1  =  (Zi  -  rj a)  /  (Zi  +  r/^j) ,  we  obtain: 


nlnb  -  nlna 

nlm  +  nlna 


The  two  expressions  for  £1  are  equivalent.  The  input  impedance  Zi  can  also  be  obtained 
by  matrix  multiplication.  Because =  kzh  =  tt/2,  we  have  cos /s:i/i  =  0  and  sin/ci/i  =  1 
and  the  propagation  matrices  for  Ei,Hi  take  the  simplihed  form: 


"  £1  “ 

0 

Jm 

0 

Jm 

Hi 

_Jnl^ 

0 

0 

1 

nb" 


EL  = 


-nin?' 


] 


The  ratio  £1  /Hi  gives  the  same  answer  for  Zi  as  above.  When  both  slabs  are  half -wavelength, 
the  impedances  propagate  unchanged:  Zi  =  Z2  =  Z3,  but  Z3  = 

If  r/i  is  half-  and  172  quarter-wavelength,  then,  Zi  =  Z2  =  /72/Z3  =  riL^b-  And,  if  the 
quarter-wavelength  is  first  and  the  half-wavelength  second,  Zi  =  rjl/Zz  =  rjl/Z^  =  rjl/rjb. 
The  corresponding  reflection  coefficient  £1  is  in  the  three  cases: 


^  m  -  Ha  ^  >72  -  nam  ^  nl  -  nam 
^  Hb  +  na’  ‘  <72  +  HaHb  '  ‘  <7?  +  HaHb 

These  expressions  can  also  be  derived  by  Eq.  (5.7.1),  or  by  the  matrix  method.  □ 
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The  frequency  dependence  of  Eq.  (5.7.1)  arises  through  the  factors  Zi,  Z2,  which  can 
be  written  in  the  forms:  Z\  =  and  Z2  =  where  Ti  =  2/i/Ci  and  Tz  =  2I2/C2 

are  the  two-way  travel  time  delays  through  the  two  slabs. 

A  case  of  particular  interest  arises  when  the  slabs  are  designed  to  have  the  equal 
travel-time  delays  so  that  Ti  =  T2  =  T.  Then,  dehning  a  common  variable  z  =  Zi  = 
Z2  =  we  can  write  the  reflection  response  as  a  second-order  digital  hlter  transfer 
function: 


^  Pi  +  p2(l  +  P1P3)Z  ^  +  P3Z 

1+  p2  ipl  +  p-i)Z-^  +  PlPsZ-^ 


In  the  next  chapter,  we  discuss  further  the  properties  of  such  higher-order  reflection 
transfer  functions  arising  from  multilayer  dielectric  slabs. 


5.8  Reflection  by  a  Moving  Boundary 


Reflection  and  transmission  by  moving  boundaries,  such  as  reflection  from  a  moving 
mirror,  introduce  Doppler  shifts  in  the  frequencies  of  the  reflected  and  transmitted 
waves.  Here,  we  look  at  the  problem  of  normal  incidence  on  a  dielectric  interface  that 
is  moving  with  constant  velocity  v  perpendicularly  to  the  interface,  that  is,  along  the 
z-direction  as  shown  in  Fig.  5.8.1.  Additional  examples  may  be  found  in  [435-453].  The 
case  of  oblique  incidence  is  discussed  in  Sec.  7.12. 


X 


- ► 

S  z 

stationary  frame 


Er 

Ei 


^  kr 

moving  dielectric 

ki^ 

kt 

S' 

z' 

eo 

e 

Fig.  5.8.1  Reflection  and  transmission  at  a  moving  boundary. 

The  dielectric  is  assumed  to  be  non-magnetic  and  lossless  with  permittivity  e.  The 
left  medium  is  free  space  Cq.  The  electric  held  is  assumed  to  be  in  the  x-direction  and 
thus,  the  magnetic  held  will  be  in  the  y-direction.  We  consider  two  coordinate  frames,  the 
hxed  frame  S  with  coordinates  {t,  x,y,z},  and  the  moving  frame  S'  with  {t' ,x' ,y' ,z'}. 
The  two  sets  of  coordinates  are  related  by  the  Lorentz  transformation  equations  (H.l) 
of  Appendix  H. 

We  are  interested  in  determining  the  Doppler-shifted  frequencies  of  the  rehected  and 
transmitted  waves,  as  well  as  the  rehection  and  transmission  coefficients  as  measured 
in  the  hxed  frame  S. 
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5.  Reflection  and  Transmission 


The  procedure  for  solving  this  type  of  problem— originally  suggested  by  Einstein 
in  his  1905  special  relativity  paper  [435]— is  to  solve  the  rehection  and  transmission 
problem  in  the  moving  frame  S'  with  respect  to  which  the  boundary  is  at  rest,  and 
then  transform  the  results  back  to  the  hxed  frame  S  using  the  Lorentz  transformation 
properties  of  the  helds.  In  the  hxed  frame  S,  the  helds  to  the  left  and  right  of  the 
interface  will  have  the  forms: 

f  Tx  =  +  EreE^rt+krz)  f  ^  EtcE^tt-ktz) 

left  \  ^  V  .  /  ^  right  \  v  .  /  ^  (5.8.1) 

I  Hy  =  [  Hy  = 

where  w,Wr,Wt  and  ki,kr,kt  are  the  frequencies  and  wavenumbers  of  the  incident, 
rehected,  and  transmitted  waves  measured  in  S.  Because  of  Lorentz  invariance,  the 
propagation  phases  remain  unchanged  in  the  frames  S  and  S',  that  is, 

(pi  =  cjot  -  kiZ  =  co't'  -  k'iz'  =  p'i 

Pr  =  COrt  +  krZ  =  Cv' t'  -T  kj.z'  =  p'j.  (5.8.2) 

pt  =  -  kfZ  =  co't'  -  k'fZ'  =  p'f 


In  the  frame  S'  where  the  dielectric  is  at  rest,  all  three  frequencies  are  the  same 
and  set  equal  to  co'.  This  is  a  consequence  of  the  usual  tangential  boundary  conditions 
applied  to  the  interface  at  rest.  Note  that  pr  can  be  written  as  pr  =  cort  -  i-kr)z 
implying  that  the  rehected  wave  is  propagating  in  the  negative  z-direction.  In  the  rest 
frame  S'  of  the  boundary,  the  wavenumbers  are: 

k,-  =  —  ,  ky  =  —  ,  kf  =  cv  sJejJo  =  n—  (5.8.3) 

where  c  is  the  speed  of  light  in  vacuum  and  n  =  V^/^o  is  the  refractive  index  of  the 
dielectric  at  rest.  The  frequencies  and  wavenumbers  in  the  hxed  frame  S  are  related 
to  those  in  S'  by  applying  the  Lorentz  transformation  of  Eq.  (H.14)  to  the  frequency- 
wavenumber  four -vectors  (co/c, 0, 0, k/),  (cOr/c, 0, 0, -kr),  and  (cOf/c, 0, 0, kf): 

cv  =  y(cv'  +  Pck'i)=  cv'yil  -r  P) 

ki  =  yikj  +  ^0)')=  +  P) 

cvr  =  y{(v'  +  I5c{-ky))  =  co'yd  -  P) 

,  B  ,  co'  (5-8.4) 

-kr  =  yi-K  +  ^w')=  -^y{l  -  B) 

cvt  =  y(w'  +  Bck't)=  co'yd  +  Bn) 
kt  =  yik',  +  ^cv')=  ^y(n  +  B) 

where  p  =  v/c  and  y  =  1/Vl  -  Eliminating  the  primed  quantities,  we  obtain  the 
Doppler-shifted  frequencies  of  the  rehected  and  transmitted  waves: 


i-p 

1  +  pn 

COr  =  CO - - 

1  +  B 

’ 

(Or  =  (O - — 

1  +  B 

(5.8.5) 
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The  phase  velocities  of  the  incident,  reflected,  and  transmitted  waves  are: 

CJO  CJOr  CJOt  I  +  Bn 

V/  =  —  =  c ,  Vr  =  —  =  C,  Vf  =  —  =  C - ^ 

hi  kr  kt  n-\-  B 


(5.8.6) 


These  can  also  be  derived  by  applying  Einstein’s  velocity  addition  theorem  of  Eq.  (H.8). 
Eor  example,  we  have  for  the  transmitted  wave: 

_  +  V  _  c/n  +  v  _  1  +  Bn 

1  +  VdV/c^  1  +  (c/n)v/c2  ^n  +  B 

where  =  c/n  is  the  phase  velocity  within  the  dielectric  at  rest.  To  hrst-order  in 
B  =  y/c,  the  phase  velocity  within  the  moving  dielectric  becomes: 


Vf  =  c 


1  Bn 

n-\-  B 


-  +v(l  - 
n  V  n^  J 


The  second  term  is  known  as  the  “Eresnel  drag.”  The  quantity  nt  =  (n  +  j5)/(l  +  j8n) 
maybe  thought  of  as  the  “effective”  refractive  index  of  the  moving  dielectric  as  measured 
in  the  hxed  system  S. 

Next,  we  derive  the  reflection  and  transmission  coefficients.  In  the  rest-frame  S'  of 
the  dielectric,  the  helds  have  the  usual  forms  derived  earlier  in  Sections  5.1  and  5.2: 


left 


where 


E'^  =  E'i 

H'y= 

t/o 


n  n  +  no 


right 


£■;  =  TE'iCj't’’ 

H'  =  -TE[d‘^'’ 

y  n 


(S.8.7) 


1  -  n 
1  +  n  ’ 


T  =  1  +  p  = 


1  +  n 


The  primed  helds  can  be  transformed  to  the  hxed  frame  S  using  the  inverse  of  the 
Lorentz  transformation  equations  (H.31),  that  is. 


Ex  =  ytf;  +  BcB'y)=  yiE'^  +  BnoH'y) 
Hy  =  y  (h;  +  cBD'^)  =y{H'y  +  cBeE'^) 


(5.8.8) 


where  we  replaced  B'y  =  poH'y,  cpo  =  po,  and  D'^  =  eE'^  (of  course,  e  =  eo  in  the  left 
medium).  Using  the  invariance  of  the  propagation  phases,  we  hnd  for  the  helds  at  the 
left  side  of  the  interface: 

Ex  =  y[E'^{e^^^  +  +BE'i{e^'^^  - =  E'^y[{l  + +  p{^- (5.8.9) 

Similarly,  for  the  right  side  of  the  interface  we  use  the  property  Po/rj  =  n  to  get: 

Ex  =  +  Bi^TE'iC^^^]  =  yrE'i  (1  +  (5.8.10) 

Comparing  these  with  Eq.  (5.8.1),  we  hnd  the  incident,  rehected,  and  transmitted 
electric  held  amplitudes: 


Ei  =  yE'ia  +  B),  Er  =  pyE'i{l-B),  Et  =  TyE'ia  +  Bn) 


(5.8.11) 
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from  which  we  obtain  the  rehection  and  transmission  coefficients  in  the  hxed  frame  S: 


 1-/? 

Et  1  +  Bn 

Ei  ^1  +  p 

’ 

1  +  iS 

(5.8.12) 


The  case  of  a  perfect  mirror  is  also  covered  by  these  expressions  by  setting  p  =  -1 
and  T  =  0.  Eq.  (5.8.5)  is  widely  used  in  Doppler  radar  applications.  Typically,  the 
boundary  (the  target)  is  moving  at  non-relativistic  speeds  so  that  B  =  v/c  ^  1.  In  such 
case,  the  hrst-order  approximation  of  (5.8.5)  is  adequate: 

fr^f{l-2p)=f{l-2^)  ^  y  = 

where  Af  =  fy-f  is  the  Doppler  shift.  The  negative  sign  means  that  fr<fii  the  target 
is  receding  away  from  the  source  of  the  wave,  and  fr>fii  it  is  approaching  the  source. 


As  we  mentioned  in  Sec.  2.1 1,  if  the  source  of  the  wave  is  moving  with  velocity  Va  and 
the  target  with  velocity  (with  respect  to  a  common  hxed  frame,  such  as  the  ground), 
then  one  must  use  the  relative  velocity  v  =  in  the  above  expression: 

fr^  r 

(5.8.14) 


^  ^  fr-f  ^  ^yg-Vb 

f  f  C 


5.9  Problems 


5.1  Fill  in  the  details  of  the  equivalence  between  Eq.  (5.2.2)  and  (5.2.3),  that  is, 


E+  +  E-  =  £+  -t  E'_ 
i(£+  -£_)  =  y(£;  -E'_) 

p  p' 


I 

T 


1  p 
p  1 


E'^ 

E'_ 


] 


5.2  Fill  in  the  details  of  the  equivalences  stated  in  Eq.  (5.2.9),  that  is, 


Z  =  Z' 


E  = 


P  +  E' 
1  +  pE' 


E'  = 


P'+E 
1  +  p'E 


Show  that  if  there  is  no  left-incident  held  from  the  right,  then  E  =  p,  and  if  there  is  no 
right-incident  held  from  the  left,  then,  E'  =  Up'.  Explain  the  asymmetry  of  the  two  cases. 


5.3  Let  p,  T  be  the  reflection  and  transmission  coefficients  from  the  left  side  of  an  interface  and 
let  p' ,  t'  be  those  from  the  right,  as  dehned  in  Eq.  (5.2.5).  One  of  the  two  media  may  be 
lossy,  and  therefore,  its  characteristic  impedance  and  hence  p,  t  may  be  complex-valued. 
Show  and  interpret  the  relationships: 


1-  Ipl^  =Re(  — )|t|^  =  Re(T*T') 
P' 


5.4  Show  that  the  reflection  and  transmission  responses  of  the  single  dielectric  slab  of  Fig.  5.4.1 
are  given  by  Eq.  (5.4.6),  that  is. 


Pi  +  ^  £2+  TiT2e~-'*=i'i 

1  +  piP2e“^‘^^hi  ’  Ei+  1  +  pip2e“2jfei/i 
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Moreover,  using  these  expressions  show  and  interpret  the  relationship: 


—  (i-irp)  =  —  \r\^ 

tla  m 

5.5  A  1-GHz  plane  wave  is  incident  normally  onto  a  thick  copper  plate  (cr  =  5.8x10^  S/m.)  Can 
the  plate  be  considered  to  be  a  good  conductor  at  this  frequency?  Calculate  the  percentage 
of  the  incident  power  that  enters  the  plate.  Calculate  the  attenuation  coefficient  within  the 
conductor  and  express  it  in  units  of  dB/m.  What  is  the  penetration  depth  in  mm? 

5.6  With  the  help  of  Fig.  5.5.1,  argue  that  the  3-dB  width  Aco  is  related  to  the  3-dB  frequency 
CO3  by  Auo  =  2co3  and  Auo  =  uoq-  2co3,  in  the  cases  of  half-  and  quarter-wavelength  slabs. 
Then,  show  that  0)3  and  Aco  are  given  by: 


cos  CJO3T  = 


2pl 

1  +  pt  ’ 


tan 


(^) 


1-Pi 

1  +  pI 


5.7  A  fiberglass  (e  =  4eo )  radome  protecting  a  microwave  antenna  is  designed  as  a  half -wavelength 
reflectionless  slab  at  the  operating  frequency  of  12  CHz. 


a.  Determine  three  possible  thicknesses  (in  cm)  for  this  radome. 

b.  Determine  the  15-dB  and  30-dB  bandwidths  in  CHz  about  the  12  GHz  operating  fre¬ 
quency  ,  defined  as  the  widths  over  which  the  reflected  power  is  15  or  30  dB  below  the 
incident  power. 


5.8  A  5  GHz  wave  is  normally  incident  from  air  onto  a  dielectric  slab  of  thickness  of  1  cm  and 
refractive  index  of  1.5,  as  shown  below.  The  medium  to  the  right  of  the  slab  has  an  index  of 
2.25. 

a.  Write  an  analytical  expression  of  the  reflectance  \r{f)  as  a  function  of  frequency 
and  sketch  it  versus  f  over  the  interval  0  <  f  <  15  GHz.  What  is  the  value  of  the 
reflectance  at  5  GHz? 

b.  Next,  the  1-cm  slab  is  moved  to  the  left  by  a  distance  of  3  cm,  creating  an  air-gap 
between  it  and  the  rightmost  dielectric.  Repeat  all  the  questions  of  part  (a). 

c.  Repeat  part  (a),  if  the  slab  thickness  is  2  cm. 


^0 

^2  ^0 

ei 

^0 

^2 

1  ► 

1  ► 

3  cm 

1cm  1cm 

5.9  A  single-frequency  plane  wave  is  incident  obliquely  from  air  onto  a  planar  interface  with 
a  medium  of  permittivity  e  =  2eo,  as  shown  below.  The  incident  wave  has  the  following 
phasor  form: 


E{z)=  +Jpj  (5.9.1) 
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a.  Determine  the  angle  of  incidence  6  in  degrees  and  decide  which  of  the  two  dashed  lines 
in  the  figure  represents  the  incident  wave.  Moreover,  determine  the  angle  of  refraction 
6'  in  degrees  and  indicate  the  refracted  wave’s  direction  on  the  figure  below. 

b.  Write  an  expression  for  the  reflected  wave  that  is  similar  to  Eq.  (5.9.1),  but  also  includes 
the  dependence  on  the  TE  and  TM  Fresnel  reflection  coefficients  (please  evaluate  these 
coefficients  numerically.)  Similarly,  give  an  expression  for  the  transmitted  wave. 

c.  Determine  the  polarization  type  (circular,  elliptic,  left,  right,  linear,  etc.)  of  the  incident 
wave  and  of  the  reflected  wave. 

5.10  A  uniform  plane  wave  is  incident  normally  on  a  planar  interface,  as  shown  below.  The 
medium  to  the  left  of  the  interface  is  air,  and  the  medium  to  the  right  is  lossy  with  an 
effective  complex  permittivity  €c,  complex  wavenumber  k'  =  -  ja'  =  co^poGc,  and 

complex  characteristic  impedance  rjc  =  The  electric  field  to  the  left  and  right  of  the 

interface  has  the  following  form: 


,  z<0 

^TEoe~j^'^,  z  >  0 


X  1 

Eq  ^ 

tEq 

PEo 

Eq 

where  p,  t  are  the  reflection  and  transmission  coefficients. 

1.  Determine  the  magnetic  field  at  both  sides  of  the  interface. 

2.  Show  that  the  Poynting  vector  only  has  a  z-component,  given  as  follows  at  the  two 
sides  of  the  interface: 


T  = 


\Eo\^ 

2rio 


T'  = 


\Eo\^ 

2wpo 


3.  Moreover,  show  that  T  =  T'  at  the  interface,  (i.e.,  at  z  =  0). 


5.11  Consider  a  lossy  dielectric  slab  of  thickness  d  and  complex  refractive  index  ric  =  rir  -jrii  at 
an  operating  frequency  co,  with  air  on  both  sides  as  shown  below. 


a.  Let  k  =  =  koUc  and  rjc  =  t/o/tic  be  the  corresponding  complex  wavenumber  and 

characteristic  impedance  of  the  slab,  where  ko  =  co-ypo^o  =  co/co  and  r/o  = 

Show  that  the  transmission  response  of  the  slab  may  be  expressed  as  follows: 


T  = 


1 


cos kd  +  1  -  ( ric  +  sin kd 
2  V  ric  J 


b.  At  the  cell  phone  frequency  of  900  MHz,  the  complex  refractive  index  of  concrete  is 
ric  =  2.5  -  0.14j.  Calculate  the  percentage  of  the  transmitted  power  through  a  20-cm 
concrete  wall.  How  is  this  percentage  related  to  T  and  why? 


c.  Is  there  anything  interesting  about  the  choice  d  =  20  cm?  Explain. 
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5.12  Consider  the  slab  of  the  previous  problem.  The  tangential  electric  field  has  the  following 
form  in  the  three  regions  z  <  0,  0  <  z  <  d,  and  z  >  d\ 

f^jkoz  ^  if  z  <  0 

E{z)=-  Ae-j^^  +  ,  if  0  <  z  <  d 

Te-jko(z-d)  ^  if  z>d 

where  ko  and  k  were  defined  in  the  previous  problem. 

a.  What  are  the  corresponding  expressions  for  the  magnetic  field  H  (z)? 

b.  Set  up  and  solve  four  equations  from  which  the  four  unknowns  r,A,B,T  may  be 
determined. 

c.  If  the  slab  is  lossless  and  is  designed  to  be  a  half-wave  slab  at  the  frequency  co,  then 
what  is  the  value  of  T? 

d.  If  the  slab  is  is  lossy  with  ric  =  -  Jn,  and  is  designed  to  be  a  half-wave  slab  with 

respect  to  the  real  part  jS  of  k,  that  is,  ^d  =  n,  then,  show  that  T  is  given  by: 

j  = _ - _ - _ - _ 

cosh  ad  +  -  {  Ur  +  —  )  sinh  ad 
2  V  UcJ 

5.13  Consider  a  two-layer  dielectric  structure  as  shown  in  Fig.  5.7.1,  and  let  na,ni,n2,  ni,  be  the 
refractive  indices  of  the  four  media.  Consider  the  four  cases:  (a)  both  layers  are  quarter- 
wave,  (b)  both  layers  are  half-wave,  (c)  layer- 1  is  quarter-  and  layer-2  half-wave,  and  (d)  layer- 1 
is  half-  and  layer-2  quarter-wave.  Show  that  the  reflection  coefficient  at  interface- 1  is  given 
by  the  following  expressions  in  the  four  cases: 

^  ^  rignl  -  ntnl  ^  ^  Ug  -  nt  ^  ^  UgUt  -  nj  ^  ^  UgUt  -  nj 

^  ngul  +  ntnl'  ^  Ug  +  nt  '  ^  ngUt  +  nl’  ^  Ugiii,  +  n\ 

5.14  Consider  the  lossless  two-slab  structure  of  Fig.  5.7.1.  Write  down  all  the  transfer  matrices 
relating  the  fields  £,+  ,  /  =  1,2,  3  at  the  left  sides  of  the  three  interfaces.  Then,  show  the 
energy  conservation  equations: 

—  (|£h-|2  -  |£i-|2)  =  — (|£2+|'  -  |£2-l')  =  — (Ifs+I^  -  Ifs-l')  =  —  IfUl' 
ria  rii  ni  rib 

5.15  An  alternative  way  of  representing  the  propagation  relationship  Eq.  (5.1.12)  is  in  terms  of  the 
hyperbolic  w-plane  variable  defined  in  terms  of  the  reflection  coefficient  T,  or  equivalently, 
the  wave  impedance  Z  as  follows: 

r  =  e-2«'  Z  =  ;7COth(w)  (5.9.2) 

Show  the  equivalence  of  these  expressions.  Writing  r,  =  and  £2  =  show  that 

Eq.  (5.1.12)  becomes  equivalent  to: 

Wi  =  W2  +  jkl  (propagation  in  w-domain)  (5.9.3) 

This  form  is  essentially  the  mathematical  (as  opposed  to  graphical)  version  of  the  Smith 
chart  and  is  particularly  useful  for  numerical  computations  using  MATLAB. 


182 


5.  Reflection  and  Transmission 


5.16  Plane  A  flying  at  a  speed  of  900  km/hr  with  respect  to  the  ground  is  approaching  plane  B. 
Plane  A’s  Doppler  radar,  operating  at  the  X-band  frequency  of  10  GHz,  detects  a  positive 
Doppler  shift  of  2  kHz  in  the  return  frequency.  Determine  the  speed  of  plane  B  with  respect 
to  the  ground.  [Ans.  792  km/hr.] 

5.17  The  complete  set  of  Lorentz  transformations  of  the  fields  in  Eq.  (5.8.8)  is  as  follows  (see  also 
Eq.  (H.31)  of  Appendix  H): 

E^  =  y(E'^  +  PcB'y),  Hy  =  y(Hy  +  cPDy),  =  y{Dy  +  ^^y).  By  =  y{B'y  +  ^^Ey) 

The  constitutive  relations  in  the  rest  frame  S'  of  the  moving  dielectric  are  the  usual  ones,  that 
is,  B'y  =  ijH'y  and  D'^  =  eE'^.  By  eliminating  the  primed  quantities  in  terms  of  the  unprimed 
ones,  show  that  the  constitutive  relations  have  the  following  form  in  the  fixed  system  S\ 

„  il-P^}eE^-Pin^-l}Hy/c  „  {1  -  P^}ijHy  -  -  l}EJc 

1_^2„2 

where  n  is  the  refractive  index  of  the  moving  medium,  n  =  •Je^/eolUo-  Show  that  for  free 
space,  the  constitutive  relations  remain  the  same  as  in  the  frame  S'. 
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Multilayer  Structures 


Higher-order  transfer  functions  of  the  type  of  Eq.  (5.7.2)  can  achieve  broader  reflection¬ 
less  notches  and  are  used  in  the  design  of  thin-hlm  antireflection  coatings,  dielectric 
mirrors,  and  optical  interference  hlters  [592-654,713-746],  and  in  the  design  of  broad¬ 
band  terminations  of  transmission  lines  [781-791]. 

They  are  also  used  in  the  analysis,  synthesis,  and  simulation  of  hber  Bragg  gratings 
[747-767],  in  the  design  of  narrow-band  transmission  hlters  for  wavelength-division 
multiplexing  (WDM),  and  in  other  hber-optic  signal  processing  systems  [777-780]. 

They  are  used  routinely  in  making  acoustic  tube  models  for  the  analysis  and  synthe¬ 
sis  of  speech,  with  the  layer  recursions  being  mathematically  equivalent  to  the  Levinson 
lattice  recursions  of  linear  prediction  [792-798].  The  layer  recursions  are  also  used  in 
speech  recognition,  disguised  as  the  Schur  algorithm. 

They  also  hnd  application  in  geophysical  deconvolution  and  inverse  scattering  prob¬ 
lems  for  oil  exploration  [799-808]. 

The  layer  recursions— known  as  the  Schur  recursions  in  this  context— are  intimately 
connected  to  the  mathematical  theory  of  lossless  bounded  real  functions  in  the  z-plane 
and  positive  real  functions  in  the  5-plane  and  hnd  application  in  network  analysis,  syn¬ 
thesis,  and  stability  [812-826]. 


6.1  Multiple  Dielectric  Slabs 

The  general  case  of  arbitrary  number  of  dielectric  slabs  of  arbitrary  thicknesses  is  shown 
in  Fig.  6.1.1.  There  are  M  slabs,  M  -r  1  interfaces,  and  M  -r  2  dielectric  media,  including 
the  left  and  right  semi-inhnite  media  rja  and  rji,. 

The  incident  and  rehected  helds  are  considered  at  the  left  of  each  interface.  The 
overall  rehection  response,  Ti  =  E1-/E1+,  can  be  obtained  recursively  in  a  variety  of 
ways,  such  as  by  the  propagation  matrices,  the  propagation  of  the  impedances  at  the 
interfaces,  or  the  propagation  of  the  rehection  responses. 

The  elementary  rehection  coefficients  p,  from  the  left  of  each  interface  are  dehned 
in  terms  of  the  characteristic  impedances  or  refractive  indices  as  follows: 

rg  -  hz-i  ^  rij-i  -  Uj 
rji  +  /7/_i  rii-i  +  rii  ’ 


z  =  1,2,...,M  -r  1 


(6.1.1) 


184 


6.  Multilayer  Structures 


1  2  3  ...  i  i+\  ...  M  M+l 
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Fig.  6.1.1  Multilayer  dielectric  slab  structure. 


where  r/,-  =  rjo/rii,  and  we  must  use  the  convention  Uq  =  Ua  and  yim+i  =  nt,  so  that 
Pi  =  (Yia  -  rii)  /  (Ua  +  rii)  and  pM+i  =  (^m  -  njy)  /  {um  +  nt).  The  forward/backward 
helds  at  the  left  of  interface  /  are  related  to  those  at  the  left  of  interface  /  +  1  by: 


1 

Qj^iU 

piC 

£”/+!,+ 

Ti 

Pioi^di 

Q-jhU 

Tz  +  l,- 

z  =  M,M  -  1, . . . ,  1 


(6.1.2) 


where  t/  =  1  +  p,  and  k,/,  is  the  phase  thickness  of  the  zth  slab,  which  can  be  expressed 
in  terms  of  its  optical  thickness  zi,/,  and  the  operating  free-space  wavelength  by  k,/,  = 
Zniriili)  /  A.  Assuming  no  backward  waves  in  the  right-most  medium,  these  recursions 
are  initialized  at  the  (M  +  1 )  st  interface  as  follows: 


Em+i,+ 

1 

1 

PM+I 

Em+i,+ 

1 

1 

Em+i,- 

Tm+I 

PM+I 

1 

0 

Tm+I 

PM+I 

It  follows  that  the  reflection  responses  T,  =  £’,_/£’/+  will  satisfy  the  recursions: 


Pi+rj+ie-y^i^i 
1  +  p,T/+ie“2ik,'^' 


z  =  M,M  -  1, . . . ,  1 


(6.1.3) 


and  initialized  by  Tm+i  =  Pm+i-  Similarly  the  recursions  for  the  total  electric  and 
magnetic  helds,  which  are  continuous  across  each  interface,  are  given  by: 


Ei 

Hi 


COS  kiU 

Jmsinkili 

Ei+i 

jnC  sink,// 

cos  kiU 

Hm 

(6.1.4) 


and  initialized  at  the  (M  +  l)st  interface  as  follows: 


Em+i 

1 

Hm+i 

It  follows  that  the  impedances  at  the  interfaces,  Z/  =  Ei/Hi,  satisfy  the  recursions: 
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2-  =  Z/+1 +jz7/tankz7z 

Z7z  +jZz+itankz7z 


z  =M,M-  1,...,1 


(6.1.5) 


and  initialized  by  Zm+i  =  Pb-  The  objective  of  all  these  recursions  is  to  obtain  the 
overall  rehection  response  E i  into  medium  Pa- 

The  MATLAB  function  mul  ti  di  el  implements  the  recursions  (6.1.3)  for  such  a  multi¬ 
dielectric  structure  and  evaluates  E i  and  Zi  at  any  desired  set  of  free-space  wavelengths. 
Its  usage  is  as  follows: 


[Gammal,Zl]  =  mul  ti  di  el  (n  ,  L ,  1  ambda)  ;  %  multilayer  dielectric  structure 


where  n,L  are  the  vectors  of  refractive  indices  of  the  M  -r  2  media  and  the  optical 
thicknesses  of  the  M  slabs,  that  is,  in  the  notation  of  Fig.  6.1.1: 


n  =  [na,ni,n2,...,nM,nt],  L  =  [zzi/i,  ^2/2, . . . ,  «m/m] 

and  A  is  a  vector  of  free-space  wavelengths  at  which  to  evaluate  Ei.  Both  the  optical 
lengths  L  and  the  wavelengths  A  are  in  units  of  some  desired  reference  wavelength,  say 
Ao,  typically  chosen  at  the  center  of  the  desired  band.  The  usage  of  multidiel  was 
illustrated  in  Example  5.5.2.  Additional  examples  are  given  in  the  next  sections. 

The  layer  recursions  (6.1.2)-(6.1.5)  remain  essentially  unchanged  in  the  case  of  oblique 
incidence  (with  appropriate  redehnitions  of  the  impedances  r//)  and  are  discussed  in 
Chap.  7. 

Next,  we  apply  the  layer  recursions  to  the  analysis  and  design  of  antireflection  coat¬ 
ings  and  dielectric  mirrors. 


6.2  Antireflection  Coatings 

The  simplest  example  of  antireflection  coating  is  the  quarter-wavelength  layer  discussed 
in  Example  5.5.2.  Its  primary  drawback  is  that  it  requires  the  layer’s  refractive  index  to 
satisfy  the  reflectionless  condition  rii  =  -,/n^nt. 

Eor  a  typical  glass  substrate  with  index  nt  =  1.50,  we  have  rii  =  1.22.  Materials  with 
ZI1  near  this  value,  such  as  magnesium  fluoride  with  rii  =  1.38,  will  result  into  some, 
but  minimized,  reflection  compared  to  the  uncoated  glass  case,  as  we  saw  in  Example 
5.5.2. 

The  use  of  multiple  layers  can  improve  the  reflectionless  properties  of  the  single 
quarter-wavelength  layer,  while  allowing  the  use  of  real  materials.  In  this  section,  we 
consider  three  such  examples. 

Assuming  a  magnesium  fluoride  him  and  adding  between  it  and  the  glass  another 
him  of  higher  refractive  index,  it  is  possible  to  achieve  a  rehectionless  structure  (at  a 
single  wavelength)  by  properly  adjusting  the  him  thicknesses  [594,619]. 

With  reference  to  the  notation  of  Eig.  5.7.1,  we  have  ria  =  1,  zii  =  1.38,  ZI2  to  be 
determined,  and  zi^  =  zigiass  =  1.5.  The  rehection  response  at  interface-1  is  related  to 
the  response  at  interface-2  by  the  layer  recursions: 

^  ^  Pi  +r2e-y'^'’'  ^  ^  P2  + 

^  1  -r  pir2e-^J^di  ’  ^  1  +  ^2^36-21^2/2 


186 


6.  Multilayer  Structures 


The  reflectionless  condition  is  Ti  =  0  at  an  operating  free-space  wavelength  Aq.  This 
requires  that  pi  +  =  0,  which  can  be  written  as: 

(.Vkih  =  .^2  (6.2.1) 


Hi. 

Because  the  lelt-hand  side  has  unit  magnitude,  we  must  have  the  condition  \r2\  = 
I  Pi  I,  or,  \r2\^  =  Pi,  which  is  written  as: 

P2  +  ^  ^  P2  +  pI  +  2P2P3  cos  2^2/2  ^  2 

1  +  P2P3S~y’^^'^  1  +  pIpI  +  2P2P3  COS  2^2/2  ^ 

This  can  be  solved  lor  cos  2^2/2: 

^o,2jt,/2  =  dii±rM)zi4±rI) 


COS^  ^2/2 


Sim  ^2/2 


It  is  evident  Irom  these  expressions  that  not  every  combination  ol  Pi,P2,P3  will 
admit  a  solution  because  the  lelt-hand  sides  are  positive  and  less  than  one.  II  we  assume 
that  n2  >  rii  and  n2  >  n^,  then,  we  will  have  P2  <  0  and  ps  >  0.  Then,  it  is  necessary 
that  the  numerators  ol  above  expressions  be  negative,  resulting  into  the  conditions: 


^  PiO 

.  +  P2PI)- 

-(pI  +  pI) 

2P2P3  (1 

-pD 

-  1,  we  also  find: 

pla 

-P2P3)^- 

-{P2-  Pi)^ 

4p2P3(l 

-Pi) 

ipi  + 

P3)^-PI 

(1+P2P3)^ 

4P2P3  (1 

-Pi) 

P3  +  P2 
1  +  P2P3 


<Pi< 


P3  -  P2 

1  -  P2P3 


The  lelt  inequality  requires  that  <  rii  <  nt,  which  is  satisfied  with  the  choices 
rii  =  1.38  and  =  1.5.  Similarly,  the  right  inequality  is  violated— and  therefore  there 
is  no  solution— il  <  n2  <  which  has  the  numerical  range  1.22  <  n2  <  1.69. 

Catalan  [594,619]  used  bismuth  oxide  (Bi203)  with  ^2  =  2.45,  which  satisfies  the 
above  conditions  for  the  existence  ol  solution.  With  this  choice,  the  reflection  coeffi¬ 
cients  are  pi  =  -0.16,  p2  =  -0.28,  and  P3  =  0.24.  Solving  Eq.  (6.2.2)  for  ^2/2  and  then 
Eq.  (6.2.1)  for  kih,  we  find: 

kih  =  2.0696,  k2l2  =  0.2848  (radians) 

Writing  kill  =  2Tr(ni/i)/Ao,we  find  the  optical  lengths: 


nih  =  0.3294Ao,  ^2/2  =  0.0453Ao 

Eig.  6.2.1  shows  the  resulting  reflection  response  Ti  as  a  lunction  ol  the  Iree-space 
wavelength  A,  with  Aq  chosen  to  correspond  to  the  middle  ol  the  visible  spectrum, 
Ao  =  550  nm.  The  figure  also  shows  the  responses  ol  the  single  quarter-wave  slab  ol 
Example  5.5.2. 

The  reflection  responses  were  computed  with  the  help  ol  the  MATLAB  lunction  mul¬ 
ti  di  el .  The  MATLAB  code  used  to  implement  this  example  was  as  follows: 
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Fig.  6.2.1  Two-slab  reflectionless  coating. 


na=l;  nb=1.5;  nl=1.38;  n2=2.45; 
n  =  [na, nl, n2 , nb] ;  laO  =  550; 
r  =  n2r(n) ; 

c  =  sqrt((r(l)A2*(l-r(2)’V(3))A2  -  (r(2)-r(3))A2)/(4*r(2)’V(3)*(l-r(l)A2))) ; 
k212  =  acos(c) ; 

G2  =  (r(2)  +  r(3)"exp(-2’'j’'k212))/(l  +  r(2)’' r(3)*exp(-2"  j*k21 2))  ; 
kill  =  (angle(G2)  -  pi  -  angl e(r(l)))/2 ; 
if  kill  <0,  kill  =  kill  +  2*pi ;  end 

L  =  [klll,k212]/2/pi ; 

la  =  1  inspace (400, 700, 101) ; 

Ga  =  abs(multidiel (n ,  L,  la/la0)).A2  *  100; 

Gb  =  abs(multidiel ([na,nl,nb] ,  0.25,  la/la0)).A2  *  100; 

Gc  =  abs(multidiel ([na, sqrt(nb) , nb] ,  0.25,  la/la0)).A2  *  100; 

plot(la,  Ga,  la,  Gb,  la,  Gc) ; 


The  dependence  on  A  comes  through  the  quantities  kih  and  ^2/2,  for  example: 


kih  =  277- 


0.3294An 


Essentially  the  same  method  is  used  in  Sec.  12.7  to  design  2 -section  series  impedance 
transformers.  The  MATLAB  function  twosect  of  that  section  implements  the  design. 
It  can  be  used  to  obtain  the  optical  lengths  of  the  layers,  and  in  fact,  it  produces  two 
possible  solutions: 


Li2  =  twosectd,  1/1.38,  1/2.45,  1/1.5)  = 


0.3294  0.0453  ‘ 

0.1706  0.4547 


where  each  row  represents  a  solution,  so  that  Li  =  riih/^o  =  0.1706  and  1 2  = 
ti2/2/Ao  =  0.4547  is  the  second  solution.  The  arguments  of  twosect  are  the  inverses 
of  the  refractive  indices,  which  are  proportional  to  the  characteristic  impedances  of  the 
four  media. 
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Although  this  design  method  meets  its  design  objectives,  it  results  in  a  narrower 
bandwidth  compared  to  that  of  the  ideal  single-slab  case.  Varying  riz  has  only  a  minor 
effect  on  the  shape  of  the  curve.  To  widen  the  bandwidth,  and  at  the  same  time  keep 
the  reflection  response  low,  more  than  two  layers  must  be  used. 

A  simple  approach  is  to  fix  the  optical  thicknesses  of  the  films  to  some  prescribed 
values,  such  as  quarter-wavelengths,  and  adjust  the  refractive  indices  hoping  that  the 
required  index  values  come  close  to  realizable  ones  [594,620].  Fig.  6.2.2  shows  the 
two  possible  structures:  the  quarter-quarter  two-film  case  and  the  quarter-half-quarter 
three-film  case. 
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Fig.  6.2.2  Quarter-quarter  and  quarter-half-quarter  antireflection  coatings. 


The  behavior  of  the  two  structures  is  similar  at  the  design  wavelength.  For  the 
quarter-quarter  case,  the  requirement  Zi  =  r]a  implies: 


Zi  = 


Z2 


ri2/Z3 


-^rib  =  ria 

ni 


which  gives  the  design  condition  (see  also  Example  5.7.1): 


na  =  ^nb  (6.2.3) 

ni 

The  optical  thicknesses  are  Uih  =  n2l2  =  Ao/4.  In  the  quarter-half-quarter  case, 
the  half -wavelength  layer  acts  as  an  absentee  layer,  that  is,  Z2  =  Z3,  and  the  resulting 
design  condition  is  the  same: 


r]\ 

Z2  Z3  nliZi 


=  na 

^3 


yielding  in  the  condition: 


na  =  ^nb  (6.2.4) 

m 

The  optical  thicknesses  are  now  riih  =  ^3/3  =  Ao/4  and  n2l2  =  Ao/2.  Conditions 
(6.2.3)  and  (6.2.4)  are  the  same  as  far  as  determining  the  refractive  index  of  the  second 
quarter-wavelength  layer.  In  the  quarter-half-quarter  case,  the  index  ^2  of  the  half¬ 
wavelength  film  is  arbitrary. 
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In  the  quarter-quarter  case,  if  the  first  quarter-wave  film  is  magnesium  fluoride  with 
Ml  =  1.38  and  the  glass  substrate  has  Ugiass  =  1-5,  condition  (6.2.3)  gives  for  the  index 
for  the  second  quarter-wave  layer: 


n2 


/i.382  X  1.50 

V  1.0 


(6.2.5) 


The  material  cerium  fluoride  (CeF3)  has  an  index  ofn2  =  1.63  at  Aq  =  550  nm  and 
can  be  used  as  an  approximation  to  the  ideal  value  of  Eq.  (6.2.5).  Fig.  6.2.3  shows  the 
reflectances  ITi  for  the  two-  and  three-layer  cases  and  for  the  ideal  and  approximate 
values  of  the  index  of  the  second  quarter-wave  layer. 


Quarter-Quarter  Coating  Quarter-Half-Quarter  Coating 


Fig.  6.2.3  Reflectances  of  the  quarter-quarter  and  quarter-half-quarter  cases. 

The  design  wavelength  was  Aq  =  550  nm  and  the  index  of  the  half-wave  slab  was 
n2  =  2.2  corresponding  to  zirconium  oxide  (Zr02).  We  note  that  the  quarter-half-quarter 
case  achieves  a  much  broader  bandwidth  over  most  of  the  visible  spectrum,  for  either 
value  of  the  refractive  index  of  the  second  quarter  slab. 

The  reflectances  were  computed  with  the  help  of  the  function  mul  ti  di  el .  The  typ¬ 
ical  MATLAB  code  was  as  follows: 

laO  =  550;  la  =  1 i nspace(400 , 700 , 101) ; 

Ga  =  100’>abs(mu1tidie1 ([1,1.38,2.2,1.63,1.5] ,  [0.25,0.5,0.25],  la/la0)).A2; 

Gb  =  100*abs(multidiel([l,1.38,2.2,1.69,1.5],  [0.25,0.5,0.25],  la/la0)).A2; 

Gc  =  100*abs(multidiel([l, 1.22, 1.5],  0.25,  ]a/la0)).A2; 

plot(la,  Ga,  la,  Gb,  la,  Gc) ; 

These  and  other  methods  of  designing  and  manufacturing  antireflection  coatings  for 
glasses  and  other  substrates  can  be  found  in  the  vast  thin-film  literature.  An  incomplete 
set  of  references  is  [592-652].  Some  typical  materials  used  in  thin-film  coatings  are  given 
below: 
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material 

n 

material 

n 

cryolite  (NasAlFe) 

1.35 

magnesium  huoride  (MgF2 ) 

1.38 

Silicon  dioxide  Si02 

1.46 

polystyrene 

1.60 

cerium  huoride  (CeFs) 

1.63 

lead  huoride  (PbF2 ) 

1.73 

Silicon  monoxide  SiO 

1.95 

zirconium  oxide  (Zr02) 

2.20 

zinc  sulhde  (ZnS) 

2.32 

titanium  dioxide  (Ti02 ) 

2.40 

bismuth  oxide  (BUOb) 

2.45 

silicon  (Si) 

3.50 

germanium  (Ge) 

4.20 

tellurium  (Te) 

4.60 

Thin-film  coatings  have  a  wide  range  of  applications,  such  as  displays;  camera  lenses, 
mirrors,  and  hlters;  eyeglasses;  coatings  for  energy-saving  lamps  and  architectural  win¬ 
dows;  lighting  for  dental,  surgical,  and  stage  environments;  heat  reflectors  for  movie 
projectors;  instrumentation,  such  as  interference  hlters  for  spectroscopy,  beam  split¬ 
ters  and  mirrors,  laser  windows,  and  polarizers;  optics  of  photocopiers  and  compact 
disks;  optical  communications;  home  appliances,  such  as  heat  rehecting  oven  windows; 
rear-view  mirrors  for  automobiles. 


6.3  Dielectric  Mirrors 


The  main  interest  in  dielectric  mirrors  is  that  they  have  extremely  low  losses  at  optical 
and  infrared  frequencies,  as  compared  to  ordinary  metallic  mirrors.  On  the  other  hand, 
metallic  mirrors  rehect  over  a  wider  bandwidth  than  dielectric  ones  and  from  all  incident 
angles.  However,  omnidirectional  dielectric  mirrors  are  also  possible  and  have  recently 
been  constructed  [736,737].  The  omnidirectional  property  is  discussed  in  Sec.  8.8.  Here, 
we  consider  only  the  normal-incidence  case. 

A  dielectric  mirror  (also  known  as  a  Bragg  rehector)  consists  of  identical  alternating 
layers  of  high  and  low  refractive  indices,  as  shown  in  Fig.  6.3.1.  The  optical  thicknesses 
are  typically  chosen  to  be  quarter-wavelength  long,  that  is,  UhIh  =  ndi  =  Ao/4  at  some 
operating  wavelength  Aq.  The  standard  arrangement  is  to  have  an  odd  number  of  layers, 
with  the  high  index  layer  being  the  hrst  and  last  layer. 


Fig.  6.3.1  Nine-layer  dielectric  mirror. 

Fig.  6.3.1  shows  the  case  of  nine  layers.  If  the  number  of  layers  is  M  =  2N  -r  1,  the 
number  of  interfaces  will  be  2N  -r  2  and  the  number  of  media  2N  -r  3.  After  the  hrst 
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layer,  we  may  view  the  structure  as  the  repetition  of  N  identical  bilayers  of  low  and  high 
index.  The  elementary  rehection  coefficients  alternate  in  sign  as  shown  in  Fig.  6.3.1  and 
are  given  by 


riH  -riL  ni-  Uh  ria  -  Uh  nn  -  ,  _  „  . . 

p= - ,  -p= - ,  Pi  = - ,  P2  = -  (6.3.1) 

riH  +  Mi  Mi  -r  uh  ria  +  mh  nn  +  nt 

The  substrate  mi  can  be  arbitrary,  even  the  same  as  the  incident  medium  In 
that  case,  p2  =  -pi.  The  rehectivity  properties  of  the  structure  can  be  understood  by 
propagating  the  impedances  from  bilayer  to  bilayer.  For  the  example  of  Fig.  6.3.1,  we 
have  for  the  quarter-wavelength  case: 


Z2  = 


nl 

Zs 


m 


Therefore,  after  each  bilayer,  the  impedance  decreases  by  a  factor  of  (mi/mh)^- 
After  N  bilayers,  we  will  have: 


Using  Zi  =  rijj/Z2,  we  hnd  for  the  rehection  response  at  Aq: 


Zi  -  Pa 
Zi  -I-  rfa 


1  - 


1  -r 


It  follows  that  for  large  N,  F i  will  tend  to  -1,  that  is,  100%  rehection. 


(6.3.2) 


(6.3.3) 


Example  6.3.1:  For  nine  layers,  2N  +  1  =  9,  or  iV  =  4,  and  nn  =  2.32,  ni  =  1.38,  and  = 
ni,  =  1,  we  hnd: 


Fi  =  - ^ -  =  -0.9942  ^  lAI^  =  98.84  percent 

‘"(SI) 

For  N  =  8,  or  17  layers,  we  have  F  i  =  -0.9999  and  \Fi\^  =  99.98  percent.  If  the  substrate 
is  glass  with  nt  =  1.52,  the  rehectances  change  to  \Fi\^  =  98.25  percent  for  N  =  4,  and 
ITi  P  =  99.97  percent  for  A  =  8.  □ 


To  determine  the  bandwidth  around  Aq  for  which  the  structure  exhibits  high  rehec¬ 
tivity,  we  work  with  the  layer  recursions  (6.1.2).  Because  the  bilayers  are  identical,  the 
forward/backward  helds  at  the  left  of  one  bilayer  are  related  to  those  at  the  left  of  the 
next  one  by  a  transition  matrix  F,  which  is  the  product  of  two  propagation  matrices  of 
the  type  of  Eq.  (6.1.2).  The  repeated  application  of  the  matrix  F  takes  us  to  the  right-most 
layer.  For  example,  in  Fig.  6.3.1  we  have: 


'£2+' 

=  F 

£4+ 

=  F^ 

£5+ 

=  F^ 

'£8+' 

E10+ 

_Ee-_ 

_Es-_ 

Elo- 
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where  F  is  the  matrix; 


1 

pe  1 

-pe-jkHiH 

1  +  p 

peJ^ih 

Q-JkLk  J  1  _  p 

-p^jkHlH 

Dehning  the  phase  thicknesses  5h  =  ^hIh  and  5l  =  kih,  and  multiplying  the 
matrix  factors  out,  we  obtain  the  expression  for  F\ 


1  1“  gJ((5H+(5i)  _  p2^j{5H-5L)  -2jpe~^^^  sindi 

1  -  p2  2jpej^^  smdi  e-i(<5H+5i)  _  p2^-j{5H 


By  an  additional  transition  matrix  Fi  we  can  get  to  the  left  of  interface- 1  and  by  an 
additional  matching  matrix  Fz  we  pass  to  the  right  of  the  last  interface: 


where  Fi  and  Fz  are: 


1  1  P2 


T2  P2  1 


where  Ti  =  1  +  pi,  T2  =  1  +  p2,  and  pi,p2  were  dehned  in  Eq.  (6.3.1).  More  generally, 
for  2N  +  1  layers,  or  N  bilayers,  we  have: 


pN 


F2N+2,+ 
F2N+2-  _ 


FiF^F2 


^2N+2,+ 

0 


(6.3.7) 


Thus,  the  properties  of  the  multilayer  structure  are  essentially  determined  by  the 
Nth  power,  F^,  of  the  bilayer  transition  matrix  F.  In  turn,  the  behavior  of  F^  is  deter¬ 
mined  by  the  eigenvalue  structure  of  F. 

Let  {A+,  A-}  be  the  two  eigenvalues  of  F  and  let  V  be  the  eigenvector  matrix.  Then, 
the  eigenvalue  decomposition  of  F  and  will  be  F  =  andF^  =  where 

A  =  diag{A+,  A-}.  Because  F  has  unit  determinant,  its  two  eigenvalues  will  be  inverses 
of  each  other,  that  is,  A_  =  1/A+,  or,  A+A_  =  1. 

The  eigenvalues  A+  are  either  both  real-valued  or  both  complex- valued  with  unit 
magnitude.  We  can  represent  them  in  the  equivalent  form: 


A+=e-'’^',  (6.3.8) 

where  /  is  the  length  of  each  bilayer,  I  =  h  +  Ih-  The  quantity  K  is  referred  to  as  the 
Bloch  wavenumber.  If  the  eigenvalues  A+  are  unit-magnitude  complex- valued,  then  K 
is  real.  If  the  eigenvalues  are  real,  then  K  is  pure  imaginary,  say  K  =  -ja,  so  that 

A±  = 

The  multilayer  structure  behaves  very  differently  depending  on  the  nature  of  K.  The 
structure  is  primarily  reflecting  if  K  is  imaginary  and  the  eigenvalues  A+  are  real,  and 
it  is  primarily  transmitting  if  K  is  real  and  the  eigenvalues  are  pure  phases.  To  see  this, 
we  write  Eq.  (6.3.7)  in  the  form: 
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.N  ^2iV+2,+ 

V2N+2,- 


where  we  dehned 


We  have  V2+  =  ^+V2N+2,+  and  V2- 
diagonal.  Thus, 


A^V2iv+2,-  =  ^+^y2N+2-  because  is 


V2n+2,+  =  A;^y2+  =  e--'™V2+  ,  V2N+2,-  =  A^y2-  =  (6.3.9) 

The  quantity  AT/  is  recognized  as  the  total  length  of  the  bilayer  structure,  as  depicted 
in  Eig.  6.3.1.  It  follows  that  if  K  is  real,  the  factor  A+^  =  acts  as  a  propagation 

phase  factor  and  the  helds  transmit  through  the  structure. 

On  the  other  hand,  if  K  is  imaginary,  we  have  A+^  =  and  the  helds  attenuate 

exponentially  as  they  propagate  into  the  structure.  In  the  limit  of  large  N,  the  trans¬ 
mitted  helds  attenuate  completely  and  the  structure  becomes  100%  rehecting.  Eor  hnite 
but  large  N,  the  structure  will  be  mostly  rehecting. 

The  eigenvalues  A+  switch  from  real  to  complex,  as  K  switches  from  imaginary  to 
real,  for  certain  frequency  or  wavenumber  bands.  The  edges  of  these  bands  determine 
the  bandwidths  over  which  the  structure  will  act  as  a  mirror. 

The  eigenvalues  are  determined  from  the  characteristic  polynomial  of  F,  given  by 
the  following  expression  which  is  valid  for  any  2x2  matrix: 


det(F- A7)=  A^  -  (trF)A  -rdetF 


(6.3.10) 


where  I  is  the  2x2  identity  matrix.  Because  (6.3.5)  has  unit  determinant,  the  eigenvalues 
are  the  solutions  of  the  quadratic  equation: 


(trF)A  -r  1  =  A^  -  2aA  -r  1  =  0 


(6.3.11) 


where  we  dehned  a  =  (trF)  /2.  The  solutions  are: 


A+  =  rz  ±  -  1 

where  it  follows  from  Eq.  (6.3.5)  that  a  is  given  by: 


(6.3.12) 


1  cos{5h  +  Sl)-P^cos{5h  -  Sl) 
^^=2^^= - - 


(6.3.13) 


Using  A+  =  =  a  ^ oF-  -  1  =  a  we  also  hnd: 
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a  =  cos  Kl 


K  =  j  acos(a) 


(6.3.14) 


The  sign  of  the  quantity  -1  determines  whether  the  eigenvalues  are  real  or  com¬ 
plex.  The  eigenvalues  switch  from  real  to  complex— equivalently,  K  switches  from  imag¬ 
inary  to  real— when  =  1,  or,  rz  =  ±1.  These  critical  values  of  K  are  found  from 
Eq.  (6.3.14)  to  be: 


K  =  yacos(±l)=  —j— 


(6.3.15) 


where  m  is  an  integer.  The  lowest  value  is  K  =  n/l  and  corresponds  to  rz  =  -1  and  to 
A+  =  =  -1.  Thus,  we  obtain  the  bandedge  condition: 

cos(dH  +  di)-p2cos(dH  -  Sl)  , 

a  =  - ^ ^ - =  -1 

1  -p2 


It  can  be  manipulated  into: 


2  /  X  2  2 

cos^( - ^ - )  =p^cos^( - ^ - ; 


(6.3.16) 


The  dependence  on  the  free-space  wavelength  A  or  frequency  f  =  Cq/A  comes 
through  5h  =  2TTinHlH)  and  5l  =  2TT(nilL)  1^.  The  solutions  of  (6.3.16)  in  A 
determine  the  left  and  right  bandedges  of  the  reflecting  regions. 

These  solutions  can  be  obtained  numerically  with  the  help  of  the  MATLAB  function 
omni  band,  discussed  in  Sec.  8.8.  An  approximate  solution,  which  is  exact  in  the  case  of 
quarter-wave  layers,  is  given  below. 

If  the  high  and  low  index  layers  have  equal  optical  thicknesses,  UhIh  =  ndi,  such  as 
when  they  are  quarter-wavelength  layers,  or  when  the  optical  lengths  are  approximately 
equal,  we  can  make  the  approximation  cos(  (dn  -  6 l)  / 2)  =  1.  Then,  (6.3.16)  simplihes 


with  solutions: 


/  dn  +  di . 

cos( - ^ - )  =  ±p 


2  /  dn  +  di  X  2 

cos"( - ^ - )  =  p" 


5h  +  di  TTinnlH  +  ndi] 


(6.3.17) 


=  acos(±p) 


The  solutions  for  the  left  and  right  bandedges  and  the  bandwidth  in  A  are: 


TTinnlH  +  nih) 
acos(-p) 


TTinnlH  +  ndi) 
acos(p) 


AA  =  A2-Ai  (6.3.18) 


Similarly,  the  left/right  bandedges  in  frequency  are  fi  =  C0/A2  and  f2  =  Cq/Ai: 

.  _  acos(p)  _  acos(-p) 

^  TTinnln  +  nik)  ’  ^  ~  Trinnln  +  nik) 


(6.3.19) 
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Noting  that  acos(-p)=  Tr/2  -r  asin(p)  and  acos(p)=  Tr/2  -  asin(p),  the  frequency 
bandwidth  can  be  written  in  the  equivalent  forms: 


...  .  acos(-p)-acos(p)  2asin(p) 

12  II  ^0  / 7  1  ...  7  \  ^0  /  7  ,  ... 


(6.3.20) 


'  "  TTinHln  +  ndL)  ninnln  +  nLli) 

Relative  to  some  desired  wavelength  Aq  =  Co/fo,  the  normalized  bandwidths  in 
wavelength  and  frequency  are: 


2\A  ^  TTinnln  +  ndi) 
Aq  Aq 


acos(p)  acos(-p) 


Af  _  2Aoasin(p) 
fo  TTinnln  +  nLlL) 

Similarly,  the  center  of  the  reflecting  band  fc=  ifi  f 2)  / 2  is: 


(6.3.21) 


(6.3.22) 


-2jpe  Sind 


1  -  p2  I  2jpeJ^  Sind 


e  2i<5  _  p2 


(6.3.23) 


/o  2(zih/h  +  tti/i) 

If  the  layers  have  equal  quarter-wave  optical  lengths  at  Aq,  that  is,  nnln  =  ndi 
Ao/4,  then,  fc  =  fo  and  the  matrix  F  takes  the  simplihed  form: 


(6.3.24) 


where  d  =  dn  =  di  =  2Tr(ziH/H)/A  =  2Tr(Ao/4)/A  =  (Tr/2)Ao/A  =  iTT/2)f/fo.  Then, 
Eqs.  (6.3.21)  and  (6.3.22)  simplify  into: 


A\  TT  [  1  1  1  Af  4  ,  ,  o  o  X 

^  ^ - ^ - r  ,  —  asm(p)  (6.3.25) 

Ao  2  Lacos(p)  acos(-p)J  fo  tt 

Example  6.3.2:  Dielectric  Mirror  With  Quarter-Wavelength  Layers.  Fig.  6.3.2  shows  the  reflec¬ 
tion  response  ITiP  as  a  function  of  the  free-space  wavelength  A  and  as  a  function  of 
frequency  f  =  Cq/A.  The  high  and  low  indices  are  nn  =  2.32  and  Ul  =  1.38,  correspond¬ 
ing  to  zinc  sulfide  (ZnS)  and  magnesium  fluoride.  The  incident  medium  is  air  and  the 
substrate  is  glass  with  indices  Ua  =  I  and  nt  =  1.52.  The  left  graph  depicts  the  response 
for  the  cases  of  A  =  2,4,8  bilayers,  or  2N  +1  =  5,9, 17  layers,  as  defined  in  Fig.  6.3.1. 
The  design  wavelength  at  which  the  layers  are  quarter-wavelength  long  is  Aq  =  500  nm. 

The  reflection  coefficient  is  p  =  0.25  and  the  ratio  nn/ni  =  1.68.  The  wavelength  band¬ 
width  calculated  from  Eq.  (6.3.25)  is  A\  =  168.02  nm  and  has  been  placed  on  the  graph  at 
an  arbitrary  reflectance  level.  The  left/right  bandedges  are  Ai  =  429.73,  A2  =  597.75  nm. 
The  bandwidth  covers  most  of  the  visible  spectrum.  As  the  number  of  bilayers  N  increases, 
the  reflection  response  becomes  flatter  within  the  bandwidth  A  A,  and  has  sharper  edges 
and  tends  to  100%.  The  bandwidth  AA  represents  the  asymptotic  width  of  the  reflecting 
band. 

The  right  figure  depicts  the  reflection  response  as  a  function  of  frequency  f  and  is  plotted 
in  the  normalized  variable  f /fo.  Because  the  phase  thickness  of  each  layer  is  d  =  TTf/2fo 
and  the  matrix  F  is  periodic  in  6,  the  mirror  behavior  of  the  structure  will  occur  at  odd 
multiples  of  fo  (or  odd  multiples  of  tt/2  for  6.)  As  discussed  in  Sec.  6.6,  the  structure  acts 
as  a  sampled  system  with  sampling  frequency  fs  =  2fo,  and  therefore,  fo  =  fs/2  plays  the 
role  of  the  Nyquist  frequency. 


\ri(X)\^  (percent) 
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Dielectric  Mirror  Reflection  Response 


Dielectric  Mirror  Reflection  Response 
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Fig.  6.3.2  Dielectric  mirror  with  quarter-wavelength  layers. 


The  typical  MATLAB  code  used  to  generate  these  graphs  was: 


na  =1;  nb  =  1.52;  nH  =  2.32;  nL  =  1.38; 
LH  =  0.25;  LL  =  0.25; 
laO  =  500; 

rho  =  (nH-nL)/(nH-i-nL)  ; 


N  =  8; 

n  =  [na,  nH,  repmat([nL, nH] ,  1,  N) ,  nb] ; 
L  =  [LH,  repmat([LL,LH] ,  1,  N)] ; 

la  =  1inspace(300,800, 501) ; 

Gla  =  100*abs(multidie](n,L,]a/la0)) .A2; 
figure;  plot(la,G]a) ; 

f  =  ]inspace(0,6,1201) ; 

Gf  =  100*abs(niu]  ti di  el  (n ,  L ,  l./f))  .  A2  ; 
figure;  p]ot(f,Gf); 


%  refractive  indices 
%  optical  thicknesses  in  units  of  Aq 
%  Aq  in  units  of  nm 

%  reflection  coefficient  p 


la2  =  pi  *(LL-i-LH)*l/acos(rho)  *  laO;  %  right bandedge 

lal  =  pi*(LL-i-LH)*l/acos(-rho)  *  laO;  %  left  bandedge 

Dla  =  ]a2-lal;  %  bandwidth 


%  number  of  bilayers 
%  indices  for  the  layers  A  \H  (LH)^  \  G 
%  lengths  of  the  layers  H  (LH)^ 

%  plotting  range  is  300  <  A  <  800  nm 
%  reflectance  as  a  function  of  A 


%  frequency  plot  over  0  <  f  <  6fo 
%  reflectance  as  a  function  of  f 


Note  that  the  function  repmat  replicates  the  LH  bilayer  N  times.  The  frequency  graph 
shows  only  the  case  of  N  =  8.  The  bandwidth  Af,  calculated  from  (6.3.25),  has  been 
placed  on  the  graph.  The  maximum  reflectance  (evaluated  at  odd  multiples  of  fo)  is  equal 


Example  6.3.3:  Dielectric  Mirror  with  Unequal-Length  Layers.  Fig.  6.3.3  shows  the  reflection 
response  of  a  mirror  having  unequal  optical  lengths  for  the  high  and  low  index  films. 

The  parameters  of  this  example  correspond  very  closely  to  the  recently  constructed  om¬ 
nidirectional  dielectric  mirror  [736],  which  was  designed  to  be  a  mirror  over  the  infrared 
band  of  10-15  pm.  The  number  of  layers  is  nine  and  the  number  of  bilayers,  iV  =  4.  The  in¬ 
dices  of  refraction  are  nn  =  4.6  and  ni  =  1.6  corresponding  to  Tellurium  and  Polystyrene. 
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Their  ratio  is  nn/ni  =  2.875  and  the  reflection  coefficient,  p  =  0.48.  The  incident  medium 
and  substrate  are  air  and  NaCl  {n  =  1.48.) 

The  center  wavelength  is  taken  to  be  at  the  middle  of  the  10-15  pm  band,  that  is,  Aq  = 
12.5  pm.  The  lengths  of  the  layers  are  In  =  0.8  and  h  =  1.65  pm,  resulting  in  the 
optical  lengths  (relative  to  Aq)  nnln  =  0.2944Ao  and  nih  =  0.2112Ao.  The  wavelength 
bandwidth,  calculated  from  Eq.  (6.3.21),  is  A  A  =  9.07  pm.  The  typical  MATLAB  code  for 
generating  the  figures  of  this  example  was  as  follows: 

laO  =  12.5; 

na  =  1;  nb  =  1.48;  %  NaCl  substrate 

nH  =  4.6;  nL  =  1.6;  %TeandPS 

IH  =  0.8;  IL  =  1.65;  %  physical  lengths /h,/i 

LH  =  nH*lH/la0,  LL  =  nL*lL/la0;  %  optical  lengths  in  units  of  A o 

rho  =  (nH-nL)/(nH-i-nL)  ;  %  reflection  coefficient  p 

la2  =  pi*(LL-i-LH)*l/acos(rho)  *  laO;  %  right  bandedge 

lal  =  pi ''(LL-i-LH)*l/acos(-rho)  *  laO;  %  left  bandedge 

Dla  =  la2-lal;  %  bandwidth 

la  =  1  i  ns  pace  (5 ,25, 401)  ;  %  equally-spaced  wavelengths 

N  =  4; 

n  =  [na,  nH,  repmat(  [nL ,  nH]  ,  1,  N)  ,  nb]  ;  %  refractive  indices  of  all  media 

L  =  [LH,  repmat  (  [LL ,  LH]  ,  1,  N)]  ;  %  optical  lengths  of  the  slabs 

G  =  100  *  abs(multidiel  (n,L,la/la0))  .A2;  %  reflectance 

plot(la,G)  ; 

The  bandwidth  A\  shown  on  the  graph  is  wider  than  that  of  the  omnidirectional  mirror 
presented  in  [736],  because  our  analysis  assumes  normal  incidence  only.  The  condition 
for  omnidirectional  reflectivity  for  both  TE  and  TM  modes  causes  the  bandwidth  to  narrow 
by  about  half  of  what  is  shown  in  the  figure.  The  reflectance  as  a  function  of  frequency 
is  no  longer  periodic  at  odd  multiples  of  fo  because  the  layers  have  lengths  that  are  not 
equal  to  Ao/4.  The  omnidirectional  case  is  discussed  in  Example  8.8.3. 
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The  maximum  reflectivity  achieved  within  the  mirror  bandwidth  is  99.99%,  which  is  better 
than  that  of  the  previous  example  with  17  layers.  This  can  be  explained  because  the  ratio 
nn/ni  is  much  larger  here.  □ 

Although  the  reflectances  in  the  previous  two  examples  were  computed  with  the  help 
of  the  MATLAB  function  mul  ti  di  el ,  it  is  possible  to  derive  closed-form  expressions  for 
Fi  that  are  valid  for  any  number  of  bilayers  N.  Applying  Eq.  (6.1.3)  to  interface- 1  and 
interface-2,  we  have: 


pi  +  e 

1  +  r2 


(6.3.26) 


where  r2  =  E2-/E2+,  which  can  be  computed  from  the  matrix  equation  (6.3.7).  Thus, 
we  need  to  obtain  a  closed-form  expression  for  r2. 

It  is  a  general  property  of  any  2x2  unimodular  matrix  E  that  its  Nth  power  can 
be  obtained  from  the  following  simple  formula,  which  involves  the  Nth  powers  of  its 
eigenvalues  A+:+ 


fN 


WnE 


Wn-iI 


(6.3.27) 


where  Wn  =  (A+  -  A^)  /  (A+  -  A_).  To  prove  it,  we  note  that  the  formula  holds  as  a 
simple  identity  when  E  is  replaced  by  its  diagonal  version  A  =  diag{A+,  A_}: 


(6.3.28) 


Eq.  (6.3.27)  then  follows  by  multiplying  (6.3.28)  from  left  and  right  by  the  eigenvector 
matrix  V  and  using  E  =  VAV~^  and  E^  =  VA^V“^.  Defining  the  matrix  elements  of  E 
and  E^  by 


it  follows  from  (6.3.27)  that: 


pN 


An  Bn 

D*  A  * 

_ 


(6.3.29) 


An  =  AW N  ~  Wn-1  ,  Bn  =  BWn  (6.3.30) 

where  we  defined: 

^JidH+dL)  _  p2^ji5H-5L)  2ipe-j^^  sin^i 

A=  - - ,  B  =  -^^ - ^ ^  (6.3.31) 

1  -  1  - 

Because  E  and  E^  are  unimodular,  their  matrix  elements  satisfy  the  conditions: 

|A|2-|B|2  =  1,  |Aa,|2  -  ISjvI^  =  1  (6.3.32) 

The  first  follows  directly  from  the  definition  (6.3.29),  and  the  second  can  be  verified 
easily.  It  follows  now  that  the  product  E^E2  in  Eq.  (6.3.7)  is: 

^The  coefficients  ITjv  are  related  to  the  Chebyshev  polynomials  of  the  second  kind  UmM  through 
Wn  =  Un-i  (fl)  =  sin(Ar  acos(u) )  /  Vl  -  =  sm{NKl)  /  sm{Kl). 
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pNp  _  Jn  An P2BN  Bn P2AN 
T2  5*  +  P2A^  a*  +  p2Bt, 


Therefore,  the  desired  closed-form  expression  for  the  reflection  coefficient  E2  is: 


_  B*  +P2A^  _  B^WN  +  P2iA^WN-WN-i) 

^  An  +  P2Bn  AWn  -  Wn-i  +  P2BWN  i  1 

Suppose  now  that  <  1  and  the  eigenvalues  are  pure  phases.  Then,  Wn  are  oscil¬ 
latory  as  functions  of  the  wavelength  A  or  frequency  f  and  the  structure  will  transmit. 

On  the  other  hand,  if  f  lies  in  the  mirror  bands,  so  that  >  1  ,  then  the  eigenvalues 
will  be  real  with  |A+|  >  1  and  |A_|  <  1.  In  the  limit  of  large  N,  Wn  and  Wn-i  will 
behave  like: 


Ay 

A+  -  A_  ’ 


Ay-1 

A+  -  A_ 


In  this  limit,  the  reflection  coefficient  E 2  becomes: 


+P2(A*  -  A;^) 
A  -  A;^  +  P2B 


(6.3.34) 


where  we  canceled  some  common  diverging  factors  from  all  terms.  Using  conditions 
(6.3.32)  and  the  eigenvalue  equation  (6.3.11),  and  recognizing  that  Re  (A)  =  a,  it  can  be 
shown  that  this  asymptotic  limit  of  r2  is  unimodular,  |r2 1  =  1,  regardless  of  the  value 
of  p2- 

This  immediately  implies  that  E 1  given  by  Eq.  (6.3.26)  will  also  be  unimodular,  ITi  |  = 
1,  regardless  of  the  value  of  pi.  In  other  words,  the  structure  tends  to  become  a  perfect 
mirror  as  the  number  of  bilayers  increases. 

Next,  we  discuss  some  variations  on  dielectric  mirrors  that  result  in  (a)  multiband 
mirrors  and  (b)  longpass  and  shortpass  filters  that  pass  long  or  short  wavelengths,  in 
analogy  with  lowpass  and  highpass  filters  that  pass  low  or  high  frequencies. 


Example  6.3.4:  Multiband  Reflectors.  The  quarter-wave  stack  of  bilayers  of  Example  6.3.2  can 
be  denoted  compactly  as  AHiLH)^G  (for  the  case  N  =  8),  meaning  ’air’,  followed  by  a 
“high-index”  quarter-wave  layer  ,  followed  by  four  “low/high”  bilayers,  followed  by  the 
“glass”  substrate. 

Similarly,  Example  6.3.3  can  be  denoted  by  A(1.18iT)  (0.85L  1.18iT)^G,  where  the  layer 
optical  lengths  have  been  expressed  in  units  of  Ao/4,  that  is,  nih  =  0.85 (Ao/4)  and 
nnlH  =  1.18(Ao/4). 

Another  possibility  for  a  periodic  bilayer  structure  is  to  replace  one  or  both  of  the  L  or 
H  layers  by  integral  multiples  thereof  [596].  Fig.  6.3.4  shows  two  such  examples.  In  the 
first,  each  H  layer  has  been  replaced  by  a  half-wave  layer,  that  is,  two  quarter-wave  layers 
2H,  so  that  the  total  structure  is  A  {2H)  {L  2H)^G,  where  na,nt,nH,nL  are  the  same  as  in 
Example  6.3.2.  In  the  second  case,  each  H  has  been  replaced  by  a  three-quarter-wave  layer, 
resulting  in  A  (3iT)  (I  3H)^G. 


The  mirror  peaks  at  odd  multiples  of  fo  of  Example  6.3.2  get  split  into  two  or  three  peaks 
each.  □ 
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A2H(L2H)8G 


A3H(L3H)8G 


Fig.  6.3.4  Dielectric  mirrors  with  split  bands. 


Example  6.3.5:  Shortpass  and  Longpass  Filters.  By  adding  an  eighth- wave  low-index  layer,  that 
is,  a  (0.5L),  at  both  ends  of  Example  6.3.2,  we  can  decrease  the  reflectivity  of  the  short 
wavelengths.  Thus,  the  stack  AH iLH)^G  is  replacedby  A(0.5L)ff  (Lff)^(0.5L)G. 

For  example,  suppose  we  wish  to  have  high  reflectivity  over  the  [600,  700]  nm  range  and 
low  reflectivity  below  500  nm.  The  left  graph  in  Fig.  6.3.5  shows  the  resulting  reflectance 
with  the  design  wavelength  chosen  to  be  Aq  =  650  nm.  The  parameters  Uh,  tti  are 

the  same  as  in  Example  6.3.2 


A(0.5L)H(LH)8(0.5L)G 


A(0.5H)L(HL)8(0.5H)G 


500  600  700 

X  (nm) 


500  600  700 

X  (nm) 


Fig.  6.3.5  Short-  and  long-pass  wavelength  filters. 


The  right  graph  of  Fig.  6.3.5  shows  the  stack  A(0.5ff)L(ffL)^(0.5ff)G  obtained  from  the 
previous  case  by  interchanging  the  roles  of  H  and  L.  Now,  the  resulting  reflectance  is  low 
for  the  higher  wavelengths.  The  design  wavelength  was  chosen  to  be  Aq  =  450  nm.  It  can 
be  seen  from  the  graph  that  the  reflectance  is  high  within  the  band  [400,  500]  nm  and  low 
above  600  nm. 

Superimposed  on  both  graphs  is  the  reflectance  of  the  original  AH  iLH)^G  stack  centered 
at  the  corresponding  Aq  (dotted  curves.) 
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Both  of  these  examples  can  also  be  thought  of  as  the  periodic  repetition  of  a  symmetric 
triple  layer  of  the  form  A  {BCB)^G.  Indeed,  we  have  the  equivalences: 

A{0.5L)HiLH)^{0.5L)G  =  AiO.SL  H  0.SL)^G 
Ai0.5H)LiHL)^i0.SH)G  =  AiO.SH  L0.5H)^G 

The  symmetric  triple  combination  5 C5  can  be  replaced  by  an  equivalent  single  layer,  which 
facilitates  the  analysis  of  such  structures  1594,622-624,626].  □ 

6.4  Propagation  Bandgaps 

There  is  a  certain  analogy  between  the  electronic  energy  bands  of  solid  state  materials 
arising  from  the  periodicity  of  the  crystal  structure  and  the  frequency  bands  of  dielectric 
mirrors  arising  from  the  periodicity  of  the  bilayers.  The  high-reflectance  bands  play  the 
role  of  the  forbidden  energy  bands  (in  the  sense  that  waves  cannot  propagate  through 
the  structure  in  these  bands.)  Such  periodic  dielectric  structures  have  been  termed 
photonic  crystals  and  have  given  rise  to  the  new  field  of  photonic  bandgap  structures, 
which  has  grown  rapidly  over  the  past  ten  years  with  a  large  number  of  potential  novel 
applications  [720-746]. 

Propagation  bandgaps  arise  in  any  wave  propagation  problem  in  a  medium  with 
periodic  structure  [713-719].  Waveguides  and  transmission  lines  that  are  periodically 
loaded  with  ridges  or  shunt  impedances,  are  examples  of  such  media  [843-847]. 

Fiber  Bragg  gratings,  obtained  by  periodically  modulating  the  refractive  index  of 
the  core  (or  the  cladding)  of  a  finite  portion  of  a  fiber,  exhibit  high  reflectance  bands 
[747-767].  Quarter-wave  phase-shifted  fiber  Bragg  gratings  (discussed  in  the  next  sec¬ 
tion)  act  as  narrow-band  transmission  filters  and  can  be  used  in  wavelength  multiplexed 
communications  systems. 

Other  applications  of  periodic  structures  with  bandgaps  arise  in  structural  engineer¬ 
ing  for  the  control  of  vibration  transmission  and  stress  [768-770],  in  acoustics  for  the 
control  of  sound  transmission  through  structures  [771-776],  and  in  the  construction  of 
laser  resonators  and  periodic  lens  systems  [848,849].  A  nice  review  of  wave  propagation 
in  periodic  structures  can  be  found  in  [714]. 

6.5  Narrow-Band  Transmission  Filters 

The  reflection  bands  of  a  dielectric  mirror  arise  from  the  N-fold  periodic  replication  of 
high/low  index  layers  of  the  type  (HL)^,  where  H,L  can  have  arbitrary  lengths.  Here, 
we  will  assume  that  they  are  quarter-wavelength  layers  at  the  design  wavelength  Aq. 

A  quarter-wave  phase-shifted  multilayer  structure  is  obtained  by  doubling  (HL)^ 
to  (HL)^  (HL)^  and  then  inserting  a  quarter-wave  layer  L  between  the  two  groups, 
resulting  in  iHL)^L  (HL)^.  We  are  going  to  refer  to  such  a  structure  as  a  Fabry-Perot 
resonator  (FPR)— it  can  also  be  called  a  quarter-wave  phase-shifted  Bragg  grating. 

An  FPR  behaves  like  a  single  I -layer  at  the  design  wavelength  Aq.  Indeed,  noting  that 
at  Ao  the  combinations  LL  and  HH  are  half-wave  or  absentee  layers  and  can  be  deleted, 
we  obtain  the  successive  reductions: 
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(HD^LiHL)^  -  (HL)’^-^HLLHL(HL)^-^ 

-  {HL)^-^HHL(HL)^-^ 

Thus,  the  number  of  the  HL  layers  can  be  successively  reduced,  eventually  resulting 
in  the  equivalent  layer  I  (at  Aq): 

(HD^LiHL)^  ^  ^  ^  ^  L 

Adding  another  LTayer  on  the  right,  the  structure  {HL)^L{HL)^L  will  act  as  2L, 
that  is,  a  half-wave  absentee  layer  at  Aq.  If  such  a  structure  is  sandwiched  between  the 
same  substrate  material,  say  glass,  then  it  will  act  as  an  absentee  layer,  opening  up  a 
narrow  transmission  window  at  A o,  in  the  middle  of  its  reflecting  band. 

Without  the  quarter-wave  layers  L  present,  the  structures  G\  (HL)^  iHL)^\G  and 
G|(iTL)^|G  act  as  mirrors,^  but  with  the  quarter-wave  layers  present,  the  structure 
G I  iHL)^L  {HL)^L  \  G  acts  as  a  narrow  transmission  hlter,  with  the  transmission  band¬ 
width  becoming  narrower  as  N  increases. 

By  repeating  the  FPR  iHL)^L{HL)^  several  times  and  using  possibly  different 
lengths  N,  it  is  possible  to  design  a  very  narrow  transmission  band  centered  at  Aq  having 
a  flat  passband  and  very  sharp  edges. 

Thus,  we  arrive  at  a  whole  family  of  designs,  where  starting  with  an  ordinary  dielec¬ 
tric  mirror,  we  may  replace  it  with  one,  two,  three,  four,  and  so  on,  FPRs: 


0. 

G| 

(HL)'^MG 

1. 

G| 

\L\G 

2. 

G| 

\{HL)^^LiHL)^^\G 

3. 

G| 

1  {HD^^L  1  (HL)^^L  (HL)^ 

MUG 

4. 

G| 

M(UI) 

(6.5.1) 

Note  that  when  an  odd  number  of  FPRs  {HL)^LiHL)^  are  used,  an  extra  L  layer 
must  be  added  at  the  end  to  make  the  overall  structure  absentee.  For  an  even  number 
of  FPRs,  this  is  not  necessary. 

Such  hlter  designs  have  been  used  in  thin-hlm  applications  [597-603]  and  in  hber 
Bragg  gratings,  for  example,  as  demultiplexers  for  WDM  systems  and  for  generating  very- 
narrow-bandwidth  laser  sources  (typically  at  Aq  =  1550  nm)  with  distributed  feedback 
lasers  [757-767].  We  discuss  hber  Bragg  gratings  in  Sec.  11.4. 

In  a  Fabry-Perot  interferometer,  the  quarter-wave  layer  L  sandwiched  between  the 
mirrors  (HL)^  is  called  a  “spacer”  or  a  “cavity”  and  can  be  replaced  by  any  odd  multiple 
of  quarter-wave  layers,  for  example,  (HL)^  (SL)  (HL)^. 


G  denotes  the  glass  substrate. 
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Several  variations  of  FPR  hlters  are  possible,  such  as  interchanging  the  role  of  H 
and  L,  or  using  symmetric  structures.  For  example,  using  eighth-wave  layers  L/2,  the 
following  symmetric  multilayer  structure  will  also  act  like  as  a  single  I  at  Aq: 


L 

2 


N 

L 


N 


To  create  an  absentee  structure,  we  may  sandwich  this  between  two  L/2  layers: 


L 

2 


\2  2 


2 


This  can  be  seen  to  be  equivalent  to  (HL)^  (21)  (LH)^,  which  is  absentee  at  Aq. 
This  equivalence  follows  from  the  identities: 


L 

2 


L 

2 


^{HD^ 


(6.5.2) 


Example  6.5.1:  Transmission  Filter  Design  with  One  FPR.  This  example  illustrates  the  basic 
transmission  properties  of  FPR  hlters.  We  choose  parameters  that  might  closely  emu¬ 
late  the  case  of  a  hber  Bragg  grating  for  WDM  applications.  The  refractive  indices  of  the 
left  and  right  substrates  and  the  layers  were:  na  =  ni,  =  1.52,  ni  =  1.4,  and  nu  =  2.1.  The 
design  wavelength  at  which  the  layers  are  quarter  wavelength  is  taken  to  be  the  standard 
laser  source  Aq  =  1550  nm. 

First,  we  compare  the  cases  of  a  dielectric  mirror  {HL )  ^  and  its  phase-shifted  version  using 
a  single  FPR  (cases  0  and  1  in  Eq.  (6.5.1)),  with  number  of  layers  Ni  =  6.  Fig.  6.5.1  shows  the 
transmittance,  that  is,  the  quantity  (l  -  ITi  (A)  P)  plotted  over  the  range  1200  <  A  <  2000 
nm. 


Fig.  6.5.1  Narrowband  FPR  transmission  hlters. 


We  observe  that  the  mirror  (case  0)  has  a  suppressed  transmittance  over  the  entire  reflect¬ 
ing  band,  whereas  the  FPR  hlter  (case  1)  has  a  narrow  peak  at  Aq.  The  asymptotic  edges  of 
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the  reflecting  band  are  calculated  from  Eq.  (6.3.18)  to  be  Ai  =  1373.9  nm  and  A2  =  1777.9 
nm,  resulting  in  a  width  of  A\  =  404  nm.  The  MATLAB  code  used  to  generated  the  left 
graph  was: 

na  =  1.52;  nb  =  1.52;  nH  =  2.1;  nL  =  1.4; 

LH  =  0.25;LL  =  0.25;  %  optical  thicknesses 

laO  =  1550; 

la  =  linspace(1200,  2000,  8001);  %  1200  <  A  <  2000  nm 

N1  =  6; 

nl  =  repmat([nH,nL] ,1,N1) ; 

LI  =  repmat([LH,LL] ,1,N1) ; 
n  =  [na,  nl,  nb] ; 

L  =  LI; 

GO  =  100''(1  -  abs  (mul  tidi  el  (n  ,  L ,  1  a/1  aO))  .  A2)  ;  %  no  phase  shift 

nl  =  [repmat([nH,nL]  ,1,N1)  ,  nL,  repniat([nH,nL]  ,1,N1)]  ; 

LI  =  [repmat([LH,LL] ,1,N1) ,  LL,  repmat( [LH , LL] , 1, Nl)] ; 
n  =  [na,  nl,  nL,  nb] ; 

L  =  [LI,  LL]; 

G1  =  100* (1  -  abs(mul  tidi  el  (n  ,  L ,  1  a/laO))  .  A2)  ;  %  one  phase  shift 

plot(la,Gl,la,G0)  ; 


The  location  of  the  peak  can  be  shifted  by  making  the  phase-shift  different  from  A  /4.  This 
can  be  accomplished  by  changing  the  optical  thickness  of  the  middle  L-layer  to  some  other 
value.  The  right  graph  of  Fig.  6.5.1  shows  the  two  cases  where  that  length  was  chosen  to 
be  nih  =  (0.6)Ao/4  and  (1.3)Ao/4,  corresponding  to  phase  shifts  of  54*^  and  117°.  □ 

Example  6.5.2:  Transmission  Filter  Design  with  Two  FPRs.  Fig.  6.5.2  shows  the  transmittance 
of  a  grating  with  two  FPRs  (case  2  of  Eq.  (6.5.1)).  The  number  of  bilayers  were  Ni  =  N2  =  S 
in  the  first  design,  and  Ni=N2  =  9m  the  second. 


Fig.  6.5.2  Narrow-band  transmission  filter  made  with  two  FPRs. 


The  resulting  transmittance  bands  are  extremely  narrow.  The  plotting  scale  is  only  from 
1549  nm  to  1551  nm.  To  see  these  bands  in  the  context  of  the  reflectance  band,  the 
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transmittance  (for  Ni  =  N2  =  8)  is  plotted  on  the  right  graph  over  the  range  [1200, 2000] 
nm,  which  includes  the  full  reflectance  band  of  [1373.9, 1777.9]  nm. 

Using  two  FPRs  has  the  effect  of  narrowing  the  transmittance  band  and  making  it  somewhat 
flatter  at  its  top.  □ 

Example  6.5.3:  Transmission  Filter  Design  with  Three  and  Four  FPRs.  Fig.  6.5.3  shows  the  trans¬ 
mittance  of  a  grating  with  three  FPRs  (case  3  of  Eq.  (6.5.1)).  A  symmetric  arrangement  of 
FPRs  was  chosen  such  that  N3  =  Ni. 


Fig.  6.5.3  Transmission  filters  with  three  FPRs  of  equal  and  unequal  lengths. 


The  left  graph  shows  the  transmittances  of  the  two  design  cases  Ni  =  N2  =  N3  =  8  and 
Nl  =  N2  =  =  9,  so  that  all  the  FPRs  have  the  same  lengths.  The  transmission  band  is 

now  flatter  but  exhibits  some  ripples.  To  get  rid  of  the  ripples,  the  length  of  the  middle 
FPR  is  slightly  increased.  The  right  graph  shows  the  case  Ni  =  N3  =  8  and  N2  =  9,  and 
the  case  Ni  =  N3  =  9  and  N2  =  10. 

Fig.  6.5.4  shows  the  case  of  four  FPRs  (case  4  inEq.  (6.5.1).)  Again,  a  symmetric  arrangement 
was  chosen  with  Ni  =  N4  and  N2  =  N3. 


Fig.  6.5.4  Transmission  filters  with  four  FPRs  of  equal  and  unequal  lengths. 
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The  left  graph  shows  the  two  cases  of  equal  lengths  Ni  =  Nz  =  N3  =  N4  =  S  and 
iVi  =  iVz  =  Ns  =  N4  =  9.  The  right  graphs  shows  the  case  Ni  =  N4  =  8  and  Nz  =  N4  =  9, 
and  the  case  Ni  =  N4  =  9  and  Nz  =  N3  ^  10.  We  notice  again  that  the  equal  length  cases 
exhibit  ripples,  but  increasing  the  length  of  the  middle  FPRs  tends  to  eliminate  them.  The 
typical  MATLAB  code  for  generating  the  case  Ni  =  N4  =  9  and  Nz  =  N3  =  10  was  as 
follows: 


na  =  1.52;  nb  =  1.52;  nH  =  2.1;  nL  =  1.4; 
LH  =  0.25;  LL  =  0.25; 
laO  =  1550; 

la  =  linspace(1549,  1551,  501); 


NI  =  9;  N2  =  10;  N3  =  N2;  N 

nl  =  [repmat([nH,nL] ,1,N1) , 
n2  =  [repmat([nH,nL] ,1,N2) , 
n3  =  [repmat([nH,nL] ,1,N3) , 
n4  =  [repmat([nH,nL] ,1,N4) , 
LI  =  [repmat([LH,LL] ,1,N1) , 
L2  =  [repmat([LH,LL] ,1,N2) , 
L3  =  [repmat([LH,LL] ,1,N3) , 
L4  =  [repmat([LH,LL] ,1,N4) , 


^  =  Nl; 

nL,  repmat([nH,nL] ,1,N1)] 
nL,  repmat([nH,nL] ,1,N2)] 
nL,  repmat([nH,nL] ,1,N3)] 
nL,  repmat([nH,nL] ,1,N4)] 
LL,  repmat([LH,LL] ,1,N1)] 
LL,  repmat([LH,LL] ,1,N2)] 
LL,  repmat([LH,LL] ,1,N3)] 
LL,  repmat([LH,LL] ,1,N4)] 


n  =  [na,  nl,  n2 ,  n3,  n4,  nb] ; 

L  =  [LI,  L2,  L3,  L4] ; 

G  =  100* (1  -  abs(mu1tidiel (n, L,la/1a0)) .A2) ; 
p1ot(la,G)  ; 

The  resulting  transmittance  band  is  fairly  flat  with  a  bandwidth  of  approximately  0.15  nm, 
as  would  be  appropriate  for  dense  WDM  systems.  The  second  design  case  with  Ni  =  8 
and  Nz  =  9  has  a  bandwidth  of  about  0.3  nm. 

The  effect  of  the  relative  lengths  Ni,Nz  on  the  shape  of  the  transmittance  band  has  been 
studied  in  [763-7651.  The  equivalence  of  the  low/high  multilayer  dielectric  structures  to 
coupled-mode  models  of  fiber  Bragg  gratings  has  been  discussed  in  [754].  □ 


6.6  Equal  Travel-Time  Multilayer  Structures 


Here,  we  discuss  the  specialized,  but  useful,  case  of  a  multilayer  structure  whose  layers 
have  equal  optical  thicknesses,  or  equivalently,  equal  travel-time  delays,  as  for  exam¬ 
ple  in  the  case  of  quarter-wavelength  layers.  Our  discussion  is  based  on  [792]  and  on 
[799,800]. 

Fig.  6.6.1  depicts  such  a  structure  consisting  of  M  layers.  The  media  to  the  left  and 
right  are  rja  and  rjt  and  the  reflection  coefficients  pi  at  the  M  +  1  interfaces  are  as  in 
Eq.  (6.1.1).  We  will  discuss  the  general  case  when  there  are  incident  fields  from  both  the 
left  and  right  media. 

Let  Ts  denote  the  common  two-way  travel- time  delay,  so  that. 


2nili  _  Zrizh  _  _  ^UmIm 

Co  Co  Co 


(6.6.1) 
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Fm+i,+ 

pi 

P3 

Pi 

Pi-\-l 

Pm 

Fm+1 

1  2  3  ...  i  i+l  ...  M  M+l 

Fig.  6.6.1  Equal  travel-time  multilayer  structure. 


Em+i,±  -E+ 


Then,  all  layers  have  a  common  phase  thickness,  that  is,  for  /  =  1, 2, . . . ,  M: 

5  =  kiU  =  (6.6.2) 

Co  2 

where  we  wrote  k/  =  co/c,-  =  wrii/co.  The  layer  recursions  (6.1.2)-(6.1.5)  simplify 
considerably  in  this  case.  These  recursions  and  other  properties  of  the  structure  can  be 
described  using  DSP  language. 

Because  the  layers  have  a  common  roundtrip  time  delay  Ts,  the  overall  structure  will 
act  as  a  sampled  system  with  sampling  period  T s  and  sampling  frequency  fs  =  l/Ts.  The 
corresponding  “Nyquist  frequency”,  fo  =  fsl2,  plays  a  special  role.  The  phase  thickness 
5  can  be  expressed  in  terms  of  f  and  fo  as  follows: 


5  = 


2fo 


Therefore,  at  f  =  fo  (and  odd  multiples  thereof),  the  phase  thickness  will  be  Tr/2  = 
(2Tr)/4,  that  is,  the  structure  will  act  as  quarter-wave  layers.  Defining  the  z-domain 
variable: 


z  = 

we  write  Eq.  (6.1.2)  in  the  form: 


'  £,+  ' 

zl/2 

1  PiZ  1 

T, 

_  Pi  z-1 

Tz+i,- 

We  may  rewrite  it  compactly  as: 


(6.6.3) 


(6.6.4) 


E/(z)=F/(z)E/+i(z) 


where  we  defined: 


(6.6.5) 


Fi{z)  = 


7I/2 


1  PiZ  1 
Pi  Z-^ 


E,(z)  = 


(z) 
Ei-  (z) 


(6.6.6) 


The  transition  matrix  F,  (z)  has  two  interesting  properties.  Defining  the  complex 
conjugate  matrix  F/  (z)  =  F/  (z“^ ) ,  we  have: 
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where  we  defined  V/  =  t/T/+i  ■  ■  ■  tmTm+i-  We  introduce  the  following  dehnition  for 
the  product  of  these  matrices; 


A/(z)  C/(z) 

Biiz)  Diiz) 


1  PiZ 


1  PmZ 


1  Pm^ 
PM+I  1 


(6.6.12) 


Because  there  are  M  +  1  -  z  matrix  factors  that  are  hrst-order  in  z“^,  the  quantities 
Ai(z),  Biiz),  C/(z),  and  Diiz)  will  be  polynomials  of  order  M  +  1  -  z  in  the  variable 
z~^.  We  may  also  express  (6.6.12)  in  terms  of  the  transition  matrices  F/  (z) : 


A/(z)  Ciiz) 
Biiz)  Diiz) 


^ViFi(z)-  ■  ■Fm(z)Fm+i 


(6.6.13) 


It  follows  from  Eq.  (6.6.7)  that  (6.6.13)  will  also  satisfy  similar  properties.  Indeed,  it 
can  be  shown  easily  that: 


Giiz)'^J3Gi{z)=  ajJs,  where  cr?=]^(l-p^) 

m=i 

Gf(z)=JiGi(z)Ji 

where  Gi(z)  and  its  reverse  Gf  (z)  consisting  of  the  reversed  polynomials  are: 


(6.6.14) 


Gi  (z)  = 


Aiiz)  Ciiz) 
Bi(z)  Diiz) 


,  Gf(z)  = 


Afiz)  Cfiz) 
Bfiz)  Dfiz) 


(6.6.15) 


The  reverse  of  a  polynomial  is  obtained  by  reversing  its  coefficients,  for  example,  if 
A  (z)  has  coefficient  vector  a  =  [rzo,rzi,rz2,rz3],  then  A^iz)  will  have  coefficient  vector 
=  [rz3,  rz2,  rzi,  rzo].  The  reverse  of  a  polynomial  can  be  obtained  directly  in  the  z- 
domain  by  the  property: 

A^  (z)  =  z~^A  iz~^)=  z~^A  (z) 

where  d  is  the  degree  of  the  polynomial.  For  example,  we  have: 


Aiz)  =  rzo  +  rziz 
A^  iz)  =  rz3  +  rz2Z“ 


■  rz2Z  ^  +  a^z  ^ 

■  rziz“^  +  aoz~^  =  z~^  (rzo  +  rziz  +  rz2Z^  +  a3Z^)=  z~^A  iz) 


Writing  the  second  of  Eqs.  (6.6.14)  explicitly,  we  have: 


Afiz)  cfiz) 
Bfiz)  Dfiz) 


0  1  A/(z)  Ciiz)  0  1 

1  0  Biiz)  Diiz)  1  0 


Diiz)  Biiz) 
Ciiz)  Aiiz) 


This  implies  that  the  polynomials  Ci  iz) ,  D/  (z)  are  the  reverse  of  F/  (z) ,  A/  (z) ,  that 
is,  Ci  iz)  =  Bf  iz) ,  Di  iz)  =  Af  iz) .  Using  this  result,  the  hrst  of  Eqs.  (6.6.14)  implies  the 
following  constraint  between  A  / (z)  and  Biiz): 


Ai  iz)  Ai  iz)  -Bi  iz)Bi  iz)  =  af 


(6.6.16) 
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Thus,  the  product  of  matrices  in  Eq.  (6.6.12)  has  the  form: 


Ai  (z) 

Bf(z)  ■ 

1  PiZ  1 

1  PmZ  1 

1 

PM+I 

_  Bi  (z) 

Af  (z)  _ 

_  Pi  z-i 

_  Pm  z-^ 

PM+I 

1 

This  dehnition  implies  also  the  recursion: 


Ai  (z) 

Bf  (z) 

"  1 

PiZ  ^ 

Ai+i  (z) 

Bf+i  (z)  ' 

_Bi(z) 

Af(z)  _ 

Pi 

z~^ 

_  Bi+i(z) 

M+1  (z)  _ 

Therefore,  each  column  will  satisfy  the  same  recursion:^ 


(6.6.17) 


(6.6.18) 


Ai  (z) 

1  PiZ  ^ 

Ai+i(z) 

Biiz)  _ 

Pi  Z“^ 

B,+i(z) 

(forward  recursion) 


for  z  =  M,  M  -  1, . . . ,  1,  and  initialized  by  the  0th  degree  polynomials: 


(6.6.19) 


AM+iiz) 

1 

_  Bm+i{z)  _ 

pM+1 

Eq.  (6.6.11)  reads  now: 


(6.6.20) 


~  Ei+  ■ 

Ai  (z) 

Bfiz)  ■ 

^M+l,+ 

Vz 

Bi(z) 

Af(z)  _ 

_  ^M+l-  _ 

(6.6.21) 


Setting  z  =  1,  we  hnd  the  relationship  between  the  helds  incident  on  the  dielectric 
structure  from  the  left  to  those  incident  from  the  right: 


£i+" 

zM/2 

Ai(z) 

bUz)  ' 

^M+l,+ 

^1- 

Vi 

_  Biiz) 

Afiz)  _ 

_  ^M+1-  _ 

(6.6.22) 


where  Vi  =  TiT2  ■  ■  ■  Tm+i-  The  polynomials  Ai  (z)  and  Bi{z)  have  degree  M  and 
are  obtained  by  the  recursion  (6.6.19).  These  polynomials  incorporate  all  the  multiple 
reflections  and  reverberatory  effects  of  the  structure. 

In  referring  to  the  overall  transition  matrix  of  the  structure,  we  may  drop  the  sub¬ 
scripts  1  and  M  +  1  and  write  Eq.  (6.6.22)  in  the  more  convenient  form: 


£+" 

zM/2 

A(z) 

B*(z)  ‘ 

E- 

V 

_B(z) 

A^  (z) 

E'_ 

(transfer  matrix) 


(6.6.23) 


Eig.  6.6.2  shows  the  general  case  of  left-  and  right-incident  helds,  as  well  as  when 
the  helds  are  incident  only  from  the  left  or  only  from  the  right. 

Eor  both  the  left-  and  right-incident  cases,  the  corresponding  rehection  and  trans¬ 
mission  responses  T,  T  and  F'  ,T'  will  satisfy  Eq.  (6.6.23): 


"  1  " 

_  z"/2 

A(z) 

B«(z)  " 

F 

V 

B(z) 

(z) 

0 

0 

_  z"/2 

A(z) 

B«(z)  " 

“r ' 

r' 

V 

Biz) 

A«(z) 

1 

^Forward  means  order-increasing:  as  the  index  i  decreases,  the  polynomial  order  M  -t-  1  -  z  increases. 
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Fig.  6.6.2  Reflection  and  transmission  responses  of  a  multilayer  structure. 


Solving  for  F,  T",  we  hnd: 


F{z)  = 


B{z) 
A{z)  ’ 


(z)  = 


y-M/2 


Aiz) 


Similarly,  we  hnd  for  F\F''\ 


(6.6.25) 


F'{z)  = 


B^  (z) 
A{z)  ’ 


r'iz)  = 


Vz-^'^ 

A{z) 


(6.6.26) 


where  the  constants  v  and  v'  are  the  products  of  the  left  and  right  transmission  coeffi¬ 
cients  T/  =  1  -F  Pi  and  tJ  =  1  -  pi,  that  is. 


M+l  M+1  M+1  M+1 

V  =  n  =  n  0 + Pi)  ,  v'  =  n  n  =  n  0  -  pi)  (6.6.27) 

Z=1  Z=1  Z=1  Z=1 

In  deriving  the  expression  for  F"',  we  used  the  result  (6.6.16),  which  for  z  =  1  reads: 


M+1 

Aiz) Aiz) -Biz) Biz)  =  where  cr^  =  Y\  ~  Ph 

Z  =  1 

Because  A^  (z)  =  z~^A  (z) ,  we  can  rewrite  (6.6.28)  in  the  form: 

A  iz)A^  (z)  -B  iz)B^  (z)  =  a^z~^ 

Noting  that  vv'  =  cr^  and  that 


hz-l 


z  =  l  ^  Z=1 


we  may  replace  v  and  v'  by  the  more  convenient  forms: 


Pa 

rjb  ’ 


Then,  the  transmission  responses  CT  and  T"'  can  be  expressed  as: 


(6.6.28) 


(6.6.29) 


(6.6.30) 
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(6.6.31) 

The  magnitude  squared  of  T  (z)  represents  the  transmittance,  that  is,  the  ratio  of 
the  transmitted  to  incident  powers,  whereas  'T  is  the  corresponding  ratio  of  the  electric 
helds.  Indeed,  assuming  E'_  =  0,  we  have  T  =  E'^  /E+  and  hnd: 


'P  transmitted 
P  incident 


2 


2 


Ue  |^|2  ^  |-j^|2 

rjb 


(6.6.32) 


where  we  used  Eq.  (6.6.31).  Similarly,  if  the  incident  helds  are  from  the  right,  then 
assuming  E+  =  0,  the  corresponding  transmission  coefficient  will  be  'T'  =  E-/E'_,  and 
we  hnd  for  the  left-going  transmittance: 


v' 

transmitted 

V' 

incident 


2f?a 

1 


ria 


ir|2 


(6.6.33) 


Eqs.  (6.6.32)  and  (6.6.33)  state  that  the  transmittance  is  the  same  from  either  side  of 
the  structure.  This  result  remains  valid  even  when  the  slabs  are  lossy. 

The  frequency  response  of  the  structure  is  obtained  by  setting  z  =  Denoting 

A  (e^^^O  simply  by  A  (co) ,  we  may  express  Eq.  (6.6.28)  in  the  form: 


|A(co)|2  -  \Bicjo)\^  =  0-2  (6.6.34) 

This  implies  the  following  relationship  between  rehectance  and  transmittance: 

|r(co)|2  +  |r(co)|2  =  1  I  (6.6.35) 

Indeed,  dividing  Eq.  (6.6.34)  by  |A  (co)  |2  and  using  Eq.  (6.6.31),  we  have: 


Bico)  2 

jM(J7)Ts /2 

Aicjo) 

|A(60)|2  “ 

Aico) 

i-|r(co)|2  =  |r(co)|2 


Scattering  Matrix 

The  transfer  matrix  in  Eq.  (6.6.23)  relates  the  incident  and  rehected  helds  at  the  left 
of  the  structure  to  those  at  the  right  of  the  structure.  Using  Eqs.  (6.6.25),  (6.6.26),  and 
(6.6.29),  we  may  rearrange  the  transfer  matrix  (6.6.23)  into  a  scattering  matrix  form  that 
relates  the  incoming  helds  E+,E'_  to  the  outgoing  helds  We  have: 

(scattering  matrix)  (6.6.36) 

The  elements  of  the  scattering  matrix  are  referred  to  as  the  S-parameters  and  are 
used  widely  in  the  characterization  of  two-port  (and  multi-port)  networks  at  microwave 
frequencies. 


£- 1  _  r  r(z)  T'iz)  ][£’+" 

E+  \~  [t'(z)  r(z)  J  [f 
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We  discuss  S’-parameters  in  Sec.  13.1.  It  is  a  common  convention  in  the  literature  to 
normalize  the  helds  to  the  impedances  of  the  left  and  right  media  (the  generator  and 
load  impedances),  as  follows: 


T±  =  —  £±  =  ,  2-;  =  —  £■;  =  ^  (6.6.37) 

-  -Jm  ~  2777^ 

Such  normalized  helds  are  referred  to  as  power  waves  [960].  Using  the  results  of  Eq. 
(6.6.31),  the  scattering  matrix  may  be  written  in  terms  of  the  normalized  helds  in  the 
more  convenient  form: 


r(z)  r(z)  E+ 

Tiz)  E'iz)  E'_ 


so  that  S  (z)  is  now  a  symmetric  matrix: 


E(z)  T(z) 
Tiz)  E'iz) 


(scattering  matrix) 


(6.6.38) 


(6.6.39) 


One  can  verify  also  that  Eqs.  (6.6.25),  (6.6.26),  and  (6.6.28)  imply  the  following  uni- 
tarity  properties  of  S  (z) : 


Siz)^Siz)  =  I, 


Sico)^Sicv)  =  I, 


(unitarity) 


(6.6.40) 


where  I  is  the  2x2  identity  matrix,  Siz)=  Siz~^),  and  Siw)  denotes  ^(z)  with  z  = 
so  that  Sicjo)^  becomes  the  hermitian  conjugate  5’(co)^=5’(co)*^. 

The  unitarity  condition  is  equivalent  to  the  power  conservation  condition  that  the 
net  incoming  power  into  the  (lossless)  multilayer  structure  is  equal  to  the  net  outgoing 
rehected  power  from  the  structure.  Indeed,  in  terms  of  the  power  waves,  we  have: 


E\e_\2  +  ^\e'^\2 

■t]a  2/7^ 


1  o  1  ,  9 


\E'\^  =  Tu 


Layer  Recursions 

Next,  we  discuss  the  layer  recursions.  The  rehection  responses  at  the  successive  in¬ 
terfaces  of  the  structure  are  given  by  similar  equations  to  (6.6.25).  We  have  Eiiz)  = 
Bi  (z) /Ai  (z)  at  the  zth  interface  and  F+i  (z)  =  Bi+i  (z)  /A/+i  (z)  at  the  next  one.  Us¬ 
ing  Eq.  (6.6.19),  we  hnd  that  the  responses  T,  satisfy  the  following  recursion,  which  is 
equivalent  to  Eq.  (6.1.3): 


r/(z)  = 


Pi  +  z  ^r.+iCz) 

1  +  p,z-ir,+i(z) 


(6.6.41) 
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It  starts  at  rM+i(z)=  Pm+i  and  ends  with  r(z)=  Fiiz).  The  impedances  at  the 
interfaces  satisfy  Eq.  (6.1.5),  which  takes  the  specialized  form  in  the  case  of  equal  phase 
thicknesses: 


. ‘ 

where  we  dehned  the  variable  s  via  the  bilinear  transformation: 


(6.6.42) 


5  =  - - r  (6.6.43) 

1  +  z-i 

Note  that  if  z  =  then  s  =  j  tand.  It  is  more  convenient  to  think  of  the  impedances 
Z,  (5)  as  functions  of  the  variable  s  and  the  reflection  responses  T,  (z)  as  functions  of 
the  variable  z. 

To  summarize,  given  the  characteristic  impedances  {/?«,  Pi,  ■  ■  ■ ,  Pm,  equiva¬ 
lently,  the  refractive  indices  {ui,  Ui, . . . ,  UmI  of  a  multilayered  structure,  we  can  com¬ 
pute  the  corresponding  reflection  coefficients  {pi  ,p2,...,  Pm+i  }  and  then  carry  out  the 
polynomial  recursions  (6.6.19),  eventually  arriving  at  the  hnal  Mth  order  polynomials 
A(z)  and  B{z),  which  dehne  via  Eq.  (6.6.25)  the  overall  reflection  and  transmission 
responses  of  the  structure. 

Conversely,  given  the  hnal  polynomials  Ai  (z)  =  A  (z)  and  Bi  (z)  =  B{z),  we  invert 
the  recursion  (6.6.19)  and  “peel  off”  one  layer  at  a  time,  until  we  arrive  at  the  rightmost 
interface.  In  the  process,  we  extract  the  rehection  coefficients  {pi,p2,  ■  ■  ■ ,  Pm+i),  as 
well  as  the  characteristic  impedances  and  refractive  indices  of  the  structure. 

This  inverse  recursion  is  based  on  the  property  that  the  rehection  coefficients  appear 
in  the  hrst  and  last  coefficients  of  the  polynomials  Bi  (z)  and  A/  (z) .  Indeed,  if  we  dehne 
these  coefficients  by  the  expansions: 

M+l-z  M+l-z 

Biiz)=  ^  biim)z~^,  A/(z)=  ^  ai{m)z~^ 

m=0  m=0 

then,  it  follows  from  Eq.  (6.6.19)  that  the  hrst  coefficients  are: 


h,(0)=  Pi,  a,(0)=  1 


(6.6.44) 


whereas  the  last  coefficients  are: 


bi  (M  -r  1  -  z)  =  pm+1  ,  aiiM  +  1-  i)  =  pM+iPi 


(6.6.45) 


Inverting  the  transition  matrix  in  Eq.  (6.6.19),  we  obtain  the  backward  recursion^ 


Ai+i  (z)  1  ^  1  r  1  -Pi  1  r  A,(z) 

Bi+i(z)  \~  I  -  pf  \-piZ  zJ|b,(z) 


(backward  recursion)  (6.6.46) 


T Backward  means  order-decreasing:  as  the  index  i  increases,  the  polynomial  order  M  +  I  -  i  decreases. 
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for  z  =  1,  2, . . . ,  M,  where  pi  =  bi  (0) .  This  recursion  starts  with  the  knowledge  of  Ai  (z) 
and  Bi{z).  We  note  that  each  step  of  the  recursion  reduces  the  order  of  the  polynomials 
by  one,  until  we  reach  the  0th  order  polynomials  Am+i  (z)  =  1  and  Bm+i  (z)  =  Pm+i- 

The  reverse  recursions  can  also  be  applied  directly  to  the  rehection  responses  T,  (z) 
and  wave  impedances  Z/  (5) .  It  follows  from  Eq.  (6.6.41)  that  the  rehection  coefficient  pi 
can  be  extracted  fromT,-  (z)  if  we  set  z  =  00,  that  is,  pi  =  T,-  (00) .  Then,  solving  Eq.  (6.1.3) 
for  Fi+i  (z) ,  we  obtain: 

z  =  1,2,...,M  (6.6.47) 

Similarly,  it  follows  from  Eq.  (6.6.42)  that  the  characteristic  impedance  r/,  can  be 
extracted  from  Z,  (s)  by  setting  5  =  1,  which  is  equivalent  to  z  =  00  under  the  transfor¬ 
mation  (6.6.43).  Thus,  r/,-  =  Z/(l)  and  the  inverse  of  (6.6.42)  becomes: 

z  =  1,2,...,M  (6.6.48) 

The  necessary  and  sufficient  condition  that  the  extracted  rehection  coefficients  p, 
and  the  media  impedances  r/,  are  realizable,  that  is,  |p,  |  <  1  or  r/,  >  0,  is  that  the 
starting  polynomial  A  (z)  be  a  minimum-phase  polynomial  in  z~^,  that  is,  it  must  have 
all  its  zeros  inside  the  unit  circle  on  the  z-plane.  This  condition  is  in  turn  equivalent  to 
the  requirement  that  the  transmission  and  rehection  responses  F  (z)  and  F  (z)  be  stable 
and  causal  transfer  functions. 

The  order-increasing  and  order-decreasing  recursions  Eqs.  (6.6.19)  and  (6.6.46)  can 
also  be  expressed  in  terms  of  the  vectors  of  coefficients  of  the  polynomials  A,  (z)  and 
Biiz).  Dehning  the  column  vectors: 

aiiO)  1  r  biiO) 

aid)  bid) 

a,  =  .  ,  hi  =  . 

Ui  (M  -r  1  -  z)  bi  (M  -r  1  -  z) 

we  obtain  for  Eq.  (6.6.19),  with  z  =  M,M  -  1, . . . ,  1: 


(forward  recursion)  (6.6.49) 


and  initialized  at  aM+i  =  [1]  and  bM+i  =  [pM+d-  Similarly,  the  backward  recur¬ 
sions  (6.6.46)  are  initialized  at  the  Mth  order  polynomials  ai  =  a  and  bi  =  b.  Eor 
z  =  1,  2, . . . ,  M  and  pi  =  bi  (0) ,  we  have: 


az+i  ]  _  a/  -  Pihi 

0  J  i-pi 


Pi»i  +  b; 
1-p/ 


(backward  recursion) 


(6.6.50) 
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Example  6.6.2:  Consider  the  quarter-quarter  antireflection  coating  shown  in  Fig.  6.2.2  with 
refractive  indices  [na,ni,n2,ni,]=  [1,1.38,1.63,1.50].  Determine  the  reflection  coef¬ 
ficients  at  the  three  interfaces  and  the  overall  reflection  response  F  (z)  of  the  structure. 

Solution:  In  this  problem  we  carry  out  the  forward  layer  recursion  starting  from  the  rightmost 
layer.  The  reflection  coefficients  computed  from  Eq.  (6.1.1)  are: 

[pi,P2,P3]  =  [-0.1597,-0.0831,0.0415] 

Starting  the  forward  recursion  with  as  =  [1]  and  bs  =  [ps]  =  [0.0415] ,  we  build  the  first 
order  polynomials: 


Then,  we  build  the  2nd  order  polynomials  at  the  first  interface: 


az 

“  0  " 

1.0000  “ 

az 

‘  0  ' 

■  -0.1597  “ 

ai  = 

0 

+  Pi 

bz 

0.0098 

-0.0066 

,  bi  =  Pi 

0 

+ 

bz 

-0.0825 

0.0415 

Thus,  the  overall  reflection  response  is: 

^i(z)  _  -0.1597  -  0.0825Z-1  +  0.0415z-^ 

^  ^  ^  Ai{z)  1  +  0.0098Z-1  -  0.0066Z-2 

Applying  the  reverse  recursion  on  this  reflection  response  would  generate  the  same  reflec¬ 
tion  coefficients  Pi ,  Pz ,  Ps  ■  □ 

Example  6.6.3:  Determine  the  overall  reflection  response  of  the  quarter-half-quarter  coating  of 
Fig.  6.2.2  by  thinking  of  the  half -wavelength  layer  as  two  quarter-wavelength  layers  of  the 
same  refractive  index. 

Solution:  There  are  M  =  4  quarter-wave  layers  with  refractive  indices: 

[Ua,  ni,  n2,  Us,  n4,  nb]  =  [1, 1.38, 2.20, 2.20, 1.63, 1.50] 

The  corresponding  reflection  coefficients  are: 

[P1,P2,P3,P4,P5]=  [-0.1597,-0.2291,0,0.1488,0.0415] 

where  the  reflection  coefficient  at  the  imaginary  interface  separating  the  two  halves  of 
the  half-wave  layer  is  zero.  Starting  the  forward  recursion  with  as  =  [1],  bs  =  [ps]  = 
[0.0415],  we  compute  the  higher-order  polynomials: 
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r  As  (z)  ]  r  1  psz  1  1  ^  1  +  P3P4Z 1 1 

[  B3  (z)  J  \_P3  J  L  ^4  J  \_  P3  +  P4Z-^  \ 

A2  (z)  ]  r  1  PzZ-^  1  r  ^  ^  P3P4Z~^  1  ^  r  1  +  P3  (P2  +  P4)z-^  +  P2P4Z~^ 

B2  (2)  J  ~  [  P2  Z-^  J  L  ^3  +  P4Z-^  \  ~  \_P2  +  P3il  +  P2P4)Z-^  +  PaZ-^ 
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Then,  the  final  step  gives: 

Ai  (z)  ]  r  1  PiZ-3  1  r  1  +  Ps  (P2  +  P4)z-^  +  P2P4Z-^  1 

5i  (z)  J  “  [  Pi  Z-1  J  [  P2  +  P3  (1  +  P2P4)Z-^  +  PaZ-^  \ 

1  +  (P1P2  +  P2P3  +  P3P4)Z-^  +  iPiP3  +  P2P4  +  PlP2P3P4)Z-^  +  1 

_  Pi  +  iP2  +  P1P2P3  +  PlP3P4)Z-^  +  ip3  +  P1P2P4  +  P2P3P4)Z-^  +  ^4^“^  J 

As  expected,  in  all  cases  the  first  and  last  coefficients  of  A,  (z)  are  1  and  p/PM+i  and  those 
of  Bi  (z)  are  p,-  and  Pm+i- 

An  approximation  that  is  often  made  in  practice  is  to  assume  that  the  p,s  are  small  and 
ignore  all  the  terms  that  involve  two  or  more  factors  of  p,.  In  this  approximation,  we  have 
for  the  polynomials  and  the  reflection  response  r(z)  =  (z)  /Ai  (z) ,  for  the  M  =  3  case: 


Ai(z)=  1 

Bi  (z)  =  Pi  +  P2Z-1  +  P3Z-2  +  P4Z-3 


r (z)  =  Pi  +  P2Z  ^  +  psz  ^  +  P4Z  ^ 


This  is  equivalent  to  ignoring  all  multiple  reflections  within  each  layer  and  considering  only 
a  single  reflection  at  each  interface.  Indeed,  the  term  P2Z~^  represents  the  wave  reflected  at 
interface-2  and  arriving  back  at  interface-1  with  a  roundtrip  delay  of  z“k  Similarly,  psZ"^ 
represents  the  reflection  at  interface-3  and  has  a  delay  of  z“^  because  the  wave  must  make 
a  roundtrip  of  two  layers  to  come  back  to  interface- 1,  and  P4Z“3  has  three  roundtrip  delays 
because  the  wave  must  traverse  three  layers.  □ 

The  two  MATLAB  functions  f  rwrec  and  bkwrec  implement  the  forward  and  back¬ 
ward  recursions  (6.6.49)  and  (6.6.50),  respectively.  They  have  usage; 

[A,B]  =  f  rwrec (r);  %  forward  recursion  -  from  r  to  A, £ 

[r,A,B]  =  bkwrec(a,b);  %  backward  recursion  -  from  cz,  to  r 


The  input  r  of  f  rwrec  represents  the  vector  of  the  M  +  1  reflection  coefficients  and 
A,B  are  the  (M  +  1)  x  (M  +  1)  matrices  whose  columns  are  the  polynomials  a,-  and  b/ 
(padded  with  zeros  at  the  end  to  make  them  of  length  M  +  1.)  The  inputs  a,b  of  bkwrec 
are  the  final  order-M  polynomials  a,b  and  the  outputs  r,A,B  have  the  same  meaning 
as  in  f  rwrec.  We  note  that  the  first  row  of  B  contains  the  reflection  coefficients  r. 

The  auxiliary  functions  r2n  and  n2  r  allow  one  to  pass  from  the  reflection  coefficient 
vector  r  to  the  refractive  index  vector  n,  and  conversely.  They  have  usage: 

n  =  r2n(r);  %  reflection  coefficients  to  refractive  indices 

r  =  n2r(n);  %  refractive  indices  to  reflection  coefficients 


As  an  illustration,  the  MATLAB  code; 

a  =  [1,  -0.1,  -0.064,  -0.05] ; 
b  =  [-0.1,  -0.188,  -0.35,  0.5]; 
[r,A,B]  =  bkwrecCa, b) ; 
n  =  r2n(r) ; 
r  =  n2r(n) ; 


will  generate  the  output  of  Example  6.6.1: 
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r  = 


-0.1000 

-0.2000 

-0.4000 

0.5000 

1.0000 

1.0000 

1.0000 

1.0000 

-0.1000 

-0.1200 

-0.2000 

0 

-0.0640 

-0.1000 

0 

0 

-0.0500 

0 

0 

0 

-0.1000 

-0.2000 

-0.4000 

0.5000 

-0.1880 

-0.3600 

0.5000 

0 

-0.3500 

0.5000 

0 

0 

0.5000 

0 

0 

0 

1.0000 

1.2222 

1.8333 

4.2778 

-0.1000 

-0.2000 

-0.4000 

0.5000 

1.4259 


Conversely,  if  the  above  r  is  the  input  to  f  rwrec,  the  returned  matrices  A,  B  will  be 
identical  to  the  above.  The  function  r2n  solves  Eq.  (6.1.1)  for  n,  and  always  assumes  that 
the  refractive  index  of  the  leftmost  medium  is  unity.  Once  the  n,  are  known,  the  function 
mul  ti  di  el  may  be  used  to  compute  the  reflection  response  at  any  set  of  frequencies  or 
wavelengths. 


6.7  Applications  of  Layered  Structures 

In  addition  to  their  application  in  dielectric  thin-hlm  and  radome  design,  layered  struc¬ 
tures  and  the  corresponding  forward  and  backward  layer  recursions  have  a  number  of 
applications  in  other  wave  propagation  problems,  such  as  the  design  of  broadband  ter¬ 
minations  of  transmission  lines,  the  analysis  and  synthesis  of  speech,  geophysical  signal 
processing  for  oil  exploration,  the  probing  of  tissue  by  ultrasound,  and  the  design  of 
acoustic  reflectors  for  noise  control. 

It  is  remarkable  also  that  the  same  forward  and  backward  recursions  (6.6.49)  and 
(6.6.50)  are  identical  (up  to  reindexing)  to  the  forward  and  backward  Levinson  recursions 
of  linear  prediction  [792],  with  the  layer  structures  being  mathematically  equivalent  to 
the  analysis  and  synthesis  lattice  biters.  This  connection  is  perhaps  the  reason  behind 
the  great  success  of  linear  prediction  methods  in  speech  and  geophysical  signal  pro¬ 
cessing. 

Moreover,  the  forward  and  backward  layer  recursions  in  their  rebection  forms,  Eqs. 
(6.6.41)  and  (6.6.47),  and  impedance  forms,  Eqs.  (6.6.42)  and  (6.6.48),  are  the  essential 
mathematical  tools  for  Schur’s  characterization  of  lossless  bounded  real  functions  in  the 
z-plane  and  Richard’s  characterization  of  positive  real  functions  in  the  5-plane  and  have 
been  applied  to  network  synthesis  and  to  the  development  of  transfer  function  stability 
tests,  such  as  the  Schur-Cohn  test  [812-826]. 

In  all  wave  problems  there  are  always  two  associated  propagating  held  quantities 
playing  the  roles  of  the  electric  and  magnetic  belds.  Eor  forward-moving  waves  the 
ratio  of  the  two  held  quantities  is  constant  and  equal  to  the  characteristic  impedance  of 
the  particular  propagation  medium  for  the  particular  type  of  wave. 


6.7.  Applications  of  Layered  Structures 


221 


Eor  example,  for  transmission  lines  the  two  held  quantities  are  the  voltage  and  cur¬ 
rent  along  the  line,  for  sound  waves  they  are  the  pressure  and  particle  volume  velocity, 
and  for  seismic  waves,  the  stress  and  particle  displacement. 

A  transmission  line  connected  to  a  multisegment  impedance  transformer  and  a  load 
is  shown  in  Eig.  6.7.1.  The  characteristic  impedances  of  the  main  line  and  the  seg¬ 
ments  are  Za  and  Zi, . . . ,  Zm,  and  the  impedance  of  the  load,  Z^.  Here,  the  impedances 
{Za,  Zi, . . . ,  Zm,  Zi,},  play  the  same  role  as  {pa,  bi,  ■  ■  ■ ,  Pm,  Pb}  in  the  dielectric  stack 
case. 


Im  i 


Zm 


Zz, 


load 


Fig.  6.7.1  Multisegment  broadband  termination  of  a  transmission  line. 

The  segment  characteristic  impedances  Z/  and  lengths  /,  can  be  adjusted  to  obtain 
an  overall  rebection  response  that  is  rebectionless  over  a  wideband  of  frequencies  [781- 
791].  This  design  method  is  presented  in  Sec.  6.8. 

In  speech  processing,  the  vocal  tract  is  modeled  as  an  acoustic  tube  of  varying  cross- 
sectional  area.  It  can  be  approximated  by  the  piece-wise  constant  area  approximation 
shown  in  Eig.  6.7.2.  Typically,  ten  segments  will  suffice. 

The  acoustic  impedance  of  a  sound  wave  varies  inversely  with  the  tube  area,  Z  = 
pc! A,  where  p,  c,  and  A  are  the  air  density,  speed  of  sound,  and  tube  area,  respectively. 
Therefore,  as  the  sound  wave  propagates  from  the  glottis  to  the  lips,  it  will  suffer  rebec- 
tions  every  time  it  encounters  an  interface,  that  is,  whenever  it  enters  a  tube  segment 
of  different  diameter. 


T" 


glottis 


r 

^  T 

A2  A3  A4 


1  1 

1 

L 

A5 


lips 


speech 


Fig.  6.7.2  Multisegment  acoustic  tube  model  of  vocal  tract. 

Multiple  rebections  will  be  set  up  within  each  segment  and  the  tube  will  reverberate 
in  a  complicated  manner  depending  on  the  number  of  segments  and  their  diameters. 
By  measuring  the  speech  wave  that  eventually  comes  out  of  the  lips  (the  transmission 
response,)  it  is  possible  to  remove,  or  deconvolve,  the  reverberatory  effects  of  the  tube 
and,  in  the  process,  extract  the  tube  parameters,  such  as  the  areas  of  the  segments,  or 
equivalently,  the  rebection  coefficients  at  the  interfaces. 

During  speech,  the  conbguration  of  the  vocal  tract  changes  continuously,  but  it  does 
so  at  mechanical  speeds.  For  short  periods  of  time  (typically,  of  the  order  of  20-30 
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msec,)  it  may  be  considered  to  maintain  a  fixed  configuration.  From  each  such  short 
segment  of  speech,  a  set  of  conhguration  parameters,  such  as  reflection  coefficients, 
is  extracted.  Conversely,  the  extracted  parameters  may  be  used  to  re-synthesize  the 
speech  segment. 

Such  linear  prediction  based  acoustic  tube  models  of  speech  production  are  routinely 
used  in  the  analysis  and  synthesis  of  speech,  speech  recognition,  speaker  identihcation, 
and  speech  coding  for  efficient  data  transmission,  such  as  in  wireless  phones. 

The  seismic  problem  in  geophysical  signal  processing  is  somewhat  different.  Here, 
it  is  not  the  transmitted  wave  that  is  experimentally  available,  but  rather  the  overall 
reflected  wave.  Fig.  6.7.3  shows  the  typical  case. 


reflection 
impulse  response 

J L 


surface 


layer  1 


layer  2 


layer  M 


rock  bottom 


transmission 

response 


Fig.  6.7.3  Seismic  probing  of  earth’s  multilayer  structure. 

An  impulsive  input  to  the  earth,  such  as  an  explosion  near  the  surface,  will  set  up 
seismic  elastic  waves  propagating  downwards.  As  the  various  earth  layers  are  encoun¬ 
tered,  reflections  will  take  place.  Eventually,  each  layer  will  be  reverberating  and  an  over¬ 
all  reflected  wave  will  be  measured  at  the  surface.  With  the  help  of  the  backward  recur¬ 
sions,  the  parameters  of  the  layered  structure  (reflection  coefficients  and  impedances) 
are  extracted  and  evaluated  to  determine  the  presence  of  a  layer  that  contains  an  oil 
deposit. 

The  application  of  the  backward  recursions  has  been  termed  dynamic  predictive  de- 
convolution  in  the  geophysical  context  [799-811].  An  interesting  historical  account  of 
the  early  development  of  this  method  by  Robinson  and  its  application  to  oil  exploration 
and  its  connection  to  linear  prediction  is  given  in  Ref.  [805].  The  connection  to  the  con¬ 
ventional  inverse  scattering  methods  based  on  the  Gelfand-Levitan-Marchenko  approach 
is  discussed  in  [806-811]. 

Fiber  Bragg  gratings  (FBG),  obtained  by  periodically  modulating  the  refractive  index 
of  the  core  (or  the  cladding)  of  a  hnite  portion  of  a  hber,  behave  very  similarly  to  di¬ 
electric  mirrors  and  exhibit  high  reflectance  bands  [747-767].  The  periodic  modulation 
is  achieved  by  exposing  that  portion  of  the  hber  to  intense  ultraviolet  radiation  whose 
intensity  has  the  required  periodicity.  The  periodicity  shown  in  Fig.  6.7.4  can  have  arbi¬ 
trary  shape— not  only  alternating  high/low  refractive  index  layers  as  suggested  by  the 
hgure.  We  discuss  FBGs  further  in  Sec.  11.4. 
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Fig.  6.7.4  Fiber  Bragg  gratings  acting  as  bandstop  or  bandpass  hlters. 


Quarter-wave  phase-shifted  hber  Bragg  gratings  act  as  narrow-band  transmission 
hlters  and  can  be  used  as  demultiplexing  hlters  in  WDM  and  dense  WDM  (DWDM)  com¬ 
munications  systems.  Assuming  as  in  Fig.  6.7.4  that  the  inputs  to  the  FBGs  consist  of 
several  multiplexed  wavelengths,  Ai,A2,A3,...,  and  that  the  FBGs  are  tuned  to  wave¬ 
length  A2,  then  the  ordinary  FBG  will  act  as  an  almost  perfect  rehector  of  A2.  If  its 
rehecting  band  is  narrow,  then  the  other  wavelengths  will  transmit  through.  Similarly, 
the  phase-shifted  FBG  will  act  as  a  narrow-band  transmission  hlter  allowing  A 2  through 
and  rehecting  the  other  wavelengths  if  they  lie  within  its  rehecting  band. 

A  typical  DWDM  system  may  carry  40  wavelengths  at  10  gigabits  per  second  (Gbps) 
per  wavelength,  thus  achieving  a  400  Gbps  bandwidth.  In  the  near  future,  DWDM  sys¬ 
tems  will  be  capable  of  carrying  hundreds  of  wavelengths  at  40  Gbps  per  wavelength, 
achieving  terabit  per  second  rates  [767]. 
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In  this  section,  we  discuss  the  design  of  broadband  rehectionless  multilayer  structures  of 
the  type  shown  in  Fig.  6.6.1  ,  or  equivalently,  broadband  terminations  of  transmission 
lines  as  shown  in  Fig.  6.7.1,  using  Collin’s  method  based  on  Chebyshev  polynomials 
[781-791,617,636]. 

As  depicted  in  Fig.  6.8.1,  the  desired  specihcations  are:  (a)  the  operating  center 
frequency  fo  of  the  band,  (b)  the  bandwidth  Af,  and  (c)  the  desired  amount  of  attenuation 
A  (in  dB)  within  the  desired  band,  measured  with  respect  to  the  reflectance  value  at  dc. 

Because  the  optical  thickness  of  the  layers  isd  =  cjoTs/2  =  (n / 2)  (f  / fo)  and  van¬ 
ishes  at  dc,  the  reflection  response  at  f  =  0  should  be  set  equal  to  its  unmatched  value, 
that  is,  to  the  value  when  there  are  no  layers: 


ir(o)|2  =  p2  = 


(  Hb  -  naV  ^  I  rig -rib 
\na  +  nb)  Vfifl  +  fifo 


) 


2 


Collin’s  design  method  [781]  assumes  \r (f)  has  the  analytical  form: 


(6.8.1) 
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X  =  Xo  cos  (5  =  Xo  cos  ( ^ )  (6.8.2) 

2/0 

where  TmM=  cos  (M  acos  (x) )  is  the  Chebyshev  polynomial  (of  the  hrst  kind)  of  order 
M.  The  parameters  M,  ei,  xq  are  fixed  by  imposing  the  desired  specihcations  shown  in 
Fig.  6.8.1. 

Once  these  parameters  are  known,  the  order-M  polynomials  A(z),£(z)  are  deter¬ 
mined  by  spectral  factorization,  so  that  \r  if)  \  ^  =  \Bif)\^  /\Aif)\^.  The  backward  layer 
recursions,  then,  allow  the  determination  of  the  reflection  coefficients  at  the  layer  inter¬ 
faces,  and  the  corresponding  refractive  indices.  Setting  f  =  0,  or  d  =  0,  or  cos  5  =  1,  or 
X  =  Xo,  we  obtain  the  design  equation: 


ir(f)|2  = 


e\Tli(x) 

1  +  elThix) 


|r(0)|2 


ejTljixo) 

1  +  elThixo) 


1  +  gp 


=  Po 


(6.8.3) 


where  we  dehned  Cq  =  CiTMi^o)-  Solving  for  Cq,  we  obtain: 


Po  ^  inq-rib)^ 
\-pI  4nanb 


(6.8.4) 


Chebyshev  polynomials  Tm  M  are  reviewed  in  more  detail  in  Sec.  20.9  that  discusses 
antenna  array  design  using  the  Dolph-Chebyshev  window.  The  two  key  properties  of 
these  polynomials  are  that  they  have  equiripple  behavior  within  the  interval  - 1  <  x  <  1 
and  grow  like  x^  for  |x|  >  1;  see  for  example.  Fig.  20.9.1. 

By  adjusting  the  value  of  the  scale  parameter  xq,  we  can  arrange  the  entire  equiripple 
domain,  -1  <  x  <  1,  of  rM(x)  to  be  mapped  onto  the  desired  reflectionless  band 
[fi,f2],  where  fi,f2  are  the  left  and  right  bandedge  frequencies  about  fo,  as  shown  in 
Fig.  6.8.1.  Thus,  we  demand  the  conditions: 

xocos(^^)  =  -1,  xocos(^^)  =  1 


These  can  be  solved  to  give: 
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TTfi 

2fo 


acos(-  — ) 
Xo 


TT 

y 


asin(  — ) 
Xo 


TTfi  .  1  .  TT  ./lx 

Subtracting,  we  obtain  the  bandwidth  Af  =  f2  -  fi- 


TT  Af 
2 


We  can  now  solve  for  the  scale  parameter  xo  in  terms  of  the  bandwidth: 


1 

Xq  — 

sin| 

U  fo) 

1 

(6.8.5) 


(6.8.6) 


(6.8.7) 


It  is  evident  from  Fig.  6.8.1  that  the  maximum  value  of  the  bandwidth  that  one  can 
demand  is  =  2fo.  Going  back  to  Eq.  (6.8.5)  and  using  (6.8.6),  we  see  that  fi  and 

f2  lie  symmetrically  about  fo,  such  that  fi  =  fo  -  Af  12  and  f2  =  fo  +  Af  12. 

Next,  we  impose  the  attenuation  condition.  Because  of  the  equiripple  behavior  over 
the  Af  band,  it  is  enough  to  impose  the  condition  at  the  edges  of  the  band,  that  is,  we 
demand  that  when  f  =  fi,  or  x  =  1,  the  reflectance  is  down  by  A  dB  as  compared  to  its 
value  at  dc: 


|r(fi)|2  =  |r(o)|2io-^/io 


elThO)  el 

l  +  CiTlfd)  1  +  eo 


But,  Tm  (1)  =  1-  Therefore,  we  obtain  an  equation  for  el: 


1  +  6-y  1  ^0 

Noting  that  eo  =  CiTm ixo) ,  yvc  solve  Eq.  (6.8.8)  for  the  ratio  TMixo)=  eolei: 


(6.8.8) 


'rM(xo)=  cosh(Macosh(xo))  =  ^{1  +  Cq)  -  el  (6.8.9) 


Alternatively,  we  can  express  A  in  terms  of  Tm  (xq)  : 


A  =  lOlogio 


Tm  (xq)  +^0  \ 
1  +  ^0  ) 


(6.8.10) 


where  we  used  the  dehnition  TMi^o)=  cosh(Macosh(xo) )  because  Xq  >  1.  Solving 
(6.8.9)  for  M  in  terms  of  A,  we  obtain: 


M  —  ceil  (iVf  exact) 


(6.8.11) 


where 


-^exact  “ 


acosh  (1  -r  el) 

acosh(xo) 


(6.8.12) 
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Because  Mexact  is  rounded  up  to  the  next  integer,  the  attenuation  will  be  somewhat 
larger  than  required.  In  summary,  we  calculate  eo,Xo,M  from  Eqs.  (6.8.4),  (6.8.7),  and 
(6.8.11).  Finally,  ei  is  calculated  from: 


Tm^xq)  cosh(Macosh(xo)) 


(6.8.13) 


Next,  we  construct  the  polynomials  A  (z)  and  B  (z) .  It  follows  from  Eqs.  (6.6.25)  and 
(6.6.34)  that  the  reflectance  and  transmittance  are: 

ir(f)  ^  ,  |r(f)  1^  =  1-  \r(f)  =  — - — , 


Comparing  these  with  Eq.  (6.8.2),  we  obtain: 


\Aif)  =  o-^[l  +  elTljixocos5)] 
\Bif)  1^  =  a^elTl^{xocos5) 


(6.8.14) 


The  polynomial  A  (z)  is  found  by  requiring  that  it  be  a  minimum-phase  polynomial, 
that  is,  with  all  its  zeros  inside  the  unit  circle  on  the  z-plane.  To  hnd  this  polynomial, 
we  determine  the  2M  roots  of  the  right -hand-side  of  \A{f)\'^  and  keep  only  those  M 
that  lie  inside  the  unit  circle.  We  start  with  the  equation  for  the  roots: 

(j^[l -r  (xocosd)]  =  0  ^  Tm (xq cos d)  =  ±  — 

Because  Tm  (xq  cos  5)  =  cos  (M  acos  (xq  cos  d) ) ,  the  desired  M  roots  are  given  by: 


xo  cos  5m  =  cos 


Indeed,  these  satisfy: 


m  =  0, 1, . . .  ,M  -  1 


(6.8.15) 


cos (M acos (xo  cos  dm))  =  cos^acos(-^)  +  mn^ 


Solving  Eq.  (6.8.15)  for  5m,  we  hnd: 


5m  —  acos 


r  1  (' 

—  cos  - 
Lxo  V 


,  m  =  0, 1, . . .  ,M  -  1 


Then,  the  M  zeros  of  A  (z)  are  constructed  by: 


m  =  0, 1, . . .  ,M  -  1 


(6.8.16) 


(6.8.17) 


These  zeros  lie  inside  the  unit  circle,  |Zml  <  1.  (Replacing  -j/Ci  by  +j/ei  in 
Eq.  (6.8.16)  would  generate  M  zeros  that  lie  outside  the  unit  circle;  these  are  the  ze¬ 
ros  of  A  (z) .)  Finally,  the  polynomial  A  (z)  is  obtained  by  multiplying  the  root  factors: 


A(z)  =  n  ^)  =  1  +  aiz  ^  +  azz  ^  -r  ■  ■  ■  -r  anz 


(6.8.18) 
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Once  A  (z)  is  obtained,  we  may  fix  the  scale  factor  cr^  by  requiring  that  the  two 
sides  of  Eq.  (6.8.14)  match  at  f  =  0.  Noting  that  A  (f)  at  f  =  0  is  equal  to  the  sum  of  the 
coefficients  of  A  (z)  and  that  CiTm  (xq)  =  eo,  we  obtain  the  condition: 


M-l 

M-l  ^ 

y  flm  =0-^1  +  el) 

m=0 

=>  a  =  ±  , - 

m=0 

Either  sign  of  a  leads  to  a  solution,  but  its  physical  realizability  (i.e.,  rii  >  1)  requires 
that  we  choose  the  negative  sign  if  ria  <  n^,  and  the  positive  one  if  ria  >  n^.  (The 
opposite  choice  of  signs  leads  to  the  solution  n-  =  n^/ni,  z  =  rz,  1, . . .  ,M,  b.) 

The  polynomial  B  (z)  can  now  be  constructed  by  taking  the  square  root  of  the  second 
equation  in  (6.8.14).  Again,  the  simplest  procedure  is  to  determine  the  roots  of  the  right- 
hand  side  and  multiply  the  root  factors.  The  root  equations  are: 

(xo  cos  d)  =  0  ^  Tm  (xq  cos  5)  =0 

with  M  roots: 

5m  =  acosf  —  cos(  .  m  =  0, 1, . . .  ,M  -  1  (6.8.20) 

Vxo  M  / 

The  z-plane  roots  are  Zm  =  m  =  0, 1, . . .  ,M  -  1.  The  polynomial  B (z)  is  now 

constructed  up  to  a  constant  bo  by  the  product: 


M-l 

B{z)=boYl('^-ZmZ~^)  (6.8.21) 

m=0 

As  before,  the  factor  bo  is  hxed  by  matching  Eq.  (6.8.14)  at  f  =  0.  Because  5m  is 
real,  the  zeros  Zm  will  all  have  unit  magnitude  and  B  (z)  will  be  equal  to  its  reverse 
polynomial,  B^  (z)  =  Biz). 

Finally,  the  reflection  coefficients  at  the  interfaces  and  the  refractive  indices  are 
obtained  by  sending  A  (z)  and  B  (z)  into  the  backward  layer  recursion. 

The  above  design  steps  are  implemented  by  the  MATLAB  functions  chebt  r,  chebt  r2, 
and  chebt  r3  with  usage: 

[n,a,b]  =  chebtr(na,  nb,A,DF)  ;  %  Chebyshev  multilayer  design 

[n,a,b,A]  =  chebt  r2  (na,  nb,M,DF)  ;  %  specify  order  and  bandwidth 

[n,a,b,DF]  =  chebtr3(na,  nb,M,A)  ;  %  specify  order  and  attenuation 

The  inputs  are  the  refractive  indices  ria,  of  the  left  and  right  media,  the  desired  at¬ 
tenuation  in  dB,  and  the  fractional  bandwidth  AT  =  Af/fo.  The  output  is  the  refractive 
index  vector  n  =  [Ua,  zii,  ZI2, . . . ,  Um,  tZhl  and  the  reflection  and  transmission  polynomi¬ 
als  b  and  a.  In  chebt  r2  and  chebt  r3,  the  order  M  is  given.  To  clarify  the  design  steps, 
we  give  below  the  essential  source  code  for  chebt  r: 

eO  =  sqrt((nb-na)A2/(4''nb*na)) ; 
xO  =  l/sin(DF’'pi/4)  ; 

M  =  ceil (acosh(sqrt((e0A2+l)''10A(A/10)  -  e0A2))/acosh(x0)) ; 


in/) 1 2  (dB) 
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el  =  eO/cosh(M*acosh(xO)) ; 
m=0:M-l; 

delta  =  acos(cos((acos(- j/el)+pi ''m)/M)/xO)  ; 
z  =  exp(2*  j*de1  ta)  ;  %  zeros  of  A  (z) 

a  =  real  (poly  (z))  ;  %  coefficients  of  A (z) 

sigma  =  sign(na-nb)*abs(sum(a))/sqrt(l+eOA2)  ;  %  scale  factor  cr 

delta  =  acos(cos((m+0. 5)*pi/M)/xO) ; 

z  =  exp(2*  j*del  ta)  ;  %  zeros  of  5 (z) 

b  =  real  (pol  y  (z)  )  ;  %  unsealed  coefficients  of  B  (z) 

bO  =  sigma  *  eO  /  abs(sum(b)); 

b  =  bO  *  b;  %  rescaled £(z) 

r  =  bkwrec(a ,  b)  ;  %  backward  recursion 

n  =  na  *  r2n(r);  %  refractive  indices 

Example  6.8.1:  Broadband  antireflection  coating.  Design  a  broadband  antireflection  coating  on 
glass  with  na  =  I,  ni,  =  1.5,  A  =  20  dB,  and  fractional  bandwidth  AF  =  Af/fo  =  1.5. 
Then,  design  a  coating  with  deeper  and  narrower  bandwidth  having  parameters  A  =  30 
dB  and  AF  =  Af/fo  =  1.0. 

Solution:  The  reflectances  of  the  designed  coatings  are  shown  in  Fig.  6.8.2.  The  two  cases  have 
M  =  8  and  M  =  5,  respectively,  and  refractive  indices: 

n  =  [1, 1.0309, 1.0682, 1.1213, 1.1879, 1.2627, 1.3378, 1.4042, 1.4550, 1.5] 
n  =  [1, 1.0284, 1.1029, 1.2247, 1.3600, 1.4585, 1.5] 

The  specifications  are  better  than  satisfied  because  the  method  rounds  up  the  exact  value 
of  M  to  the  next  integer.  These  exact  values  were  Mgxact  =  7.474  and  Mgxact  =  4.728,  and 
were  increased  to  M  =  8  and  M  =  5. 


A  =  20dB  A  =  30dB 


f/fo  f/fo 


Fig.  6.8.2  Chebyshev  designs.  Reflectances  are  normalized  to  0  dB  at  dc. 


The  desired  bandedges  shown  on  the  graphs  were  computed  from  fi/fo  =  I  -  AF/ 2  and 
fi/fo  =  1  +  AF/2.  The  designed  polynomial  coefficients  a, b  were  in  the  two  cases: 
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"  1.0000  ■ 

r  -0.0152  “ 

0.0046 

-0.0178 

0.0041 

-0.0244 

0.0034 

-0.0290 

0.0025 

,  b  =  -0.0307 

0.0017 

-0.0290 

0.0011 

-0.0244 

0.0005 

-0.0178 

_  0.0002  _ 

L  -0.0152  _ 

"  1.0000  “ 

r  -0.0140  “ 

0.0074 

-0.0350 

0.0051 

,  -0.0526 

,  b  = 

0.0027 

’  -0.0526 

0.0010 

-0.0350 

_  0.0002  _ 

L  -0.0140  _ 

The  zeros  of  the  polynomials  a  were  in  the  two  cases: 


"  0.3978Z  ±  27.93«  “ 

0.3517Z  ±  73.75^ 

^  “  0.3266Z  ±  158.76°  ^ 

_  0.3331Z  ±  116.34°  _ 


0.2112Z  ±45.15° 
0.1564Z180° 
0.1678Z  ±  116.30° 


They  lie  inside  the  unit  circle  by  design.  The  typical  MATLAB  code  used  to  generate  these 
examples  was: 


na  =1;  nb  =  1.5;  A  =  20;  DF  =  1.5; 

n  =  chebtr(na, nb,A,DF) ; 

M  =  length(n)  -  2; 

f  =  linspace(0,4,1601) ; 

L  =  0.25  *  ones(l,M); 

GO  =  (na-nb)A2  /  (na+nb)A2; 

G  =  abs(multidiel (n , L, l./f)) .A2 ; 

plotCf,  10*logl0(G/G0)); 


The  reflectances  were  computed  with  the  function  mul  ti  di  el .  The  optical  thickness  inputs 
to  mul  ti  di  el  were  all  quarter-wavelength  at  fo-  □ 

We  note,  in  this  example,  that  the  coefficients  of  the  polynomial  B  (z)  are  symmetric 
about  their  middle,  that  is,  the  polynomial  is  self-r  ever  sing  (z)  =  Biz).  One  conse¬ 
quence  of  this  property  is  that  the  vector  of  reflection  coefficients  is  also  symmetric 
about  its  middle,  that  is, 

[pi,  p2,  ■  ■  ■ ,  Pm,  pM+i]  =  [pM+i,  Pm,  ■  ■  ■ ,  P2,  Pi]  (6.8.22) 

or,  pi  =  pM+2-i,  for  z  =  1,  2, . . . ,  M  ±  1.  These  conditions  are  equivalent  to  the  following 
constraints  among  the  resulting  refractive  indices: 


ninM+2-i  =  rignt  Pi  =  PM+2-i\,  z  =  1,  2, . . .  ,M  ±  1  (6.8.23) 

These  can  be  verified  easily  in  the  above  example.  The  proof  of  these  conditions 
follows  from  the  symmetry  of  Biz).  A  simple  argument  is  to  use  the  single-reflection 
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approximation  discussed  in  Example  6.6.4,  in  which  the  polynomial  B  (z)  is  to  hrst-order 
in  the  p,s: 

B(z)=  pi  +  p2Z~^  +  ■  ■  ■  +  Pm+iZ~'^ 

If  the  symmetry  property  pi  =  pM+2-i  were  not  true,  then  B  (z)  could  not  satisfy  the 
property  (z)  =  Biz).  A  more  exact  argument  that  does  not  rely  on  this  approximation 
can  be  given  by  considering  the  product  of  matrices  (6.6.17). 

In  the  design  steps  outlined  above,  we  used  MATLAB’s  built-in  function  poly.m  to 
construct  the  numerator  and  denominator  polynomials  B(z),A(z)  from  their  zeros. 
These  zeros  are  almost  equally-spaced  around  the  unit  circle  and  get  closer  to  each 
other  with  increasing  order  M.  This  causes  po1y  to  lose  accuracy  around  order  50-60. 

In  the  three  chebtr  functions  (as  well  as  in  the  Dolph-Chebyshev  array  functions  of 
Chap.  20),  we  have  used  an  improved  version,  poly2  .m,  with  the  same  usage  as  poly, 
that  maintains  its  accuracy  up  to  order  of  about  3000. 

Fig.  6.8.3  shows  a  typical  pattern  of  zeros  for  Example  6.8.1  for  normalized  band- 
widths  of  AF  =  1.85  and  AF  =  1.95  and  attenuation  of  A  =  30  dB.  The  zeros  of  B  (z)  lie 
on  the  unit  circle,  and  those  of  A(z),  inside  the  circle.  The  function  po1y2  groups  the 
zeros  in  subgroups  such  that  the  zeros  within  each  subgroup  are  not  as  closely  spaced. 
For  example,  for  the  left  graph  of  Fig.  6.8.3,  pol  y2  picks  the  zeros  sequentially,  whereas 
for  the  right  graph,  it  picks  every  other  zero,  thus  forming  two  subgroups,  then  poly 
is  called  on  each  subgroup,  and  the  two  resulting  polynomials  are  convolved  to  get  the 
overall  polynomial. 


AF=  1.85,  M  =  36 


AF=  1.95,  M=  107 


Fig.  6.8.3  Zero  patterns  of  B  (z)  (open  circles)  and  A  (z)  (filled  circles),  for  A  =  30  dB. 

Finally,  we  discuss  the  design  of  broadband  terminations  of  transmission  lines  shown 
in  Fig.  6.7.1.  Because  the  media  admittances  are  proportional  to  the  refractive  indices, 
=  ti/Pvac,  we  need  only  replace  n,  by  the  line  characteristic  admittances: 

[na,ni,...,nM,nt]  -  [Ya,Yi, . . .  ,YM,Yt] 

where  Ya,Yi,  are  the  admittances  of  the  main  line  and  the  load  and  T/,  the  admittances 
of  the  segments.  Thus,  the  vector  of  admittances  can  be  obtained  by  the  MATFAB  call: 


Y  =  chebtr(Ya,  Yb,  A,  DF) ; 


%  Chebyshev  transmission  line  impedance  transformer 


6.9.  Problems 


231 


We  also  have  the  property  (6.8.23),  YiYm+z-i  =  YaYjj,  or,  ZiZm+z-i  =  ZaZ^,  for 
z  =  1,2,...,M-f1,  where  T,  =  l/Z,.  One  can  work  directly  with  impedances— the 
following  call  would  generate  exactly  the  same  solution,  where  Z  =  [Z^ ,  Zi , . . . ,  Zm,  Z^  ] : 

Z  =  chebtr(Za,  Zb,  A,  DF)  ;  %  Chebyshev  transmission  line  impedance  transformer 

In  this  design  method,  one  does  not  have  any  control  over  the  resulting  refractive 
indices  zi,  or  admittances  T/.  This  can  be  problematic  in  the  design  of  antireflection  coat¬ 
ings  because  there  do  not  necessarily  exist  materials  with  the  designed  zi/s.  However, 
one  can  replace  or  “simulate”  any  value  of  the  refractive  index  of  a  layer  by  replac¬ 
ing  the  layer  with  an  equivalent  set  of  three  layers  of  available  indices  and  appropriate 
thicknesses  [592-652]. 

This  is  not  an  issue  in  the  case  of  transmission  lines,  especially  microstrip  lines, 
because  one  can  design  a  line  segment  of  a  desired  impedance  by  adjusting  the  geometry 
of  the  line,  for  example,  by  changing  the  diameters  of  a  coaxial  cable,  the  spacing  of  a 
parallel- wire,  or  the  width  of  a  microstrip  line. 


6.9  Problems 

6.1  A  uniform  plane  wave  of  frequency  of  1.25  GHz  is  normally  incident  from  free  space  onto  a 
fiberglass  dielectric  slab  (e  =  4€o,p  =  Po)  of  thickness  of  3  cm,  as  shown  on  the  left  figure 
below. 


3cm  3cm  6cm  3cm 


a.  What  is  the  free-space  wavelength  of  this  wave  in  cm?  What  is  its  wavelength  inside 
the  fiberglass? 

b.  What  percentage  of  the  incident  power  is  reflected  backwards? 

c.  Next,  an  identical  slab  is  inserted  to  the  right  of  the  first  slab  at  a  distance  of  6  cm,  as 
shown  on  the  right.  What  percentage  of  incident  power  is  now  reflected  back? 

6.2  Three  identical  dielectric  slabs  of  thickness  of  1  cm  and  dielectric  constant  e  =  4co  are 
positioned  as  shown  below.  A  uniform  plane  wave  of  frequency  of  3.75  GHz  is  incident 
normally  onto  the  leftmost  slab. 


a.  Determine  the  power  reflection  and  transmission  coefficients,  \F\^  and  ITp,  as  per¬ 
centages  of  the  incident  power. 
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b.  Determine  \r\^  and  |  Tp  if  the  three  slabs  and  air  gaps  are  replaced  by  a  single  slab  of 
thickness  of  7  cm. 

6.3  Three  identical  fiberglass  slabs  of  thickness  of  3  cm  and  dielectric  constant  e  =  4eo  are 
positioned  at  separations  di  =  dz  =  ^  cm,  as  shown  below.  A  wave  of  free-space  wavelength 
of  24  cm  is  incident  normally  onto  the  left  slab. 

a.  Determine  the  percentage  of  reflected  power. 

b.  Repeat  if  the  slabs  are  repositioned  such  that  di  =  12  cm  and  ^2  =  6  cm. 


1  - 


d\ 


^2 


3  cm 


6.4  Four  identical  dielectric  slabs  of  thickness  of  1  cm  and  dielectric  constant  e  =  4co  are  posi¬ 
tioned  as  shown  below.  A  uniform  plane  wave  of  frequency  of  3.75  GHz  is  incident  normally 
onto  the  leftmost  slab. 

a.  Determine  the  reflectance  |rp  as  a  percentage. 

b.  Determine  |rp  if  slabs  A  and  C  are  removed  and  replaced  by  air. 

c.  Determine  |rp  if  the  air  gap  B  between  slabs  A  and  C  is  filled  with  the  same  dielectric, 
so  that  ABC  is  a  single  slab. 


B 


Z\  Z2  Z3  Z4  Z5  Z6 

- H  h< - ► 

Icm  4cm  2cm 


Z7Z8 

H - H 

4cm 


6.5  A  2.5  GHz  wave  is  normally  incident  from  air  onto  a  dielectric  slab  of  thickness  of  2  cm  and 
refractive  index  of  1.5,  as  shown  below.  The  medium  to  the  right  of  the  slab  has  index  2.25. 


^0 

ei 

^2  ^0 

^1 

^0 

^2 

1  — ► 

1  — ► 

— 

F^ — 

6cm 

2cm 


2cm 


a.  Derive  an  analytical  expression  of  the  reflectance  \r{f)  P  as  a  function  of  frequency 
and  sketch  it  versus  f  over  the  interval  0  <  f  <  10  GHz.  What  is  the  value  of  the 
reflectance  at  2.5  GHz? 

b.  Next,  the  2-cm  slab  is  moved  to  the  left  by  a  distance  of  6  cm,  creating  an  air-gap 
between  it  and  the  rightmost  dielectric.  What  is  the  value  of  the  reflectance  at  2.5 
GHz? 
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6.6  Show  that  the  antireflection  coating  design  equations  (6.2.2)  can  be  written  in  the  alternative 
forms: 


cos^  ^2/2 


{nl  -  ngUb)  {nlug  -  nlni,)  2^1^  njirib  -  rig)  {nl  -  ngUb) 

Uainl  -  nl)  {nl  -  n\)  ’  2  2  Ua  {nj  -  nl)  {nl  -  nl) 


Making  the  assumptions  that  nz  >  ni  >  na,  nz  >  ni,,  and  ni,  >  na,  show  that  for  the  design 
to  have  a  solution,  the  following  conditions  must  be  satisfied: 


ni  >  ^nan})  and  nz  >  ni 

6.7  Show  that  the  characteristic  polynomial  of  any  2x2  matrix  F  is  expressible  in  terms  of  the 
trace  and  the  determinant  of  F  as  in  Eq.  (6.3.10),  that  is, 

det(f  -  A/)=  -  (trF)A  +  detf 


Moreover,  for  a  unimodular  matrix  show  that  the  two  eigenvalues  are  A+  =  e-^  where 
a  =  acosh(cz)  and  a  =  trF/2. 

6.8  Show  that  the  bandedge  condition  a  =  - 1  for  a  dielectric  mirror  is  equivalent  to  the  condition 
of  Eq.  (6.3.16).  Moreover,  show  that  an  alternative  condition  is: 

e-  e-  1  /  tiH  tii  \ 

cos  Oh  cos  Ol - - h  —  sm  Oh  sm  =  - 1 

2  Kni  nuJ 

6.9  Stating  with  the  approximate  bandedge  frequencies  given  in  Eq.  (6.3.19),  show  that  the  band¬ 
width  and  center  frequency  of  a  dielectric  mirror  are  given  by: 

.f_f_f_2foasmXp)_  ^  fi+fz  fo 

'  TT(LH+hi)’  2  2{Lh+Ll) 

where  Lh  =  tin/n/Ao,  Ti  =  ^i/i/Aq,  and  Aq  is  a  normalization  wavelength,  and  fo  the 
corresponding  frequency  fo  =  Cq/Aq. 

6.10  Computer  Experiment— Antireflection  Coatings.  Compute  and  plot  over  the  400-700  nm 
visible  band  the  reflectance  of  the  following  antireflection  coatings  on  glass,  defined  by  the 
refractive  indices  and  normalized  optical  thicknesses: 

a.  u  =  [1,1.38, 1.5],  I  =  [0.25] 

b.  n=  [1,1.38,1.63,1.5],  L=  [0.25,0.50] 

c.  n=  [1,1.38,2.2,1.63,1.5],  L=  [0.25,0.50,0.25] 

d.  n=  [1,1.38,2.08,1.38,2.08,1.5],  L=  [0.25,0.527,0.0828,0.0563] 

The  normalization  wavelength  is  Aq  =  550  nm.  Evaluate  and  compare  the  coatings  in  terms 
of  bandwidth.  Cases  (a-c)  are  discussed  in  Sec.  6.2  and  case  (d)  is  from  [599]. 

6.11  Computer  Experiment— Dielectric  Sunglasses.  A  thin-film  multilayer  design  of  dielectric  sun¬ 
glasses  was  carried  out  in  Ref.  [1321]  using  29  layers  of  alternating  Ti02  (uh  =  2.35)  and 
Si02  {ni  =  1.45)  coating  materials.  The  design  may  be  found  on  the  web  page: 
www.sspectra.com/designs/sunglasses . html. 

The  design  specifications  for  the  thin-film  structure  were  that  the  transmittance  be:  (a)  less 
than  one  percent  for  wavelengths  400-500  nm,  (b)  between  15-25  percent  for  510-790  nm, 
and  (c)  less  than  one  percent  for  800-900  nm. 

Starting  with  the  high-index  layer  closest  to  the  air  side  and  ending  with  the  high-index  layer 
closest  to  the  glass  substrate,  the  designed  lengths  of  the  29  layers  were  in  nm  (read  across): 
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21.12 

32.41 

73.89 

123.90 

110.55 

129.47 

63.17 

189.07 

68.53 

113.66 

62.56 

59.58 

27.17 

90.29 

44.78 

73.58 

50.14 

94.82 

60.40 

172.27 

57.75 

69.00 

28.13 

93.12 

106.07 

111.15 

32.68 

32.82 

69.95 

Form  the  optical  lengths  n,/,  and  normalize  them  L,  =  n,7,7Ao,  such  that  the  maximum 
optical  length  is  a  quarter  wavelength  at  Aq.  What  is  the  value  of  Aq  in  nm?  Assuming  the 
glass  substrate  has  index  n  =  1.5,  compute  and  plot  the  reflectance  and  transmittance  over 
the  band  400-900  nm. 

6.12  Computer  Experiment— Dielectric  Mirror.  Reproduce  all  the  results  and  graphs  of  Example 

6.3.2.  In  addition,  carry  out  the  computations  for  the  cases  of  iV  =  16,  32  bilayers. 

In  all  cases,  calculate  the  minimum  and  maximum  reflectance  within  the  high-reflectance 
band.  For  one  value  of  N,  calculate  the  reflectance  using  the  closed-form  expression  (6.3.33) 
and  verify  that  it  is  the  same  as  that  produced  by  mul  ti  di  el . 

6.13  Computer  Experiment— Dielectric  Mirror.  Reproduce  all  the  results  and  graphs  of  Example 

6.3.3.  Repeat  the  computations  and  plots  when  the  number  of  bilayers  is  N  =  8, 16.  Repeat 
for  N  =  4,8, 16  assuming  the  layers  are  quarter-wavelength  layers  at  12.5  pm.  In  all  cases, 
calculate  the  minimum  and  maximum  reflectance  within  the  high-reflectance  band. 

6.14  Computer  Experiment—Shortpass  and  Eongpass  Eilters.  Reproduce  all  the  results  and  graphs 
of  Example  6.3.5.  Redo  the  experiments  by  shifting  the  short-pass  wavelength  to  Aq  =  750 
nm  in  the  hrst  case,  and  the  long-pass  wavelength  to  Aq  =  350  nm  in  the  second  case.  Plot 
the  reflectances  over  the  extended  band  of  200-1000  nm. 

6.15  Computer  Experiment— Wide  Infrared  Bandpass  Eilter.  A  47-layer  infrared  bandpass  filter 
with  wide  transmittance  bandwidth  was  designed  in  Ref.  11321].  The  design  may  be  found 
on  the  web  page  www.  sspectra.  com/designs/i  rbp.html. 

The  alternating  low-  and  high-index  layers  were  ZnS  and  Ge  with  indices  2.2  and  4.2.  The 
substrate  was  Ge  with  index  4.  The  design  specifications  were  that  the  transmittance  be:  (a) 
less  than  0.1%  for  wavelengths  2-3  pm,  (b)  greater  than  99%  for  3.3-5  pm,  and  (c)  less  than 
0.1%  for  5.5-7  pm. 

Starting  with  a  low-index  layer  near  the  air  side  and  ending  with  a  low-index  layer  at  the 
substrate,  the  layer  lengths  were  in  nm  (read  across): 


528.64 

178.96 

250.12 

123.17 

294.15 

156.86 

265.60 

134.34 

266.04 

147.63 

289.60 

133.04 

256.22 

165.16 

307.19 

125.25 

254.28 

150.14 

168.55 

68.54 

232.65 

125.48 

238.01 

138.25 

268.21 

98.28 

133.58 

125.31 

224.72 

40.79 

564.95 

398.52 

710.47 

360.01 

724.86 

353.08 

718.52 

358.23 

709.26 

370.42 

705.03 

382.28 

720.06 

412.85 

761.47 

48.60 

97.33 

Form  the  optical  lengths  U//,  and  normalize  them  L,-  =  n,7,7Ao,  such  that  the  maximum 
optical  length  is  a  quarter  wavelength  at  Aq.  What  is  the  value  of  Aq  in  pm?  Compute  and 
plot  the  reflectance  and  transmittance  over  the  band  2-7  pm. 

6.16  The  figure  below  shows  three  multilayer  structures.  The  first,  denoted  by  (LH)^,  consists  of 
three  identical  bilayers,  each  bilayer  consisting  of  a  low-index  and  a  high-index  quarter-wave 
layer,  with  indices  Ul  =  1.38  and  Uh  =  3.45.  The  second  multilayer,  denoted  by  {HL)^,  is 
the  same  as  the  first  one,  but  with  the  order  of  the  layers  reversed.  The  third  one,  denoted 
by  {EH)^{LL)  (HL)^  consists  of  the  first  two  side-by-side  and  separated  by  two  low-index 
quarter-wave  layers  EL. 
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In  all  three  cases,  determine  the  overall  reflection  response  E,  as  well  as  the  percentage  of 
reflected  power,  at  the  design  frequency  at  which  the  individual  layers  are  quarter-wave. 

6.17  A  radome  protecting  a  microwave  transmitter  consists  of  a  three-slab  structure  as  shown 
below.  The  medium  to  the  left  and  right  of  the  structure  is  air.  At  the  carrier  frequency  of 
the  transmitter,  the  structure  is  required  to  be  reflectionless,  that  is,  T  =  0. 


air 

«2 

«3 

air 


a.  Assuming  that  all  three  slabs  are  quarter-wavelength  at  the  design  frequency,  what 
should  be  the  relationship  among  the  three  refractive  indices  ni,n2,n3  in  order  to 
achieve  a  reflectionless  structure? 

b.  What  should  be  the  relationship  among  the  refractive  indices  ni,n2,  if  the  middle 
slab  (i.e.,  ^2)  is  half -wavelength  but  the  other  two  are  still  quarter-wavelength  slabs? 

c.  For  case  (a),  suppose  that  the  medium  to  the  right  has  a  slightly  different  refractive 
index  from  that  of  air,  say,  =  1  +  e.  Calculate  the  small  resulting  reflection  response 
r  to  first  order  in  e. 


6.18  In  order  to  obtain  a  reflectionless  interface  between  media  Ua  and  nt,  two  dielectric  slabs 
of  equal  optical  lengths  L  and  refractive  indices  nt,  Ua  are  positioned  as  shown  below.  (The 
same  technique  can  be  used  to  connect  two  transmission  lines  of  impedances  Za  and  Z^.) 


A  plane  wave  of  frequency  f  is  incident  normally  from  medium  Ua-  Let  fo  be  the  frequency  at 
which  the  structure  must  be  reflectionless.  Let  L  be  the  common  optical  length  normalized 
to  the  free-space  wavelength  Aq  =  Co/fo,  that  is,  L  =  Uala/^o  =  nth/^o- 


a.  Show  that  the  reflection  response  into  medium  Ua  is  given  by: 


1  -  (1  +  p'^)e~'^j^  + 

-  P'  ^  _  2p2Q-2J5  +  p2Q-4J5  ' 


ng  -  Ub 
rig  +  nt' 


6  = 


2ttL 


L 

fo 


b.  Show  that  the  interface  will  be  reflectionless  at  frequency  fo  provided  the  optical 
lengths  are  chosen  according  to: 
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L  =  - —  arccos 
4tt 

This  is  known  as  a  twelfth-wave  transformer  because  for  p  =  0,  it  gives  L  =  1/12. 

6.19  A  lossless  dielectric  slab  of  refractive  index  rii  and  thickness  h  is  positioned  at  a  distance 
I2  from  a  semi-infinite  dielectric  of  refractive  index  Uz,  as  shown  below. 


air 

air 

ni 

1 - ► 

h^/2-H 

A  uniform  plane  wave  of  free-space  wavelength  Aq  is  incident  normally  on  the  slab  from  the 
left.  Assuming  that  the  slab  Ui  is  a  quarter-wavelength  slab,  determine  the  length  h  (in  units 
of  Ao)  and  the  relationship  between  Ui  and  ^2  in  order  that  there  be  no  reflected  wave  into 
the  leftmost  medium  (i.e.,  Ti  =  0). 

6.20  In  order  to  provide  structural  strength  and  thermal  insulation,  a  radome  is  constructed  using 
two  identical  dielectric  slabs  of  length  d  and  refractive  index  n,  separated  by  an  air-gap  of 
length  ^2,  as  shown  below. 


Recall  that  a  refiectionless  single-layer  radome  requires  that  the  dielectric  layer  have  half¬ 
wavelength  thickness. 

However,  show  that  for  the  above  dual-slab  arrangement,  either  half-  or  quarter-wavelength 
dielectric  slabs  maybe  used,  provided  that  the  middle  air-gap  is  chosen  to  be  a  half -wavelength 
layer,  i.e.,  d2  =  Ao/2,  at  the  operating  wavelength  Aq.  [Hint:  Work  with  wave  impedances  at 
the  operating  wavelength.] 

6.2 1  Computer  Experiment— Dielectric  Mirror  Bands.  Consider  the  trace  function  given  by  Eq.  (6.3.13) 
of  the  text,  that  is, 

cos{5h  +  Sl)-P^  cos{5h  -  6l) 

1  - 

The  purpose  of  this  problem  is  to  study  rz  as  a  function  of  frequency,  which  enters  through: 


(5z  = 


Li  = 


ndi 


i  =  H,L 


and  to  identify  the  frequency  bands  where  a  switches  from  \a\  <  Ito  \a\  >  1,  that  is,  when 
the  dielectric  mirror  structure  switches  from  transmitting  to  reflecting. 

a.  For  the  parameters  given  in  Example  6.3.2  of  the  text,  make  a  plot  of  a  versus  f  over 
the  range  0  <  f  <  4fo,  using  f/fo  as  your  x-axis.  Place  on  the  graph  the  left  and  right 
bandedge  frequencies  fi,f2  of  the  reflecting  bands  centered  at  fo  and  odd  multiples 
thereof. 
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b.  Repeat  for  the  parameters  =  1,  Uh  =  4.6,  ni  =  1.6,  Lh  =  0.3,  Ll  =  0.2.  These 
parameters  are  close  to  those  of  Example  6.3.2.  You  may  use  the  function  omni  band 
to  calculate  the  left  and  right  bandedge  frequencies  around  fo- 

In  plotting  a  versus  f/fo,  you  will  notice  that  a  can  become  greater  than  +1  near 
f  =  2fo.  Determine  the  left  and  right  bandedge  frequencies  around  2fo  and  check  to 
see  whether  they  define  another  reflecting  band  around  2fo. 
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Oblique  Incidence 


7.1  Oblique  Incidence  and  Snel’s  Laws 

With  some  redefinitions,  the  formalism  of  transfer  matrices  and  wave  impedances  for 
normal  incidence  translates  almost  verbatim  to  the  case  of  oblique  incidence. 

By  separating  the  helds  into  transverse  and  longitudinal  components  with  respect 
to  the  direction  the  dielectrics  are  stacked  (the  z-direction),  we  show  that  the  transverse 
components  satisfy  the  identical  transfer  matrix  relationships  as  in  the  case  of  normal 
incidence,  provided  we  replace  the  media  impedances  rj  by  the  transverse  impedances 
riT  dehned  below. 

Fig.  7.1.1  depicts  plane  waves  incident  from  both  sides  onto  a  planar  interface  sepa¬ 
rating  two  media  e,  e' .  Both  cases  of  parallel  and  perpendicular  polarizations  are  shown. 

In  parallel  polarization,  also  known  as  p-polarization,  Tr-polarization,  or  TM  po¬ 
larization,  the  electric  helds  lie  on  the  plane  of  incidence  and  the  magnetic  helds  are 


Fig.  7.1.1  Oblique  incidence  for  TM-  and  TE-polarized  waves. 
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perpendicular  to  that  plane  (along  the  y-direction)  and  transverse  to  the  z-direction. 

In  perpendicular  polarization,  also  known  as  5-polarization,^  cr-polarization,  or  TE 
polarization,  the  electric  helds  are  perpendicular  to  the  plane  of  incidence  (along  the 
y-direction)  and  transverse  to  the  z-direction,  and  the  magnetic  helds  lie  on  that  plane. 

The  hgure  shows  the  angles  of  incidence  and  rehection  to  be  the  same  on  either  side. 
This  is  Snel’s  law^  of  rehection  and  is  a  consequence  of  the  boundary  conditions. 

The  hgure  also  implies  that  the  two  planes  of  incidence  and  two  planes  of  rehection 
all  coincide  with  the  xz-plane.  This  is  also  a  consequence  of  the  boundary  conditions. 

Starting  with  arbitrary  wavevectors  k±  =  xkx±  +  y  ky+  -r  z  kz±  and  similarly  for  k'+, 
the  incident  and  rehected  electric  helds  at  the  two  sides  will  have  the  general  forms: 

f'.e"-'''--'' 

The  boundary  conditions  state  that  the  net  transverse  (tangential)  component  of  the 
electric  held  must  be  continuous  across  the  interface.  Assuming  that  the  interface  is  at 
z  =  0,  we  can  write  this  condition  in  a  form  that  applies  to  both  polarizations: 

Er+e-j^--^  +  Er-e-j^--^  =  +  E'j_e-J^'--\  at  z  =  0  (7.1.1) 

where  the  subscript  T  denotes  the  transverse  (with  respect  to  z)  part  of  a  vector,  that  is, 
Et  =  zx  (Ex  z)  =  E  -  zEz-  Setting  z  =  0  in  the  propagation  phase  factors,  we  obtain: 

+  £y_g-l(^x-x+fcy-y)  =  g^^^-jiK+x+k'y^y)  g^^^-j{k'^_x+k'y_y)  (7^.2) 

For  the  two  sides  to  match  at  all  points  on  the  interface,  the  phase  factors  must  be 
equal  to  each  other  for  all  x  and  y: 

^-j{k^+x+ky+y)  ^  ^-j{k^-x+ky-y)  ^  ^-j (k'^^x+k'y^y)  ^  ^-j {k'^_x+k'y_y)  (phase  matching) 

and  this  requires  the  x-  and  y-components  of  the  wave  vectors  to  be  equal: 

kx+  —  kx-  =  k^_^_  =  k^_ 

(7.1.3) 

ky^  =  ky.  =  k'y^  =  k'y_ 

If  the  left  plane  of  incidence  is  the  xz-plane,  so  that  ky+  =  0,  then  all  y-components 
of  the  wavevectors  will  be  zero,  implying  that  all  planes  of  incidence  and  reflection  will 
coincide  with  the  xz-plane.  In  terms  of  the  incident  and  reflected  angles  6±,6'+,  the 
conditions  on  the  x-components  read: 

k  sin  0+  =  k  sin  0-  =  k'  sin  6'^  =  k'  sin  6'_  (7.1.4) 

These  imply  Snel’s  law  of  reflection: 

(Snel’s  law  of  reflection)  (7.1.5) 

^from  the  German  word  senkrecht  for  perpendicular. 

^ named  after  Willebrord  Snel,  b.l580,  almost  universally  misspelled  as  Snell. 
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And  also  Snel’s  law  of  refraction,  that  is,  ksinO  =  k'  sin0'.  Setting  k  =  nko,  k'  =  n'ko, 
and  ko  =  co/co,  we  have: 

sin  0  n' 

^  =  —  (Snel’s  law  of  refraction)  (7.1.6) 

sinO  n 


It  follows  that  the  wave  vectors  shown  in  Fig.  7.1.1  will  be  explicitly: 


k=  k+  =  kxX  +  kzZ  =  ksm6x  +  k cos  6  z 

k-  =  kxX  -  kzZ  =  ksinOx-  k cos  0  z 

,  ,  ,  ,  ,  ,  ,  , 

k  =  k^  =  kjc  +  k^z  =  k  sin  0  x  +  k  cos  0  z 

k'_  =  k'jL  -  k'^z  =  k'  sin  0'  x-k'  cos  0'  z 

The  net  transverse  electric  helds  at  arbitrary  locations  on  either  side  of  the  interface 
are  given  by  Eq.  (7.1.1).  Using  Eq.  (7.1.7),  we  have: 

Et{x,z)=  ET+e~j'^*'^  +  Er-e-j'^-'^  = 

(7.1.8) 

rr(x,z)=  +  E'T_eJ’<^^)e-j'<^’< 

In  analyzing  multilayer  dielectrics  stacked  along  the  z-direction,  the  phase  factor 
Q-jk^x  ^  ^-jk'^x  be  common  at  all  interfaces,  and  therefore,  we  can  ignore  it  and 
restore  it  at  the  end  of  the  calculations,  if  so  desired.  Thus,  we  write  Eq.  (7.1.8)  as: 


Et  (z)  =  Ej+e-j'^^^  + 
E't  (z)  = 


(7.1.9) 


In  the  next  section,  we  work  out  explicit  expressions  for  Eq.  (7.1.9) 


7.2  Transverse  Impedance 

The  transverse  components  of  the  electric  helds  are  dehned  differently  in  the  two  po¬ 
larization  cases.  We  recall  from  Sec.  2.9  that  an  obliquely-moving  wave  will  have,  in 
general,  both  TM  and  TE  components.  For  example,  according  to  Eq.  (2.9.9),  the  wave 
incident  on  the  interface  from  the  left  will  be  given  by: 


E+  (r)  =  [(xcos  0  -  zsm0)A+  +  yB+]e 
H+  (r)  =  i  [yA+  -  (xcos  0  -  zsm0)B+]e~^^^'^ 


(7.2.1) 


where  the  A+  and  B+  terms  represent  the  TM  and  TE  components,  respectively.  Thus, 
the  transverse  components  are: 


E’r+(x,z)  =  [xA+ cos  0 -r  y5+]e  J(^xx+kzz) 
Hr+(x,z)  =  i[yA+  -  x£+ cos  0] 


(7.2.2) 
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Similarly,  the  wave  reflected  back  into  the  left  medium  will  have  the  form: 


We  summarize  these  in  the  compact  form,  where  Ej  stands  for  either  Ejm  or  Eje- 


E-ir)  =  [(xcos0  +  zsin0)A_  +yB-]e 

1  (7-2-3) 

H-  (r)  =  —  [-yA-  +  (xcos  6  +  zsin 6) B^]e 

n 

with  corresponding  transverse  parts: 

£’t-(x,z)  =  [xA_  cos  0  + 

1  (7.2.4) 

Ht-{x,z)  =  —  [-yA-  +  xB-  cos  6]e 

Defining  the  transverse  amplitudes  and  transverse  impedances  by: 

At±=A±  cos  6,  Bt±  =  B± 

.  n  (7.2.5) 

riTM  =  n  cose, 

and  noting  that  Ar+Zr/rM  =  A+lr]  and  Bte/Hte  =  B±  cos  6 /rj,  we  may  write  Eq.  (7.2.2) 
in  terms  of  the  transverse  quantities  as  follows: 


E’r+(x,z)  =  [xAr+  +yflr+]e  J(^xx+kzz) 


Hr+(x,z)  =  j(^xx+kzz) 

Htm  Hte 


Similarly,  Eq.  (7.2.4)  is  expressed  as: 


E’r_(x,z)  =  [xAr_  +yflr_]e 

(7.2.7) 

Ht-{x,z)  =  [-y - hx - jg-i(fcxx-fczz) 

Htm  Hte 

Adding  up  Eqs.  (7.2.6)  and  (7.2.7)  and  ignoring  the  common  factor  we  find  for 

the  net  transverse  fields  on  the  left  side: 

E’r(z)  =  xErMiz)  +yE’r£(z) 

(7.2.8) 

Ht{z)  =  yHTMiz)-xHTEiz) 

where  the  TM  and  TE  components  have  the  same  structure  provided  one  uses  the  ap¬ 
propriate  transverse  impedance: 

EjMiz)  =  Aj+c 

1  (7.2.9) 

HrMiz)  =  - [Aj+e 

flTM 


EjEiz)  =  Bj+c 

Hte(z)  =  — 
flTE 


(7.2.10) 


Et{z)  =  Er+e-j'^^^  + 

Ht(z)  =  — 
riT 

The  transverse  impedance  pr  stands  for  either  Ptm  or  prr: 


rj  cos  6  ,  TM,  parallel,  p-polarization 
— ^  ,  TE,  perpendicular,  s-polarization 


(7.2.11) 


(7.2.12) 


Because  rj  =  Po/n,  it  is  convenient  to  define  also  a  transverse  refractive  index 
through  the  relationship  yjt  =  flo/tir-  Thus,  we  have: 


- ;:r ,  TM,  parallel,  p-polarization 

cos  0 

n  cos  6  ,  TE,  perpendicular,  s-polarization 


Eor  the  right  side  of  the  interface,  we  obtain  similar  expressions: 


E'j(z)  = 

H'jiz)  =  A  {Ej+e-j'^'-^  -  E'-r_ej^'-^) 

rjj 

rj'  cos  9' ,  TM,  parallel,  p-polarization 


COS0'  ’ 


TE,  perpendicular,  s-polarization 


TM,  parallel,  p-polarization 


cos  6' 

n'  cos  9' ,  TE,  perpendicular,  s-polarization 


(7.2.13) 


(7.2.14) 


(7.2.15) 


(7.2.16) 


where  Ej+  stands  for  Aj+  =  A+  cos  9'  or  B'j+  =  B'+. 

Eor  completeness,  we  give  below  the  complete  expressions  for  the  fields  on  both 
sides  of  the  interface  obtained  by  adding  Eqs.  (7.2.1)  and  (7.2.3),  with  all  the  propagation 
factors  restored.  On  the  left  side,  we  have: 


£(r)  =  EtmM  +ETEir) 

Hir)=  HtmM^HteM 

^here 

EtmM  =  (xcos  0  -  zsin0)A+e'^^+'^ -r  (xcos  0 -r  z sin 
HtmM  =y^{A+e~J^+'^  -A-e^J^-'^) 

EteM  =  y  {B+e~^^^'^  +  B-e^^^-'^) 

HteM  =  ^ [-(xcos  0  -  zsin0)fl+e“^^+  *’ -r  (xcos  0 -r  z sin 


(7.2.17) 


(7.2.18) 
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The  transverse  parts  of  these  are  the  same  as  those  given  in  Eqs.  (7.2.9)  and  (7.2.10). 
On  the  right  side  of  the  interface,  we  have: 


^'(r)  =  EjM(r)+Ej^{T) 

H'  (r)=  H^{r)+H^{r) 


(7.2.19) 


EjMir)  =  (xcosd' -  zsin0')A!|_e  (xcos  0' +  zsui0')A'_e 

HjeM  =  ^[-(xcos0' -  zsin0')£+e“^^+  *’ +  (xcos  0' +  zsin0')£'_e~^^-  *’] 

(7.2.20) 


7.3  Propagation  and  Matching  of  Transverse  Fields 

Eq.  (7.2.11)  has  the  identical  form  of  Eq.  (5.1.1)  of  the  normal  incidence  case,  but  with 
the  substitutions: 

n-riT,  \  (7.3.1) 

Every  dehnition  and  concept  of  Chap.  5  translates  into  the  oblique  case.  Eor  example, 
we  can  dehne  the  transverse  wave  impedance  at  position  z  by: 

7  Eriz)  Ej+e-j’^^^  + 

^  Hriz)  Ej+e-j'^^^  - 

and  the  transverse  reflection  coefficient  at  position  z: 

rr(z)=  (7.3.3) 

Et+{z) 

They  are  related  as  in  Eq.  (5.1.7): 

ZT(z)=nr\^^,  «  rr(z)=f^J^  (7.3.4) 

l-rr(z)  Zr(z)+qr 

The  propagation  matrices,  Eqs.  (5.1.11)  and  (5.1.13),  relating  the  helds  at  two  posi¬ 
tions  Zi,  Z2  within  the  same  medium,  read  now: 


ej^^^  0  Et2+ 

0  Et2- 


(propagation  matrix) 


coskzl  jrjTsmkzll  f  Et2 
Jpf^sinkzl  coskzl  Ht2 


(propagation  matrix)  (7.3.6) 
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where  /  =  Z2  -  Zi.  Similarly,  the  reflection  coefficients  and  wave  impedances  propagate 
as: 


Eti  =  rj2e  ,  Zji  =  Pj 


Zt2  +jqrtankz/ 


^  1  z.'-'  )  •  1  .  •  r-T  ^  JJ  V'-'-'-'/ 

riT  +jZt2  tankzl 

The  phase  thickness  5  =  kl  =  2jt{nl)  l\  of  the  normal  incidence  case,  where  A  is 
the  free-space  wavelength,  is  replaced  now  by: 


kzl  =  kl  cos  6 


nl  cos  6 


At  the  interface  z  =  0,  the  boundary  conditions  for  the  tangential  electric  and  mag¬ 
netic  helds  give  rise  to  the  same  conditions  as  Eqs.  (5.2.1)  and  (5.2.2): 


Et  =  Ej,  Ht  =  Hj 

and  in  terms  of  the  forward/backward  helds: 

Et+  +  Et-  =  Ej^  +  Ej_ 

t  {Et^-Et-)  =  ^{Et^-EV) 

UT  Ut 

which  can  be  solved  to  give  the  matching  matrix: 

(matching  matrix) 

where  pr,  Tt  are  transverse  rehection  coefficients,  replacing  Eq.  (5.2.5) 

(Eresnel  coefficients)  (7.3.12) 


where  tt  =  I  pr-  We  may  also  dehne  the  rehection  coefficients  from  the  right  side 
of  the  interface:  pj  =  -pr  and  =  1  -r  =  1  -  Pr.  Eqs.  (7.3.12)  are  known  as  the 
Fresnel  rehection  and  transmission  coefficients. 

The  matching  conditions  for  the  transverse  helds  translate  into  corresponding  match¬ 
ing  conditions  for  the  wave  impedances  and  rehection  responses: 


(7.3.9) 


(7.3.10) 


(7.3.11) 


Zr  =  Z^ 


Pr  +  Ej 
1  -r  PtEj 


,  _  pj  -r  Ft 
^  1 +  Pt^t 


(7.3.13) 


If  there  is  no  left-incident  wave  from  the  right,  that  is,  E'__  =  0,  then,  Eq.  (7.3.11)  takes 
the  specialized  form: 


Et+  _  J_  1  Pr  Ej_^_ 

Ej-  Tr  Pr  1  0 


(7.3.14) 


which  explains  the  meaning  of  the  transverse  rehection  and  transmission  coefficients: 


7.4.  Fresnel  Reflection  Coefficients 


245 


Pt  =  ^,  Tt=^  (7.3.15) 

Et+  Et+ 

The  relationship  of  these  coefficients  to  the  reflection  and  transmission  coefficients 
of  the  total  held  amplitudes  depends  on  the  polarization.  For  TM,  we  have  Et±  = 
A±  cos  6  and  Ej+  =  A'+  cos  6',  and  for  TE,  Et±  =  B±  and  Ej+  =  B+.  For  both  cases, 
it  follows  that  the  rehection  coefficient  pr  measures  also  the  rehection  of  the  total 
amplitudes,  that  is, 

A_cos0  A-  B- 

A-\-  cos  0  A-\-  B -\- 

whereas  for  the  transmission  coefficients,  we  have: 


A+  cos  6 


cos  6'  A'^ 
cos  6  A4 


In  addition  to  the  boundary  conditions  of  the  transverse  held  components,  there  are 
also  applicable  boundary  conditions  for  the  longitudinal  components.  For  example,  in 
the  TM  case,  the  component  Ez  is  normal  to  the  surface  and  therefore,  we  must  have 
the  continuity  condition  Dz  =  D'^,  or  eEz  =  g'E'^.  Similarly,  in  the  TE  case,  we  must 
have  Bz  =  B'^.  It  can  be  verihed  that  these  conditions  are  automatically  satished  due  to 
SneFs  law  (7.1.6). 

The  helds  carry  energy  towards  the  z-direction,  as  well  as  the  transverse  x-direction. 
The  energy  hux  along  the  z-direction  must  be  conserved  across  the  interface.  The  cor¬ 
responding  components  of  the  Poynting  vector  are: 

y z  =  ^  Re  [E^h;  -  EyH*  ]  ,  ^  Re  [EyH*  -  E,H*  ] 

For  TM,  we  have  Tz  =  Rc[ExHy]  /  2  and  for  TE,  Tz  =  -  Re[£’yiT*] /2.  Using  the 
above  equations  for  the  helds,  we  hnd  that  Tz  is  given  by  the  same  expression  for  both 
TM  and  TE  polarizations: 


cos  0  .  ,2  I  .  i2\  cos  0  „  ,2 


(7.3.16) 


2/7  2/7  -  ^ 

Using  the  appropriate  dehnitions  for  Et±  and  r/r,  Eq.  (7.3.16)  can  be  written  in  terms 
of  the  transverse  components  for  either  polarization: 


■(|£r+l^-|£r-l^) 


(7.3.17) 


As  in  the  normal  incidence  case,  the  structure  of  the  matching  matrix  (7.3.1 1)  implies 
that  (7.3.17)  is  conserved  across  the  interface. 


7.4  Fresnel  Reflection  Coefficients 

We  look  now  at  the  specihcs  of  the  Fresnel  coefficients  (7.3.12)  for  the  two  polarization 
cases.  Inserting  the  two  possible  dehnitions  (7.2.13)  for  the  transverse  refractive  indices, 
we  can  express  pr  in  terms  of  the  incident  and  refracted  angles: 
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We  note  that  for  normal  incidence,  6  =  6'  =  0,  they  both  reduce  to  the  usual 
rehection  coefficient  p  =  (n  -  n')  /  (n  -E  n')  Using  SneFs  law,  nsinO  =  n'  sin  0',  and 
some  trigonometric  identities,  we  may  write  Eqs.  (7.4.1)  in  a  number  of  equivalent  ways. 
In  terms  of  the  angle  of  incidence  only,  we  have: 


(7.4.2) 


Note  that  at  grazing  angles  of  incidence,  6  90°,  the  rehection  coefficients  tend  to 

pTM  1  and  Pte  ^  -1,  regardless  of  the  refractive  indices  n,  n' .  One  consequence  of 
this  property  is  in  wireless  communications  where  the  effect  of  the  ground  rehections 
causes  the  power  of  the  propagating  radio  wave  to  attenuate  with  the  fourth  (instead 
of  the  second)  power  of  the  distance,  thus,  limiting  the  propagation  range  (see  Example 
19.3.5.) 

We  note  also  that  Eqs.  (7.4.1)  and  (7.4.2)  remain  valid  when  one  or  both  of  the  media 
are  lossy.  For  example,  if  the  right  medium  is  lossy  with  complex  refractive  index  n'^  = 
n'y  -  jn[,  then,  SneFs  law,  nsinO  =  n'^  sin  6' ,  is  still  valid  but  with  a  complex-valued  0' 
and  (7.4.2)  remains  the  same  with  the  replacement  n'  n'^.  The  third  way  of  expressing 
the  ps  is  in  terms  of  0,0'  only,  without  the  n,n': 


(7.4.3) 


Fig.  7.4.1  shows  the  special  case  of  an  air-dielectric  interface.  If  the  incident  wave  is 
from  the  air  side,  then  Eq.  (7.4.2)  gives  with  n  =  1,  n'  =  n^,  where  na  is  the  (possibly 
complex-valued)  refractive  index  of  the  dielectric: 

^Some  references  define  ptm  with  the  opposite  sign.  Our  convention  was  chosen  because  it  has  the 
expected  limit  at  normal  incidence. 
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Ptm  — 


-  sin^  6  -  cos  6 


-  sin^  6  +  cos  6  cos  6  +  -  sin^  6 


cos  6  -  -  sin^  6 


(7.4.4) 


If  the  incident  wave  is  from  inside  the  dielectric,  then  we  set  n  =  and  n'  =  1: 


Ptm 


-  sin^  6  -  cos  6 

I  ■■ - ,  Pte 

-  sin^  6  +  cos  6 


cos  6  - 

cos  6  +  ^y^n^^^^sin^ 


(7.4.5) 


Fig.  7.4.1  Air-dielectric  interfaces. 

The  MATLAB  function  f  resnel  calculates  the  expressions  (7.4.2)  for  any  range  of 
values  of  6.  Its  usage  is  as  follows: 

[  rtm ,  rte]  =  f  resnel  (na ,  nb  ,  theta)  ;  %  Fresnel  reflection  coefficients 


7-5  Maximum  Angle  and  Critical  Angle 

As  the  incident  angle  6  varies  over  0  <  0  <  90°,  the  angle  of  refraction  6'  will  have 
a  corresponding  range  of  variation.  It  can  be  determined  by  solving  for  0'  from  Snel’s 
law,  n  sin  6  =  n'  sin  6': 


sin0'  =  ^  sin0  (7.5.1) 

n' 

If  n  <  n'  (we  assume  lossless  dielectrics  here,)  then  Eq.  (7.5.1)  implies  that  sin0'  = 
{n/n')sm6  <  sin0,  or  6'  <  6.  Thus,  if  the  incident  wave  is  from  a  lighter  to  a  denser 
medium,  the  refracted  angle  is  always  smaller  than  the  incident  angle.  The  maximum 
value  of  6' ,  denoted  here  by  6'^,  is  obtained  when  6  has  its  maximum,  6  =  90°: 


sin^c 


n 

n' 


(maximum  angle  of  refraction) 


(7.5.2) 
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Fig.  7.5.1  Maximum  angle  of  refraction  and  critical  angle  of  incidence. 


Thus,  the  angle  ranges  are  0  <  0  <  90°  and  0  <  6'  <  0'^.  Fig.  7.5.1  depicts  this  case, 
as  well  as  the  case  n>  n' . 

On  the  other  hand,  if  n  >  n' ,  and  the  incident  wave  is  from  a  denser  onto  a  lighter 
medium,  then  sin0'  =  {n/n')sm0  >  sin0,  or  0'  >  0.  Therefore,  0'  will  reach  the 
maximum  value  of  90°  before  0  does.  The  corresponding  maximum  value  of  0  satishes 
Snel’s  law,  n  sin  0c  =  n'  sin(Tr/2)  =  n' ,  or, 


sin  0c 


n 


(critical  angle  of  incidence) 


(7.5.3) 


This  angle  is  called  the  critical  angle  of  incidence.  If  the  incident  wave  were  from  the 
right,  0c  would  be  the  maximum  angle  of  refraction  according  to  the  above  discussion. 

If  0  <  0c,  there  is  normal  refraction  into  the  lighter  medium.  But,  if  0  exceeds  0c, 
the  incident  wave  cannot  be  refracted  and  gets  completely  reflected  back  into  the  denser 
medium.  This  phenomenon  is  called  total  internal  reflection.  Because  n' /n  =  sin  0c,  we 
may  rewrite  the  reflection  coefficients  (7.4.2)  in  the  form: 


^Jsir^^0^^-sir^  -  sin^  0c  cos  0 

Ptm  =  I  - ,  Pte 

usin^  0c  -  sin^  0  +  sin^  0c  cos  0 


cos  0  - 

cos  0  +  ^Jsfr^^0^^-sfr^ 


When  0  <  0c,  the  reflection  coefficients  are  real-valued.  At  0  =  0c,  they  have  the 
values,  Ptm  =  -f  and  Pte  =  1-  And,  when  0  >  0c,  they  become  complex-valued  with 
unit  magnitude.  Indeed,  switching  the  sign  under  the  square  roots,  we  have  in  this  case: 


-j^sin^  0  -  sin^  0c  -  sin^  0c  cos  0 

Ptm  =  - /  - ,  Pte 

-jysin^  0  -  sin^  0c  +  sin^  0c  cos  0 


cos  0  +  j^sin^  0  -  sin^  0c 
cos  0  -j^sfn^  0  -  sin^  0c 


where  we  used  the  evanescent  dehnition  of  the  square  root  as  discussed  in  Eqs.  (7.7.9) 
and  (7.7.10),  that  is,  we  made  the  replacement 


^/sin^  0c  -  sin^  0  — ►  -j^sfn^  0  -  sin^  0c  ,  for  0  >  0, 
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Both  expressions  for  pj  are  the  ratios  of  a  complex  number  and  its  conjugate,  and 
therefore,  they  are  unimodular,  \Ptm\  =  \Pte\  =  1,  for  all  values  of  0  >  Oc-  The  interface 
becomes  a  perfect  mirror,  with  zero  transmittance  into  the  lighter  medium. 

When  6  >  6c,  the  helds  on  the  right  side  of  the  interface  are  not  zero,  but  do  not 
propagate  away  to  the  right.  Instead,  they  decay  exponentially  with  the  distance  z.  There 
is  no  transfer  of  power  (on  the  average)  to  the  right.  To  understand  this  behavior  of  the 
helds,  we  consider  the  solutions  given  in  Eqs.  (7.2.18)  and  (7.2.20),  with  no  incident  held 
from  the  right,  that  is,  with  A'_  =  B'_  =  0. 

The  longitudinal  wavenumber  in  the  right  medium,  can  be  expressed  in  terms  of 
the  angle  of  incidence  6  as  follows.  We  have  from  Eq.  (7.1.7): 

kl  +  kl  =  k^  =  n^kl 
k,'^  +  k,'^  =  k'2  =  n'^kl 

Because,  =  kx  =  k  sin  6  =  nko  sin  6,  we  may  solve  for  k'^  to  get: 

k'^  =  n'^kl  -  k'^  =  n'^kl  -kl  =  n'^kl  -  n'^kl  sin^  ^  ~  sin^  6) 

or,  replacing  n'  =  n  sin  0c,  we  hnd: 


k'^  =  n^kl  (sin^  6c  -  sin^  6) 


(7.5.4) 


If  0  <  0c,  the  wavenumber  k'^  is  real-valued  and  corresponds  to  ordinary  propa¬ 
gating  helds  that  represent  the  refracted  wave.  But  if  0  >  0c,  we  have  k'^  <  0  and  k'^ 
becomes  pure  imaginary,  say  k'^  =  The  z-dependence  of  the  helds  on  the  right  of 

the  interface  will  be: 


-JKz  =  g- 


a'z  =  nko^Js 


■  0  -  sin^  0c 


Such  exponentially  decaying  helds  are  called  evanescent  waves  because  they  are 
effectively  conhned  to  within  a  few  multiples  of  the  distance  z  =  1  /  cx^  (the  penetration 
length)  from  the  interface. 

The  maximum  value  of  a'^,  or  equivalently,  the  smallest  penetration  length  l/tx^,  is 
achieved  when  0  =  90°,  resulting  in: 

^max  =  tiko^l  -  sin^  0c  =  nko  cos  0c  =  kos/n^  -  n'^ 

Inspecting  Eqs.  (7.2.20),  we  note  that  the  factor  cos  6'  becomes  pure  imaginary  be¬ 
cause  cos^  0'  =  1  -  sin^  0'  =  1  -  {n/n')^sm^  0  =  1-  sin^  0/  sin^  0c  <  0,  for  0  >  0c. 
Therefore  for  either  the  TE  or  TM  case,  the  transverse  components  Ej  and  Hj  will 
have  a  90°  phase  difference,  which  will  make  the  time-average  power  how  into  the  right 
medium  zero:  Tz  =  ReiErHj)  /2  =  0. 

Example  7.5.1:  Determine  the  maximum  angle  of  refraction  and  critical  angle  of  reflection  for 
(a)  an  air-glass  interface  and  (b)  an  air-water  interface.  The  refractive  indices  of  glass  and 
water  at  optical  frequencies  are:  /igiass  =  1-5  and  rZwater  =  1.333. 
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Solution:  There  is  really  only  one  angle  to  determine,  because  if  n  =  1  and  n'  =  rzgiass,  then 
sin(0c)=  n/n'  =  1/rZgiass,  and  if  rz  =  zigiass  and  n'  =  1,  then,  sin(0c)=  n' /n  =  1/zigiass- 
Thus,  0^  =  6c'. 


6c 


41.8° 


For  the  air-water  case,  we  have: 


0c  =  asin  (  )  =  48.6° 

VI. 333/ 

The  refractive  index  of  water  at  radio  frequencies  and  below  is  rzwater  =  9  approximately. 
The  corresponding  critical  angle  is  0c  =  6.4°.  □ 

Example  7.5.2:  Prisms.  Glass  prisms  with  45°  angles  are  widely  used  in  optical  instrumentation 
for  bending  light  beams  without  the  use  of  metallic  mirrors.  Fig.  7.5.2  shows  two  examples. 


Fig.  7.5.2  Prisms  using  total  internal  reflection. 

In  both  cases,  the  incident  beam  hits  an  internal  prism  side  at  an  angle  of  45°,  which  is 
greater  than  the  air-glass  critical  angle  of  41.8°.  Thus,  total  internal  reflection  takes  place 
and  the  prism  side  acts  as  a  perfect  mirror.  □ 

Example  7.5.3:  Optical  Manhole.  Because  the  air-water  interface  has  0c  =  48.6°,  if  we  were  to 
view  a  water  surface  from  above  the  water,  we  could  only  see  inside  the  water  within  the 
cone  defined  by  the  maximum  angle  of  refraction. 

Conversely,  were  we  to  view  the  surface  of  the  water  from  underneath,  we  would  see  the 
air  side  only  within  the  critical  angle  cone,  as  shown  in  Fig.  7.5.3.  The  angle  subtended  by 
this  cone  is  2x48.6  =  97.2°. 


water , 


Fig.  7.5.3  Underwater  view  of  the  outside  world. 

The  rays  arriving  from  below  the  surface  at  an  angle  greater  than  0c  get  totally  reflected. 
But  because  they  are  weak,  the  body  of  water  outside  the  critical  cone  will  appear  dark. 
The  critical  cone  is  known  as  the  “optical  manhole”  149].  □ 
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Example  7.5.4:  Apparent  Depth.  Underwater  objects  viewed  from  the  outside  appear  to  be 
closer  to  the  surface  than  they  really  are.  The  apparent  depth  of  the  object  depends  on 
our  viewing  angle.  Fig.  7.5.4  shows  the  geometry  of  the  incident  and  refracted  rays. 


Fig.  7.5.4  Apparent  depth  of  underwater  object. 

Let  6  be  the  viewing  angle  and  let  z  and  z'  be  the  actual  and  apparent  depths.  Our  perceived 
depth  corresponds  to  the  extension  of  the  incident  ray  at  angle  6.  From  the  figure,  we  have: 
z  =  xcot  6'  and  z'  =  x cot  6.  It  follows  that: 

,  cot0  sin  0' cos  0 

z  =  - z  =  - z 

cot  6'  sin  0  cos  0' 

Using  Snel’s  law  sin0/  sin0'  =  n'  /n  =  Uwater,  we  eventually  find: 

z'  -  cos  9  ^ 

'\/ttwater  ~  Sln  0 

At  normal  incidence,  we  have  z'  =  z/Uwater  =  z/ 1.333  =  0.75z. 

Reflection  and  refraction  phenomena  are  very  common  in  nature.  They  are  responsible  for 
the  twinkling  and  aberration  of  stars,  the  flattening  of  the  setting  sun  and  moon,  mirages, 
rainbows,  and  countless  other  natural  phenomena.  Four  wonderful  expositions  of  such 
effects  are  in  Refs.  149-52].  See  also  the  web  page  11303].  □ 

Example  7.5.5:  Optical  Fibers.  Total  internal  reflection  is  the  mechanism  by  which  light  is 
guided  along  an  optical  fiber.  Fig.  7.5.5  shows  a  step-index  fiber  with  refractive  index 
Uf  surrounded  by  cladding  material  of  index  Uc  <  Uf. 


Fig.  7.5.5  Launching  a  beam  into  an  optical  fiber. 

If  the  angle  of  incidence  on  the  fiber-cladding  interface  is  greater  than  the  critical  angle, 
then  total  internal  reflection  will  take  place.  The  figure  shows  a  beam  launched  into  the 
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fiber  from  the  air  side.  The  maximum  angle  of  incidence  6a  must  be  made  to  correspond  to 
the  critical  angle  6c  of  the  fiber-cladding  interface.  Using  Snel’s  laws  at  the  two  interfaces, 
we  have: 


Uf 

sm6a  =  —  sm6b,  sin  0c 

tla 


Uc 

Uf 


Noting  that  6b  =  90°  -  6c,  we  find: 


sin  0a 


jy 

ria 


cos  0c 


na 


For  example,  with  Ua  =  l,nf  =  1.49,  and  Uc  =  1.48,  we  find  0c  =  83.4°  and  6a  =  9.9°.  The 
angle  0a  is  called  the  acceptance  angle,  and  the  quantity  NA  =  ^nj  -  nl,  the  numerical 
aperture  of  the  fiber.  □ 


Example  7.5.6:  Fresnel  Rhomb.  The  Fresnel  rhomb  is  a  glass  prism  depicted  in  Fig.  7.5.6  that 
acts  as  a  90°  retarder.  It  converts  linear  polarization  into  circular.  Its  advantage  over  the 
birefringent  retarders  discussed  in  Sec.  4.1  is  that  it  is  frequency-independent  or  achro¬ 
matic. 


linearly 

polarized 


circularly 

polarized 


Fig.  7.5.6  Fresnel  rhomb. 


Assuming  a  refractive  index  n  =  1.51,  the  critical  angle  is  0c  =  41.47°.  The  angle  of  the 
rhomb,  0  =  54.6°,  is  also  the  angle  of  incidence  on  the  internal  side.  This  angle  has  been 
chosen  such  that,  at  each  total  internal  reflection,  the  relative  phase  between  the  TE  and 
TM  polarizations  changes  by  45°,  so  that  after  two  reflections  it  changes  by  90°. 

The  angle  of  the  rhomb  can  be  determined  as  follows.  For0  >  0c,  the  reflection  coefficients 
can  be  written  as  the  unimodular  complex  numbers: 


Pte  — 


1  +jx 
1-J^’ 


Ptm  —  — 


1  +  jxn^ 

1  -jxn^  ’ 


where  sin  0c  =  l/n.  It  follows  that: 


cos  0 


(7.5.5) 


Pte  =  ,  Ptm  = 


where  iRte,  ^JTM  are  the  phase  angles  of  the  numerators,  that  is. 


tan(/7  7’£  =  x,  tan(/7rM  = 

The  relative  phase  change  between  the  TE  and  TM  polarizations  will  be: 

Ptm 
Pte 


,2jlpTM-2jlpTE+jTT 
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It  is  enough  to  require  that  i^tm  -  ^JTE  =  tt/ 8  because  then,  after  two  reflections,  we  will 
have  a  90°  change: 

PTM  ^  ^jTT/4+jTT  ^  f  PTm\  ^  ^TT/2  +  2jTT  ^  gjn-/2 

Pte  V  Pte  ] 

From  the  design  condition  iPtm-  ^JTE=  tt/8,  we  obtain  the  required  value  of  x  and  then 
of  6.  Using  a  trigonometric  identity,  we  have: 


tan {ipTM-  ^JTE)- 


tangj tm  -  tangj te 
1  +  tanip  tm  tan  ipTE 


xrP  -  X 

1  +  rPx^ 


tan(-) 


This  gives  the  quadratic  equation  for  x: 


1 


tan(Tr/8) 


cos^  6c 
tan(Tr/8) 


X  +  sin^  6c  =  0 


(7.5.6) 


Inserting  the  two  solutions  of  (7.5.6)  into  Eq.  (7.5.5),  we  may  solve  for  sin  0,  obtaining  two 
possible  solutions  for  6: 


sin0  = 


x^  +  sin^  6  c 


1 


(7.5.7) 


We  may  also  eliminate  x  and  express  the  design  condition  directly  in  terms  of  6\ 


cos  6\  sm^  6  -  sin^  6c  ,  tt  . 

- - n— I - =  tan  ( — ) 

sin^  6  ^  8  ^ 


(7.5.8) 


However,  the  two-step  process  is  computationally  more  convenient.  For  n  =  1.51,  we  find 
the  two  roots  of  Eq.  (7.5.6):  x  =  0.822  and  x  =  0.534.  Then,  (7.5.7)  gives  the  two  values 
6  =  54.623°  and  6  =  48.624°.  The  rhomb  could  just  as  easily  be  designed  with  the  second 
value  of  6. 

For  n  =  1.50,  we  find  the  angles  6  =  53.258°  and  50.229°.  For  n  =  1.52,  we  have 
6  =  55.458°  and  47.553°.  See  Problem  7.5  for  an  equivalent  approach.  □ 


Example  7.5.7:  Goos-Hdnchen  Effect  When  a  beam  of  light  is  reflected  obliquely  from  a  denser- 
to-rarer  interface  at  an  angle  greater  than  the  TIR  angle,  it  suffers  a  lateral  displacement, 
relative  to  the  ordinary  reflected  ray,  known  as  the  Goos-Hanchen  shift,  as  shown  Fig.  7.5.7. 

Let  n,n'  be  the  refractive  indices  of  the  two  media  with  n  >  n' ,  and  consider  first  the  case 
of  ordinary  reflection  at  an  incident  angle  6o  <  6c-  For  a  plane  wave  with  a  free-space 
wavenumber  ko  =  co/cq  and  wavenumber  components  kx  =  konsm6o,  kz  =  koncos6o, 
the  corresponding  incident,  reflected,  and  transmitted  transverse  electric  fields  will  be: 

Ei{x,z)  = 

Er{x,z)  = 

Et{x,z)  =  ,  k'^  =  ^Jkln'^  -  kl 
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Fig.  7.5.7  Goos-Hanchen  shift,  with  Ua  >  nt  and  6o  >  6c. 


where  p{kx)  and  T{kx)  =  1  +  p{kx)  are  the  transverse  reflection  and  transmission  coeffi¬ 
cients,  viewed  as  functions  of  kx-  For  TE  and  TM  polarizations,  p{kx)  is  given  by 


PTEikx)  = 


kz  k^ 
kz  +  kz 


PTmikx)  = 


k'^rP  -  kzu'^ 

k'zYi^  +  kzU'^ 


A  beam  can  be  made  up  by  forming  a  linear  combination  of  such  plane  waves  having  a  small 
spread  of  angles  about  6o.  For  example,  consider  a  second  plane  wave  with  wavenumber 
components  kx  +  Akx  and  kz  +  Akz-  These  must  satisfy  {kx  +  AkxV  +  {kz  +  Akz)^  = 
kl  +  kl  =  kln^,  or  to  lowest  order  in  Akx, 

kx 

kxAkx  +  kzAkz  =  0  ^  Akz  =  -Akx  ^  =  -Akx  tan6o 

kz 


Similarly,  we  have  for  the  transmitted  wavenumber  Ak^  =  -Akx  tan  6q,  where  6q  is  given 
by  Snel’s  law,  n  sin^o  =  n'  sin^Q.  The  incident,  reflected,  and  transmitted  fields  will  be 
given  by  the  sum  of  the  two  plane  waves: 

Ei{x,z)  =  +  Q-E^x+Akx)x^-j{kz+Akz)z 

Er{x,z)  =  +  p(k^  + 

Et(x,z)  =  +  T{k^  + 


Replacing  Akz  =  -Akxtan6o  and  Ak^  =  -Akxtan6Q,  we  obtain: 

Ei{x,z)  =  J  Akx  {X- z  tan  Oo)^ 

Er{x,z)  =  e-j^’^’^e+j^^^[p{kx)+p{kx  +  Akx)e-^^^’^^’'^^^^^^^^]  (7.5.9) 

Et{x,z)  =  [t  (kx)  +T  {kx  + 

The  incidence  angle  of  the  second  wave  is  6o  +  A6,  where  is  obtained  by  expanding 
kx  +  Akx  =  kon  sin(0o  +  A6)  to  first  order,  or,  Akx  =  kon  cos  6oA6.  If  we  assume  that 
6o  <  6c,  as  well  as  0o  +  <  6c,  then  p{kx)  and  p{kx  +  Akx)  are  both  real-valued.  It 

follows  that  the  two  terms  in  the  reflected  wave  Er  {x,  z)  will  differ  by  a  small  amplitude 
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change  and  therefore  we  can  set  pik^  +  ^  pik^).  Similarly,  in  the  transmitted  field 

we  may  set  rikx  +  Ak^)  rik^).  Thus,  when  0o  <  0c,  Eq.  (7.5.9)  reads  approximately 

Ei(x,z)  =  ] 

Er(x,z)  =  p(kx)e-^^’^^e^^^^^[l  +  g-i^fexU+ztanao)  ]  (7.5.10) 

£t(x,z)  =  T(kx)e-J^’^’^e-J^'^^[l  +  g-l^'^xCx-ztan^')  j 

Noting  that  1 1  +  e““'^^x(x-ztan0o)  |  <  2,  with  equality  achieved  when  x  -  ztan^o  =  0,  h 
follows  that  the  intensities  of  these  waves  are  maximized  along  the  ordinary  geometric 
rays  defined  by  the  beam  angles  0o  and  0q,  that  is,  along  the  straight  lines: 

X  -  z  tan  00  =  0,  incident  ray 

x  +  ztan0o  =  O,  reflected  ray  (7.5.11) 

X  -  z  tan  00  =  0,  transmitted  ray 

On  the  other  hand,  if  0o  >  0c  and  0o  +  2\0  >  0c,  the  reflection  coefficients  become 
unimodular  complex  numbers,  as  in  Eq.  (7.5.5).  Writing  p(kx)  =  Eq.  (7.5.9)  gives: 

Er{x,z)=  ^  gj0(fex+^fex)g-j^fex(x+ztan0o) ]  (7.5.12) 

Introducing  the  Taylor  series  expansion,  (p  (kx  +  Akx)  ^  p  ikx)+Akx  p'  (kx),  we  obtain: 

Er{x,z)=  e‘^‘^(^x)g-JfexXg+jfezZ  gjz\kx<^'(fex)g-j^fex(x+ztan0o)  ] 

Setting  Xo  =  p'  (kx),  we  have: 

Erix,z)=  +  g-l^'^xU-xo+ztan^o)  ]  (7.5.13) 


This  implies  that  the  maximum  intensity  of  the  reflected  beam  will  now  be  along  the  shifted 
ray  defined  by: 

X  -  Xo  +  z  tan  0  0  =  0 ,  shifted  reflected  ray  (7.5.14) 


Thus,  the  origin  of  the  Goos-Hanchen  shift  can  be  traced  to  the  relative  phase  shifts  arising 
from  the  reflection  coefficients  in  the  plane-wave  components  making  up  the  beam.  The 
parallel  displacement,  denoted  by  D  in  Eig.  7.5.7,  is  related  to  Xo  by  D  =  Xo  cos  0o.  Noting 
that  dkx  =  kon  cos  0  d0,  we  obtain 


D  =  cos  0 


dp  ^ 
dkx  ~ 


1  dp 
kon  d0 


00 


(Goos-Hanchen  shift) 


(7.5.15) 


Using  Eq.  (7.5.5),  we  obtain  the  shifts  for  the  TE  and  TM  cases: 

2  sin  00  ^  n'^Dj 


Dte  = 


ko  n-^^sin^^o^^^in^^ 


Dtm  —  ‘ 


(7.5.16) 


These  expressions  are  not  valid  near  the  critical  angle  0o  -  0c  because  then  the  Taylor 
series  expansion  for  pikx)  cannot  be  justified.  □ 


Besides  its  its  use  in  optical  fibers,  total  internal  reflection  has  several  other  ap¬ 
plications  [516-552],  such  as  internal  reflection  spectroscopy,  chemical  and  biological 
sensors,  fingerprint  identification,  surface  plasmon  resonance,  and  high  resolution  mi¬ 
croscopy. 
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7.6  Brewster  Angle 

The  Brewster  angle  is  that  angle  of  incidence  at  which  the  TM  Fresnel  reflection  coef¬ 
ficient  vanishes,  Ptm  =  0.  The  TE  coefficient  pjE  cannot  vanish  for  any  angle  0,  for 
non-magnetic  materials.  A  scattering  model  of  Brewster’s  law  is  discussed  in  [653]. 
Fig.  7.6.1  depicts  the  Brewster  angles  from  either  side  of  an  interface. 

The  Brewster  angle  is  also  called  the  polarizing  angle  because  if  a  mixture  of  TM 
and  TE  waves  are  incident  on  a  dielectric  interface  at  that  angle,  only  the  TE  or  perpen¬ 
dicularly  polarized  waves  will  be  reflected.  This  is  not  necessarily  a  good  method  of 
generating  polarized  waves  because  even  though  pjE  is  non-zero,  it  may  be  too  small 
to  provide  a  useful  amount  of  reflected  power.  Better  polarization  methods  are  based 
on  using  (a)  multilayer  structures  with  alternating  low/high  refractive  indices  and  (b) 
birefringent  and  dichroic  materials,  such  as  calcite  and  polar oids. 


Brewster  angles. 


The  Brewster  angle  0b  is  determined  by  the  condition,  Ptm  =  0,  inEq.  (7.4.2).  Setting 
the  numerator  of  that  expression  to  zero,  we  have: 


^(^)'-sin2  0,  =  (^)  COS0, 


(7.6.1) 


After  some  algebra,  we  obtain  the  alternative  expressions: 


sin  05  = 


+  n'^ 


tan  05  = 


(Brewster  angle) 


(7.6.2) 


Similarly,  the  Brewster  angle  05  from  the  other  side  of  the  interface  is: 


sin0R  = 


+  n'^ 


tan0R  =  — 

n' 


(Brewster  angle) 


(7.6.3) 


The  angle  05  is  related  to  0b  by  SneTs  law,  n'  sinO'^  =  n sin 05,  and  corresponds 
to  zero  reflection  from  that  side,  pj^^  =  -Ptm  =  0.  A  consequence  of  Eq.  (7.6.2)  is  that 
05  =  90°  -  05,  or,  05  +  0^  =  90°.  Indeed, 


7.6.  Brewster  Angle 


257 


sinOs  ^  n'  smOs 
cos  Ub  n  smO^ 

which  implies  cos  6b  =  sin  6'^,  or  6b  =  90°  -  6g.  The  same  conclusion  can  be  reached 
immediately  from  Eq.  (7.4.3).  Because,  6'^  -  6b  ^  0,  the  only  way  for  the  ratio  of  the 
two  tangents  to  vanish  is  for  the  denominator  to  be  inhnity,  that  is,  tanC^^  +  6b)=  oo, 
or,  6b^6b  =  90°. 

As  shown  in  Fig.  7.6.1,  the  angle  of  the  refracted  ray  with  the  would-be  reflected  ray 
is  90°.  Indeed,  this  angle  is  180°  -  {6'^  +  6b)  =  180°  -  90°  =  90°. 

The  TE  reflection  coefficient  at  6b  can  be  calculated  very  simply  by  using  Eq.  (7.6.1) 
into  (7.4.2).  After  canceling  a  common  factor  of  cos  6b,  we  hnd: 


pTEi6B)  = 


Example  7.6.1:  Brewster  angles  for  water.  The  Brewster  angles  from  the  air  and  the  water  sides 
of  an  air-water  interface  are: 


=  53.1°, 


We  note  that  6b +  6^  =  90°.  At  RE,  the  refractive  index  is  ^water  =  9  and  we  find  6b  =  83.7° 
and  6b  =  6.3°.  We  also  find  pr£(dB)  =  -0.2798  and  |pr£(dB)P  =  0.0783/ Thus,  for  TE 
waves,  only  7.83%  of  the  incident  power  gets  reflected  at  the  Brewster  angle.  □ 

Example  7.6.2:  Brewster  Angles  for  Glass.  The  Brewster  angles  for  the  two  sides  of  an  air-glass 
interface  are: 


Fig.  7.6.2  shows  the  reflection  coefficients  |prM(d)  L  IPteW)  \  as  functions  of  the  angle  of 
incidence  6  from  the  air  side,  calculated  with  the  MATLAB  function  f  resnel. 

Both  coefficients  start  at  their  normal-incidence  value  \p\  =  |(1  -  1.5)/(1  +  1.5)|  =  0.2 
and  tend  to  unity  at  grazing  angle  6  =  90°.  The  TM  coefficient  vanishes  at  the  Brewster 
angle  6b  =  56.3°. 

The  right  graph  in  the  figure  depicts  the  reflection  coefficients  \pjMi6')\,  \p'jBi6')  \  as 
functions  of  the  incidence  angle  6'  from  the  glass  side.  Again,  the  TM  coefficient  vanishes 
at  the  Brewster  angle  6^  =  33.7°.  The  typical  MATLAB  code  for  generating  this  graph  was: 


na  =  1;  nb  =  1. 5 ; 

[thb,thc]  =  brewster(na, nb) ; 
th  =  1 inspace (0,90, 901) ; 
[rte,rtm]  =  fresnel (na,nb,th) ; 
plotCth ,abs(rtm) ,  th ,abs(rte)) ; 


%  calculate  Brewster  angle 
%  equally-spaced  angles  at  0.1°  intervals 
%  Fresnel  reflection  coefficients 
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Air  to  Glass  Glass  to  Air 


Fig.  7.6.2  TM  and  TE  reflection  coefficients  versus  angle  of  incidence. 


The  critical  angle  of  reflection  is  in  this  case  6'^  =  asin(l/1.5)=  41.8°.  As  soon  as  6' 
exceeds  6'^,  both  coefficients  become  complex- valued  with  unit  magnitude. 

The  value  of  the  TE  reflection  coefficient  at  the  Brewster  angle  is  Pte  =  -Pte  =  -0.38, 
and  the  TE  reflectance  \Pte\^  =  0.144,  or  14.4  percent.  This  is  too  small  to  be  useful  for 
generating  TE  polarized  waves  by  reflection. 

Two  properties  are  evident  from  Fig.  7.6.2.  One  is  that  \Ptm\  ^  \Pte\  for  all  angles  of 
incidence.  The  other  is  that  6b  <  6'^.  Both  properties  can  be  proved  in  general.  □ 

Example  7.6.3:  Lossy  dielectrics.  The  Brewster  angle  loses  its  meaning  if  one  of  the  media  is 
lossy.  For  example,  assuming  a  complex  refractive  index  for  the  dielectric,  n^  =  n^  -  jni, 
we  may  still  calculate  the  reflection  coefficients  from  Eq.  (7.4.4).  It  follows  from  Eq.  (7.6.2) 
that  the  Brewster  angle  6b  will  be  complex-valued. 

Fig.  7.6.3  shows  the  TE  and  TM  reflection  coefficients  versus  the  angle  of  incidence  6  (from 
air)  for  the  two  cases  n^  =  1.50-0.15J  and  n^  =  1.50  -  0.30/  and  compares  them  with 
the  lossless  case  of  =  1.5.  (The  values  for  n,  were  chosen  only  for  plotting  purposes 
and  have  no  physical  significance.) 

The  curves  retain  much  of  their  lossless  shape,  with  the  TM  coefficient  having  a  minimum 
near  the  lossless  Brewster  angle.  The  larger  the  extinction  coefficient  n,,  the  larger  the 
deviation  from  the  lossless  case.  In  the  next  section,  we  discuss  reflection  from  lossy 
media  in  more  detail.  □ 

7.7  Complex  Waves 

In  this  section,  we  discuss  some  examples  of  complex  waves  that  appear  in  oblique 
incidence  problems.  We  consider  the  cases  of  (a)  total  internal  reflection,  (b)  reflection 
from  and  refraction  into  a  lossy  medium,  (c)  the  Zenneck  surface  wave,  and  (d)  surface 
plasmons.  Further  details  may  be  found  in  [869-876]  and  [1116]. 

Because  the  wave  numbers  become  complex-valued,  e.g.,  k  =  P  -  ja,  the  angle  of 
refraction  and  possibly  the  angle  of  incidence  may  become  complex-valued.  To  avoid 
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Lossy  Dielectric  Lossy  Dielectric 


Fig.  7.6.3  TM  and  TE  reflection  coefficients  for  lossy  dielectric. 


unnecessary  complex  algebra,  it  proves  convenient  to  recast  impedances,  reflection  co¬ 
efficients,  and  field  expressions  in  terms  of  wavenumbers.  This  can  be  accomplished  by 
making  substitutions  such  as  cos  0  =  kz/k  and  sin0  =  kx/k. 

Using  the  relationships  krj  =  cop  and  k/rj  =  eve,  we  may  rewrite  the  TE  and  TM 
transverse  impedances  in  the  forms: 

(7.7.1) 

We  consider  an  interface  geometry  as  shown  in  Fig.  7.1.1  and  assume  that  there  are 
no  incident  helds  from  the  right  of  the  interface.  Snel’s  law  implies  that  kx  =  k'^,  where 
kx  =  k  sin  6  =  co^po^sin  6,  if  the  incident  angle  is  real-valued. 

Assuming  non-magnetic  media  from  both  sides  of  an  interface  (p  =  p'  =  po),  the  TE 
and  TM  transverse  reflection  coefficients  will  take  the  forms: 


The  corresponding  transmission  coefficients  will  be: 


Trr  —  1  +  pTE  — 


TtM  -  1  +  pTM  - 


k'zE  -r  kzE' 


We  can  now  rewrite  Eqs.  (7.2.18)  and  (7.2.20)  in  terms  of  transverse  amplitudes  and 
transverse  reflection  and  transmission  coefficients.  Dehning  Eq  =  A+  cos  6  or  Eq  =  B+ 
in  the  TM  or  TE  cases  and  replacing  tan  6  =  kx/kz,  tan  6'  =  k'^/k'^  =  kx/k'^,wc  have  for 
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the  TE  case  for  the  helds  at  the  left  and  right  sides  of  the  interface: 


(TE)  (7.7.4) 


and  for  the  TM  case: 


(TM)  (7.7.5) 


Equations  (7.7.4)  and  (7.7.5)  are  dual  to  each  other,  as  are  Eqs.  (7.7.1).  They  transform 
into  each  other  under  the  duality  transformation  E  ^  H,  H  ^  -E,  e  ^  jA,  and  p  ^  e. 
See  Sec.  17.2  for  more  on  the  concept  of  duality. 

In  all  of  our  complex-wave  examples,  the  transmitted  wave  will  be  complex  with 
k!  =  kxXA-k'^z  =  P'  -ja'  =  (jSx-j«x)x-r  This  must  satisfy  the  constraint 

k'  ■  k'  =  cv^fjQe' .  Thus,  the  space  dependence  of  the  transmitted  helds  will  have  the 
general  form: 

Q-jKz^-jkxX  ^  ^  ^-{(X'^Z+(XxX)  ^-ji^'^Z  +  ^xX)  (7.7.6) 


For  the  wave  to  attenuate  at  large  distances  into  the  right  medium,  it  is  required  that 
a'z  >  0.  Except  for  the  Zenneck-wave  case,  which  has  tXx  >  0,  all  other  examples  will 
have  eXx  =  0,  corresponding  to  a  real-valued  wavenumber  k'^  =  kx  =  Px-  Fig-  7.7.1  shows 
the  constant-amplitude  and  constant-phase  planes  within  the  transmitted  medium  de- 
hned,  respectively,  by: 

(x'zZ  +  tXxX  =  const. ,  p'zZ  +  pxX  =  const.  (7.7.7) 

As  shown  in  the  hgure,  the  corresponding  angles  cp  and  (p  that  the  vectors  p'  and 
a'  form  with  the  z-axis  are  given  by: 


tancp 


4 

Pz 


Ox 

oe'z 


tan(p 


(7.7.8) 
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Fig.  7.7.1  Constant-phase  and  constant-amplitude  planes  for  the  transmitted  wave. 


The  wave  numbers  kz,  are  related  to  kx  through 

kl  =  (xp-(xe  -  kl ,  k'z  =  (jo^ne'  -  k\ 


In  calculating  kz  and  k'^  by  taking  square  roots  of  the  above  expressions,  it  is  neces¬ 
sary,  in  complex-waves  problems,  to  get  the  correct  signs  of  their  imaginary  parts,  such 
that  evanescent  waves  are  described  correctly.  This  leads  us  to  define  an  “evanescent” 
square  root  as  follows.  Let  e  =  Cr  -  jei  with  C/  >  0  for  an  absorbing  medium,  then 


kz  =  sqne(w^ij{eR  -jei)-kl) 


^J(v^|J{eR  -jei)-kl ,  if  0 
-j^kl  -  (v^ijcr  ,  if  £/  =  0 


(7.7.9) 


If  6/  =  0  and  cjo^ijcr  -kl>  0,  then  the  two  expressions  give  the  same  answer.  But  if 
6/  =  0  and  co^iJeR  -  kl  <  0,  then  kz  is  correctly  calculated  from  the  second  expression. 
The  MATLAB  function  sqrte .  m  implements  the  above  definition.  It  is  defined  by 


y  =  sqrte  (z) 


if  Re(z)<0and  lm(z)=0 
1  x/z ,  otherwise 


(evanescent  SQRT)  (7.7.10) 


Some  examples  of  the  issues  that  arise  in  taking  such  square  roots  are  elaborated  in 
the  next  few  sections. 


7.8  Total  Internal  Reflection 

We  already  discussed  this  case  in  Sec.  7.5.  Here,  we  look  at  it  from  the  point  of  view  of 
complex-waves.  Both  media  are  assumed  to  be  lossless,  but  with  e  >  e' .  The  angle  of 
incidence  6  will  be  real,  so  that  k'^  =  kx  =  k  sin  6  and  kz  =  k  cos  6,  with  k  =  cv-^fioe. 
Setting  k'^  =  -joc'z,  we  have  the  constraint  equation: 


k'^  +  k'^  =  k'^  ^  k'z  =  ip'z  -ja'z)^=  cjo^fioe'  -  kl  =  cjo^fioie'  -  esin^  6) 
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which  separates  into  the  real  and  imaginary  parts: 

P'z  ~  ^'z  =  ^  sin^  6)=  k^  (sin^  6c  -  sin^  6) 

^z^z  ~  ^ 


(7.8.1) 


where  we  set  sin^  6c  =  eVe  and  k^  =  co^fioc.  This  has  two  solutions:  (a)  =  0  and 

P'z  =  k^  (sin^  6c  -  sin^  6),  valid  when  6  <  6c,  and  (b)  P'z  =  0  and  a'^  =  k^  (sin^  6  - 
sin^  6c),  valid  when  6  >  6c- 

Case  (a)  corresponds  to  ordinary  refraction  into  the  right  medium,  and  case  (b),  to 
total  internal  reflection.  In  the  latter  case,  we  have  k'^  =  and  the  TE  and  TM 

reflection  coefficients  (7.7.2)  become  unimodular  complex  numbers: 

^  kz-k'^  ^  kz+ja'z  ^  k'zC  -  kzC'  ^  kzC'  +ja'^e 

kz  +  k'z  kz  -  joc'z  ’  ™  k'zC  +  kzC'  kzC'  -joc'zC 

The  complete  expressions  for  the  fields  are  given  by  Eqs.  (7.7.4)  or  (7.7.5).  The  prop¬ 
agation  phase  factor  in  the  right  medium  will  be  in  case  (b): 


^-jk'^z^-jkxx  ^  ^-a'zZ^-jkxX 


Thus,  the  constant-phase  planes  are  the  constant-x  planes  {(p  =  90°),  or,  the  yz- 
planes.  The  constant-amplitude  planes  are  the  constant-z  planes  ((//  =  0°),  or,  the  xy- 
planes,  as  shown  in  Eig.  7.8.1. 


Fig.  7.8.1  Constant-phase  and  constant-amplitude  planes  for  total  internal  reflection  {6  >  6c). 


7.9  Oblique  Incidence  on  a  Lossy  Medium 

Here,  we  assume  a  lossless  medium  on  the  left  side  of  the  interface  and  a  lossy  one,  such 
as  a  conductor,  on  the  right.  The  effective  dielectric  constant  e'  of  the  lossy  medium  is 
specified  by  its  real  and  imaginary  parts,  as  in  Eq.  (2.6.2): 


(7.9.1) 
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Equivalently,  we  may  characterize  the  lossy  medium  by  the  real  and  imaginary  parts 
of  the  wavenumber  k' ,  using  Eq.  (2.6.12): 

k'  =  P'  -  Jot'  =  w^JiAoe'  =  cv^JiAoie'^  -je',)  (7.9.2) 

In  the  left  medium,  the  wavenumber  is  real  with  components  kx  =  k  sin  6,  kz  = 
k  cos  6,  with  k  =  In  the  lossy  medium,  the  wavenumber  is  complex-valued  with 

components  k'^  =  kx  and  k'^  =  Using  Eq.  (7.9.2)  in  the  condition  k'  ■  k'  =  k'^, 

we  obtain: 


k'^  +  k'^=k'^  ^  kl+ iP' -jcx')^=  (7.9.3) 

which  separates  into  its  real  and  imaginary  parts: 

P'z  ~  ^'z  =  ~  ^  sin^  6)  =  Dr 

(7.9.4) 

2j32«2  =  2P'  a'  =  (JO^iJoGj  =  Di 

where  we  replaced  kl  =  k^  sin^  6  =  co^po^sin^  6.  The  solutions  of  Eqs.  (7.9.4)  leading 
to  a  non-negative  a'^  are: 


^I^R  +  +  Dr 

1/2 

= 

^Jd^  +  D^  —  Dr 

1^ 

i 

1 

’ 

2 

Eor  MATLAB  implementation,  it  is  simpler  to  solve  Eq.  (7.9.3)  directly  as  a  complex 
square  root  (but  see  also  Eq.  (7.9.10)): 

K  =  ^'z  -jc^'z  =  -kl  =  -je'i)-kl  =  ^Dr  -jDi  (7.9.6) 

Eqs.  (7.9.5)  dehne  completely  the  reflection  coefficients  (7.7.2)  and  the  held  solutions 
for  both  TE  and  TM  waves  given  by  Eqs.  (7.7.4)  and  (7.7.5).  Within  the  lossy  medium  the 
transmitted  helds  will  have  space-dependence: 


The  helds  attenuate  exponentially  with  distance  z.  The  constant  phase  and  ampli¬ 
tude  planes  are  shown  in  Eig.  7.9.1. 

Eor  the  rehected  helds,  the  TE  and  TM  rehection  coefficients  are  given  by  Eqs.  (7.7.2). 
If  the  incident  wave  is  linearly  polarized  having  both  TE  and  TM  components,  the  corre¬ 
sponding  rehected  wave  will  be  elliptically  polarized  because  the  ratio  Ptm/ Pte  is  now 
complex-valued.  Indeed,  using  the  relationships  kx-rkl  =  co^poe  djndk^  +  k'^  =  co^poe' 
in  Ptm  of  Eq.  (7.7.2),  it  can  be  shown  that  (see  Problem  7.5): 

Ptm  _  kzk'^  -k\  _  k'^  -ksinO  tan  6  _  -  ja'^  -  ksinO  tan  6  (7  9  7) 

Pte  kzk'z  +  kl  kz  +  k  sin  6  tan  6  pz  -  ja'z  +  ksinO  tan  6 

In  the  case  of  a  lossless  medium,  e'  =  and  e'j  =  0,  Eq.  (7.9.5)  gives: 


li'z  = 


\Dr  \  +  Dr 
2 


a,  = 


\Dr\-Dr 

2 


(7.9.8) 
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Fig.  7.9.1  Constant-phase  and  constant-amplitude  planes  for  refracted  wave. 


If  e'ji  >  e,  then  Dr  =  cjo^poie'ji  -  esin^  6)  is  positive  for  all  angles  6,  and  (7.9.8) 
gives  the  expected  result  =  -JDr  =  co^po  -  e  sin^  6)  and  a'^  =  0. 

On  the  other  hand,  in  the  case  of  total  internal  rehection,  that  is,  when  <  e,  the 
quantity  Dr  is  positive  for  angles  6  <  6c,  and  negative  for  0  >  6c,  where  the  critical 
angle  is  dehned  through  =  c  sin^  6c  so  that  Dr  =  cv^po  (sin^  6c  -  sin^  6).  Eqs.  (7.9.8) 
still  give  the  right  answers,  that  is,  =  ^/IDr  |  and  a'^  =  0,  if  6  <  6c,  and  Pz  =  0  and 
if6>  6c. 

Eor  the  case  of  a  very  good  conductor,  we  have  e'j  »  or  Dj  »  \Dr\,  and 
Eqs.  (7.9.5)  give  -  xlDi/2,  or 

a'z  ^  P'  ^  a'  ^  ,  provided  »  1  (7.9.9) 

In  this  case,  the  angle  of  refraction  0  for  the  phase  vector  P'  becomes  almost  zero 
so  that,  regardless  of  the  incidence  angle  6,  the  phase  planes  are  almost  parallel  to  the 
constant-z  amplitude  planes.  Using  Eq.  (7.9.9),  we  have: 


kx  cv./p^  sin  6 
land)  =  —  =  — ;  ,  - 

Pz  ^cvpo(T/2 


2(joe 

a 


sin  6 


which  is  very  small  regardless  of  6.  Eor  example,  for  copper  (cr  =  5.7x10^  S/m)  at  10 
GHz,  and  air  on  the  left  side  (e  =  Co),  we  hnd  V2coe/(j  =  1.4x10“^. 


Example  7.9.1:  Fig.  7.9.2  shows  the  TM  and  TE  reflection  coefficients  as  functions  of  the  inci¬ 
dent  angle  6,  for  an  air-sea  water  interface  at  100  MHz  and  1  GHz.  For  the  air  side  we 
have  €  =  €o  and  for  the  water  side:  e'  =  SlCo  -  jcr/co,  with  cr  =  4  S/m,  which  gives 
e'  =  (81  -  71.9j)co  at  1  GHz  and  e'  =  (81  -  719J)co  at  100  MHz. 

At  1  GHz,  we  calculate  k'  =  vo^poe'  =  P'  -  Ja'  =  203.90  -  77.45J  rad/m  and  k'  = 
P'  -  ja'  =  42.04  -  37.57J  rad/m  at  100  MHz.  The  following  MATLAB  code  was  used  to 
carry  out  the  calculations,  using  the  formulation  of  this  section: 


epO  =  8.854e-12;  muO  =  4*pi*le-7; 
sigma  =4;  f  =  le9;  w  =  2*pi*f; 
epl  =  epO;  ep2  =  81*ep0  -  j*sigma/w; 
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Air-Water  at  1  GHz  Air-Water  at  100  MHz 


Fig.  7.9.2  TM  and  TE  reflection  coefficients  for  air-water  interface. 


kl  =  w*sqrt(niuO''epl)  ;  k2  =  w*sqrt(mu0*ep2)  ;  %Eq.  (7.9.2) 

th  =  1 inspace (0,90, 901) ;  thr  =  pi*th/180; 
klx  =  kl*sin(thr);  klz  =  kl*cos(thr); 

k2z  =  sqrt(wA2*mu0*ep2  -  klx.A2);  %Eq.  (7.9.6) 

rte  =  abs((klz  -  k2z)./(klz  -i-  k2z));  %Eq.  (7.7.2) 

rtm  =  abs((k2z''epl  -  klz*ep2)  ./(k2z*epl  -i-  klz*ep2)); 

plotCth , rtm,  th,rte); 


The  TM  reflection  coefficient  reaches  a  minimum  at  the  pseudo-Brewster  angles  84.5®  and 
87.9®,  respectively  for  1  GHz  and  100  MHz. 

The  reflection  coefficients  Ptm  and  Pte  can  just  as  well  be  calculated  from  Eq.  (7.4.2),  with 
n  =  1  and  n'  =  where  for  1  GHz  we  have  n'  =  ^81  -  71. 9j  =  9.73  -  3.69J,  and  for 

100  MHz,  n'  =  V81  -  719J  =  20.06  -  17.92J.  □ 

In  computing  the  complex  square  roots  in  Eq.  (7.9.6),  MATLAB  usually  gets  the  right 
answer,  that  is,  Pz  >  0  and  a'z  >  0. 

If  e'ji  >  e,  then  Dr  =  co^po  (Gr  -  e  sin^  0)  is  positive  for  all  angles  0,  and  (7.9.6)  may 
be  used  without  modification  for  any  value  of  e'j. 

If  Gr  <  G  and  Gj  >  0,  then  Eq.  (7.9.6)  still  gives  the  correct  algebraic  signs  for  any 
angle  0.  But  when  ej  =  0,  that  is,  for  a  lossless  medium,  then  Dj  =  0  and  =  ^JDr. 
For  0  >  0c  we  have  Dr  <  0  and  MATLAB  gives  =  ^JDr  =  -^J-IDrI  =  j-\f\D^,  which 
has  the  wrong  sign  for  a'z  (we  saw  that  Eqs.  (7.9.5)  work  correctly  in  this  case.) 

In  order  to  coax  MATLAB  to  produce  the  right  algebraic  sign  for  a'z  in  all  cases,  we 
may  redefine  Eq.  (7.9.6)  by  using  double  conjugation; 


I-J^IDrI,  if  D/  =  0  and  Dr  <  0 
-jDj ,  otherwise 


(7.9.10) 
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One  word  of  caution,  however,  is  that  current  versions  of  MATLAB  (ver.  <  7.0)  may 
produce  inconsistent  results  for  (7.9.10)  depending  on  whether  Dj  is  a  scalar  or  a  vector 
passing  through  zero.  Compare,  for  example,  the  outputs  from  the  statements: 

DI  =0;  kz  =  conj (sqrtCconj (-1  -  j*DI))); 

DI  =  -1:1;  kz  =  con j (sqrt(con j (-1  -  j*DI))); 

Note,  however,  that  Eq.  (7.9.10)  does  work  correctly  when  Dj  is  a  single  scalar  with 
Dr  being  a  vector  of  values,  e.g.,  arising  from  a  vector  of  angles  0. 

Another  possible  alternative  calculation  is  to  add  a  small  negative  imaginary  part  to 
the  argument  of  the  square  root,  for  example  with  the  MATLAB  code: 

kz  =  sqrt(DR-j*DI-j*realmin) ; 

where  real  min  is  MATLAB’s  smallest  positive  floating  point  number  (typically,  equal 
to  2.2251  X  10“^*^^).  This  works  well  for  all  cases.  Yet,  a  third  alternative  is  to  use 
Eq.  (7.9.6)  and  then  reverse  the  signs  whenever  Dj  =  0  and  Dr  <  0,  for  example: 

kz  =  sqrt(DR-j*DI) ; 

kz(DI==0  &  DR<0)  =  -kz(DI==0  &  DR<0) ; 


Next,  we  discuss  briefly  the  energy  flux  into  the  lossy  medium.  It  is  given  by  the  z- 
component  of  the  Poynting  vector,  Tz  =  |z  ■  Re  (£  x  H* ) .  For  the  TE  case  of  Eq.  (7.7.4), 
we  find  at  the  two  sides  of  the  interface: 


P'zITteI^C 


(7.9.11) 


where  we  replaced  gite  =  (jopo/kz  and  rj'j^  =  cvpo/k'^.  Thus,  the  transmitted  power 
attenuates  with  distance  as  the  wave  propagates  into  the  lossy  medium. 

The  two  expressions  match  at  the  interface,  expressing  energy  conservation,  that  is, 
at  z  =  0,  we  have  Tz  =  T'z,  which  follows  from  the  condition  (see  Problem  7.7): 


kz{l  -  \Pte\^)  =  PzI'^teI 


(7.9.12) 


Because  the  net  energy  flow  is  to  the  right  in  the  transmitted  medium,  we  must  have 
P'z  >  0.  Because  also  kz  >  0,  then  Eq.  (7.9.12)  implies  that  \Pte\  ^  1-  For  the  case  of 
total  internal  reflection,  we  have  P'z  =  0,  which  gives  \Pte\  =  1-  Similar  conclusions  can 
be  reached  for  the  TM  case  of  Eq.  (7.7.5).  The  matching  condition  at  the  interface  is  now: 


-  (l  -  IptmI^) 


^rI^z  ^I^z  I  1 2 


(7.9.13) 


Using  the  constraint  cjo^Pqg'j  =  2^'za'z,  it  follows  that  the  right-hand  side  will  again 
be  proportional  to  (with  a  positive  proportionality  coefficient.)  Thus,  the  non-negative 
sign  of  ^'z  implies  that  \Ptm\  ^  1- 
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7.10  Zenneck  Surface  Wave 

For  a  lossy  medium  e',  the  TM  reflection  coefficient  cannot  vanish  for  any  real  incident 
angle  6  because  the  Brewster  angle  is  complex  valued:  tan  =  -Je'  le  =  ^  i^R  -j^i)  /^- 
However,  pjM  can  vanish  if  we  allow  a  complex-valued  0,  or  equivalently,  a  complex¬ 
valued  incident  wavevector  k  =  -  j(X,  even  though  the  left  medium  is  lossless.  This 

leads  to  the  so-called  Zenneck  surface  wave  [32,869,870,876,1116]. 

The  corresponding  constant  phase  and  amplitude  planes  in  both  media  are  shown 
in  Fig.  7.10.1.  On  the  lossless  side,  the  vectors  P  and  a  are  necessarily  orthogonal  to 
each  other,  as  discussed  in  Sec.  2.10. 


Fig.  7.10.1  Constant-phase  and  constant-amplitude  planes  for  the  Zenneck  wave. 

We  note  that  the  TE  reflection  coefficient  can  never  vanish  (unless  fi  =/-  fi')  because 
this  would  require  that  =  kz,  which  together  with  SneFs  law  k'^  =  kx,  would  imply 
that  k  =  k' ,  which  is  impossible  for  distinct  media. 

For  the  TM  case,  the  fields  are  given  by  Eq.  (7.7.5)  with  Ptm  =  0  and  Tjm  =  1-  The 
condition  Ptm  =  0  requires  that  k'^e  =  kzC' ,  which  maybe  written  in  the  equivalent  form 
k'^k^  =  kzk'^.  Together  with  -r  =  k^  and  k^  -r  k'^  =  k'^,  we  have  three  equations 
in  the  three  complex  unknowns  kx,  kz,  k^.  The  solution  is  easily  found  to  be: 


kx  = 


kk' 

Vk2  +  k'2  ’ 


kz  = 


k2 


k'  = 


k'2  ’  Vk2  +  k'2 

where  k  =  co-^poe  and  k'  =  p'  -ja'  =  cv^poe'.  These  may  be  written  in  the  form: 


(7.10.1) 


kx  = 


ee 


Using  k^  =  kx,  the  space-dependence  of  the  fields  at  the  two  sides  is  as  follows: 

^-j(kxX+kzz)  ^  ^-{axX+azz)  ^-ji^xx+^zz)  for  Z  <  0 


(7.10.2) 


(k'^x+k'^z)  ^  ^-{axX+a'zZ)  ^-ji^xX+^zZ)  for  Z  >  0 


Thus,  in  order  for  the  fields  not  to  grow  exponentially  with  distance  and  to  be  con¬ 
fined  near  the 

tXx>0,  tXz<0,  cx^  >  0  (7.10.3) 
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These  conditions  are  guaranteed  with  the  sign  choices  of  Eq.  (7.10.2).  This  can  be 
verified  by  writing 


e'  =  \e'\e 
e  +  e'  =  \e  + 


e' 

e  +  e' 


e' 

e  +  e' 


g-J(5-5i) 


Re(e) 


and  noting  that  ^2  =  d-di  >  0,  as  follows  by  inspecting  the  triangle  formed  by  the 
three  vectors  e,  e' ,  and  e  +  e' .  Then,  the  phase  angles  of  kx,kz,k2  are  -5212,  5i/2, 
and  -(^2  +  5i/2),  respectively,  thus,  implying  the  condition  (7.10.3).  In  drawing  this 
triangle,  we  made  the  implicit  assumption  that  >  0,  which  is  valid  for  typical  lossy 
dielectrics.  In  the  next  section,  we  discuss  surface  plasmons  for  which  <  0. 

Although  the  Zenneck  wave  attenuates  both  along  the  x-  and  z-directions,  the  atten¬ 
uation  constant  along  x  tends  to  be  much  smaller  than  that  along  z.  For  example,  in  the 
weakly  lossy  approximation,  we  may  write  e'  =  (1  -Jt)  ,  where  t  =  e'j/e'j^  ^  1  is  the 

loss  tangent  of  e'.  Then,  we  have  the  following  first-order  approximations  in  t: 


/e'  = 


.T\  1  ^  1 

^2)’  Ve  +  e'  ^e  +  e'x 


.T 


^  +  4/ 


These  leads  to  the  first-order  approximations  for  kx  and  kz’. 


kx  = 


een 


V 


2  e  +  e 


fez  = 


e^€n 


2  e  €n 


It  follows  that: 


CXx  =  cvx/po. 


\  e  +  2  e  + 


ocz  =  -(^VPo 


e  +  e, 


2  e  +  e'n 


Typically,  >  e,  implying  that  tXx  <  ItXzl-  For  example,  for  an  air-water  interface 
we  have  at  microwave  frequencies  =  81,  and  for  an  air-ground  interface,  e'j^le  =  6. 

If  both  media  are  lossless,  then  both  k  and  k'  are  real  and  Eqs.  (7.10.1)  yield  the 
usual  Brewster  angle  formulas,  that  is. 


kx  k'  VC  ,  kx  k  Ve 

=  fe  =  VT'  =  ^  =  = 

Example  7.10.1:  For  the  data  of  the  air-water  interface  of  Example  7.9.1,  we  calculate  the  fol¬ 
lowing  Zenneck  wavenumbers  at  1  GHz  and  100  MHz  using  Eq.  (7.10.2): 


f  =  1  GHz 

f  =  100  MHz 

kx  =  Px  -joix  =  20.89  -  0.064J 

kx  =  Px  ~j(^x  =  2.1  —  0.00 IJ 

kz  =  Pz  -joLz  =  1-88  +  0.71J 

kz  =  Pz  -Jo^z  =  0.06  +  O.OSj 

k'z  =  Pz  -Jo^z  =  202.97  -  77.80J 

k'z  =  P'z  -  =  42.01  -  37.59J 

The  units  are  in  rads/m.  As  required,  az  is  negative.  We  observe  that  «x  ^  I  «z  I  and  that 
the  attenuations  are  much  more  severe  within  the  lossy  medium.  □ 
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7.11  Surface  Plasmons 

Consider  an  interface  between  two  non-magnetic  semi-infinite  media  ei  and  €2,  as  shown 
in  Fig.  7.11.1  The  wavevectors  ki  =  +  zkzi  and  k2  =  +  zkz2  at  the  two  sides 

must  have  a  common  kx  component,  as  required  by  Snel’s  law,  and  their  z-components 
must  satisfy: 

kli=klEi-kl,  kl2=kls2-kl  (7.11.1) 

where  we  dehned  the  relative  dielectric  constants  Ei  =  Ei/Eq,  82  =  E2/E0,  and  the  free- 
space  wavenumber  ko  =  co-^po^o  =  (jo/Cq.  The  TM  reflection  coefficient  is  given  by: 


Fig.  7.11.1  Brewster-Zenneck  (ptm  =  0)  and  surface  plasmon  (ptm  =  cases. 


Both  the  Brewster  case  for  lossless  dielectrics  and  the  Zenneck  case  were  charac¬ 
terized  by  the  condition  Ptm  =  0,  or,  kz2Ei  =  kziE2.  This  condition  together  with 
Eqs.  (7.11.1)  leads  to  the  solution  (7.10.2),  which  is  the  same  in  both  cases: 


kx  =  ko 


81  -h  82 


kzi  — 


^0^1 
^/El  +  82 


kz2  — 


^0^2 
+  ^2 


(7.11.2) 


Surface  plasmons  or  polaritons  are  waves  that  are  propagating  along  the  interface 
and  attenuate  exponentially  perpendicularly  to  the  interface  in  both  media.  They  are 
characterized  by  a  pole  of  the  reflection  coefficient,  that  is,  prM  =  For  such  waves  to 
exist,  it  is  necessary  to  have  the  conditions: 


8182  <  0  and  £1  -r  £2  <  0 


(7.11.3) 


at  least  for  the  real-parts  of  these  quantities,  assuming  their  imaginary  parts  are  small. 
If  the  left  medium  is  an  ordinary  lossless  dielectric  81  >  0,  such  as  air,  then  we  must 
have  £2  <  0  and  more  strongly  82  <  -81.  Conductors,  such  as  silver  and  gold,  have  this 
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property  for  frequencies  typically  up  to  ultraviolet.  Indeed,  using  the  simple  conductiv¬ 
ity  model  (1.9.21),  we  have  for  the  dielectric  constant  of  a  metal: 


,  .  (J  EoCVp 

E(cv)=  Eq  +  -  =  60  +  ^  7  T 

JO)  ja)(a)  +  y) 


8(C0)  =  1  - 


CO" 


(7.11.4) 


Ignoring  the  imaginary  part  for  the  moment,  we  have 


8(co)  =  1  - 


CO" 


which  is  negative  for  co  <  cOp.  The  plasma  frequency  is  of  the  order  of  1000-2000  THz, 
and  falls  in  the  ultraviolet  range.  Thus,  the  condition  (7.11.3)  is  easily  met  for  optical 
frequencies.  If  £1  =  1,  then,  the  condition  82  <  -81  requires  further  that 


CO" 

£2  =  1  -  -7  <  -1 


CO  < 


V2 


and  more  generally,  co  <  cOp/Vl  +  The  condition  Ptm  =  ^  means  that  there  is  only 
a  “reflected”  wave,  while  the  incident  held  is  zero.  Indeed,  it  follows  fromTrefi  =  PtmEuic 
or  Tine  =  Trefi/prM,  that  Tine  will  tend  to  zero  for  hnite  Trefi  and  Ptm  ^ 

The  condition  Ptm  =  is  equivalent  to  the  vanishing  of  the  denominator  of  Ptm, 
that  is,  kz2Ei  =  -kzi82,  which  together  with  Eqs.  (7.11.1)  leads  to  a  similar  solution  as 
(7.10.2),  but  with  a  change  in  sign  for  kz2- 


kx  =  ko 


8182 


-E2 


kzi  — 


kpEi 


kz2  — 


ko82 


(7.11.5) 


The  helds  at  the  two  sides  of  the  interface  are  given  by  Eqs.  (7.7.5)  by  taking  the  limit 
Ptm  ^  ^  and  Ttm  =  I  +  Ptm^  which  effectively  amounts  to  keeping  only  the  terms 
that  involve  Ptm-  The  helds  have  a  z-dependence  on  the  left  and  on  the 

right,  and  a  common  x-dependence 


Qjkziz  Q-jkxX 


Hi  =  -yEo  ^  ( 

kzi 


-jkxx 


E2  =  Eo{x  -  ^  z  j 

H2  =  yEo  ^ 

kz2 


(7.11.6) 


It  can  be  verihed  easily  that  these  are  solutions  of  Maxwell’s  equations  provided 
that  Eqs.  (7.11.1)  are  satished.  The  boundary  conditions  are  also  satished.  Indeed,  the 
Ex  components  are  the  same  from  both  sides,  and  the  conditions  SiEzi  =  82EZ2  and 
Hyi  =  Hy2  are  both  equivalent  to  the  pole  condition  kz2Ei  =  -kzi82- 

The  conditions  (7.11.3)  guarantee  that  kx  is  real  and  kzi ,  /Cz2,  pure  imaginary.  Setting 
82  =  -82r  with  82r  >  We  have  +  ^2  =  “  ^2r  =  jsjE2r  “  Ei,  and  yj8i82  = 

■\I-E\82r  =  jsjEi82r-  Then,  Eqs.  (7.11.5)  read 


ElE2r 
E2r  -  El 


kzi  =  -J 


kpEi 

V^2r  -  El  ’ 


kz2  =  -J 


ko82r 
V^2r  -  El 


kx  =  kp. 


(7.11.7) 
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Setting  kzi  =  -joczi  and  kz2  =  -joczz,  with  both  as  positive,  the  z-dependence  at 
both  sides  of  the  interface  at  z  =  0  will  be: 

gJfczlZ  ^  gOfzlZ  I  Q-jkzZZ  ^  g-«z2Z 

that  is,  exponentially  decaying  for  both  z  <  0  and  z  >  0.  Inserting  E2r  =  oop/co^  -  1 
into  kx  gives  the  so-called  plasmon  dispersion  relationship.  For  example,  if  =  1, 

0,2  0,2  -  0)2 
^  Cq  CO P  -  2co2 

Dehning  the  normalized  variables  (Jb  =  co/cvp  and  k  =  kx/kp,  where  kp  =  cop/co, 
we  may  rewrite  the  above  relationship  as. 


1  -  cd^ 
1  -  20)2 


It  is  depicted  in  Fig.  7.11.2.  In  the  large  kx  limit,  it  converges  to  the  horizontal  line 
CO  =  (X)pl  For  small  kx,  it  becomes  the  dispersion  relationship  in  vacuum,  co  =  Cokx, 
which  is  also  depicted  in  this  hgure. 


plasmon  dispersion  relation 


Fig.  7.11.2  Surface  plasmon  dispersion  relationship. 


Because  the  curve  stays  to  the  right  of  the  vacuum  line  co  =  Cokx,  that  is,  kx  >  cjo/cq, 
such  surface  plasmon  waves  cannot  be  excited  by  an  impinging  plane  wave  on  the  inter¬ 
face.  However,  they  can  be  excited  with  the  help  of  frustrated  total  internal  reflection, 
which  increases  kx  beyond  its  vacuum  value  and  can  match  the  value  of  Eq.  (7.11.7)  re¬ 
sulting  into  a  so-called  surface  plasmon  resonance.  We  discuss  this  further  in  Sec.  8.5. 

In  fact,  the  excitation  of  such  plasmon  resonance  can  only  take  place  if  the  metal 
side  is  slightly  lossy,  that  is,  when  82  =  -S2r  -j^2u  with  0  <  £2/  ^  ^2r-  In  this  case,  the 
wavenumber  kx  acquires  a  small  imaginary  part  which  causes  the  gradual  attenuation 
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of  the  wave  along  the  surface,  and  similarly,  kzi,kz2,  acquire  small  real  parts.  Replacing 
82r  by  82r  +  j^2i  in  (7.11.7),  we  now  have: 


^  ,  fe,,  =  -M2r+je2i)  g, 

^2r  +  J^2z  -  V^2r+J^2z-^1  V^2r+J^2z-^1 


Expanding  kx  to  hrst-order  in  821,  we  obtain  the  approximations: 


kx  —  jOix  )  ^x  —  k{ 


,  =  ko 


S2r-SiJ  28 


(7.11.10) 


Example  7.11.1:  Using  the  value  £2  =  -16  -  0.5J  for  silver  at  Aq  =  632  nm,  and  air  £1  =  1, 
we  have  ko  =  2tt/Ao  =  9.94  rad/pm  and  Eqs.  (7.11.9)  give  the  following  values  for  the 
wavenumbers  and  the  corresponding  effective  propagation  length  and  penetration  depths: 


kx  =  Px  -joix  =  10.27  -  0.0107J  rad/pm,  6x  =  —  =  93.6  pm 

CX-x 

kzi  =  jSzi  -joizi  =  -0.043  -  2.57J  rad/pm,  5zi  =  =  390  nm 

Oizl 

kz2  =  ^z2  -Joiz2  =  0.601  -  41.12J  rad/pm,  6z2  =  =  24  nm 

az2 


Thus,  the  fields  extend  more  into  the  dielectric  than  the  metal,  but  at  either  side  they  are 
confined  to  distances  that  are  less  than  their  free-space  wavelength.  □ 


Surface  plasmons,  and  the  emerging  held  of  “plasmonics,”  are  currently  active  areas 
of  study  [553-591]  holding  promise  for  the  development  of  nanophotonic  devices  and 
circuits  that  take  advantage  of  the  fact  that  plasmons  are  conhned  to  smaller  spaces 
than  their  free-space  wavelength  and  can  propagate  at  decent  distances  in  the  nanoscale 
regime  (i.e.,  tens  of  pm  compared  to  nm  scales.)  They  are  also  currently  used  in  chemical 
and  biological  sensor  technologies,  and  have  other  potential  medical  applications,  such 
as  cancer  treatments. 


7.12  Oblique  Reflection  from  a  Moving  Boundary 

In  Sec.  5.8  we  discussed  rehection  and  transmission  from  a  moving  interface  at  nor¬ 
mal  incidence.  Here,  we  present  the  oblique  incidence  case.  The  dielectric  medium  is 
assumed  to  be  moving  with  velocity  v  perpendicularly  to  the  interface,  that  is,  in  the 
z-direction  as  shown  in  Fig.  7.12.1.  Other  geometries  may  be  found  in  [435-453]. 

Let  S  and  S'  be  the  stationary  and  the  moving  coordinate  frames,  whose  coordinates 
{f,x,y,z}  and  {f  ,x' ,y' ,z'}  are  related  by  the  Lorentz  transformation  of  Eq.  (H.l)  of 
Appendix  H. 

We  assume  a  TE  plane  wave  of  frequency  co  incident  obliquely  at  the  moving  inter¬ 
face  at  an  angle  6,  as  measured  in  the  stationary  coordinate  frame  S.  Let  cOr,  cOf  be 
the  Doppler-shifted  frequencies,  and  6r,0t,  the  angles  of  the  reflected  and  transmitted 
waves.  Because  of  the  motion,  these  angles  no  longer  satisfy  the  usual  Snel  laws  of 
reflection  and  refraction— however,  the  do  satisfy  modihed  versions  of  these  laws. 
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Fig.  7.12.1  Oblique  reflection  from  a  moving  boundary. 


In  the  moving  frame  S'  with  respect  to  which  the  dielectric  is  at  rest,  we  have  an 
ordinary  TE  oblique  incidence  problem,  solved  for  example  by  Eq.  (7.7.4),  and  therefore, 
all  three  frequencies  will  be  the  same,  co'  =  coj.  =  co[,  and  the  corresponding  angles 
will  satisfy  the  ordinary  Snel  laws:  =  6'  and  sin0'  =  nsinO'^,  where 

n  =  -^e/Co  and  the  left  medium  is  assumed  to  be  free  space. 

The  electric  held  has  only  a  y-component  and  will  have  the  following  form  at  the  left 
and  right  sides  of  the  interface,  in  the  frame  S  and  in  the  frame  S': 

Ey  =  Eie^*'  +  Ere-’*' ,  Ey  =  EtC^*' 

(7.12.1) 

Ey  =  E\e’*‘  +  E're^*r ,  Ey  =  E[e^*< 
where  E'^  =  PteE[  and  £[  =  TteE[,  and  from  Eq.  (7.7.2), 


pTE 


Kz  -  K. 

kU 


■  kfz 


cos6'  -  ncosO't  2cos0' 

- 7  )  "F  ye  ~  E  P  ye  ~  - 7 

cos6'  +  ncos6f  cos6'  +  ncos6f 


(7.12.2) 


The  propagation  phases  are  Lorentz  invariant  in  the  two  frames  and  are  given  by: 


4>i  =  cot  -  kizZ  -  kixX  =  co't'  -  k'l^z'  -  k'^^x'  =  (p'l 
(pr  =  COrt  +  krzZ  -  krxX  =  Co' t'  +  ~  Kx^'  =  (7.12.3) 

(pt  =  -  ktzZ  -  ktxX  =  co't'  -  k'f^z'  -  k'f^x  =  p'^ 

with  incident,  rehected,  and  transmitted  wavenumbers  given  in  the  frame  S'  by: 

Kz  =  Kz  =  K  cos  6' ,  k'fz  =  k'f  cos  6'f 

r  r  r  ,  ,  ,  ,  (7.12.4) 

^ix  =  ^rx  =  sin  6  ,  kf^  =  kf  sin  Oj- 


where  A:,-  =  k'^.  =  co' Ic  and  k'f  =  co' ^epo  =  nco' /c.  The  relationships  between 
the  primed  and  unprimed  frequencies  and  wavenumbers  are  obtained  by  applying  the 
Lorentz  transformation  (H.14)  to  the  four-vectors  (co/c,  k/x,  0,  A:,z) ,  icOr,krx,0,  -krz), 
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and  (cOf/c, kfx.O, kfz): 


CO  =  y(co'  -r  ^ck'^^)  =  (Jo'y{l  +  Pcos  6') 

kiz  =  yik'iz  +  ^y(cos0'  -r  P) 

cor  =  yico'  -  ^ck'j.^)=  co'yil  -  pcos  6') 

B  co'  (7.12.5) 

-krz  =  yi-K^  +  )=  -  —  y  (cos  6  -  P) 

cot  =  y(co'  +  I5ck'fz)=  co'yil  +  pncosO'f) 
ktz  =  yik'tz  +  ^yincosO't  +  P) 

where  p  =  v/c  and  y  =  1/Vl  -  Combining  Snel’s  laws  for  the  system  S'  with  the 
invariance  of  the  x-components  of  the  wavevector  under  the  Lorentz  transformation 
(H.14),  we  have  also: 

kix  =  krx  =  kfx  =  =  k^^  =  kf^ 

co'  ,  co'  ,  co'  ,  (7.12.6) 

k{  sin  6  =  kr  sin  Or  =  kf  sin  Of  =  —  sin  6  =  —  sin  6^.  =  n —  sin  Of 

c  c  c 

Because  the  incident  and  reflected  waves  are  propagating  in  free  space,  their  wavenum¬ 
bers  will  be  k,  =  co/c  and  kr  =  cOr/c.  This  also  follows  from  the  invariance  of  the  scalar 
icolc)^-k^  under  Lorentz  transformations.  Indeed,  because  kj  =  K  =  co' /c  in  the  S' 
system,  we  will  have: 

^.kf  =  ^-k^^  =  o,  4-kl  =  ^-k'7  =  o 

Eor  the  transmitted  wavenumber  kf,  we  hnd  from  Eqs.  (7.12.5)  and  (7.12.6): 

kf  =  =  ^'\/y^  in  cos  O'f  -r  j5)2+n2  sin^  O'f  (7.12.7) 

Setting  Vf  =  cOf/kf  =  c/rit,  we  obtain  the  “effective”  refractive  index  Ut  within  the 
moving  dielectric  medium: 


rit  = 


cK 

Vf  (Of 


f  ^Jy^  in  cos  O'f  +  jS)2+n2  sin^  O'f 


y  (1  -r  jSn  cos  O'f) 


(7.12.8) 


At  normal  incidence,  this  is  equivalent  to  Eq.  (5.8.6).  Replacing  k/  =  co/c,  kr  =  cOr/c, 
and  kf  =  cOfUf/c  in  Eq.  (7.12.6),  we  obtain  the  generalization  of  Snel’s  laws: 

cosing  =  cOrSinOr  =  cOfUtsmOf  =  co'sin^'  =  co'  sin O'r  =  co'nsinO'f  (7.12.9) 

Eor  a  stationary  interface,  all  the  frequency  factors  drop  out  and  we  obtain  the  or¬ 
dinary  Snel  laws.  The  reflected  and  transmitted  frequencies  are  0 -dependent  and  are 
obtained  from  (7.12.5)  by  eliminating  co': 


1  -  jS  cos  0' 

1  +  P  cos  0'  ’ 


COf  =  CO 


1  +  pn  cos  O'f 
1  +  P  cos  0' 


(7.12.10) 
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Replacing  A:, z  =  kfCosO  =  (co/c)cos0  and  =  krCosOr  =  (co  r/c)  cos  0r  in 
Eq.  (7.12.5),  we  obtain  the  relationship  of  the  angles  6,  Or  to  the  angle  O': 


^  cos  0'  +  B  -  cos  0'  -  B 

^  =  V~n3 - h7  -  cos  Or  =  - — ^ ^ 

1  +  p  cos  0'  1  -  P  COS  0' 


which  can  also  be  written  as: 


cos  0'  = 


cosO-p  _  cos6r  +  P 
l-j5cos0  1  +  13  cos  Or 


Solving  for  Or  in  terms  of  0,  we  obtain: 


(7.12.11) 


(7.12.12) 


(1  +  jS^)cos  0-213 
1  -213  cos  0  + 


(7.12.13) 


Inserting  cos  0'  in  Eq.  (7.12.10),  we  hnd  the  reflected  frequency  in  terms  of  0: 


1  -  2jS  cos  0  + 


(7.12.14) 


Eqs.  (7.12.13)  and  (7.12.14)  were  originally  derived  by  Einstein  in  his  1905  paper  on 
special  relativity  [435].  The  quantity  n  cos  O'f  can  also  be  written  in  terms  of  0.  Using 
Snel’s  law  and  Eq.  (7.12.12),  we  have: 


n  cos  O'f  =  ^Jn^  -  sin^  0'  =  -  1  +  cos^  0'  =  -  1  + 


cosO  -  P 
1  -  13  cos  6 


Jin'^  -  1)  {1  -  13 cos  6)^  +  {cos  6  -  13)^  n 

"  1-/5COS0 


(7.12.15) 


Using  (7.12.15)  and  the  identity  (1  +  jScos  O')  (1  -  jScos  0)=  1  -  ,  we  hnd  for  the 

transmitted  frequency: 


1 +  I3n  cos  O't  1  -  P  cos  O  +  PQ 
=  =  ^ - 

The  TE  rehection  coefficient  (7.12.2)  may  also  be  expressed  in  terms  of  0: 

_  cos  0'  -  n  cos  O't  _  cos  0  -  13  -  Q 
cos  0' +  ncos  O't  cos  0  -  13 +  Q 


(7.12.16) 


(7.12.17) 


Next,  we  determine  the  rehected  and  transmitted  helds  in  the  frame  S.  The  simplest 
approach  is  to  apply  the  Lorentz  transformation  (H.30)  separately  to  the  incident,  re¬ 
hected,  and  transmitted  waves.  In  the  S'  frame,  a  plane  wave  propagating  along  the  unit 
vector  k  has  magnetic  held: 


H'  =  -kxE'  =>  cB' =  c^oH' =  —k  XE' =  nk' XE'  (7.12.18) 

n  n 
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where  n  =  1  for  the  incident  and  rehected  waves.  Because  we  assumed  a  TE  wave  and 
the  motion  is  along  the  z-direction,  the  electric  held  will  be  perpendicular  to  the  velocity, 
that  is,  P  ■  E'  =  0.  Using  the  BAC-CAB  rule,  Eq.  (H.30)  then  gives: 

E=E^  =  y{E'^-pxcB'^)=  y{E'  -pxcB')=  y{E'  -px  {nk'  xE')) 

(7.12.19) 

=  y(E'  -nip  ■  E')k'  +  nip  ■  k')E')  =  yE' {1  +  np  ■  k  ) 

Applying  this  result  to  the  incident,  rehected,  and  transmitted  helds,  we  hnd: 

Ei  =  yE't  (1  +  pcos  O') 

Er  =  yE'^H  -  Pcos  0')=  ypTEE'iH  -  Pcos0')  (7.12.20) 

Et  =  yE'til  +  nP  cos  0't)  =  yrrEE'i  {1  +  nP  cos  0't) 

It  follows  that  the  rehection  and  transmission  coefficients  will  be: 


Ei 


pTE 


I  -  P  COS  0' 
I  +  P  cos  6' 


pTE 


(JOr 

CO 


El 

Ei 


Tte 


1  +  nP  cos  6't 
I  +  P  cos  6' 


(7.12.21) 


The  case  of  a  perfect  mirror  corresponds  to  pjE  =  -1  and  Tje  =  0.  To  be  interpretable 
as  a  rehection  angle,  0r  must  be  in  the  range  0  <  0r  <  90°,  or,  cos  0r  >  0.  This  requires 
that  the  numerator  of  (7.12.13)  be  positive,  or. 


Because  2p/  {1  +  p^)>  p,  (7.12.22)  also  implies  that  cos  6  >  p,  or,  v  <  Cz  =  ccos  6. 
Thus,  the  z-component  of  the  phase  velocity  of  the  incident  wave  can  catch  up  with  the 
receding  interface.  At  the  maximum  allowed  6,  the  angle  0r  reaches  90°.  In  the  above, 
we  assumed  that  P  >  0.  Eor  negative  P,  there  are  no  restrictions  on  the  range  of  0. 


7.13  Geometrical  Optics 

Geometrical  optics  and  the  concepts  of  wavefronts  and  rays  can  be  derived  from  Maxwell’s 
equations  in  the  short-wavelength  or  high-frequency  limit. 

We  saw  in  Chap.  2  that  a  uniform  plane  wave  propagating  in  a  lossless  isotropic 
dielectric  in  the  direction  of  a  wave  vector  k  =  kk  =  nkokis  given  by: 

£(r)=  H{r)=  k-£'o  =  0,  Ho  =  — kxfo  (7.13.1) 

flo 

where  n  is  the  refractive  index  of  the  medium  n  =  sjeleo,  ko  and  r/o  are  the  free-space 
wavenumber  and  impedance,  and  k,  the  unit -vector  in  the  direction  of  propagation. 

The  wavefronts  are  dehned  to  be  the  constant-phase  plane  surfaces  S  (r)  =  const., 
where  5 (r)  =  nk  -  r.  The  perpendiculars  to  the  wavefronts  are  the  optical  rays. 

In  an  inhomogeneous  medium  with  a  space-dependent  refractive  index  n  (r) ,  the 
wavefronts  and  their  perpendicular  rays  become  curved,  and  can  be  derived  by  consid¬ 
ering  the  high-frequency  limit  of  Maxwell’s  equations.  By  analogy  with  Eqs.  (7.13.1),  we 
look  for  solutions  of  the  form: 


£(r)  =  Eo  (r)  e-J'‘o5(r)  _  ^  (j.)  ^-jkosm 


(7.13.2) 
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where  we  will  assume  that  ko  is  large  and  that  Eq,  Hq  are  slowly-varying  functions  of  r. 
This  means  that  their  space-derivatives  are  small  compared  to  ko  or  to  1/A.  For  example, 
|V  x£ol  ^  Re¬ 
inserting  these  expressions  into  Maxwell’s  equations  and  assuming  p  =  po  and  e  = 
n^eo,we  obtain: 

V  xE=  (V  X  Eo  -jkoVS  X  £0)  =  -jcoiJoHo 

VxH=  (V  X  Ho  -jkoVS  x  Hq)  =  jn^coeoEo 

Assuming  |  V  x  F’ol  ^  IRoVS”  x  F’oL  and  similarly  for  Hq,  and  dropping  the  common 
phase  factor  we  obtain  the  high-frequency  approximations: 

-jkoVS  xEo  =  -jcv^oHo 
-JkoVS  X  Ho  =Jn^MeoEo 

Replacing  ko  =  co^Po^o,  and  dehning  the  vector  k  =  —  we  hnd: 

n 


Ho  =  —  k  X  £0  , 

£0  =  -  — kxHo 

no 

n 

(7.13.3) 


These  imply  the  transversality  conditions  k  ■  £0  =  k  ■  Hq  =  0.  The  consistency  of  the 
equations  (7.13.3)  requires  that  k  be  a  unit  vector.  Indeed,  using  the  BAC-CAB  rule,  we 
have: 

kx  (kx£'o)=k(k-£'o)-£o(k-k)=  -£o(k-k)=  — kxHo  =  -Eq 

n 

Thus,  we  obtain  the  unit-vector  condition,  known  as  the  eikonal  equation: 

k  ■  k  =  1  ^  I  =  n^  (eikonal  equation)  (7.13.4) 

This  equation  determines  the  wavefront  phase  function  S  (r) .  The  rays  are  the  per¬ 
pendiculars  to  the  constant-phase  surfaces  S  (r)  =  const.,  so  that  they  are  in  the  direction 
of  V 5  or  k.  Fig.  7.13.1  depicts  these  wavefronts  and  rays. 


Fig.  7.13.1  Wavefront  surfaces  and  rays. 
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The  ray  passing  through  a  point  r  on  the  surface  S (r)  =  Sa,  will  move  ahead  by  a 
distance  dr  in  the  direction  of  the  gradient  VS.  The  length  of  dr  is  dl  =  (dr  ■  dr)^^^. 
The  vector  dr/dl  is  a  unit  vector  in  the  direction  of  and,  therefore,  it  must  be  equal 
to  k.  Thus,  we  obtain  the  dehning  equation  for  the  rays: 


dr 

dl 


=  k 


§-ivs 

dl  n 


(7.13.5) 


The  eikonal  equation  determines  S,  which  in  turn  determines  the  rays.  The  ray 
equation  can  be  expressed  directly  in  terms  of  the  refractive  index  by  eliminating  S. 
Indeed,  differentiating  (7.13.5),  we  have: 


dl 


§(vs,.(§.v)vs^^(vs.v)vs 


where,  in  differentiating  along  a  ray,  we  used  the  expression  for  d/dl: 

dl  dl 


(7.13.6) 


But,  V{VS  ■  V^)  =  2  {VS  ■  V)VS,  which  follows  from  the  differential  identity 
Eq.  (C.17)  of  the  Appendix.  Therefore, 

=  -(V5- V)VS=  /-V(V5- VS)  =  /-V(/i2)=  /-2nV/i,  or, 
dl\  dl)  ’  2n  ^  ’  2n  2n 


(ray  equation) 


(7.13.7) 


The  vectors  £0,  ^0,  k  form  a  right-handed  system  as  in  the  uniform  plane-wave  case. 
The  energy  density  and  hux  are: 


We  =  tRe[te£-  £*]  =  teo«^|£ol^ 

1  \  n^  1 

Wm  =  -dolHol^  =  -rdo  \Eo\^  =  -eon^|£oP  =  w^ 
4  4/7^  4 

w  =  We  +  Wm  =  teon^\Eo\^ 

J>=tRe[ExH*]  =  ^k|£ol^ 

2-  2qo 

Thus,  the  energy  transport  velocity  is: 


w  n 


(7.13.8) 


(7.13.9) 


The  velocity  v  depends  on  r,  because  n  and  k  do. 
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7.14  Fermat’s  Principle 

An  infinitesimal  movement  by  dl  along  a  ray  will  change  the  wavefront  phase  function 
by  dS  =  ndl.  Indeed,  using  Eq.  (7.13.6)  and  the  eikonal  equation  we  hnd: 

^  =  ^.VS=-VS-VS=-n^  =  n  (7.14.1) 

dl  dl  n  n 

Integrating  along  a  ray  path  from  a  point  A  on  wavefront  S  (r)  =  to  a  point  B  on 
wavefront  Sir)=  Sb,  3iS  shown  in  Fig.  7.13.1,  gives  rise  to  the  net  phase  change: 


rB 

rB 

-  •S’a  =  dS  = 

ndl 

JA 

Ja 

(7.14.2) 


The  right-hand  side  is  recognized  as  the  optical  path  length  from  A  to  B.  It  is  pro¬ 
portional  to  the  travel  time  of  moving  from  A  to  B  with  the  ray  velocity  v  given  by 
Eq.  (7.13.9).  Indeed,  we  have  dl  =  v  ■  kdt  =  Codt/n,  or,  dS  =  ndl  =  Codt.  Thus, 


\\dl  =  Co  \ 
JA  Jt 


Sb-Sa=  ndl  =  Co  dt  =  Co  (t^  -  Ta) 


(7.14.3) 


Fermat’s  Principle  states  that  among  all  possible  paths  connecting  the  two  points  A 
and  B,  the  geometrical  optics  ray  path  is  the  one  the  minimizes  the  optical  path  length 
(7.14.3),  or  equivalently,  the  travel  time  between  the  two  points.  The  solution  to  this 
minimization  problem  is  the  ray  equation  (7.13.7). 

Any  path  connecting  the  points  A  and  B  maybe  specihed  parametrically  by  the  curve 
r  (t)  ,  where  the  parameter  t  varies  over  an  interval  ta  <  t  <  t^.  The  length  dl  maybe 
written  as: 

dl  =  {dr  ■  dr)^^^  =  {r  ■  dr ,  where  ^  ^  (7.14.4) 

Then,  the  functional  to  be  minimized  is: 

rB  cTb 

ndl  =  £{r,r)dT,  where  X(r,f)  =  n(r)  (r  ■  (7.14.5) 

JA  jta 

The  minimization  of  Eq.  (7.14.5)  may  be  viewed  as  a  problem  in  variational  calculus 
with  Lagrangian  function  £.  Its  solution  is  obtained  from  the  Euler-Lagrange  equations: 


td£\  _  d£ 
dT\dr)  0r 


(7.14.6) 


See  [827-829]  for  a  review  of  such  methods.  The  required  partial  derivatives  are: 


d£ 

dr 


dn 

dr 


(r-r) 


1/2 


d£  ...  .x-i/2 

—  =  nr(r  ■  r) 

0r 


dr, 

=  «-(r.r) 


1/2 


The  Euler-Lagrange  equations  are  then: 


dr 


dn 

dr 


(i-.r) 


1/2 


or. 
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(7.14.7) 


Using  dl  =  (r  ■  dr,  we  may  rewrite  these  in  terms  of  the  length  variable  dl, 
resulting  in  the  same  equations  as  (7.13.7),  that  is. 


d  /  dr\  _  dn 
d/  V”  d//  “  ^ 


(7.14.8) 


A  variation  of  Fermat’s  principle  states  that  the  phase  change  between  two  wave- 
front  surfaces  is  independent  of  the  choice  of  the  ray  path  taken  between  the  surfaces. 
Following  a  different  ray  between  points  A'  and  B',  as  shown  in  Fig.  7.13.1,  gives  the 
same  value  for  the  net  phase  change  as  between  the  points  A  and  B: 


rB 

rB' 

II 

II 

1 

cq 

ndl' 

JA 

JA' 

(7.14.9) 


This  form  is  useful  for  deriving  the  shapes  of  parabolic  reflector  and  hyperbolic  lens 
antennas  discussed  in  Chap.  18. 

It  can  also  be  used  to  derive  Snel’s  law  of  reflection  and  refraction.  Fig.  7.14.1  shows 
the  three  families  of  incident,  reflected,  and  refracted  plane  wavefronts  on  a  horizontal 
interface  between  media  na  and  n^,  such  that  the  incident,  reflected,  and  refracted  rays 
are  perpendicular  to  their  corresponding  wavefronts. 


Fig.  7.14.1  Snel’s  laws  of  reflection  and  refraction. 

For  the  reflection  problem,  we  consider  the  ray  paths  between  the  wavefront  surfaces 
AqAi  and  A1A2.  Fermat’s  principle  implies  that  the  optical  path  length  of  the  rays 
AO  A',  AqA'q,  and  A2A2  will  be  the  same.  This  gives  the  condition: 


na{la  +  la)=  naL  =  naL'  ^  L  =  L' 
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where  L  and  L'  are  the  lengths  of  the  rays  AqAq  and  A2A2.  It  follows  that  the  two 
triangles  A0A2A2  and  AqA'qA'2  will  be  congruent,  and  therefore,  their  angles  at  the 
vertices  Aq  and  A'2  will  be  equal.  Thus,  6a  =  0'^. 

For  the  refraction  problem,  we  consider  the  ray  paths  AOB,  AqBq,  and  Ai^i  between 
the  wavefronts  AqAi  and  BqBi.  The  equality  of  the  optical  lengths  gives  now: 

+  nblb  —  l^bLb  =  l^aLa  ^  7  = 

Lb  ria 

But,  the  triangles  AqAi^i  and  AqBqBi  have  a  common  base  Aq^i.  Therefore, 


^  _  sin^fl 

Lb  sinOb 


Thus,  we  obtain  Snel’s  law  of  refraction: 


^  ^  sin^fl  ^  rib 
Lb  sinOb  ria 


ria  sin  6a  =  rib  sin  6b 


7.15  Ray  Tracing 

In  this  section,  we  apply  Fermat’s  principle  of  least  optical  path  to  derive  the  ray  curves 
in  several  integrable  examples  of  inhomogeneous  media. 

As  a  special  case  of  Eq.  (7.14.8),  we  consider  a  stratihed  half-space  z  >  0,  shown  in 
Fig.  7.15.1,  in  which  the  refractive  index  is  a  function  of  z,  but  not  of  x. 


Fig.  7.15.1  Rays  in  an  inhomogeneous  medium. 

Let  6  be  the  angle  formed  by  the  tangent  on  the  ray  at  point  (x,  z)  and  the  vertical. 
Then,  we  have  from  the  hgure  dx  =  dl  sin  6  and  dz  =  dl  cos  6.  Because  dn/dx  =  0,  the 
ray  equation  (7.14.8)  applied  to  the  x-coordinate  reads: 

d  (  dx\  ^  dx  .  , 

—  n—  =0  ti— =  const.  nsm6  =  const. 

dl  \  dl  J  dl 


(7.15.1) 
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This  is  the  generalization  of  Snel’s  law  to  an  inhomogeneous  medium.  The  constant 
may  be  determined  by  evaluating  it  at  the  entry  point  z  =  0  and  x  =  0.  We  take  the 
constant  to  be  ria  sin  6a-  Thus,  we  write  (7.15.2)  as: 


n  (z)  sin  6  (z)  =  ria  sin  6a 


(generalized  Snel’s  law) 


The  z-component  of  the  ray  equation  is,  using  dz  =  dl  cos  6\ 


d  (  dz\  _  dn 
^  dz 


ad.  a\ 

cost^—  {ncos6)  =  — 
dz  dz 


This  is  a  consequence  of  Eq.  (7.15.2).  To  see  this,  we  write: 


(7.15.2) 


(7.15.3) 


(7.15.4) 


Differentiating  it  with  respect  to  z,  we  obtain  Eq.  (7. 1 5 . 3).  The  ray  in  the  left  Fig.  7.15.1 
is  bending  away  from  the  z-axis  with  an  increasing  angle  6  (z) .  This  requires  that  n  (z) 
be  a  decreasing  function  of  z.  Conversely,  if  n  (z)  is  increasing  as  in  the  right  hgure, 
then  6  (z)  will  be  decreasing  and  the  ray  will  curve  towards  the  z-axis. 

Thus,  we  obtain  the  rule  that  a  ray  always  bends  in  the  direction  of  increasing  n  (z) 
and  away  from  the  direction  of  decreasing  n  (z) . 

The  constants  and  6a  may  be  taken  to  be  the  launch  values  at  the  origin,  that 
is,  n(0)  and  6  (0).  Alternatively,  if  there  is  a  discontinuous  change  between  the  lower 
and  upper  half-spaces,  we  may  take  6a  to  be  the  refractive  index  and  incident  angle 
from  below. 

The  ray  curves  can  be  determined  by  relating  x  and  z.  From  Fig.  7.15.1,  we  have 
dx  =  dztan  6,  which  in  conjunction  with  Eqs.  (7.15.2)  and  (7.15.4)  gives: 


dx  ^  n  sm  6 

—  =  tan  0  =  - 

dz  n  cos 


na  sin  6a 


^  ^Jn^(z)-nlsin^  0a 


(7.15.5) 


Integrating,  we  obtain: 


r 

Jo 


na  sin0£j 


dz' 


(ray  curve) 


(7.15.6) 


An  object  at  the  point  (x,  z)  will  appear  to  an  observer  sitting  at  the  entry  point  O 
as  though  it  is  at  the  apparent  location  (x,  z^) ,  as  shown  in  Fig.  7.15.1.  The  apparent  or 
virtual  height  will  be  z^  =  x  cot  6a,  which  can  be  combined  with  Eq.  (7.15.6)  to  give: 


ria  cos  6a 


^n'^{z')-nl  sin^  6a 


dz 


(virtual  height) 


(7.15.7) 


The  length  Za  can  be  greater  or  less  than  z.  For  example,  if  the  upper  half-space  is 
homogeneous  with  nb  <  na,  then  Za  >  z.  If  nb  >  na,  then  Za  <  z,  as  was  the  case  in 
Example  7.5.4. 

Next,  we  discuss  a  number  of  examples  in  which  the  integral  (7.15.6)  can  be  done 
explicitly  to  derive  the  ray  curves. 
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Fig.  7.15.2  Ionospheric  refraction. 


Example  7.15.1:  Ionospheric  Refraction.  Radio  waves  of  frequencies  typically  in  the  range  of 
about  4-40  MHz  can  be  propagated  at  large  distances  such  as  2000-4000  km  by  bouncing 
off  the  ionosphere.  Fig.  7.15.2  depicts  the  case  of  a  flat  ground. 

The  atmosphere  has  a  typical  extent  of  600  km  and  is  divided  in  layers:  the  troposphere  up 
to  10  km,  the  stratosphere  at  10-50  km,  and  the  ionosphere  at  50-600  km.  The  ionosphere 
is  further  divided  in  sublayers,  such  as  the  D,  E,  Fi,  and  F2  layers  at  50-100  km,  100-150 
km,  150-250  km,  and  250-400  km,  respectively. 

The  ionosphere  consists  mostly  of  ionized  nitrogen  and  oxygen  at  low  pressure.  The 
ionization  is  due  to  solar  radiation  and  therefore  it  varies  between  night  and  day.  We 
recall  from  Sec.  1.9  that  a  collisionless  plasma  has  an  effective  refractive  index: 


n 


2 


e{w)  cvl 

€0  0)2  ’ 


Ne^ 

Com 


(7.15.8) 


The  electron  density  N  varies  with  the  time  of  day  and  with  height.  Typically,  N  increases 
through  the  D  and  E  layers  and  reaches  a  maximum  value  in  the  F  layer,  and  then  decreases 
after  that  because,  even  though  the  solar  radiation  is  more  intense,  there  are  fewer  gas 
atoms  to  be  ionized. 


Thus,  the  ionosphere  acts  as  a  stratified  medium  in  which  n  (z)  first  decreases  with  height 
from  its  vacuum  value  of  unity  and  then  it  increases  back  up  to  unity.  We  will  indicate  the 
dependence  on  height  by  rewriting  Eq.  (7.15.8)  in  the  form: 


n^ (z) =  1  - 


fpiz) 

f2 


fp  (z)  = 


N (z)e^ 
4n^€om 


(7.15.9) 


If  the  wave  is  launched  straight  up  and  its  frequency  f  is  larger  than  the  largest  fp,  then 
it  will  penetrate  through  the  ionosphere  and  be  lost.  But,  if  there  is  a  height  such  that 
f  =  fp  (z) ,  then  at  that  height  n{z)=  0  and  the  wave  will  be  reflected  back  down. 

If  the  wave  is  launched  at  an  angle  6a,  then  it  follows  from  Snel’s  law  that  while  the 
refractive  index  n  (z)  is  decreasing,  the  angle  of  refraction  6  (z)  will  be  increasing  and  the 
ray  path  will  bend  more  and  more  away  from  z-axis  as  shown  on  the  left  of  Fig.  7.15.1. 
Below  the  ionosphere,  we  may  assume  that  the  atmosphere  has  refractive  index  =  1. 
Then,  the  angle  6  (z)  may  be  written  as: 
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sin^  6  (z)  = 


nl  sin^  6a 
n^  (z) 


sin^  6  a 


fpiz) 

p 


Because  sin  6  (z)  is  required  to  be  less  than  unity,  we  obtain  the  restriction: 


(7.15.10) 


f^  (z) 

sin^  6a  <  I- =>  fp{z)<fcos6a  (7.15.11) 

If  there  is  a  height,  say  Zmax,  at  which  this  becomes  an  equality,  fp  (Zmax)  =  f  cos  6a,  then 
Eq.  (7.15.10)  would  imply  that  sin0  (Zmax)  =  1,  or  that  6  (Zmax)  =  90”.  At  that  height,  the 
ray  is  horizontal  and  it  will  proceed  to  bend  downwards,  effectively  getting  reflected  from 
the  ionosphere. 

If  f  is  so  large  that  Eq.  (7.15.11)  is  satisfied  only  as  a  strict  inequality,  then  the  wave  will 
escape  through  all  the  layers  of  the  ionosphere.  Thus,  there  is  a  maximum  frequency,  the 
so  called  maximum  usable  frequency  (MUE),  that  will  guarantee  a  reflection.  There  is  also  a 
lowest  usable  frequency  (EUE)  below  which  there  is  too  much  absorption  of  the  wave,  such 
as  in  the  D  layer,  to  be  reflected  at  sufficient  strength  for  reception. 

As  an  oversimplified,  but  analytically  tractable,  model  of  the  ionosphere  we  assume  that 
the  electron  density  increases  linearly  with  height,  up  to  a  maximal  height  Zmax-  Thus,  the 
quantities  fp  (z)  and  n^  (z)  will  also  depend  linearly  on  height: 


fp{z)=f^^^—,  n2(z)=l-^^-,  for  0<z<Zniax  (7.15.12) 

■^max  /  ■^max 

Over  the  assumed  height  range  0  <  z  <  Zmax,  the  condition  (7.15.1 1)  must  also  be  satisfied. 
This  restricts  further  the  range  of  z.  We  have: 


fp(z)=fi^^<fcOS^ep  ^ 

Zmax  -Zmax  /  max 

If  the  right-hand  side  is  greater  than  unity,  so  that  f  cos  6a  >  /max,  then  there  is  no  height 
z  at  which  (7.15.11)  achieves  an  equality,  and  the  wave  will  escape.  But,  if  fcos  6a  <  /max, 
then  there  is  height,  say  Zq,  at  which  the  ray  bends  horizontally,  that  is. 


Zq  ^  f^ COS^  6a 
Zmax  fmax 


Zo  =  ■ 


fL 


(7.15.14) 


The  condition  f  cos  6a  <  fmax  can  be  written  as  f  <  /"muf,  where  the  MUE  is  in  this  case, 
/"muf  =  fmax/  COS  6a-  The  integral  (7.15.6)  can  be  done  explicitly  resulting  in: 


cos  6a  -  .  /cos2  6a- 


2  Zmax  Sin^  6  a 


where  we  defined  a  =  fmax/f-  Solving  for  z  in  terms  of  x,  we  obtain: 


(7.15.15) 


z-Zo  =  (x-Xo)^ 


(7.15.16) 


Xo  =  • 


2Zmax  sin  6a  COS  6a 

a^ 


F  = 


where 
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Therefore,  the  ray  follows  a  downward  parabolic  path  with  vertex  at  (xq.Zq)  and  focal 
length  F,  as  shown  in  Fig.  7.15.3.  □ 


Fig.  7.15.3  Parabolic  ray. 


Example  7.1 5.2:  Mirages.  Temperature  gradients  can  cause  several  types  of  mirage  effects  that 
are  similar  to  ionospheric  refraction.  On  a  hot  day,  the  ground  is  warmer  than  the  air  above 
it  and  therefore,  the  refractive  index  of  the  air  is  lower  at  the  ground  than  a  short  distance 
above.  (Normally,  the  air  pressure  causes  the  refractive  index  to  be  highest  at  the  ground, 
decreasing  with  height.) 

Because  n  (z)  decreases  downwards,  a  horizontal  ray  from  an  object  near  the  ground  will 
initially  be  refracted  downwards,  but  then  it  will  bend  upwards  again  and  may  arrive  at  an 
observer  as  though  it  were  coming  from  below  the  ground,  causing  a  mirage.  Fig.  7.15.4 
depicts  a  typical  case.  The  ray  path  is  like  the  ionospheric  case,  but  inverted. 

Such  mirages  are  seen  in  the  desert  and  on  highways,  which  appear  wet  at  far  distances. 
Various  types  of  mirages  are  discussed  in  [49-51,13031. 

As  a  simple  integrable  model,  we  may  assume  that  n  (z)  increases  linearly  with  height  z, 
that  is,  n  (z)  =  no  +  kz,  where  k  is  the  rate  of  increase  per  meter.  For  heights  near  the 
ground,  this  implies  that  (z)  will  also  increase  linearly: 


n{z)  =  no  +  KZ 


n^  (z)  =  nl  +  2noKZ 


(7.15.17) 


We  consider  a  ray  launched  at  a  downward  angle  6a  from  an  object  with  (x,  z)  coordinates 
(0,h),  as  shown.  Let  n^  =  nl  +  2noKh  be  the  refractive  index  at  the  launch  height.  For 
convenience,  we  assume  that  the  observer  is  also  at  height  h.  Because  the  ray  will  travel 
downward  to  points  z  <  h,  and  then  bend  upwards,  we  integrate  the  ray  equation  over  the 
limits  [z,h]  and  find: 


f 


na  sin  6  a 


^n^{z')-nl  sin^  6a 


dz'  = 


na  sin  6 
noK 


where  we  used  the  approximation  n^  (z)  = 
terms  of  x,  we  obtain  the  parabolic  ray: 


,  x(x-2xo)  d 

z  =  h  +  — - —  ,  Xo  =  -  = 

4T  ’  ^2 


-  ^na  cos  6a  -  ^nl  cos^  6a  +  2noK{z  -  h)  j 

nl  +  2noKZ  in  the  integral.  Solving  for  z  in 

nl  sin  6a  cos  6a  P  _ 
noK 


4F 


2noK 
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where  d  is  the  distance  to  the  observer  and  F  is  the  focal  length.  The  apex  of  the  parabola 
is  at  X  =  Xo  =  d/2  at  a  height  Zq  given  by: 

zo  =  h-^  =>  z- zo  =  ^  (x-xo)^ 


Fig.  7.15.4  Mirage  due  to  a  temperature  gradient. 

The  launch  angle  that  results  in  the  ray  being  tangential  to  ground  is  obtained  by  setting 
the  apex  height  to  zero,  Zq  =  0.  This  gives  a  condition  that  may  be  solved  for  6a'- 


Xo  =  s/4Fh  ^  sin  6a  =  — 


(7.15.18) 


The  corresponding  d  =  2xo  is  the  maximum  distance  of  the  observer  from  the  object  for 
which  a  ray  can  just  touch  the  ground.  □ 


Example  7.15.3:  Atmospheric  Refraction  [49-511.  Because  of  the  compression  of  gravity,  the 
density  of  the  atmosphere^  and  its  refractive  index  n  are  highest  near  the  ground  and 
decrease  exponentially  with  height.  A  simplified  model  [6801,  which  assumes  a  uniform 
temperature  and  constant  acceleration  of  gravity,  is  as  follows: 

n{z)=  1  +  {no  -  (7.15.19) 


The  refractive  index  on  the  ground  is  approximately  no  =  1.0003  (it  also  has  some  de¬ 
pendence  on  wavelength,  which  we  ignore  here.)  The  characteristic  height  he  is  given  by 
he  =  RT /Mg,  where  R,  T,M,g  are  the  universal  gas  constant,  temperature  in  absolute 
units,  molecular  mass  of  the  atmosphere  and  acceleration  of  gravity: 


R  =  8.31 


J 

K  mole  ’ 


M  =  0.029 


kg 

mole  ’ 


g  =  9.8 


m 

S2 


For  a  temperature  of  T  =  303K,  or  30  °C,  we  find  a  height  of  he  =  8.86  km.  At  a  height  of 
a  few  he,  the  refractive  index  becomes  unity. 

The  bending  of  the  light  rays  as  they  pass  through  the  atmosphere  cause  the  apparent 
displacement  of  a  distant  object,  such  as  a  star,  the  sun,  or  a  geosynchronous  satellite. 
Fig.  7.15.5  illustrates  this  effect.  The  object  appears  to  be  closer  to  the  zenith. 


^The  troposphere  and  some  of  the  stratosphere,  consisting  mostly  of  molecular  nitrogen  and  oxygen. 
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^  ☆ 


Fig.  7.15.5  Atmospheric  refraction. 


The  look- angle  0o  at  the  ground  and  the  true  angle  of  the  object  6i  are  related  by  Snel’s 
law  rii  sin  01  =  no  sin0o-  But  at  large  distances  (many  multiples  of  he),  we  have  =  1. 
Therefore, 

sin  01  =  Uosin0o  (7.15.20) 

The  refraction  angle  is  r  =  0i  -  0o.  Assuming  a  small  r,  we  may  use  the  approximation 
sin(0o  +  r)=  sin  6o  +  r  cos  0o.  Then,  Eq.  (7.15.20)  gives  the  approximate  expression: 

r  =  (no  -  l)tan0o 

The  maximum  viewing  angle  in  this  model  is  such  that  no  sin  0o  =  sin  0i  =  1,  correspond¬ 
ing  to  01  =  90®  and  0o  =  asin(l/Uo)=  88.6®,  for  no  =  1.0003. 

The  model  assumes  a  flat  Earth.  When  the  curvature  of  the  Earth  is  taken  into  account,  the 
total  atmospheric  refraction  near  the  horizon,  that  is,  near  0o  =  90®,  is  about  0.65®  for  a 
sea-level  observer  [49].  The  setting  sun  subtends  an  angle  of  about  0.5®.  Therefore,  when 
it  appears  about  to  set  and  its  lower  edge  is  touching  the  horizon,  it  has  already  moved 
below  the  horizon. 


The  model  of  Eq.  (7.15.19)  may  be  integrated  exactly.  The  ray  curves  are  obtained  from 
Eq.  (7.15.6).  Setting  =  no,  6a  =  6o  and  using  the  definition  (7.15.20),  we  obtain: 


X  =  he  tan  01  1^ atanh  ~  atanh  ^ ^ 

|=tan0,  + 

(7.15.21) 

where  the  quantities  A,B,Ao,Bo  are  defined  as  follows: 

A  =  n{z)-  sin^  0i , 

Ao  =  no  -  sin^  0i 

B  =  cos  Oi^n^  (z)  -  sin^  0i , 

Bo  =  cos  di^nl  -  sin^  0i 

Thus,  Ao,Bo  are  the  values  of  A,  5  at  z  =  0.  It  can  be  shown  that  A  >  B  and  therefore,  the 
hyperbolic  arc-tangents  will  be  complex-valued.  However,  the  difference  of  the  two  atanh 
terms  is  real  and  can  be  transformed  into  the  second  expression  in  (7.15.21)  with  the  help 
of  the  result  A^  -  B^  =  (Aq  -  Bo)e~^^'^^. 

In  the  limit  of  z  »  he,  the  quantities  A,B  tend  to  Ai  =  Bi  =  cos^  0i.  and  the  ray  equation 
becomes  the  straight  line  with  a  slope  of  tan  0i: 

X  =  (z  +  Zi)tan0i ,  Zi  =  he  (7.15.22) 

V  Ao  +  -DO  / 

This  asymptotic  line  is  depicted  in  Eig.  7.15.5,  intercepting  the  z-axis  at  an  angle  of  0i.  □ 
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Example  7.15.4:  Bouguer’s  Law.  The  previous  example  assumed  a  flat  Earth.  Eor  a  spherical 
Earth  in  which  the  refractive  index  is  a  function  of  the  radial  distance  r  only,  that  is,  n{r), 
the  ray  tracing  procedure  must  be  modified. 

Snel’s  law  n  (z)  sin  0  (z)  =  no  sin  0o  must  be  replaced  by  Bouguer’s  law  [598],  which  states 
that  the  quantity  ru  (r)  sin  0  remain  constant: 


rn{r) Sind  {r)=  rou(ro)sin0o 


(Bouguer’s  law) 


(7.15.23) 


where  0  (r)  is  the  angle  of  the  tangent  to  the  ray  and  the  radial  vector.  This  law  can  be 
derived  formally  by  considering  the  ray  equations  in  spherical  coordinates  and  assuming 
that  n  (r)  depends  only  on  r  [828]. 

A  simpler  derivation  is  to  divide  the  atmosphere  in  equal-width  spherical  layers  and  assume 
that  the  refractive  index  is  homogeneous  in  each  layer.  In  Eig.  7.15.6,  the  layers  are  defined 
by  the  radial  distances  and  refractive  indices  n,  u,,  /  =  0, 1, 2, . . . . 


Fig.  7.15.6  Ray  tracing  in  spherically  stratified  medium. 

For  sufficiently  small  layer  widths,  the  ray  segments  between  the  points  Aq,  Ai,  A2, . . . 
are  tangential  to  the  radial  circles.  At  the  interface  point  A3,  Snel’s  law  gives  U2  sin  02  = 
U3  sin  03.  On  the  other  hand,  from  the  triangle  OA2A3,  we  have  the  law  of  sines: 


r2  ^  rs  ^  r3 

sin02  sin(Tr-02)  sin02 
Combining  with  Snel’s  law,  we  obtain: 


r2  sin  02  =  ^3  sin  02 


r2U2Sin02  =  r3U2Sin02  =  r^n^sinO^ 

Thus,  the  product  nu,  sin  0,  is  the  same  for  all  /  =  0, 1, 2, _ Defining  an  effective  refrac¬ 

tive  index  by  Ueff  (r)  =  n  (r)  r/ro,  Bouguer’s  law  may  be  written  as  Snel’s  law: 


Ueff  (r)sin0  (r)  =  no  sin0o 


where  we  have  the  initial  value  Ugff  (ro)  =  noro/ro  =  no. 


□ 
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Example  7.15.5:  Standard  Atmosphere  over  Flat  Earth.  For  radiowave  propagation  over  ground, 
the  International  Telecommunication  Union  (ITU)  [836,837]  defines  a  “standard”  atmo¬ 
sphere  with  the  values  no  =  1.000315  and  he  =  7.35  km,  in  Eq.  (7.15.19). 

For  heights  of  about  one  kilometer,  such  that  z  ^  we  may  linearize  the  exponential, 
Q-z/hc  ^  I  _  z/hc,  and  obtain  the  refractive  index  for  the  standard  atmosphere: 


n{z)  =  no  -  Kz 


no -  I 
he 


315  X  10-6 
7.35  X  103 


=  4.2857  X  10“6  m“^ 


(7.15.24) 


This  is  similar  to  Eq.  (7.15.17),  with  the  replacement  k  ^  -k.  Therefore,  we  expect  the 
rays  to  be  parabolic  bending  downwards  as  in  the  case  of  the  ionosphere.  A  typical  ray 
between  two  antennas  at  height  h  and  distance  d  is  shown  in  Fig.  7.15.7. 


Fig.  7.15.7  Rays  in  standard  atmosphere  over  a  flat  Earth. 


Assuming  an  upward  launch  angle  6a  and  defining  the  refractive  index  at  height  h 
through  nl  =  nl  -  2noKh,  we  obtain  the  ray  equations  by  integrating  over  [h,  z] : 


-r 


na  Sin  0 a 


^n^iz')-nl  sin^  6a 


dz'  = 


ng  sin^g 
noK 


^na  cos  6a  -  ^|nl  cos^  6a  -  2noK{z  -  h)  j 


where  we  used  n^  (z)  =  nl  -  2noKZ.  Solving  for  z,  we  obtain  the  parabola: 

z-h  ^  _  d  _  nl  sin  6a  cos  6a  ^_nlsin^6a 

^  4F  ’  2  noK  ’  2noK 

where  d  is  the  distance  to  the  observer  and  F  is  the  focal  length.  The  apex  of  the  parabola 
is  at  X  =  Xo  =  <i/2  at  a  height  Zq  given  by: 

^o  =  h+^  =>  z-Zo  =  -—{x-XoV 


The  minus  sign  in  the  right-hand  side  corresponds  to  a  downward  parabola  with  apex  at 
the  point  (xo.Zo).  □ 

Example  7.15.6:  Standard  Atmosphere  over  Spherical  Earth.  We  saw  in  Example  7.15.4  that 
in  Bouguer’s  law  the  refractive  index  n{r)  may  be  replaced  by  an  effective  index  Ug  (r)  = 
n  (r)  r/ro-  Applying  this  to  the  case  of  the  Earth  with  ro  =  R  and  r  =  R  +  z,  where  R  is 
the  Earth  radius  and  z  the  height  above  the  surface,  we  have  Ug  (z)  =  n  (z)  {R  +  z)  /R,  or, 

ne{z)=  n{z)  ^1  +  =  {no  -  kz)  (^1  + 
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Thus,  the  spherical  Earth  introduces  the  factor  {1  +  z/R),  which  increases  with  height  and 
counteracts  the  decreasing  n  (z) .  Keeping  only  linear  terms  in  z,  we  find: 


Ue  (z)=  no  +  KeZ 


no 

Xe  =  ^-K 


(7.15.25) 


For  the  average  Earth  radius  R  =  6370  km  and  the  ITU  values  of  no  and  k  given  in 
Eq.  (7.15.24),  we  find  that  the  effective  Kq  is  positive: 


Ke  =  1.1418  X  10-^  m-i  (7.15.26) 

Making  the  approximation  n^  (z)  =  nl  +  2noKeZ  will  result  in  parabolic  rays  bending  up¬ 
wards  as  in  Example  7.15.2. 

Often,  an  equivalent  Earth  radius  is  defined  by  Ke  =  no /Re  so  that  the  effective  refractive 
index  may  be  assumed  to  arise  only  from  the  curvature  of  the  equivalent  Earth: 

ne{z)=  no  +  KeZ  =  no(^l  +  y) 


In  units  of  R,  we  have: 


^  _  no 
R  KeR 


no 

no  -  kR 


1.3673 


(7.15.27) 


which  is  usually  replaced  by  Re  =  4R/3.  In  this  model,  the  refractive  index  is  assumed  to 
be  uniform  above  the  surface  of  the  equivalent  Earth,  n  (z)  =  no. 

The  ray  paths  are  determined  by  considering  only  the  geometrical  effect  of  the  spherical 
surface.  For  example,  to  determine  the  maximum  distance  Xq  at  which  a  ray  from  a  trans¬ 
mitter  at  height  h  just  grazes  the  ground,  we  may  either  use  the  results  of  Eq.  (7.15.18),  or 
consider  a  straight  path  that  is  tangential  to  the  equivalent  Earth,  as  shown  in  Fig.  7.15.8. 


Fig.  7.15.8  Rays  over  a  spherical  Earth. 
Setting  Ke  =  no /Re  in  Eq.  (7.15.18),  we  obtain: 


(7.15.28) 
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On  the  other  hand,  because  h  ^  Re  the  arc  length  Xq  =  (OB)  maybe  taken  to  be  a  straight 
line  in  Fig.  7.15.8.  Applying  the  Pythagorean  theorem  to  the  two  orthogonal  triangles  OAB 
and  CAB  we  find  that: 

xl  +  =  {h  +  Re)^-Rl  =  +  2hRe  ^  Xq  =  2hRe 

which  is  the  same  as  Eq.  (7.15.28).  □ 

Example  7.15.7:  Graded-Index  Optical  Fibers,  in  Example  7.5.5,  we  considered  a  step-index 
optical  fiber  in  which  the  rays  propagate  by  undergoing  total  internal  reflection  bouncing 
off  the  cladding  walls.  Here,  we  consider  a  graded-index  fiber  in  which  the  refractive  index 
of  the  core  varies  radially  from  the  center  value  Uf  to  the  cladding  value  ric  at  the  edge  of 
the  core.  Fig.  7.15.9  shows  the  geometry. 


a 


Fig.  7.15.9  Graded-index  optical  fiber. 


As  a  simple  model,  we  assume  a  parabolic  dependence  on  the  radial  distance.  We  may 
write  in  cylindrical  coordinates,  where  a  is  the  radius  of  the  core: 

n^{p)=  (7.15.29) 

Inserting  this  expression  into  Eq.  (7.15.6),  and  changing  variables  from  z,x  to  p,z,  the 
integral  can  be  done  explicitly  resulting  in: 


a  sm  6  a  . 

z  =  - - - asm 

A  V 


pA 


a  cos  6a 


(7.15.30) 


Inverting  the  arc-sine,  we  may  solve  for  p  in  terms  of  z  obtaining  the  following  sinusoidal 
variation  of  the  radial  coordinate,  where  we  also  changed  from  the  incident  angle  6a  to 
the  initial  launch  angle  0o  =  90^^  -  6a'- 


K=  - —  (7.15.31) 

a  cos  00 

For  small  launch  angles  0o,  the  oscillation  frequency  becomes  independent  of  0o,  that  is, 
K  =  A/  {a  cos  00 )  -  A /a.  The  rays  described  by  Eq.  (7.15.31)  are  meridional  rays,  that  is, 
they  lie  on  a  plane  through  the  hber  axis,  such  as  the  xz-  or  yz-plane. 


tan  00  .  ,  , 

p  =  -  sm(xz) 


There  exist  more  general  ray  paths  that  have  nontrivial  azimuthal  dependence  and  prop¬ 
agate  in  a  helical  fashion  down  the  guide  [830-835].  □ 
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7.16  Snel’s  Law  in  Negative-Index  Media 

Consider  the  planar  interface  between  a  normal  (i.e.,  positive-index)  lossless  medium 
e,iJ  and  a  lossless  negative-index  medium  [353]  e\p'  with  negative  permittivity  and 
permeability,  e'  <  0  and  p'  <  0,  and  negative  refractive  index  n'  =  / poGo.  The 

refractive  index  of  the  left  medium  is  as  usual  n  =  ^pe/ PoEq.  A  TE  or  TM  plane  wave 
is  incident  on  the  interface  at  an  angle  6,  as  shown  in  Fig.  7.16.1. 


Fig.  7.16.1  Refraction  into  a  negative-index  medium. 

Because  n'  <  0,  SneTs  law  implies  that  the  refracted  ray  will  bend  in  the  opposite 
direction  (e.g.,  with  a  negative  refraction  angle)  than  in  the  normal  refraction  case.  This 
follows  from: 

nsinO  =  n'  sin0'  =  -\n'\  sin0'  =  \n'\  sin(-0')  (7.16.1) 

As  a  result,  the  wave  vector  k'  of  the  refracted  wave  will  point  towards  the  interface, 
instead  of  away  from  it.  Its  x-component  matches  that  of  the  incident  wave  vector  k, 
that  is,  =  kx,  which  is  equivalent  to  SneTs  law  (7.16.1),  while  its  z-component  points 
towards  the  interface  or  the  negative  z-direction  in  the  above  figure. 

Formally,  we  have  k'  =  k's  ,  where  s'  is  the  unit  vector  in  the  direction  of  the  re¬ 
fracted  ray  pointing  away  from  the  interface,  and  k'  =  -co^p'e'  =  n'ko,  with  ko  the 
free-space  wavenumber  ko  =  cjo.Jp^  =  cjo/cq.  As  we  see  below,  the  energy  flux  Poynt- 
ing  vector  T'  of  the  refracted  wave  is  opposite  k'  and  points  in  the  direction  of  s',  and 
therefore,  carries  energy  away  from  the  interface.  Thus,  component-wise  we  have: 

k'^  =  n'ko  sin  6'  =  kx  =  nkosind  ,  k'^  =  n'ko  cos  6'  =  -  \n'\kocos6'  <  0 


The  TE  and  TM  wave  solutions  at  both  sides  of  the  interface  are  still  given  by  Eqs.  (7.7.4) 
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and  (7.7.5),  and  reproduced  below  (with  suppressed): 


E{r)  =  yEole^ 


E'  (r)  =  ytteEqC^ 


pjkzZ-\^-jk^x 


jkzZ  p-jk^x 


(TE)  (7.16.2) 


^  7  i  p-jk'zZ^-jk^x 


where,  allowing  for  magnetic  media,  we  have 

„  _  ^  -  n'lE-lTE  _  k^lj' 

^  kz  ’  k'z  ’  ™  n'lE+lTE  kzlA'+k'zIA 

For  the  TM  case  we  have: 


Tte=^-^Pte  (7.16.3) 


VzV^ 


+  Ptm  yx  +  —zje^‘ 


:  y  - 


E'  (r)  =  TtmEo  X 


pjkzzi^-jk^x 


Ptm 


(7.16.4) 


k'^e  -  kz€' 
k'zG  +  kze' 


Ttm=  1  +  Pt 


(7.16.5) 


One  can  verify  easily  that  in  both  cases  the  above  expressions  satisfy  Maxwell’s  equa¬ 
tions  and  the  boundary  conditions  at  the  interface,  provided  that 


co^lje  =  n'^kl 


(7.16.6) 


In  fact,  Eqs.  (7.16.2)-(7.16.6)  describe  the  most  general  case  of  arbitrary,  homoge¬ 
neous,  isotropic,  positive-  or  negative-index,  and  possibly  lossy,  media  on  the  left  and 
right  and  for  either  propagating  or  evanescent  waves.  We  concentrate,  next,  on  the  case 
when  the  left  medium  is  a  positive-index  lossless  medium,  p  >  0  and  e  >  0,  and  the 
right  one  is  lossless  with  p'  <  0  and  e'  <  0,  and  consider  a  propagating  incident  wave 
with  kx  =  nkosinO  and  kz  =  nkocosO  and  assume,  for  now,  that  n  <  \n'\  to  avoid 
evanescent  waves  into  the  right  medium.  The  Poynting  vector  T'  in  the  right  medium 
can  be  calculated  from  Eqs.  (7.16.2)  and  (7.16.4): 


(TE):  T' =  -ReiE' XH'"^ 


(TM):  T' =  -ReiE' XH'"^ 


f.^  /cue' 


(7.16.7) 
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Because  p'  <  0  and  e'  <  0,  and  k'^  is  real,  the  requirement  of  positive  energy  flux 
away  from  the  interface,  T'^  >  0,  requires  that  <  0  in  both  cases.  Similarly,  because 
kx  >  0,  the  x-component  of  T'  will  be  negative,  E'x  <  0.  Thus,  the  vector  T'  has  the 
direction  shown  in  Fig.  7.16.1.  We  note  also  that  the  z-component  is  preserved  across 
the  interface,  Tz  =  This  follows  from  the  relationships: 


Ez  =  -|E’ol^“^(l  -  IPtmI^)  =  2  l^ol^ j  =  T'^ 


(7.16.8) 


If  n  >  \n'\,  the  possibility  of  total  internal  reflection  arises.  When  sin0  >  \n'\/n, 
then  k'^  =  n'^kl-kl  =  k^in'^  -  sin^  6)  is  negative  and  k'^  becomes  pure  imaginary. 
In  this  case,  the  real-parts  in  the  right-hand  side  of  Eq.  (7.16.8)  are  zero,  showing  that 
\Pte\  =  \Ptm\  =  1  and  there  is  no  (time-averaged)  power  flow  into  the  right  medium. 

For  magnetic  media,  including  negative -index  media,  the  Brewster  angle  may  also 
exist  for  TE  polarization,  corresponding  to  Pte  =  0.  This  condition  is  equivalent  to 
k'^IJ  =  kzp'.  Similarly  Ptm  =  0  is  equivalent  to  k'^e  =  kzC' .  These  two  conditions  imply 
the  following  relationship  for  the  Brewster  angles: 

Pte  =  0  =>  k'^iA  =  kzP'  ^  (p'2  -  p2)sin2  05  =  p'2  -  ^^^2 


Ptm  =  0  ^  k'^e  =  kzC'  ^  {e'^  -  e2)sin^  6b  = 


(7.16.9) 


Clearly,  these  may  or  may  not  have  a  solution,  such  that  0  <  sin^  0^  <  1,  depending 
on  the  relative  values  of  the  constitutive  parameters.  For  non-magnetic  media,  p  =  p'  = 
Po,  the  TE  case  has  no  solution  and  the  TM  case  reduces  to  the  usual  expression: 


sin^  05  = 


e'  +  e  n'2  + 


Assuming  that  e,  jj  and  e'  ,ij'  have  the  same  sign  (positive  or  negative),  we  may  re¬ 
place  these  quantities  with  their  absolute  values  in  Eq.  (7.16.9).  Dehning  the  parameters 
x=  IpVpl  andy  =  |eVe|,  we  may  rewrite  (7.16.9)  in  the  form: 


TE  case: 


TM  case: 


sin^  05  =  ( 1 


^  I  sin^  05  =  ( 1  -  - 


(7.16.10) 


with  the  TE  and  TM  cases  being  obtained  from  each  other  by  the  duality  transformations 
X  ^  y  and  y  ^  x.  It  is  straightforward  to  verify  that  the  ranges  of  the  x,y  parameters 
for  which  a  Brewster  angle  exists  are  as  follows: 


TE  case:  x>l,y<x,  y>i,  or,  x<l,y>x,  y<i 
TM  case:  y>l,  x  <y ,  y  >  -  ,  or,  y<l,  x>y,  y<- 


(7.16.11) 
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j  =  \e'le\ 


Fig.  7.16.2  Brewster  angle  regions. 


These  regions  [657],  which  are  bounded  by  the  curves  y  =  x  and  y  =  1/x,  are  shown 
in  Fig.  7.16.2.  We  note,  in  particular,  that  the  TE  and  TM  regions  are  non-overlapping. 

The  unusual  property  of  Snel’s  law  in  negative-index  media  that  the  refracted  ray 
bends  in  the  opposite  direction  than  in  the  normal  case  has  been  verihed  experimentally 
in  artihcial  metamaterials  constructed  by  arrays  of  wires  and  split-ring  resonators  [359], 
and  by  transmission  line  elements  [392-394,414,427].  Another  consequence  of  Snel’s 
law  is  the  possibility  of  a  perfect  lens  [360]  in  the  case  n'  =  -1.  We  discuss  this  in 
Sec.  8.6. 


7.17  Problems 


7.1  The  matching  of  the  tangential  components  of  the  electric  and  magnetic  fields  resulted  in 
Snel’s  laws  and  the  matching  matrix  Eq.  (7.3.11).  In  both  the  TE  and  TM  polarization  cases, 
show  that  the  remaining  boundary  conditions  Bz  =  and  Dz  =  D'^  are  also  satisfied. 

7.2  Show  that  the  Fresnel  coefficients  (7.4.2)  may  be  expressed  in  the  forms: 

_  sin2d'  -  sin2d  _  tan(d'  -6)  _  sin(d'  -  6) 

sin  2d'  +  sin  2d  tan(d'  +  d)  ’  sin(d'  +  d) 

7.3  Show  that  the  refractive  index  ratio  n'  /n  can  be  expressed  in  terms  of  the  ratio  r  =  Ptm/ Pte 
and  the  incident  angle  d  by: 


n' 

n 


Sind 


1  + 


1/2 


tan^  d 


This  provides  a  convenient  way  of  measuring  the  refractive  index  n'  from  measurements  of 
the  Fresnel  coefficients  [676].  It  is  valid  also  for  complex  n'. 

7.4  It  is  desired  to  design  a  Fresnel  rhomb  such  that  the  exiting  ray  will  be  elliptically  polarized 
with  relative  phase  difference  cf)  between  its  TE  and  TM  components.  Let  sindc  =  l/n  be 
the  critical  angle  within  the  rhomb.  Show  that  the  rhomb  angle  replacing  the  54.6°  angle  in 
Fig.  7.5.6  can  be  obtained  from: 

cos^  6c  ±  Jcos^  dc  -  4  sin^  6c  tan^  (0/4) 

sin^  d  =  - - - ,  = 

2  tan^  (0/4)  +  cos^  dc  ±  ^cos^  dc  -  4  sin^  dc  tan^  (0/4) 

Show  0  is  required  to  satisfy  tan (0/4)  <  (n  -  n~'^)  / 2. 
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7.5  Show  the  relationship  (7.9.7)  for  the  ratio  Ptm/ Pte  by  first  proving  and  then  using  the  fol¬ 
lowing  identities  in  the  notation  of  Eq.  (7.7.4): 

±  kz)  (kl  ±  kzK)=  k^k'^  ±  k'^kz 

Using  (7.9.7),  show  that  when  both  media  are  lossless,  the  ratio  Ptm/ Pte  can  be  expressed 
directly  in  terms  of  the  angles  of  incidence  and  refraction,  d  and  6'\ 

Ptm  _  cos(d  +  6') 

Pte  cos(d-d') 

Using  this  result  argue  that  \Ptm\  ^  \Pte\  at  all  angles  d.  Argue  also  that  d^  +  d^  =  90°, 
for  the  Brewster  angles.  Finally,  show  that  for  lossless  media  with  e  >  e',  and  angles  of 
incidence  d  >  dc,  where  sindc  =  Vc'/e,  we  have: 

Pj^  J-^/sin^^^^^in^^  +  sin  d  tan  d 
Pte  6  -  sin^  dc  -  sin  d  tan  d 

Explain  how  this  leads  to  the  design  equation  (7.5.8)  of  the  Fresnel  rhomb. 

7.6  Let  the  incident,  reflected,  and  transmitted  waves  at  an  interface  be: 

E+  (r)  =  ,  E.  (r)  =  E.e-^'^-' ,  £'  (r)  =  " 

where  k+  =  k^x  ±  kzZ  and  k'  =  k^x  +  k'^  z.  Show  that  the  reflection  and  transmission 
coefficients  defined  in  Eqs.  (7.7.1)-(7.7.5)  can  be  summarized  compactly  by  the  following 
vectorial  relationships,  which  are  valid  for  both  the  TE  and  TM  cases: 

k±  X  (E'q  X  k±)  _  2kz 

^2  -  +  k'z  - 

7.7  Using  Eqs.  (7.7.4),  derive  the  expressions  (7.9.11)  for  the  Poynting  vectors.  Derive  similar 
expressions  for  the  TM  case. 

Using  the  definitions  in  Eqs.  (7.3.12),  show  that  if  the  left  medium  is  lossless  and  the  right 
one  lossy,  the  following  relationship  holds: 

^{1-  IcrP)  =Re(^')  iTrP 

It  \1t / 

Then,  show  that  Eqs.  (7.9.12)  and  (7.9.13)  are  special  cases  of  this  result,  specialized  to  the 
TE  and  TM  cases. 

7.8  A  light  ray  enters  a  glass  block  from  one  side,  suffers  a  total  internal  reflection  from  the  top 
side,  and  exits  from  the  opposite  side,  as  shown  below.  The  glass  refractive  index  is  n  =  1.5. 


glass  n 


,6b 
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a.  How  is  the  exit  angle  6b  related  to  the  entry  angle  0^?  Explain. 

b.  Show  that  all  rays,  regardless  of  the  entry  angle  6a,  will  suffer  total  internal  reflection 
at  the  top  side. 

c.  Suppose  that  the  glass  block  is  replaced  by  another  dielectric  with  refractive  index  n. 
What  is  the  minimum  value  of  n  in  order  that  all  entering  rays  will  suffer  total  internal 
reflection  at  the  top  side? 

7.9  An  underwater  object  is  viewed  from  air  at  an  angle  6  through  a  glass  plate,  as  shown  below. 
Let  z  =  Zi  +Z2  be  the  actual  depth  of  the  object  from  the  air  surface,  where  Zi  is  the  thickness 
of  the  glass  plate,  and  let  Ui,  n2  be  the  refractive  indices  of  the  glass  and  water.  Show  that 
the  apparent  depth  of  the  object  is  given  by: 

,  Zi  cos  6  Z2  cos  6 

Z  —  I  H - 1 

^jnl  -  sin^  6  -  sin^  6 


7.10  An  underwater  object  is  viewed  from  air  at  an  angle  6  through  two  glass  plates  of  refractive 
indices  ni,n2  and  thicknesses  Zi,Z2,  as  shown  below.  Let  Z3  be  the  depth  of  the  object 
within  the  water. 


a.  Express  the  apparent  depth  z  of  the  object  in  terms  of  the  quantities  6,  no,  ni,n2,  Us 
and  Zi,  Z2,  Z3. 

b.  Generalize  the  results  of  the  previous  two  problems  to  an  arbitrary  number  of  layers. 

c.  Consider  also  the  continuous  limit  in  which  the  body  of  water  is  inhomogeneous  with 
a  refractive  index  n{z)  given  as  a  function  of  the  depth  z. 
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7.11  As  shown  below,  light  must  be  launched  from  air  into  an  optical  fiber  at  an  angle  6  <  6a  in 
order  to  propagate  by  total  internal  reflection. 


a.  Show  that  the  acceptance  angle  is  given  by: 


sm6a 


^nf  -  nl 

ria 


b.  Lor  a  fiber  of  length  /,  show  that  the  exiting  ray,  at  the  opposite  end,  is  exiting  at  the 
same  angle  6  as  the  incidence  angle. 

1.  Show  that  the  propagation  delay  time  through  this  fiber,  for  a  ray  entering  at  an  angle 
6,  is  given  as  follows,  where  to  =  //cq: 


t{6)  = 


tonj 

^nf  -  ni  sin^  6 


c.  What  angles  6  correspond  to  the  maximum  and  minimum  delay  times?  Show  that  the 
difference  between  the  maximum  and  minimum  delay  times  is  given  by: 


At  = 


fmax  fm 


tpUfinf  -  Uc) 

nc 


Such  travel  time  delays  cause  “modal  dispersion,”  that  can  limit  the  rate  at  which  digital 
data  may  be  transmitted  (typically,  the  data  rate  must  be  /bps  ^  1/  (2At) ). 


7.12  You  are  walking  along  the  hallway  in  your  classroom  building  wearing  Polaroid  sunglasses 
and  looking  at  the  reflection  of  a  light  fixture  on  the  waxed  floor.  Suddenly,  at  a  distance  d 
from  the  light  fixture,  the  reflected  image  momentarily  disappears.  Show  that  the  refractive 
index  of  the  reflecting  floor  can  be  determined  from  the  ratio  of  distances: 

d 

^  ~  hi  +  h2 


where  hi  is  your  height  and  ^2  that  of  the  light  fixture.  You  may  assume  that  light  from 
the  fixture  is  unpolarized,  that  is,  a  mixture  of  50%  TE  and  50%  TM,  and  that  the  Polaroid 
sunglasses  are  designed  to  filter  out  horizontally  polarized  light.  Explain  your  reasoning.^ 


^See,  H.  A.  Smith,  “Measuring  Brewster’s  Angle  Between  Classes,”  Physics  Teacher,  Febr.  1979,  p.l09. 
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7.13  First,  prove  Eq.  (7.12.13)  from  Eqs.  (7.12.11).  Then,  show  the  following  relationships  among 
the  angles  0,  Or,  O': 

tan(0/2)  _  ll  -  ^  taniOr/2)  _  /l  +  tan(0^/2)  _  1  -  jS 

tan(0'/2)  V  1  +  ’  tan(072)  I  -  ^  '  tan(0/2)  1  +  jS 


7.14  A  TM  plane  wave  is  incident  obliquely  on  a  moving  interface  as  shown  in  Fig.  7.12.1.  Show 
that  the  Doppler-shifted  frequencies  of  the  reflected  and  transmitted  waves  are  still  given 
by  Eqs.  (7.12.14)  and  (7.12.16).  Moreover,  show  that  the  Brewster  angle  is  given  by: 


cos  Ob  = 


1  +  +  1 
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Multilayer  Film  Applications 


8.1  Multilayer  Dielectric  Structures  at  Oblique  Incidence 

Using  the  matching  and  propagation  matrices  for  transverse  helds  that  we  discussed 
in  Sec.  7.3,  we  derive  here  the  layer  recursions  for  multiple  dielectric  slabs  at  oblique 
incidence. 

Fig.  8.1.1  shows  such  a  multilayer  structure.  The  layer  recursions  relate  the  various 
held  quantities,  such  as  the  electric  helds  and  the  rehection  responses,  at  the  left  of 
each  interface. 


\*—  1 1  I  i  Im 


Fig.  8.1.1  Oblique  incidence  on  multilayer  dielectric  structure. 

We  assume  that  there  are  no  incident  helds  from  the  right  side  of  the  structure. 
The  rehection/refraction  angles  in  each  medium  are  related  to  each  other  by  SneFs  law 
applied  to  each  of  the  M  +  1  interfaces: 


Ua  sin  6a  =  rii  sin  Of  =  ni,  sin  Oi, 


z  =  1,2,...,M 


(8.1.1) 


It  is  convenient  also  to  dehne  by  Eq.  (7.3.8)  the  propagation  phases  or  phase  thick¬ 
nesses  for  each  of  the  M  layers,  that  is,  the  quantities  d/  =  kziU.  Using  kzi  =  koUi  cos  6i, 
where  ko  is  the  free-space  wavenumber,  ko  =  cjo/cq  =  iTtf  I Cq  =  2Tr/A,  we  have  for 
z  =  1,2, ...,M: 
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where  we  used  Eq.  (8.1.1)  to  write  cos  0/  =  ^1  -  sin^  6i  =  ^1  -  sin^  Oa/n^-  The 
transverse  reflection  coefficients  at  the  M  +  1  interfaces  are  dehned  as  in  Eq.  (6.1.1); 


-  tiTz 


/=  1,2,...,M  +  1 


where  we  set  njo  =  rija,  as  in  Sec.  6.1.  and  nj^M+i  =  ^rb-  The  transverse  refractive 
indices  are  dehned  in  each  medium  by  Eq.  (7.2.13): 

/  =  (8.1.4) 

To  obtain  the  layer  recursions  for  the  electric  helds,  we  apply  the  propagation  matrix 
(7.3.5)  to  the  helds  at  the  left  of  interface  z  +  1  and  propagate  them  to  the  right  of  the 
interface  z,  and  then,  apply  a  matching  matrix  (7.3.11)  to  pass  to  the  left  of  that  interface: 


ETi+  _  J_  1  pTi  0  ET,i+l,+ 

En-  _  Tn  _  pTi  1  _  _  E’r,z+i,-  _ 


Multiplying  the  matrix  factors,  we  obtain: 


ETi+  _  pne  T’r,z+i,+ 

En-  J  ~  Tn  I  PneJ^'  e-j^<  J  [  fr.i+i,-  _ 


Z  =  M,M-1,...,1  (8.1.5) 


This  is  identical  to  Eqs.  (6.1.2)  with  the  substitutions  A:,/,  ^  d,  and  p,  ^  pr,.  The 
recursion  is  initialized  at  the  left  of  the  (M  +  1)  st  interface  by  performing  an  additional 
matching  to  pass  to  the  right  of  that  interface: 

Et,m+i,+  _  1  1  Pt,m+i 

Et,m+i,-  j  tt,m+i  1_  Pr,M+i  ^  J  L  ^ 

It  follows  now  from  Eq.  (8.1.5)  that  the  rehection  responses,  En  =  E’rz-/T’rz+,  will 
satisfy  the  identical  recursions  as  Eq.  (6.1.5); 

i  =  M,M  -  !,...,!  (8.1.7) 

and  initialized  at  Et,m+i  =  Pt,m+i-  Similarly,  we  obtain  the  following  recursions  for 
the  total  transverse  electric  and  magnetic  helds  at  each  interface  (they  are  continuous 
across  each  interface): 


(8.1.6) 


Eji  _  cos  (5/  jr/r/sind,-  E’r,z+i 

Hn  J  ~  iJriTi  cos 5/  J  [Hr,,+i  J  ’ 


z  =  M,M  -  1,...,  1  (8.1.8) 


302 


8.  Multilayer  Film  Applications 


where  rjTi  are  the  transverse  characteristic  impedances  dehned  by  Eq.  (7.2.12)  and  re¬ 
lated  to  the  refractive  indices  by  pri  =  ho/tzr/-  The  wave  impedances,  Zn  =  Eri/Hri, 
satisfy  the  following  recursions  initialized  by  Zt,m+i  =  PTb- 

z  =M,M-  !,...,!  (8.1.9) 

The  MATLAB  function  multi di el  that  was  introduced  in  Sec.  6.1  can  also  be  used 
in  the  oblique  case  with  two  extra  input  arguments:  the  incidence  angle  from  the  left 
and  the  polarization  type,  TE  or  TM.  Its  full  usage  is  as  follows: 

[GammaljZl]  =  mul  tidi  el  (n,L,  lambda,  theta,  pol)  ;  %  multilayer  dielectric  structure 

where  theta  is  the  angle  6  =  6a  and  pol  is  one  of  the  strings  ’  te  ’  or  ’  tm  ’ .  If  the  angle 
and  polarization  arguments  are  omitted,  the  function  defaults  to  normal  incidence  for 
which  TE  and  TM  are  the  same.  The  other  parameters  have  the  same  meaning  as  in 
Sec.  6.1. 

In  using  this  function,  it  is  convenient  to  normalize  the  wavelength  A  and  the  optical 
lengths  Yiili  of  the  layers  to  some  reference  wavelength  Aq.  The  frequency  f  will  be 
normalized  to  the  corresponding  reference  frequency  fo  =  Cq/Aq. 

Dehning  the  normalized  thicknesses  Li  =  zi//,7Ao,  so  that  zi,/,  =  I,Ao,  and  noting 
that  Aq/A  =  f/fo,  we  may  write  the  phase  thicknesses  (8.1.2)  in  the  normalized  form: 

z  =  1,2,...,M  (8.1.10) 

Typically,  but  not  necessarily,  the  I,  are  chosen  to  be  quarter-wavelength  long  at 
Ao,  that  is,  I,  =  1/4.  This  way  the  same  multilayer  design  can  be  applied  equally  well 
at  microwave  or  at  optical  frequencies.  Once  the  wavelength  scale  Aq  is  chosen,  the 
physical  lengths  of  the  layers  /,  can  be  obtained  from  /,  =  L/Aq/zi/. 


8.2  Lossy  Multilayer  Structures 

The  mul  ti  di  el  function  can  be  revised  to  handle  lossy  media.  The  reflection  response 
of  the  multilayer  structure  is  still  computed  from  Eq.  (8.1.7)  but  with  some  changes. 
In  Sec.  7.7  we  discussed  the  general  case  when  either  one  or  both  of  the  incident  and 
transmitted  media  are  lossy. 

In  the  notation  of  Eig.  8.1.1,  we  may  assume  that  the  incident  medium  Ua  is  lossless 
and  all  the  other  ones,  zi/,  z  =  1,2, ...  ,M,b,  are  lossy  (and  nonmagnetic).  To  imple¬ 
ment  mul  tidi  el,  one  needs  to  know  the  real  and  imaginary  parts  of  zi,  as  functions 
of  frequency,  that  is,  zi,-  (co)  =  riRiicv)  -Junicv),  or  equivalently,  the  complex  dielectric 
constants  of  the  lossy  media: 
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Snel’s  law  given  in  Eq.  (8.1.1)  remains  valid,  except  now  the  angles  0,  and  are 
complex  valued  because  n,  ,  nt  are.  One  can  still  define  the  transverse  refractive  indices 
riTi  through  Eq.  (8.1.4)  using  the  complex-valued  rii,  and  cos  0,  given  by: 


;  6i  =  = 


1  - 


nl  sin^  Og 
nf 


i  =  a,l,2.. .  ,M,  b 


(8.2.2) 


The  reflection  coefficients  dehned  in  Eq.  (8.1.3)  are  equivalent  to  those  given  in 
Eq.  (7.7.2)  for  the  case  of  arbitrary  incident  and  transmitted  media. 

The  phase  thicknesses  d,  now  become  complex-valued  and  are  given  by  d,  =  kziU, 
where  kzi  is  computed  as  follows.  Erom  Snel’s  law  we  have  kxi  =  kxa  =  sin  6  a 

=  koUa  sinOa,  where  ko  =  Wx/bo^o  =  cv/cq  is  the  free-space  wave  number.  Then, 

kzi  =  ^JcJO^|Joei  -  kli  =  sin^  6a  ,  i  =  a,l, . . .  ,M,b  (8.2.3) 

Thus,  the  complex  phase  thicknesses  are  given  by: 

d/  =  kziU  =  —  -  nl  sin^  6  a  ,  /=1,2,...,M  (8.2.4) 

^0 

Writing  Cq  =  fo\o  for  some  reference  frequency  and  wavelength,  we  may  re-express 
(8.2.4)  in  terms  of  the  normalized  frequency  and  normalized  physical  lengths: 

5i  =  kziU  =  2tt^ ^Jnf  -  n'isin^  0a  ,  i=l,2,...,M  (8.2.5) 

to  Ao 

To  summarize,  given  the  complex  n/(co)  as  in  Eq.  (8.2.1)  at  each  desired  value  of 
CO,  we  calculate  cos  6i  from  Eq.  (8.2.2),  rin  and  pTi  from  Eqs.  (8.1.4)  and  (8.1.3),  and 
thicknesses  d,  from  Eq.  (8.2.5).  Then,  we  use  (8.1.7)  to  calculate  the  reflection  response. 
The  MATLAB  function  mul  ti  di  el  2  implements  these  steps,  with  usage: 


[GammaljZl]  =  mul  ti  di  el2  (n,  1  ,f,  theta,  pol)  ;  %  lossy  multilayer  structure 


Once  r  1  is  determined,  one  may  calculate  the  power  entering  each  layer  as  well  as 
the  power  lost  within  each  layer.  The  time-averaged  power  per  unit  area  entering  the  zth 
layer  is  the  z-component  of  the  Poynting  vector,  which  is  given  in  terms  of  the  transverse 
E,H  helds  as  follows: 


Ti  =  ^ReiEnH^i)  ,  i  =  l,2,...,M  (8.2.6) 

The  power  absorbed  within  the  zth  layer  is  equal  to  the  difference  of  the  power 
entering  the  layer  and  the  power  leaving  it: 

yjoss  =  y,.  -  ,  (  =  1,2 . M  (8.2.7) 

The  transverse  helds  can  be  calculated  by  inverting  the  recursion  (8.1.8),  that  is. 


Etmi 

COS  (5/ 

-j  r]  Ti  sin  6  i 

■  Eji  ■ 

-JItI  sin  5, 

COS  5i 

Hn 
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The  recursion  is  initialized  with  the  helds  at  the  hrst  interface.  These  can 

be  calculated  with  the  help  of  Ti: 


Eti  =  Eti+  +  Eji-  =  Eti+  (1  +  A) 

1  1  (8.2.9) 

Hti  =  - {Eti+  -  Eti-)  =  - Eti+(1  -  A) 

6Ta  6Ta 


where  rjra  =  Po/nra-  The  held  Eti+  is  the  transverse  component  of  the  incident  held. 
If  we  denote  the  total  incident  held  by  An,  then  Eti+  will  be  given  by: 


J  An ,  TE  case 

[Ancos^fj,  TM  case 


(8.2.10) 


The  total  incident  power  (along  the  direction  of  the  incident  wave  vector),  its  z- 
component,  and  the  power  entering  the  hrst  layer  will  be  given  as  follows  (in  both  the 
TE  and  TM  cases): 

Pin=^|£inl^  Tin.z=  Tin  COS  0  c  ?!  =  Pin,z  (l  -  lA  P)  (8.2.11) 

where  Pa  =  ho/tZfl.  Thus,  one  can  start  with  Tin  =  ■\/'2.r]aEm,  if  the  incident  power  is 
known. 


8.3  Single  Dielectric  Slab 

Many  features  of  oblique  incidence  on  multilayer  slabs  can  be  clarihed  by  studying  the 
single-slab  case,  shown  in  Eig.  8.3.1.  Assuming  that  the  media  to  the  left  and  right  are 
the  same,  Ua  =  n^,  it  follows  that  6t  =  6a  and  also  that  pri  =  -pT2-  Moreover,  Snel’s 
law  implies  ria  sin  6 a  =  rii  sin  6 1. 


1 1  ~*\ 


Fig.  8.3.1  Oblique  incidence  on  single  dielectric  slab. 

Because  there  are  no  incident  helds  from  the  right,  the  rehection  response  at  the 
left  of  interface-2  is:  A2  =  Pt2  =  -pTi-  It  follows  from  Eq.  (8.1.7)  that  the  rehection 
response  at  the  left  of  interface- 1  will  be: 


8.3.  Single  Dielectric  Slab 
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P  ^  pTi  +  pT2e  ^  pTi  (1  -  e  n 

1  +  1  ~  Pjie~^J^^ 

This  is  analogous  to  Eq.  (5.5.4).  According  to  Eq.  (8.1.10),  the  phase  thickness  can  be 
written  in  the  following  normalized  form,  where  Li  =  Ui/i/Aq: 


(8.3.2) 


(8.3.3) 

At  frequencies  that  are  integral  multiples  of  fi,  f  =  mfi,  the  reflection  response 
vanishes  because  25i  =  2Tr{mfi)/fi  =  2Trm  and  =  1.  Similarly,  at  the  half¬ 
integral  multiples,  f  =  (m  -r  0.5)fi,  the  response  is  maximum  because  =  -1. 

Because  fi  depends  inversely  on  cos  6i,  then  as  the  angle  of  incidence  6a  increases, 
cos  6 1  will  decrease  and  fi  will  shift  towards  higher  frequencies.  The  maximum  shift 
will  occur  when  0i  reaches  its  maximum  refraction  value  0ic  =  asinina/rii)  (assuming 
ria  <  ni.) 

Similar  shifts  occur  for  the  3-dB  width  of  the  reflection  response  notches.  By  the 
same  calculation  that  led  to  Eq.  (5.5.9),  we  hnd  for  the  3-dB  width  with  respect  to  the 
variable  5i\ 


1  ~  Pti 
1  -r  pj^ 


Setting  A6i  =  nAf  /fi,  we  solve  for  the  3-dB  width  in  frequency: 


Af  =  —  atan  {  ^ (8.3.4) 
TT  \l  +  p\J 

The  left/right  bandedge  frequencies  are  fi  ±  Af/ 2.  The  dependence  of  Af  on  the 
incidence  angle  0a  is  more  complicated  here  because  pn  also  depends  on  it. 

In  fact,  as  6a  tends  to  its  grazing  value  0a  ^  90°,  the  reflection  coefficients  for 
either  polarization  have  the  limit  \pti\  ^  1,  resulting  in  zero  bandwidth  Af.  On  the 
other  hand,  at  the  Brewster  angle,  0aB  =  atan(ni/nfl),  the  TM  reflection  coefficient 
vanishes,  resulting  in  maximum  bandwidth.  Indeed,  because  atan(l)=  Tr/4,  we  have 
^fmax  =  2/’iatan(l)/Tr  =  fi/2. 

Eig.  8.3.2  illustrates  some  of  these  properties.  The  refractive  indices  were  ria  =  = 

1  and  rii  =  1.5.  The  optical  length  of  the  slab  was  taken  to  be  half -wavelength  at  the 
reference  wavelength  Aq,  so  that  riih  =  0.5Ao,  or,  Li  =  0.5. 

The  graphs  show  the  TE  and  TM  reflectances  ITn  (f)  as  functions  of  frequency 
for  the  angles  of  incidence  0i  =  75°  and  0a  =  85°.  The  normal  incidence  case  is  also 
included  for  comparison. 

The  corresponding  refracted  angles  were  0i  =  asin(nfl  asin(0fl) /rii)  =  40.09°  and 
01  =  41.62°.  Note  that  the  maximum  refracted  angle  is  Oic  =  41.81°,  and  the  Brewster 
angle,  OaB  =  56.31°. 
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Fig.  8.3.2  TE  and  TM  reflectances  of  half -wavelength  slab. 


The  notch  frequencies  were  fi  =  fo/ {2Li  cos  6i)=  1.31fo  and  fi  =  1.34/’o  for  the 
angles  0a  =  75°  and  85°.  At  normal  incidence  we  have  fi  =  fo/  {2Li)=  fo,  because 
Li  =  0.5. 

The  graphs  also  show  the  3-dB  widths  of  the  notches,  calculated  from  Eq.  (8.3.4). 
The  reflection  responses  were  computed  with  the  help  of  the  function  mul  ti  di  el  with 
the  typical  MATLAB  code; 

na  =1;  nb  =  1; 

nl  =  1.5;  LI  =  0.5; 

f  =  linspaceCO, 3,401) ; 

theta  =  75; 

GO  =  abs(multidiel ([na,nl,nb] ,  LI,  l./f)).A2; 

Ge  =  abs(multidiel ([na,nl,nb] ,  LI,  l./f,  theta,  ’te’)).A2; 

Gm  =  abs(multidiel ([na,nl,nb] ,  LI,  l./f,  theta,  ’tm’)).A2; 

The  shifting  of  the  notch  frequencies  and  the  narrowing  of  the  notch  widths  is  evi¬ 
dent  from  the  graphs.  Had  we  chosen  0a  =  0aB  =  56.31°,  the  TM  response  would  have 
been  identically  zero  because  of  the  factor  pn  in  Eq.  (8.3.1). 

The  single-slab  case  is  essentially  a  simplihed  version  of  a  Eabry-Perot  interferometer 
[598],  used  as  a  spectrum  analyzer.  At  multiples  of  fi,  there  are  narrow  transmittance 
bands.  Because  fi  depends  onfo/  cos  0i,  the  interferometer  serves  to  separate  different 
frequencies  fo  in  the  input  by  mapping  them  onto  different  angles  0i. 

Next,  we  look  at  three  further  applications  of  the  single-slab  case:  (a)  frustrated  total 
internal  reflection,  (b)  surface  plasmon  resonance,  and  (c)  the  perfect  lens  property  of 
negative-index  media. 


8.4  Frustrated  Total  Internal  Reflection 

As  we  discussed  in  Sec.  7.5,  when  a  wave  is  incident  at  an  angle  greater  than  the  total 
internal  reflection  (TIR)  angle  from  an  optically  denser  medium  Ua  onto  a  rarer  medium 
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rii),  with  ria  >  n^,  then  there  is  100  percent  reflection.  The  transmitted  field  into  the 
rarer  medium  rit  is  evanescent,  decaying  exponentially  with  distance. 

However,  if  an  object  or  another  medium  is  brought  near  the  interface  from  the 
rit  side,  the  evanescent  field  is  “frustrated”  and  can  couple  into  a  propagating  wave. 
For  example,  if  another  semi-infinite  medium  Ua  is  brought  close  to  the  interface,  then 
the  evanescent  field  can  “tunnel”  through  to  the  other  side,  emerging  as  an  attenuated 
version  of  the  incident  wave.  This  effect  is  referred  to  as  “frustrated”  total  internal 
reflection. 

Fig.  8.4.1  shows  how  this  maybe  realized  with  two  45°  prisms  separated  by  a  small  air 
gap.  With  ria  =  1.5  and  =  1,  the  TIR  angle  is  6c  =  asin(n^/na)=  41.8°,  therefore, 
6  =  45°  >  6c-  The  transmitted  fields  into  the  air  gap  reach  the  next  prism  with  an 
attenuated  magnitude  and  get  refracted  into  a  propagating  wave  that  emerges  at  the 
same  angle  6. 


fields  decay 
exponentially 
across  the  gap 


Fig.  8.4.1  Frustrated  total  internal  reflection  between  two  prisms  separated  by  an  air  gap. 


Fig.  8.4.2  shows  an  equivalent  problem  of  two  identical  semi-infinite  media  Ua,  sep¬ 
arated  by  a  medium  of  length  d.  Let  a  a  =  a  t  =  be  the  relative  dielectric 
constants.  The  components  of  the  wavevectors  in  media  ria  and  nt  are: 


kx  =  koUa  sin  0  ,  ko  =  — 
Co 


kza  =  -kx  =  koTla  COS  6 

^koxjiil  -  siii^  0  ,  if  6  <  9c 

[-JkoA/MisiiTTTf  =  -Jazb  ,  if  9  >  0c 


kzb  — 


(8.4.1) 


where  sin  0c  =  nt/ria.  Because  of  SneFs  law,  the  kx  component  is  preserved  across  the 
interfaces.  If  0  >  0c,  then  kzb  is  pure  imaginary,  that  is,  evanescent. 

The  transverse  reflection  and  transmission  responses  are: 


Pa  +  PbC  _  Pail-e 

1  -r  paPbC~^j^^^^  1  -  pae~'^J^^bd 

_  (1  - 

1  +  PaPbC~^^^^^^  1  -  ple-^J^bd 


(8.4.2) 
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Fig.  8.4.2  Frustrated  total  internal  reflection. 


where  pa,Pb  are  the  transverse  reflection  coefficients  at  the  a,b  interfaces  and  Ta  = 
I  Pa  and  =  1  -r  are  the  transmission  coefficients,  and  we  used  the  fact  that 
Pb  =  -pa  because  the  media  to  the  left  and  right  of  the  slab  are  the  same.  For  the  two 
polarizations,  pa  is  given  in  terms  of  the  above  wavevector  components  as  follows: 

TE  ^  ^za  -  kzb  TM  ^  ^zbCg  -  kzgab  ,  . 

kza  +  kzb  ’  kzbSg  +  kzgab  ^  ^ 

For  0  <  0c,  the  coefficient  pa  is  real-valued,  and  for  0  >  0c,  it  is  unimodular, 
\pa\  =  1,  given  explicitly  by 


pY  = 


Ua  COS  0  -E  j^nl  sin^  ^ 
ria  cos  0  -  j^nl  sin^  0  -  nl 


-  nl  cos  0 

-jUa^nl  sin^  ^  +  nl  cos  0 


(8.4.4) 


For  all  angles,  it  can  be  shown  that  1  -  \r\^  =  \T\^,  which  represents  the  amount 
of  power  the  enters  perpendicularly  into  interface  a  and  exits  from  interface  b.  For  the 
TIR  case,  T,  T  simplify  into: 


Pail  -  e-2«zE^)  ^  ^  (1  -  pl)e 

1  “  ’  1  — 


C<zb 


iTTd  r 


(8.4.5) 


where  we  defined  the  free-space  wavelength  through  ko  =  ZttIAo-  Setting  pa  = 
the  magnitude  responses  are  given  by: 


ir|2  = 


sinh^  (a zb d) 


sinh^  (azbd)  -e  sin^  (pa  ’ 


ir|2  = 


sin^  (pa 


sinh^  iazbd)  -e  sim  pa 


(8.4.6) 


For  a  prism  with  Ufl  =  1.5  and  an  air  gap  n^  =  1,  Fig.  8.4.3  shows  a  plot  of  Eqs.  (8.4.5) 
versus  the  distance  d  at  the  incidence  angle  0  =  45°.  The  reflectance  becomes  almost 
100  percent  for  thickness  of  a  few  wavelengths. 

Fig.  8.4.4  shows  the  reflectance  versus  angle  over  0  <  0  <  90°  for  the  thicknesses 
d  =  0.4 Ao  and  d  =  0.5Ao.  The  TM  reflection  response  vanishes  at  the  Brewster  angle 
6b  =  dlanint  /  ng)  =  33.69°. 
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Reflectance,  half- wavelength  at  20° 


0  (degrees) 

Fig.  8.4.5  Reflectance  vanishes  at  0o  =  20°. 


The  transverse  electric  field  within  the  air  gap  will  be  then  Et  (z)  =  E+e 
and  similarly  for  the  magnetic  field.  Using  (8.4.7)  we  find: 


Eriz)  = 

1  + 

_  1  — 

Ht(z)  = 

1  -  Pa 

_  1  —  pae~^^^^^ 

[e  -  pae 

[e-oztz  +  ^ 

Pal 


where  rjaT  is  the  transverse  impedance  of  medium  Ua,  that  is,  with  rja  =  Ho/na’. 


J  rja  cos  6a  ,  TM,  or  parallel  polarization 
I  rja/  cos  6a  ,  TE,  or  perpendicular  polarization 


It  is  straightforward  to  verify  that  the  transfer  of  power  across  the  gap  is  independent 
of  the  distance  z  and  given  by 

Tz{z)=  tRe[£r(z)Hf  (z)]  =  (l  -  \r\^) 

Frustrated  total  internal  reflection  has  several  applications  [516-552],  such  as  in¬ 
ternal  reflection  spectroscopy,  sensors,  fingerprint  identification,  surface  plasmon  res¬ 
onance,  and  high  resolution  microscopy.  In  many  of  these  applications,  the  air  gap  is 
replaced  by  another,  possibly  lossy,  medium.  The  above  formulation  remains  valid  with 
the  replacement  St  =  nl  ^  st  =  str  -  where  the  imaginary  part  Sri  characterizes 
the  losses. 


8.5  Surface  Plasmon  Resonance 

We  saw  in  Sec.  7.7  that  surface  plasmons  are  TM  waves  that  can  exist  at  an  interface 
between  air  and  metal,  and  that  their  wavenumber  kx  of  propagation  along  the  interface 
is  larger  that  its  free-space  value  at  the  same  frequency.  Therefore,  such  plasmons 
cannot  couple  directly  to  plane  waves  incident  on  the  interface. 
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However,  if  the  incident  TM  plane  wave  is  from  a  dielectric  and  from  an  angle  that  is 
greater  than  the  angle  of  total  internal  reflection,  then  the  corresponding  wavenumber 
will  be  greater  than  its  vacuum  value  and  it  could  excite  a  plasmon  wave  along  the 
interface.  Fig.  8.5.1  depicts  two  possible  conhgurations  of  how  this  can  be  accomplished. 


Fig.  8.5.1  Kretschmann-Raether  and  Otto  configurations. 

In  the  so-called  Kretschmann-Raether  conhguration  [555,558],  a  thin  metal  him  of 
thickness  of  a  fraction  of  a  wavelength  is  sandwiched  between  a  prism  and  air  and  the 
incident  wave  is  from  the  prism  side.  In  the  Otto  conhguration  [556],  there  is  an  air 
gap  between  the  prism  and  the  metal.  The  two  cases  are  similar,  but  we  will  consider  in 
greater  detail  the  Kretschmann-Raether  conhguration,  which  is  depicted  in  more  detail 
in  Fig.  8.5.2. 


a  b 


Fig.  8.5.2  Surface  plasmon  resonance  excitation  by  total  internal  reflection. 

The  relative  dielectric  constant  Sa  and  refractive  index  ria  of  the  prism  are  related 
by  8a  =  The  air  side  has  St  =  nl  =  1,  but  any  other  lossless  dielectric  will  do  as 
long  as  it  satishes  nt  <  ria.  The  TIR  angle  is  sin  6c  =  n^/ria,  and  the  angle  of  incidence 
from  the  prism  side  is  assumed  to  be  0  >  0c  so  that 


kx  =  koUa  sin  6  >  koUt ,  ko  =  — 

Co 


(8.5.1) 
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Because  of  Snel’s  law,  the  kx  component  of  the  wavevector  along  the  interface  is 
preserved  across  the  media.  The  z-components  in  the  prism  and  air  sides  are  given  by: 

kza  =  'Jklnl  -  kl  =  kona  cos  0 

(8.S.2) 

kzb  =  -jcxzb  =  -j^kl  -  k^nl  =  -jko^nl  sin^  0  - 

where  kzb  is  pure  imaginary  because  of  the  TIR  assumption.  Therefore,  the  transmitted 
wave  into  the  Sb  medium  attenuates  exponentially  like  =  ^-(Xzbz^ 

For  the  metal  layer,  we  assume  that  its  relative  dielectric  constant  is  a  =  -Sy  -jCi, 
with  a  negative  real  part  {Sy  >  0)  and  a  small  negative  imaginary  part  (0  <  £,■  ^  Sy)  that 
represents  losses.  Moreover,  in  order  for  a  surface  plasmon  wave  to  be  supported  on 
the  8-8b  interface,  we  must  further  assume  that  Sy  >  Sb-  The  kz  component  within  the 
metal  will  be  complex-valued  with  a  dominant  imaginary  part: 

kz  =  -j^kl  -kls  =  -j^kl  +kl{Sr  +j£i)  =  -jko^nl  sin^  0  +  +j£i  (8.S.3) 

If  there  is  a  surface  plasmon  wave  on  the  s-Sb  interface,  then  as  we  saw  in  Sec.  7.7, 
it  will  be  characterized  by  the  specihc  values  of  kx,kz,  kzb- 


kxo  =  Pxo  -jocxo  =  ko 


SSb 


kzo  — 


kos 


kzbO  — 


koSb 


Sb'  x/s  +  Sb  ’  x/s  +  8b 

Using  Eq.  (7.11.10),  we  have  approximately  to  lowest  order  in 

£r£b  ^  f  £r£b  £/ 

Sr  -£b'  °  V  f r  -  ffo  /  2sj 


Pxo  =  ko 


(8.5.4) 


(8.5.5) 


and  similarly  for  kzo,  which  has  a  small  real  part  and  a  dominant  imaginary  part: 


kzO  —  l^zO  jCCzO  ) 


(XzO  = 


ko8y 

x/Cr  ~  Sb 


^  koi8y  -  28b)  Si 
i8y-8b)^^^ 


(8.5.6) 


If  the  incidence  angle  6  is  such  that  kx  is  near  the  real-part  of  kxo,  that  is,  kx  = 
koUa  sin0  =  Pxo,  then  a  resonance  takes  place  exciting  the  surface  plasmon  wave.  Be¬ 
cause  of  the  hnite  thickness  d  of  the  metal  layer  and  the  assumed  losses  8i,  the  actual 
resonance  condition  is  not  kx  =  j^xo,  but  is  modihed  by  a  small  shift:  kx  =  j^xo  +  ^xo,  to 
be  determined  shortly. 

At  the  resonance  angle  there  is  a  sharp  drop  of  the  reflection  response  measured 
at  the  prism  side.  Let  pa,Pb  denote  the  TM  reflection  coefficients  at  the  8a-s  and  8- 
8b  interfaces,  as  shown  in  Fig.  8.5.2.  The  corresponding  TM  reflection  response  of  the 
structure  will  be  given  by: 


r  =  Pa  +  Pbe  ^  Pa  +  PbS-  . 

1  +  PaPbC~'^^^^^  1 

where  d  is  the  thickness  of  the  metal  layer  and  kz  =  j^z  -jo^z  is  given  by  Eq.  (8.5.3).  The 
TM  reflection  coefficients  are  given  by: 


kzSa  kzaS  _  kzbS  kz8b 

kzSa  +  kzaS  kzbS  +  kz8b 


(8.5.8) 
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where  kza,  kzt  are  given  by  (8.5.2).  Explicitly,  we  have  for  0  >  Oc'. 


8  cos  6  +jna^j8a  sin^  6-8 
8  cos  0  - 


8^Jki  -  kl8b  -  8b^^kl  -  kl8  8^J8a  sin^  6  -  8b-  8b^l8a  sin^  6 
8^kl  -  kl8b  +  8b^Jkl  -  kl8 


We  note  that  for  the  plasmon  resonance  to  be  excited  through  such  a  conhguration, 
the  metal  must  be  assumed  to  be  slightly  lossy,  that  is,  £,  ^  0.  If  we  assume  that  it 
is  lossless  with  a  negative  real  part,  8  =  -8r,  then,  pa  becomes  a  unimodular  complex 
number,  \pa\  =  1,  for  all  angles  0,  while  pb  remains  real-valued  for  0  >  6c,  and  also  kz 
is  pure  imaginary,  j3z  =  0.  Hence,  it  follows  that: 


\Pa\^  +  2Re(Pa)Pbe~^“"‘^ 

1  +  2Re(Pa)pbe-2“z<i  +  \p 


p2g-4azd 


Thus,  it  remains  flat  for  0  >  Oc-  For  0  <  6c,  pa  is  still  unimodular,  and  pb  also 
becomes  unimodular,  \pb\  =  1.  Setting  pa  =  and  pb  =  we  hnd  for  0  <  0c'. 


£j4^a  -|-  £j4^b  2<Xzd 
\  Qj4*a  Q^j4*b  Q^~2.(Xzd 


1  2  COS  {<p a  -  <Pb)^  +  g  4azd 

1  +  2cos{<pa  + 


(8.5.10) 


which  remains  almost  flat,  exhibiting  a  slight  variation  with  the  angle  for  0  <  Oc- 

As  an  example,  consider  a  quartz  prism  with  Ua  =  1.5,  coated  with  a  silver  him  of 
thickness  of  d  =  50  nm,  and  air  on  the  other  side  8b  =  1.  The  relative  refractive  index 
of  the  metal  is  taken  to  be  £  =  -16  -  0.5j  at  the  free-space  wavelength  of  Aq  =  632  nm. 
The  corresponding  free-space  wave  number  is  ko  =  2ttI\q  =  9.94  pm. 

Fig.  8.5.3  shows  the  TM  rehection  response  (8.5.7)  versus  angle.  The  TIR  angle  is 
0c  =  asin(n^/nfl)=  41.81°.  The  plasmon  resonance  occurs  at  the  angle  0res  =  43.58°. 
The  graph  on  the  right  shows  an  expanded  view  over  the  angle  range  41°  <  0  <45°. 
Both  angles  0c  and  dres  are  indicated  on  the  graphs  as  black  dots. 

The  computation  can  be  carried  out  with  the  help  of  the  MATFAB  function  multi  - 
di  el  1 .  m ,  or  alternatively  mul  ti  di  el  .  m ,  with  the  sample  code: 


na  =  1. 5 ;  ea  =  naA2 ; 

er  =  16;  ei  =  0.5;  ep  =  -er-j*ei ; 

nb  =1;  eb  =  nbA2; 
d  =  50;  laO  =  632; 

th  =  linspace(0,89,8901) ; 

nl  =  sqrte(ep) ; 

LI  =  nl*d/la0; 

n  =  [na,  nl,  nb] ; 


%  prism  side 
%  silver  layer 
%  air  side 

%  in  units  of  nanometers 

%  incident  angle  in  degrees 

%  evanescent  SQRT,  needed  if  £,■  =  0 
%  complex  optical  length  in  units  of  Aq 
%  input  to  multi  di  ell 


for  i=l:length(th)  ,  %  TM  reflectance 

Ga(i)  =  abs(multidiell(n,  LI,  1,  th(i),  ’tm’)).A2;  %  atA/Ao  =  l 

end 


plotCth ,Ga) ; 
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Fig.  8.5.3  Surface  plasmon  resonance. 

Fig.  8.5.4  shows  the  reflection  response  when  the  metal  is  assumed  to  be  lossless  with 
£  =  -16,  all  the  other  parameters  being  the  same.  As  expected,  there  is  no  resonance 
and  the  reflectance  stays  flat  for  0  >  0c,  with  mild  variation  for  0  <  Oc- 


0. 

-  0. 

0. 


0. 


0  15  30  45  60  75  90 

0  (degrees) 


Fig.  8.5.4  Absence  of  resonance  when  metal  is  assumed  to  be  lossless. 

Fet  Ea+,Ea-  be  the  forward  and  backward  transverse  electric  helds  at  the  left  side 
of  interface  a.  The  helds  at  the  right  side  of  the  interface  can  be  obtained  by  inverting 
the  matching  matrix: 

Ea+  _  1  1  Pfl  E+  ^  E+  1  1  ~Pa  Ea+ 

Ea-  \  1  +  Pa  \_  Pa  L^-J  ^  -  Pa  [_  -Pa  1  J  [  _ 

Setting  Ea-  =  EE a+,  with  E  given  by  Eq.  (8.5.7),  we  obtain: 

r^^^-paf  ^  {l^Pa)Ea+ 

^  1-p.  ^  l  +  PaPte-^^^^^ 

P  _-Pa+r  _  Pa)Ea+ 

^  I -Pa  l  +  PaPbe-y^^<i 


reflectance 


surface  plasmon  resonance  expanded  view 
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The  transverse  electric  and  magnetic  fields  within  the  metal  layer  will  be  given  by; 

Et(z)=  ,  Ht{z)=  — 

riT 

Using  the  relationship  r/r/r/^r  =  (1  +  /  (1  -  p^),  we  have; 


(8.5.11) 


where  rjar  =  fla  cos  6  is  the  TM  characteristic  impedance  of  the  prism.  The  power  flow 
within  the  metal  strip  is  described  by  the  z-component  of  the  Poynting  vector; 


T{z)=  -Re[Tr(z)H*(z)] 
The  power  entering  the  conductor  at  interface  a  is; 


(8.5.12) 


=  (1-  iri' 


^  =  ^Re[Tr(z)H*(z)] 

2riaT  2  z=o 


(8.5.13) 


Fig.  8.5.5  shows  a  plot  of  the  quantity  T  (z) /T^i  versus  distance  within  the  metal,  0  < 
z  <  d,dX  the  resonant  angle  of  incidence  6  =  0res-  Because  the  helds  are  evanescent  in 
the  right  medium  nt,  the  power  vanishes  at  interface  b,  that  is,  at  z  =  d.  The  reflectance 
at  the  resonance  angle  is  \r\^  =  0.05,  and  therefore,  the  fraction  of  the  incident  power 
that  enters  the  metal  layer  and  is  absorbed  by  it  is  1  -  \r\^  =  0.95. 

power  flow  versus  distance 


10  20  30  40 

2  (nm) 


Fig.  8.5.5  Power  flow  within  metal  layer  at  the  resonance  angle  dres  =  43.58°. 

The  angle  width  of  the  resonance  of  Fig.  8.5.3,  measured  at  the  3-dB  level  \r\^  =  1/2, 
is  very  narrow,  A0  =  0.282°.  The  width  A0,  as  well  as  the  resonance  angle  dres>  and 
the  optimum  metal  him  thickness  d,  can  be  estimated  by  the  following  approximate 
procedure. 

To  understand  the  resonance  property,  we  look  at  the  behavior  of  F  in  the  neigh¬ 
borhood  of  the  plasmon  wavenumber  =  kxo  given  by  (8.5.4).  At  this  value,  the  TM 
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rehection  coefficient  at  the  E-Et  interface  develops  a  pole,  pb  =  ^,  which  is  equivalent 
to  the  condition  kzbos  +  kzoSb  =  0,  with  kzbo,  kzo  dehned  by  Eq.  (8.5.4). 

In  the  neighborhood  of  this  pole,  kx  -  kxo,  pb  will  be  given  by  pb  -  Kq/  (kx  -  kxo), 
where  Kq  is  the  residue  of  the  pole.  It  can  be  determined  by; 

1-  /j  j\  T  /j  j\  kzb^  ~  kzEb  kzb^  ~  kzEb 

Kq  =  lim  (kx  —  kxo) Pb  —  hm  (kx  —  kxo)  ~  ^  ~  =  ^ 

kx^kxo  K-zb^  +  K^z^b  c  c  \ 

(Xzbf  +  fczffc) 

The  derivative  dkz/dkx  can  be  determined  by  differentiating  kl  +  k^  =  klE,  that  is, 
kzdkz  +  kxdkx  =  0,  which  gives  dkz/dkx  =  -kx/kz,  and  similarly  for  dkzb/dkx.  It 
follows  that; 

^  _  kzbO^  ~  kzoEb 
^zbO  ^zO 

Inserting  kxo,kzo,  kzbo  from  Eq.  (8.5.4),  we  obtain; 


KQ=kQ 


Eb-  SJ  \E-\-  Eb 


(8.5.14) 


The  reflection  response  can  then  be  approximated  near  kx  -  kxo  by 

J-  ^ _ kx  ~  kxo _ 

Kx  -  KxO 

The  quantities  pa  and  can  also  be  replaced  by  their  values  at  kxo,kzo,  kzbo, 

thus  obtaining; 

^  ^  k^-k^o  + 


r  —  paO 


-  ^xO  +  PaoKoe 


(8.5.15) 


^  _  kzpEg  kzapE  _  Ea-\-^JE{Ea  Eb)+SaE^ 

b^zP^a  +  b^zaP^  Sa  ~  ~  ^b) 

which  was  obtained  using  kzap  =  Eqs.  (8.5.4).  Replacing  e 

we  may  also  write; 


^  _  Sg  +jV(^r  +jSi)  {Sg  -  Eb)-EaEb 
Sg  +jEi)  {Eg  -  Eb)-EaSb 

which  serves  as  the  dehnition  of  bo,ao.  We  also  write; 


-bo  -\-jao 


1  _  -jV(^r  -\-jSi)  (Eg  -  Eb)-SgSb  ^  bp  -\-jao  ^  _  ■ 

Sg  +jV(^r  +jSi)  {Sg  “  Sb)-SgEb  bl  +  al  ~  ^  ^ 


-Sr  -JSi, 


(8.5.16) 


(8.5.17) 


We  dehne  also  the  wavenumber  shifts  that  appear  in  the  denominator  and  numerator 
of  (8.5.15)  as  follows; 


i<xp  =  -pgpKpe  =  {bp  -jao)Koe  =  p^p  -jocxp 

i<xi  =  -PaoKoe-^j'^^o'^  =  (bi  +jai)Koe-y'^^o‘^  =  fei  +Jc(xi 


(8.S.18) 
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Then,  Eq.  (8.5.15)  becomes,  replacing  kxo  =  Pxo  -jocxo 


r  —  PaO 


resulting  in  the  reflectance: 


jkx  -  Pxo  -  Pxl )  +J  ( tXxo  -  ^xl ) 

ikx  -  Pxo  -  Pxo)+jiocxo  +  «xo) 


1 2  1^x0  ^xl)^+(t^xO  t^xl)^ 

(kx  —  1^x0  ~  ^xo)^+  (t^xO  +  ^^xo)^ 


(8.5.19) 


(8.5.20) 


The  shifted  resonance  wavenumber  is  determined  from  the  denominator  of  (8.5.19), 
that  is,  kxjes  =  Pxo  +  Pxo-  The  resonance  angle  is  determined  by  the  matching  condition: 


knUn  sin^r. 


PxO  +  PxO 


(8.5.21) 


The  minimum  value  of  \r\^  at  resonance  is  obtained  by  setting  kx  =  Pxo  +  Pxo- 

Ii-i2  1^  1 2  (^xO  “  ^xl)^+ (t^xO  “ 


(tXxO  +  «xo)^ 


(8.5.22) 


We  will  see  below  that  pxo  and  pxi  are  approximately  equal,  and  so  are  ocxo  and  ocxi- 
The  optimum  thickness  for  the  metal  layer  is  obtained  by  minimizing  the  numerator  of 
|Tlmin  by  imposing  the  condition  tXxo  =  ^xi-  This  condition  can  be  solved  for  d. 

The  angle  width  is  obtained  by  solving  for  the  left  and  right  bandedge  wavenumbers, 
say  kx,±,  from  the  3-dB  condition: 


|2  _  I  1 2  ^^0  ^xl)^+(t^x0  t^xl)^  _  1 

“  fe-^xO-feo)2+(CXxO  +  «xo)2  “  2 


(8.5.23) 


and  then  obtaining  the  left/right  3-dB  angles  by  solving  koUa  sin  0+  =  kx,±. 

Although  Eqs.  (8.5.16)-(8.5.23)  can  be  easily  implemented  numerically,  they  are  un¬ 
necessarily  complicated.  A  further  simplihcation  can  be  made  by  replacing  the  quanti¬ 
ties  Kq,  pao,  and  kzo  by  their  lossless  values  obtained  by  setting  Si  =  0.  This  makes  pao 
a  unimodular  complex  number  so  that  p^o  =  Pao-  We  have  then  the  approximations: 


+j^SriSa  -  8t)-Sa8t 
Sa  -J^/SriSa  -  Sb)-SaSb 


bo  -^jcio  ,  p^o  “  ~^o  -J^o 


(8.5.24) 


<z0  =  -JOCzO, 


•'-zu  J  '^'ZU  )  '^'ZU  , - 

\l^r  ~ 

SO  that 

EriSa-  Sb)-SaiSa  +  Sb) 

ho  =  - ; - TT - ^ - ,  Clo  = 

{Ea  -  Sb)  (Er  +  Eb) 

The  wavenumber  shifts  (8.5.18)  then  become: 

^xo  =  (ho  -jao)Koe~'^^^^^ 


lEg^EriEg  -  Eb)-EaEb 
{Eg  -  Eb)  {Er  +  Eb) 


1^x0  jTXxO 


(bo  +jao)Koe  =  feo  +  J«xo  =  K 


(8.5.25) 


(8.5.26) 
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with 

Then,  the  reflectance  becomes  in  the  neighborhood  of  the  resonance 

\j^\2  _  (^x  “  1^x0  ~  ^xo)^+  (t^xO  “  dfxo)^ 

{kx  ~  1^x0  ~  ^xo)^+  (t^xO  +  d^xo)^ 

with  a  minimum  value: 

|r|2  _  (^xO  “  dfxo)^ 

'  “  (tXxO  +  «xo)2 

In  this  approximation,  the  resonance  angle  is  determined  from: 


(8.5.30) 

Since  the  second  term  on  the  right-hand  side  represents  a  small  correction,  a  neces¬ 
sary  condition  that  such  a  resonance  angle  would  exist  is  obtained  by  setting  0res  =  90° 
and  ignoring  the  second  term: 


(8.5.27) 

(8.5.28) 

(8.5.29) 


ng  > 


(8.5.31) 


Eor  example,  for  the  parameters  of  Eig.  8.5.3,  the  minimum  acceptable  refractive 
index  Ug  would  be  n™  =  1.033.  Thus,  using  a  glass  prism  with  Ug  =  1.5  is  more  than 
adequate.  If  the  right  medium  is  water  instead  of  air  with  Ub  =  1.33,  then  n™  =  1.41, 
which  comes  close  to  the  prism  choice.  The  3-dB  angles  are  obtained  by  solving 

I  ^1 2  _  (^x  “  ^res)  ^  +  ( t^xO  “  ^xo)^  _  1 
'  '  “  (kx-kres)2-F(CXx0  +  «x0)2  “  2 


with  solution  kx 


konasin0±  =  koUa  sin0res  ±  V6«xo«xo  -  «xo  -  «xo  (8.5.32) 

The  angle  width  shown  on  Eig.  8.5.3  was  calculated  by  A6  =  6+  -  6-  using  (8.5.32). 
The  optimum  thickness  dopt  is  obtained  from  the  condition  tXxo  =  dfxo,  which  drives 
|Tlmin  to  zero.  This  condition  requires  that  tXxo  =  ,  with  solution: 


d 


opt 


1 

2  oCzo 


In 


cipKo  \ 
OCxO  ) 


^  -jEr  ‘iapEj  \ 

4TT  Er  \Ei{Er  +  Eb)) 


(8.5.33) 


where  we  replaced  cXxo  from  Eq.  (8.5.5).  Eor  the  same  parameters  of  Eig.  8.5.3,  we  cal¬ 
culate  the  optimum  thickness  to  be  do^i  =  56.08  nm,  resulting  in  the  new  resonance 
angle  of  Ores  =  43.55°,  and  angle-width  A 6  =  0.227°.  Eig.  8.5.6  shows  the  reflectance 
in  this  case.  The  above  approximations  for  the  angle-width  are  not  perfect,  but  they  are 
adequate. 

One  of  the  current  uses  of  surface  plasmon  resonance  is  the  detection  of  the  pres¬ 
ence  of  chemical  and  biological  agents.  This  application  makes  use  of  the  fact  that  the 
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Fig.  8.5.6  Surface  plasmon  resonance  at  the  optimum  thickness  d  =  dopt- 


surface  plasmon  resonance,  =  1.05  surface  plasmon  resonance,  rij,  =  1.33 


Fig.  8.5.7  Shift  of  the  resonance  angle  with  the  refractive  index  ni,. 


resonance  angle  0res  is  very  sensitive  to  the  dielectric  constant  of  the  medium  For 
example,  Fig.  8.5.7  shows  the  shift  in  the  resonance  angle  for  the  two  cases  rit  =  1.05 
and  nt  =  1.33  (water).  Using  the  same  data  as  Fig.  8.5.3,  the  corresponding  angles  and 
widths  were  0res  =  46.57°,  A0  =  0.349°  and  0res  =  70°,  A0  =  1.531°,  respectively. 

A  number  of  applications  of  surface  plasmons  were  mentioned  in  Sec.  7.7,  such  as 
nanophotonics  and  biosensors.  The  reader  is  referred  to  [553-591]  for  further  reading. 


8.6  Perfect  Lens  in  Negative-Index  Media 

The  perfect  lens  property  of  negative-index  media  was  originally  discussed  by  Veselago 
[353],  who  showed  that  a  slab  with  e  =  -Cq  and  fi  =  -jJo,  and  hence  with  refractive 
index  n  =  -1,  can  focus  perfectly  a  point-source  of  light.  More  recently,  Pendry  [360] 
showed  that  such  a  slab  can  also  amplify  the  evanescent  waves  from  an  object,  and 
completely  restore  the  object’s  spatial  frequencies  on  the  other  side  of  the  slab.  The 
possibility  of  overcoming  the  diffraction  limit  and  improving  resolution  with  such  a 
lens  has  generated  a  huge  interest  in  the  literature  [353-434]. 
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Fig.  8.6.1  shows  the  perfect  lens  property.  Consider  a  ray  emanating  from  an  object 
at  distance  zq  to  the  left  of  the  slab  (z  =  -zq).  Assuming  vacuum  on  either  side  of 
the  slab  (Ua  =  nt  =  1),  Snel’s  law,  implies  that  the  angle  of  incidence  will  be  equal  to 
the  angle  of  refraction,  bending  in  the  same  direction  of  the  normal  as  the  incident  ray. 
Indeed,  because  ria  =  I  and  n  =  -1,  we  have; 

nasm6a  =  nsm6  =>  sm6a  =  -sm6  =>  6a  =  -0 


z=0  z=d 


Fig.  8.6.1  Perfect  lens  property  of  a  negative-index  medium  with  n  =  -1 

Moreover,  q  =  =  ^JiaqIcq  =  qo  and  the  slab  is  matched  to  the  vacuum.  There¬ 

fore,  there  will  be  no  reflected  ray  at  the  left  and  the  right  interfaces.  Indeed,  the  TE  and 
TM  reflection  coefficients  at  the  left  interface  vanish  at  any  angle,  for  example,  we  have 
for  the  TM  case,  noting  that  cos  6  =  Qos{-0a)  =  cos  6a'- 

_  q  cos  6  -  go  cos  6 g  _  cos  6  -  cos  Og  _  ^ 
q  cos  0  +  qo  cos  cos  0  + cos 

Assuming  that  zq  <  d,  where  d  is  the  slab  thickness,  it  can  be  seen  from  the  geometry 
of  Fig.  8.6.1  that  the  refracted  rays  will  refocus  at  the  point  z  =  Zq  within  the  slab  and 

then  continue  on  to  the  right  interface  and  refocus  again  at  a  distance  d  -  zq  from  the 

slab,  that  is,  at  coordinate  z  =  2d  -  zq. 

Next,  we  examine  the  field  solutions  inside  and  outside  the  slab  for  propagating  and 
for  evanescent  waves.  For  the  TM  case,  the  electric  field  will  have  the  following  form 
within  the  three  regions  ofz<0,0<z<d,  and  z  >  d\ 


Eo( 

X- 

t) 

g-jkzz  +£or(^X+ 

1  ^ 

for 

z  <  0 

E  = 

A+ 

(- 

1^: 

)e-^'^i^+A_(x+|z^ 

for 

0<z<d  (8.6.1) 

EoT\ 

Jx- 

kx 

kA/ 

|g-J^z  (z-d)  ^-jkxX 

for 

z  >  d 

where  F,  T  denote  the  overall  transverse  reflection  and  transmission  coefficients,  and 
A+,A-,  the  transverse  fields  on  the  right-side  of  the  left  interface  (i.e.,  at  z  =  0+).  The 
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corresponding  magnetic  field  is: 


yEoT  e-jkz(z-d)g-jk,x  ^ 


for  z  <  0 


for  0  <  z  <  d 


for  z  >  d 


where  kx  is  preserved  across  the  interfaces,  and  kz,  k'^  must  satisfy: 

kl-\-kl  =  co^po^o  ,  kl  +  k'^  =  uo^jAe  (8.6.3) 

Thus,  kz  =  ±^JcJO^^oeo  -  kl  and  k'^  =  ±^cjo^iJe  -  kl.  The  choice  of  square  root 
signs  is  discussed  below.  To  include  evanescent  waves,  we  will  dehne  kz  by  means  of 
the  evanescent  square  root,  setting  ko  =  co^po^o: 


sqne{kl-kl 


We  saw  in  Sec.  7.16  that  for  a  single  interface  between  a  positive-  and  a  negative- 
index  medium,  and  for  propagating  waves,  we  must  have  kz  >  0  and  k'^  <  0  in  order  for 
the  power  transmitted  into  the  negative-index  medium  to  flow  away  from  the  interface. 
But  in  the  case  of  a  slab  within  which  one  could  have  both  forward  and  backward  waves, 
the  choice  of  the  sign  of  k'^  is  not  immediately  obvious.  In  fact,  it  turns  out  that  the 
held  solution  remains  invariant  under  the  substitution  k'^  -k'^,  and  therefore,  one 

could  choose  either  sign  for  k'^.  In  particular,  we  could  select  it  to  be  given  also  by  its 
evanescent  square  root,  where  n^  =  ejj/eoiJo: 


k'z  =  sqrte(kon^  = 


if  kl  <  kln'^ 
if  kl  >  kln'^ 


By  matching  the  boundary  conditions  at  the  two  interfaces  z  =  0  and  z  =  d,  the 
parameters  r,A±,  T  are  obtained  from  the  usual  transfer  matrices  (see  Sec.  8.1): 


^  + 

r 

oil" 

1 

—  pTM 

~EqT~ 

A- 

0 

e-JKd  \i-pjm 

-pTM 

1 

0 

k'^e-kze'  Cjm-1  ^  Ke 

pTM  =  77 - —J - 7  =  77 - —  ,  ^TM  =  -  =  7 - 7  (8.6.7) 

kz€ kz€  ^rM+1  PtM  kz€ 

where  ^tmIs  a  normalized  characteristic  impedance.  The  solution  of  Eqs.  (8.6.6)  is  then, 

(8.6.8) 

^  (1  ^ _ 

1  -  (Ctm  +  _  i)2e-jKd 
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Similarly,  the  coefficients  A±  are  found  to  be: 


A+  =  — - =  -  [l  +  '(^tM  +  (1  -  ^TM)r]Eo 

1  -  Ptm  ^ 

(8.6.9) 

A-  =  -  =  -  [l  -  t^TM  +  (1  +  ^TM)r]Eo 

1  -  Ptm  ^ 

The  TE  case  is  obtained  from  the  TM  case  by  a  duality  transformation,  that  is,  by  the 
replacements,  E  ^  H,  H  ^  -E,  e  ^  jj,  e'  ^  jj' ,  and  Ptm  ^  Pte,  where 


kzp'  -  Kp  ^  r^TE-  1 
kzP'  +  k'zp  r^TE  +  1 


Hte  k'zP 


The  invariance  under  the  transformation  k'^  -k'^  follows  from  these  solutions. 

Eor  example,  noting  that  T^tm  ^  -^tm  under  this  transformation,  we  have: 


(-CrM+  l)2-(-CTAf-  l)2e2-'dd  l)2e-2jfci^ 


=  r(k’) 


Similarly,  we  hnd  T {-k'^)  =  T (k'^)  and  A+  i-k'^)  =  A+  (k^).  These  imply  that  the 
held  solutions  remain  invariant.  Eor  example,  the  electric  held  inside  the  slab  will  be: 

£(z, -k^)  =  |^A+(-k2)^x — ^  +  A- (-k^) 

=  ^A+  (k^)  ^x  -  ^  +  A-  (k^)  ^x  +  ^  =  Eiz,  +k'^) 

Similarly,  we  have  for  the  magnetic  held  inside  the  slab: 

=  y  [A+ -  A- =  H(z, +k7 

Next,  we  apply  these  results  to  the  case  p  =  -po  and  e  =  -Cq,  having  n  =  -1. 
It  follows  from  Eq.  (8.6.5)  that  k^  =  +kz  with  kz  given  by  (8.6.4).  In  this  case,  T^tm  = 
k'^e/kze'  =  -k'^/kz  =  ±1.  Then,  Eq.  (8.6.8)  implies  that  E  =  0  for  either  choice  of  sign. 
Similarly,  we  have  T  =  again  for  either  sign  of  t^jM' 


T  =  : 


if  kl<kl  kz  =  ^kl  -kl 

,  if  kl>  kl,  kz  =  -j^kl  -  kl 


(8.6.10) 


Thus,  the  negative -index  medium  amplihes  the  transmitted  evanescent  waves,  which 
was  Pendry’s  observation  [360].  The  two  choices  for  k^  lead  to  the  A±  coefficients: 


kz  —  kz 
K  =  +kz 


'Ctm  =  +1 
'Ctm  =  -1 


A+  =  Eq  ,  A-  =  0 
A+  =  0  ,  A-  =  Eq 


(8.6.11) 


Eor  either  choice,  the  held  solutions  are  the  same.  Indeed,  inserting  either  set  of 
A+,A-  into  Eqs.  (8.6.1)  and  (8.6.2),  and  using  (8.6.10),  we  hnd: 


8.6.  Perfect  Lens  in  Negative-Index  Media 


323 


for 

z  <  0 

E  = 

£'o(x+ 

for 

0  <  z  <  d 

(8.6.12) 

£o(x  -  ^  ±y-Ji<z(z-2d) _ 

for 

z  >  d 

and  the  corresponding  magnetic  held: 

yEo  (^)  , 

for 

z  <  0 

H  = 

yEo  (^) 

for 

0  <  z  <  d 

(8.6.13) 

yEo  ( Q-Jkz{z-2d) Q-jk^x  _ 

for 

z  >  d 

The  solution  effectively  corresponds  to  the  choice  =  -kz  and  is  valid  for  both 
propagating  and  evanescent  waves  with  kz  given  by  (8.6.4).  In  Eq.  (8.6.12)  the  constant 
Eq  refers  to  the  value  of  the  transverse  electric  held  at  z  =  0.  Changing  the  reference 
point  to  z  =  -Zo  at  the  left  of  the  slab  as  shown  in  Fig.  8.6.1,  amounts  to  replacing 
Eo  -  Then,  (8.6.12)  reads: 


for 

-  Zo  <  z  <  0 

for 

0  <  z  <  d 

(8.6.14) 

for 

z  >  d 

£  =  -j  £o(x  +  ^ 

Eo{x-^  gjg-jfcz(z-2d+Zo)g-jk,x  ^ 

Setting  kz  =  -ocz  as  in  (8.6.4),  we  hnd  the  for  the  evanescent  helds: 

Eo(x - J-Qj,  -  Zo  <  z  <  0 

V  -jaz  J 

Eo(x-\ — ,  for 

V  -jaz  J 


E  = 


0  <  z  <  d 


Eq(x - 2rf+zo)g  jk^x  ^  J-Qj,  z>d 

V  ~JOCz  / 


(8.6.15) 


-joc 

The  held  is  amplihed  inside  the  slab.  The  propagation  factors  along  the  z-direction 
agree  at  the  points  z  =  -zq,  z  =  zq,  and  z  =  2d  -  zq, 


^-jkziz+zo) 

^  ^jkziz-zo) 

^  ^-jkz{z-2d+zo) 

Z=-Zo 

Z=Zo 

g-«z(z+Zo) 

^  g«z(z-Zo) 

^  g-az(z-2^^+zo) 

Z=-Zo 

Z=Zo 

z=2d-zo 


=  1 


(8.6.16) 


z=2d-zo 


=  1 
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which  imply  the  complete  restoration  of  the  source  at  the  focal  points  inside  and  to  the 
right  of  the  slab: 


£(X,Z)  =  £(X,Z)  =  E(x,z)  (8-6.17) 

Fig.  8.6.2  shows  a  plot  of  the  evanescent  component  Ex(z)  of  Eq.  (8.6.15)  versus 
distance  z  inside  and  outside  the  slab. 


Fig.  8.6.2  Evanesenct  wave  amplihcation  inside  a  negative-index  medium. 

Using  the  plane-wave  spectrum  representation  of  Sec.  17.17,  a  more  general  (single¬ 
frequency)  solution  can  be  built  by  superposition  of  the  plane  waves  (8.6.14)  and  (8.6.1 5). 
If  the  held  at  the  image  plane  z  =  -zq  has  the  general  representation: 

£(x,-Zo)=^|  Eo{kx){x-^z^e-j'^’‘’‘dk^  (8.6.18) 

where  the  integral  over  kx  includes  both  propagating  and  evanescent  modes  and  kz  is 
given  by  (8.6.4),  then,  then  held  in  the  three  regions  to  the  left  of,  inside,  and  to  the  right 
of  the  slab  will  have  the  form: 


£(x,  z)  = 

1  ^-Jkz{Z+Zo)g-JkzX^J^^^ 

for 

-  Zo  <  z  <  0 

£(x,  z)  = 

1  eJkz{z-zo)g-jk,x^j^^^ 

for 

0  <  z  <  d 

£(x,  z)  = 

1  ^-jkz(z-2d+z„)  ^-jkzx  ^ 

for 

z  >  d 

It  is  evident  that  Eq.  (8.6.17)  is  still  satished,  showing  the  perfect  reconstruction  of 
the  object  held  at  the  two  image  planes. 

The  perfect  lens  property  is  highly  sensitive  to  the  deviations  from  the  ideal  values  of 
e  =  -€o  and  jj  =  -jJo,  and  to  the  presence  of  losses.  Fig.  8.6.3  plots  the  transmittance  in 
dB,  that  is,  the  quantity  lOlog^o  \  versus  kx,  with  T  computed  from  Eq.  (8.6.8) 

for  different  values  of  e,ix  and  for  d  =  0.2A  =  O.ZiZn/ko) .  In  the  ideal  case,  because 
of  the  result  (8.6.10),  we  have  |  T |  =  1  for  both  propagating  and  evanescent  values 
of  kx,  that  is,  the  transmittance  is  hat  (at  0  dB)  for  all  kx. 
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Transmittance  Transmittance 


012345678  012345678 

kxlko  k^lkQ 


Fig.  8.6.3  Transmittance  under  non-ideal  conditions  {e,  ju  are  in  units  of  Cq,  jUo)- 


The  left  graph  shows  the  effect  of  losses  while  keeping  the  real  parts  of  e,  p  at  the 
ideal  values  -Cq,  -jjq.  In  the  presence  of  losses,  the  transmittance  acts  like  a  lowpass 
hlter  in  the  spatial  frequency  kx- 

The  right  graph  shows  the  effect  of  the  deviation  of  the  real  parts  of  e,  p  from  the 
ideal  values.  If  the  real  parts  deviate,  even  slightly,  from  -Gq,  -jJo,  the  transmittance 
develops  resonance  peaks,  which  are  related  to  the  excitation  of  surface  plasmons  at  the 
two  interfaces  of  the  slab  [369,370].  The  peaks  are  due  to  the  poles  of  the  denominator 
of  T  in  Eq.  (8.6.8),  that  is,  the  roots  of 

1  -  =  0  ^  =  pjM  ^  =  ^Ptm 

For  evanescent  kx,  we  may  replace  kz  =  -jocz  and  k'^  =  -joc'^,  where  cXz  =  ^kl  -  kl 
and  a'z  =  ^Jkl  -  kln^,  and  obtain  the  conditions; 


a^Go  -  azG 
■  a'zGo  +  (XzG 


(8.6.19) 


These  are  equivalent  to  [369,370]: 


(8.6.20) 


For  kx  »  ko,  we  may  replace  az  =  a ^  -  kx  in  (8.6.19)  in  order  to  get  en  estimate  of 
the  resonant  kxi 


1^  Gq-G 

d  Cq  ^ 


(8.6.21) 


and  for  the  TE  case,  we  must  replace  Gs  by  ps.  The  value  kx  =  Re(kx,res)  represents 
the  highest  achievable  resolution  by  the  slab,  with  the  smallest  resolvable  transverse 
distance  being  of  the  order  of  Z\x  =  1/  Re  (kx, res)- 

If  G  is  real-valued  and  near  -Gq,  then,  kx.res  is  real  and  there  will  be  an  inhnite 
resonance  peak  at  kx  =  kx,res-  This  seen  in  the  above  hgure  in  the  hrst  two  cases  of 
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g/Gq  =  p/po  =  -1.01  and  g/Gq  =  p/po  =  -0.98  (the  apparent  hnite  height  of  these 
two  peaks  is  due  to  the  hnite  grid  of  kx  values  in  the  graph.) 

The  last  two  cases  have  complex- valued  g,  p  with  a  small  imaginary  part,  with  the 
resulting  peaks  being  hnite.  In  all  cases,  the  peak  locations  kx  =  Re  (kx, res)  —obtained  by 
solving  Eqs.  (8.6.20)  numerically  for  kx,res— are  indicated  in  the  graphs  by  bullets  placed 
at  the  peak  maxima.  The  numerical  solutions  were  obtained  by  the  following  iterative 
procedures,  initialized  at  the  approximate  (complex-valued)  solution  of  (8.6.21): 


The  number  of  iterations  was  typically  Mter  =  30.  Both  graphs  of  Fig.  8.6.3  also  show 
dips  at  kx  =  ko.  These  are  due  to  the  zeros  of  the  transmittance  T  arising  from  the 
numerator  factor  (1  -  pjj^)  in  (8.6.10).  At  kx  =  ko,  we  have  az  =  0  and  Ptm  =  1, 
causing  a  zero  in  T.  In  addition  to  the  zero  at  kx  =  ko,  it  is  possible  to  also  have  poles 
in  the  vicinity  of  ko,  as  indicated  by  the  peaks  and  bullets  in  the  graph.  Fig.  8.6.4  shows 
an  expanded  view  of  the  structure  of  T  near  ko,  with  the  kx  restricted  in  the  narrow 
interval:  0.99ko  <  kx  <  l.Olko. 

Transmittance 

20- 


-20- 

0.99  1  1.01 

kxlko 

Fig.  8.6.4  Expanded  view  of  the  zero/pole  behavior  in  the  vicinity  of  kx  =  ko. 

For  last  two  cases  depicted  on  this  graph  that  have  \n^\  =  \Gp\/GoPo  ^  1,  an  ap¬ 
proximate  calculation  of  the  pole  locations  near  ko  is  as  follows.  Since  az  =  ^Jkl  -  kl  is 
small,  and  a'^  =  ^Jal  +  ko  (1  -  n^),  we  have  to  hrst  order  in  az,  a'^  -  koVl  -  =  a'^Q, 
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which  is  itself  small.  Then,  we  apply  Eq.  (8.6.21)  to  get  tXz  and  from  it,  the  resonant  kx^res- 

«z  = -y  =>  kx,ies  =  ^1  oil  +  kl 

8. 7  Antireflection  Coatings  at  Oblique  Incidence 

Antireflection  coatings  are  typically  designed  for  normal  incidence  and  then  used  over 
a  limited  range  of  oblique  incidence,  such  as  up  to  about  30°.  As  the  angle  of  incidence 
increases,  the  antireflection  band  shifts  towards  lower  wavelengths  or  higher  frequen¬ 
cies.  Any  designed  reflection  zeros  at  normal  incidence  are  no  longer  zeros  at  oblique 
incidence. 

If  a  particular  angle  of  incidence  is  preferred,  it  is  possible  to  design  the  antireflection 
coating  to  match  that  angle.  However,  like  the  case  of  normal  design,  the  effectiveness 
of  this  method  will  be  over  an  angular  width  of  approximately  30°  about  the  preferred 
angle. 

To  appreciate  the  effects  of  oblique  incidence,  we  look  at  the  angular  behavior  of 
our  normal-incidence  designs  presented  in  Figs.  6.2.1  and  6.2.3. 

The  hr  St  example  was  a  two-layer  design  with  refractive  indices  Ua  =  I  (air),  rii  = 
1.38  (magnesium  huoride),  n2  =  2.45  (bismuth  oxide),  and  nt  =  1.5  (glass).  The  de¬ 
signed  normalized  optical  lengths  of  the  layers  were  Li  =  0.3294  and  L2  =  0.0453  at 
Ao  =  550  nm. 

Fig.  8.7.1  shows  the  TE  and  TM  rehectances  |rri(A)  as  functions  of  A,  for  the 
incidence  angles  6  =  0°,  20°,  30°,  40°. 


TE  polarization  TM  polarization 


X  (nm)  X  (nm) 


Fig.  8.7.1  Two-layer  antireflection  coating  at  oblique  incidence. 

We  note  the  shifting  of  the  responses  towards  lower  wavelengths.  The  responses 
are  fairly  acceptable  up  to  about  20°-30°.  The  typical  MATEAB  code  used  to  generate 
these  graphs  was: 

n  =  [1,  1.38,  2.45,  1.5];  L  =  [0.3294,  0.0453]; 
laO  =  550;  la  =  ]inspace(400, 700, 101) ;  po]=’te’; 
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GO  =  abs(multidiel (n,  L,  la/la0)).A2  *  100; 

G20  =  abs(multidiel (n,  L,  la/laO,  20,  pol)).A2  *  100; 

G30  =  abs(multidiel (n,  L,  la/laO,  30,  pol)).A2  *  100; 

G40  =  abs(multidiel (n,  L,  la/laO,  40,  pol)).A2  *  100; 

plotCla,  [GO;  G20;  G30;  G40]); 

As  we  mentioned  above,  the  design  can  be  matched  at  a  particular  angle  of  incidence. 
As  an  example,  we  choose  6a  =  30°  and  redesign  the  two-layer  structure. 

The  design  equations  are  still  (6.2.2)  and  (6.2.1),  but  with  the  replacement  of  n,, 
pi  by  their  transverse  values  rin,  Ptu  and  the  replacement  of  kili,  ^2/2  by  the  phase 
thicknesses  at  A  =  Aq,  that  is,  5i  =  2ttLi  cos  61  and  82  =  2TrL2  cos  62-  Moreover,  we 
must  choose  to  match  the  design  either  for  TE  or  TM  polarization. 

Fig.  8.7.2  illustrates  such  a  design.  The  upper  left  graph  shows  the  TE  reflectance 
matched  at  30°.  The  designed  optical  thicknesses  are  in  this  case,  Li  =  0.3509  and 
L2  =  0.0528.  The  upper  right  graph  shows  the  corresponding  TM  reflectance,  which 
cannot  be  matched  simultaneously  with  the  TE  case. 

The  lower  graphs  show  the  same  design,  but  now  the  TM  reflectance  is  matched  at 
30°.  The  designed  lengths  were  Li  =  0.3554  and  I2  =  0.0386. 


TE  matched  at  30°  TM  unmatched  at  30° 


X  (nm)  X  (nm) 


Fig.  8.7.2  Two-layer  antireflection  coating  matched  at  30  degrees. 
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The  design  steps  are  as  follows.  First,  we  calculate  the  refraction  angles  in  all  media 
from  Eq.  (8.1.1),  6i  =  asin(na  smOa/rii),  for  /  =  a,  1,  2,  b.  Then,  assuming  TE  polariza¬ 
tion,  we  calculate  the  TE  refractive  indices  for  all  media  rin  =  rii  cos  0,,  /  =  a,  1,  2,  b. 

Then,  we  calculate  the  transverse  reflection  coefficients  pn  from  Eq.  (8.1.3)  and  use 
them  to  solve  Eq.  (6.2.2)  and  (6.2.1)  for  the  phase  thicknesses  di,  (52-  Finally,  we  calcu¬ 
late  the  normalized  optical  lengths  from!/  =  5,7  (2Trcos  0,),  z  =  1,2.  The  following 
MATLAB  code  illustrates  these  steps: 

n  =  [1,  1.38,  2.45,  1.5] ; 

tha  =  30;  thi  =  asi n(na*si n(pi*tha/180) ./n) ; 

nt  =  n.*cos(thi);  %  for  TM  use  nt  =  n./cos(thi) 

r  =  n2r(nt) ; 

c  =  sqrt((r(l)A2*(l-r(2)’'r(3))A2  -  (r(2)-r(3))A2)/(4’' r(2)’' r(3)’' (l-r(l)A2)))  ; 

de2  =  acos(c) ; 

G2  =  (r(2)  +  r(3)*exp(-2’>j*de2))/(l  +  r(2)’> r(3)*exp(-2’' j*de2))  ; 

del  =  (ang1e(G2)  -  pi  -  angle(r(l)))/2 ; 

if  del  <0,  del  =  del  +  2*pi ;  end 

L  =  [del, de2] /2/pi ; 

L  =  L./cos(thi(2:3)); 

laO  =  550;  la  =  linspace(400, 700,401) ; 

G30  =  absCmultidiel (n,  L,  la/laO,  30,  ’te’)).A2  *  100; 

G20  =  absCmultidiel (n,  L,  la/laO,  20,  ’te’)).A2  *  100; 

G40  =  absCmultidiel (n,  L,  la/laO,  40,  ’te’))-^2  *  100; 

GO  =  absCmultidiel Cn,  L,  la/la0)).A2  *  100; 

plotCla,  [G30;  G20;  G40;  GO]); 

Our  second  example  in  Fig.  6.2.3  was  a  quarter-half-quarter  3 -layer  design  with  re¬ 
fractive  indices  zii  =  1  (air),  zii  =  1.38  (magnesium fluoride),  ZI2  =  2.2  (zirconium  oxide), 
ZI3  =  1.63  (cerium  fluoride),  and  nt  =  1.5  (glass).  The  optical  lengths  of  the  layers  were 
Ii  =  I3  =  0.25  and  I2  =  0.5. 

Fig.  8.7.3  shows  the  TE  and  TM  reflectances  |rri(A)  as  functions  of  A,  for  the 
incidence  angles  6  =  0°,  20°,  30°,  40°. 

The  responses  are  fairly  acceptable  up  to  about  20°-30°,  but  are  shifted  towards 
lower  wavelengths.  The  typical  MATLAB  code  used  to  generate  these  graphs  was: 

n  =  [1,  1.38,  2.2,  1.63,  1.5];  L  =  [0.25,  0.50,  0.25]; 

laO  =  550;  la  =  li nspaceC400, 700,401) ; 

GO  =  absCmultidiel Cn,  L,  la/la0)).A2  *  100; 

G20  =  absCmultidiel Cn,  L,  la/laO,  20,  ’te’)).A2  *  100; 

G30  =  absCmultidiel Cn,  L,  la/laO,  30,  ’te’)).A2  *  100; 

G40  =  absCmultidiel Cn,  L,  la/laO,  40,  ’te’))-^2  *  100; 


plotCla,  [GO;  G20;  G30;  G40]) ; 
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TE  polarization  TM  polarization 


Fig.  8.7.3  Three-layer  antireflection  coating  at  oblique  incidence. 


8.8  Omnidirectional  Dielectric  Mirrors 

Until  recently,  it  was  generally  thought  that  it  was  impossible  to  have  an  omnidirectional 
dielectric  mirror,  that  is,  a  mirror  that  is  perfectly  reflecting  at  all  angles  of  incidence 
and  for  both  TE  and  TM  polarizations.  However,  such  mirrors  are  possible  and  have 
recently  been  manufactured  [736,737]  and  the  conditions  for  their  existence  clarihed 
[736-740]. 

We  consider  the  same  dielectric  mirror  structure  of  Sec.  6.3,  consisting  of  alternating 
layers  of  high  and  low  index.  Fig.  8.8.1  shows  such  a  structure  under  oblique  incidence. 
There  are  N  bilayers  and  a  total  of  M  =  2N  -f  1  single  layers,  starting  and  ending  with 
a  high-index  layer. 


h—  Ih  — *4—  /l“H 


Fig.  8.8.1  Dielectric  mirror  at  oblique  incidence. 

The  incidence  angles  on  each  interface  are  related  by  SneEs  law: 

Ua  sin  6a  =  zih  sin  6h  =  sin  6l  =  nt  sin  6t  (8.8.1) 

The  phase  thicknesses  within  the  high-  and  low-index  layers  are  in  normalized  form: 
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(8.8.2) 

where  Lh  =  ^h/h/Aq,  Ll  =  Mi/i/Aq  are  the  optical  thicknesses  normalized  to  some  Aq, 
and  fo  =  Cq/Aq.  Note  also,  cos  6i  =  ^y^T^-Tifsin^^^Tnf,  z  =  H,L. 

A  necessary  (but  not  sufficient)  condition  for  omnidirectional  reflectivity  for  both 
polarizations  is  that  the  maximum  angle  of  refraction  0H,max  inside  the  hrst  layer  be 
less  than  the  Brewster  angle  6b  of  the  second  interface,  that  is,  the  high-low  interface, 
so  that  the  Brewster  angle  can  never  be  accessed  by  a  wave  incident  on  the  hrst  interface. 
If  this  condition  is  not  satished,  a  TM  wave  would  not  be  rehected  at  the  second  and  all 
subsequent  interfaces  and  will  transmit  through  the  structure. 

Because  sin 0h, max  =  zi^/zih  and  tan^^  =  ni/nn,  or,  sin 6b  =  nL/^JnjJ  +  the 
condition  0H,max  <  6b,  or  the  equivalent  condition  sin  0h, max  <  sin  6b,  can  be  written 
as  ria/riH  <  nL/^JnjJ  +  nl,  or 


We  note  that  the  exact  opposite  of  this  condition  is  required  in  the  design  of  multi¬ 
layer  Brewster  polarizing  beam  splitters,  discussed  in  the  next  section. 

In  addition  to  condition  (8.8.3),  in  order  to  achieve  omnidirectional  rehectivity  we 
must  require  that  the  high-rehectance  bands  have  a  common  overlapping  region  for  all 
incidence  angles  and  for  both  polarizations. 

To  determine  these  bands,  we  note  that  the  entire  discussion  of  Sec.  6.3  carries 
through  unchanged,  provided  we  use  the  transverse  rehection  coefficients  and  trans¬ 
verse  refractive  indices.  For  example,  the  transverse  version  of  the  bilayer  transition 
matrix  of  Eq.  (6.3.5)  will  be: 


The  eigenvalues  of  the  matrix  Ft  are  A  +  =  e-^^^whereF  =  acos(rz) // and/  =  In+h- 
The  condition  a  =  -1  determines  the  bandedge  frequencies  of  the  high-reflectance 
bands.  As  in  Eq.  (6.3.16),  this  condition  is  equivalent  to: 

(8.8.8) 

Dehning  the  quantities  L±  =  Lh  cos  6h  ±  Ll  cos  6l  and  the  normalized  frequency 
F  =  f  /fo,  we  may  write: 

^  — -  =  ■n'  7“  (Lh  cos  6h  ±  Ll  cos  6l)=  TrFL+  (8.8.9) 

^  to 

Then,  taking  square  roots  of  Eq.  (8.8.8),  we  have: 

cos  inFL+)=  ±|pr|  cos(TrFI_) 

The  plus  sign  gives  the  left  bandedge,  Fi  =  fi/fo,  and  the  minus  sign,  the  right 
bandedge,  F2  =  f2/fo-  Thus,  Fi,F2  are  the  solutions  of  the  equations: 

(8.8.10) 

The  bandwidth  and  center  frequency  of  the  reflecting  band  are: 

(8.8.11) 

The  corresponding  bandwidth  in  wavelengths  is  dehned  in  terms  of  the  left  and  right 
bandedge  wavelengths: 


^jiSH  +  Sl) 

sindi 


-Zjpje  sindL 


where  pj  =  (ziht  “  ^lt)  /  (^ht  +  ^lt)  and: 


An  approximate  solution  of  Eq.  (8.8.10)  can  be  obtained  by  setting  L_ 
right-hand  sides  of  Eq.  (8.8.10): 


(8.8.12) 

0  in  the 
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Ac  =  2L+ Ao  =  2  (Ih^h  cos  6h  +  cos  6l) 


(8.8.16) 


At  normal  incidence,  we  have  Ac  =  2  {Ih^h  +  /iMi)  .  For  quarter-wavelength  designs 
at  Ao  at  normal  incidence,  we  have  L+  =  1/4  +  1/4  =  1/2,  so  that  Ac  =  Aq. 

The  accuracy  of  the  approximate  solution  (8.8.14)  depends  on  the  ratio  d  =  L_/L+. 
Even  if  at  normal  incidence  the  layers  were  quarter-wavelength  with  Lh  =  Ll  =  0.25, 
the  equality  of  Lh  and  Ll  will  no  longer  be  true  at  other  angles  of  incidence.  In  fact,  the 
quantity  d  is  an  increasing  function  of  6a-  For  larger  values  of  d,  the  exact  solution  of 
(8.8.10)  can  be  obtained  by  the  following  iteration: 


Evidently,  the  z  =  0  iteration  gives  the  zeroth-order  solution  (8.8.14).  The  iteration 
converges  extremely  fast,  requiring  only  3-4  iterations  iViter-  The  MATLAB  function 
omni  band  implements  this  algorithm.  It  has  usage: 


[F1,F2]  =  omniband(na, nH,nL,LH,LL, theta, pol , Niter)  % bandedge frequencies 

[F1,F2]  =  omni  band  (na,nH,nL,LH,LL,  theta,  pol)  %  equivalent  to  iVuer  =  o 


where  theta  is  the  incidence  angle  in  degrees,  pol  is  one  of  the  strings  ’  te  ’  or  ’  tm  ’  for 
TE  or  TM  polarization,  and  Ni  ter  is  the  desired  number  of  iterations.  If  this  argument 
is  omitted,  only  the  z  =  0  iteration  is  carried  out. 

It  is  straightforward  but  tedious  to  verify  the  following  facts  about  the  above  solu¬ 
tions.  First,  fi ,  f2  are  increasing  functions  of  6a  for  both  TE  and  TM  polarizations.  Thus, 
the  center  frequency  of  the  band  fc=  (fi  +^2)  /  2  shifts  towards  higher  frequencies  with 
increasing  angle  6a-  The  corresponding  wavelength  intervals  will  shift  towards  lower 
wavelengths. 

Second,  the  bandwidth  Af  =  f 2  -  fi  is  an  increasing  function  of  6a  for  TE,  and  a 
decreasing  one  for  TM  polarization.  Thus,  as  6a  increases,  the  reflecting  band  for  TE 
expands  and  that  of  TM  shrinks,  while  their  (slightly  different)  centers  fc  shift  upwards. 

In  order  to  achieve  omnidirectional  reflectivity,  the  TE  and  TM  bands  must  have  a 
common  overlapping  intersection  for  all  angles  of  incidence.  Because  the  TM  band  is 
always  narrower  than  the  TE  band,  it  will  determine  the  hnal  common  omnidirectional 
band. 

The  worst  case  of  overlap  is  for  the  TM  band  at  90°  angle  of  incidence,  which  must 
overlap  with  the  TM/TE  band  at  0°.  The  left  bandedge  of  this  TM  band,  fijM  (90°) ,  must 
be  less  than  the  right  bandedge  of  the  0°  band,  f2  (0°) .  This  is  a  sufficient  condition  for 
omnidirectional  reflectivity. 

Thus,  the  minimum  band  shared  by  all  angles  of  incidence  and  both  polarizations 
will  be  [fijM  (90°) ,  /’2  (0°)  ] ,  having  width: 
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^fmin  =  f2  (0°) -fijM  (90°)  (minimum  omnidirectional  bandwidth)  (8.8.18) 

In  a  more  restricted  sense,  the  common  reflecting  band  for  both  polarizations  and 
for  angles  up  to  a  given  6a  will  be  [fijMi6a) ,  f2,TM  (0°)  ]  and  the  corresponding  band¬ 
width: 

An6a)  =  f2  (0°) -fi,TM(6a)  (8.8.19) 

In  addition  to  computing  the  bandwidths  of  either  the  TM  or  the  TE  bands  at  any 
angle  of  incidence,  the  function  omni  band  can  also  compute  the  above  common  band- 
widths.  If  the  parameter  pol  is  equal  to  ’  tern  ’ ,  then  Fi ,  F2  are  those  of  Eqs.  (8.8.18)  and 
(8.8.19).  Its  extended  usage  is  as  follows: 

[F1,F2]  =  omniband(na,nH,nL,LH,LL, theta, ’tern’)  %Eq.(8.8.i9) 

[F1,F2]  =  omniband(na,nH,nL,LH,LL,90, ’tern’)  %Eq.(8.8.i8) 

[F1,F2]  =  omniband(na,nH,nL,LH,LL)  %Eq.(8.8.i8) 

Next,  we  discuss  some  simulation  examples  that  will  help  clarify  the  above  remarks. 

Example  8.8.1:  The  first  example  is  the  angular  dependence  of  Example  6.3.2.  In  order  to  flatten 
out  and  sharpen  the  edges  of  the  reflecting  bands,  we  use  N  =  30  bilayers.  Fig.  8.8.2  shows 
the  TE  and  TM  reflectances  \Fti  (A)  P  as  functions  of  the  free-space  wavelength  A,  for  the 
two  angles  of  incidence  6a  =  45°  and  80°. 

Fig.  8.8.3  depicts  the  reflectances  as  functions  of  frequency  f.  The  refractive  indices  were 
ria  =  1,  ziH  =  2.32,  ni  =  1.38,  nt  =  1.52,  and  the  bilayers  were  quarter-wavelength 
Lh  =  Ll  =  0.25  at  the  normalization  wavelength  Aq  =  500  nm. 

The  necessary  condition  (8.8.3)  is  satisfied  and  we  find  for  the  maximum  angle  of  refraction 
and  the  Brewster  angle:  6h, max  =  25.53°  and  6b  =  30.75°  Thus,  we  have  6h, max  <  6b- 


Reflectance  at  45®  Reflectance  at  80® 


X  (nm)  X  (nm) 


Fig.  8.8.2  TM  and  TE  reflectances  for  nn  =  2.32,  zii  =  1.38. 

On  each  graph,  we  have  indicated  the  corresponding  bandwidth  intervals  calculated  with 
omni  band.  The  indicated  intervals  are  for  0°  incidence,  for  TE  and  TM,  and  for  the  common 
band  Eq.  (8.8.19)  at  6a-  We  observe  the  shifting  of  the  bands  towards  higher  frequencies. 
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Frequency  Response  at  45®  Frequency  Response  at  80® 


Fig.  8.8.3  TM  and  TE  frequency  responses  for  Uh  =  2.32,  Ul  =  1.38. 

or  lower  wavelengths,  and  the  shrinking  of  the  TM  and  expanding  of  the  TE  bands,  and  the 
shrinking  of  the  common  band. 

At  45”,  there  is  still  sufficient  overlap,  but  at  80”,  the  TM  band  has  shifted  almost  to  the 
end  of  the  0”  band,  resulting  in  an  extremely  narrow  common  band. 

The  arrows  labeled  fco  and  fc  represent  the  (TM)  band  center  frequencies  at  0”  and  45”  or 
80”.  The  calculated  bandedges  corresponding  to  90”  incidence  were  Ai  =  Aq/Fzjm  (0”)  = 
429.73  nm  and  A2  =  Ao/Ti,rM  (90”)  =  432.16  nm,  with  bandwidth  A\  =  A2  -  Ai  =  2.43 
nm.  Thus,  this  structure  does  exhibit  omnidirectional  reflectivity,  albeit  over  a  very  narrow 
band.  The  MATEAB  code  used  to  generate  these  graphs  was: 

na  =1;  nb  =  1.52;  nH  =  2.32;  nL  =  1.38; 

LH  =  0.25;  LL  =  0.25; 

laO  =  500; 

la  =  linspace(300,800, 501) ; 
th  =  45;  N  =  30; 

n  =  [na,  nH,  repmat([nL, nH] ,  1,  N) ,  nb] ; 

L  =  [LH,  repmat([LL,LH]  ,  1,  N)]  ; 

Ge  =  100''abs(niu]tidie]  (n,L,la/]a0,  th,  ’te’)).A2; 

Cm  =  100*abs(mu1tidie1 (n,L,la/1a0,  th,  ’tm’)).A2; 

GO  =  100*abs(mu1tidie1 (n,L,la/1a0)) .A2; 

p1ot(]a,Gm,  la,Ge,  la, GO); 

[F10,F20]  =  omniband(na,nH,nL,LH,LL,  0,  ’te’); 

[Fle,F2e]  =  omni band(na, nH , nL , LH , LL ,  th,’te’); 

[Flni,F2m]  =  omni  band(na,  nH ,  nL ,  LH ,  LL ,  th,’tm’); 

[F1,F2]  =  omniband(na,nH,nL,LH,LL,  th,’tem’); 

Because  the  reflectivity  bands  shrink  with  decreasing  ratio  nn/ni,  if  we  were  to  slightly 
decrease  uh,  then  the  TM  band  could  be  made  to  shift  beyond  the  end  of  the  0”  band  and 
there  would  be  no  common  overlapping  reflecting  band  for  all  angles.  We  can  observe  this 
behavior  in  Eig.  8.8.4,  which  has  Uh  =  2,  with  all  the  other  parameters  kept  the  same. 
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Frequency  Response  at  45®  Frequency  Response  at  80® 


1  2  0  1 
f/fo  f/fo 

Fig.  8.8.4  TM  and  TE  reflectances  for  Uh  =  2,  Ui  =  1.38. 


At  45”  there  is  a  common  overlap,  but  at  80”,  the  TM  band  has  already  moved  beyond  the  0” 
band,  while  the  TE  band  still  overlaps  with  the  latter.  This  example  has  no  omnidirectional 
reflectivity,  although  the  necessary  condition  (8.8.3)  is  still  satisfied  with  0H,max  =  30”  and 
Ob  =  34.61”. 

On  the  other  hand,  if  we  were  to  increase  uh,  all  the  bands  will  widen,  and  so  will  the 
final  common  band,  resulting  in  an  omnidirectional  mirror  of  wider  bandwidth.  Eig.  8.8.5 
shows  the  case  of  uh  =  3,  exhibiting  a  substantial  overlap  and  omnidirectional  behavior. 


Frequency  Response  at  45®  Frequency  Response  at  80® 


1  2  0  1 
f/fo  f/fo 


Fig.  8.8.5  TM  and  TE  reflectances  for  Uh  =  3,  =  1.38. 

The  minimum  band  (8.8.18)  was  [^1,^2]=  [1.0465, 1.2412]  corresponding  to  the  wave¬ 
length  bandedges  Ai  =  A0/T2  =  402.84  nm  and  A2  =  Aq/Ti  =  477.79  nm  with  a  width  of 
AA  =  A2  -  Ai  =  74.95  nm,  a  substantial  difference  from  that  of  Eig.  8.8.2.  The  bandedges 
were  computed  with  Nn  =  0  in  Eq.  (8.8.17);  with  Nit  =  3,  we  obtain  the  more  accurate 
values:  [^1,^2]=  [1.0505,1.2412]. 

To  illustrate  the  dependence  of  the  TE  and  TM  bandwidths  on  the  incident  angle  6a,  we 
have  calculated  and  plotted  the  normalized  bandedge  frequencies  Fi  (6a),  T2  (^a)  for  the 
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range  of  angles  0  <  6a  <  90°  for  both  polarizations.  The  left  graph  of  Fig.  8.8.6  shows  the 
case  Uh  =  3,  Ul  =  1.38,  and  the  right  graph,  the  case  nn  =  2,  =  1.38. 


TE  and  TM  bandwidths  TE  and  TM  bandwidths 


0^  (degrees)  0^  (degrees) 


Fig.  8.8.6  TM/TE  bandgaps  versus  angle  for  Uj/  =  3,  Ui  =  1.38  and  Uh  =  2,  Ui  =  1.38. 

We  note  that  the  TE  band  widens  with  increasing  angle,  whereas  the  TM  band  narrows.  At 
the  same  time,  the  band  centers  move  toward  higher  frequencies,  in  the  left  graph,  there 
is  a  common  band  shared  by  both  polarizations  and  all  angles,  that  is,  the  band  defined 
by  F2  (0°) ,  and  -Fi,tm  (90°) .  For  the  right  graph,  the  bandedge  Ti,tm  (^a)  increases  beyond 
F2  (0°)  for  angles  6a  greater  than  about  61.8°,  and  therefore,  there  is  no  omnidirectional 
band.  The  calculations  of  Fi{6a) ,  F2{6a)  were  done  with  omni  band  with  Niter  =  3.  □ 

Example  8.8.2:  in  Fig.  8.8.7,  we  study  the  effect  of  changing  the  optical  lengths  of  the  bilayers 
from  quarter-wavelength  to  Lh  =  0.3  and  Ll  =  0.1.  The  main  result  is  to  narrow  the 
bands.  This  example,  also  illustrates  the  use  of  the  iteration  (8.8.17).  The  approximate 
solution  (8.8.15)  and  exact  solutions  for  the  80°  bandedge  frequencies  are  obtained  from 
the  two  MATLAB  calls: 

[F1,F2]  =  omniband(na,nH,nL,LH,LL,80, ’tern’ ,0)  ; 

[F1,F2]  =  omni band(na, nH , nL , LH , LL , 80 , ’ tern’ , 3) ; 

with  results  [^1,^2]=  [1.0933,1.3891]  and  [^1,^2]=  [1.1315,1.3266],  respectively. 
Three  iterations  produce  an  excellent  approximation  to  the  exact  solution.  □ 

Example  8.8.3:  Here,  we  revisit  Example  6.3.3,  whose  parameters  correspond  to  the  recently 
constructed  omnidirectional  infrared  mirror  [736].  Fig.  8.8.8  shows  the  reflectances  as 
functions  of  wavelength  and  frequency  at  6a  =  45°  and  80°  for  both  TE  and  TM  polar¬ 
izations.  At  both  angles  of  incidence  there  is  a  wide  overlap,  essentially  over  the  desired 
10-15  pm  band. 

The  structure  consisted  of  nine  alternating  layers  of  Tellurium  (uh  =  4.6)  and  Polystyrene 
{ul  =  1.6)  on  a  NaCl  substrate  (Ui,  =  1.48.)  The  physical  lengths  were /h  =  0.8  and /i  =  1.6 
pm.  The  normalizing  wavelength  was  Aq  =  12.5  pm.  The  optical  thicknesses  in  units  of 
Ao  were  Lh  =  0.2944  and  Ll  =  0.2112. 

The  bandedge s  at  0°  were  [^1,^2]=  [0.6764,1.2875]  with  center  frequency  Eco  =  0.9819, 
corresponding  to  wavelength  Aco  =  Aq/Eco  =  12.73  pm.  Similarly,  at  45°,  the  band  centers 
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Frequency  Response  at  45®  Frequency  Response  at  80® 


Fig.  8.8.7  Unequal  length  layers  Lh  =  0.30,  Ll  =  0.15. 

for  TE  and  TM  polarizations  were  Fcje  =  1.0272  and  Fc,tm  =  1.0313,  resulting  in  the 
wavelengths  \c,te  =  12.17  and  \c,tm  =  12.12  pm  (shown  on  the  graphs  are  the  TE  centers 


Reflectance  at  45®  Reflectance  at  80® 


1  2  0  1 
f/f,  f/fo 


Fig.  8.8.8  Nine-layer  Te/PS  omnidirectional  mirror  over  the  infrared. 
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only.) 

The  final  bandedges  of  the  common  reflecting  band  computed  from  Eq.  (8.8.18)  were 
[Fi,F2]=  [0.8207, 1.2875],  resulting  in  the  wavelength  bandedges  Ai  =  Aq/Tz  =  9.71 
and  Az  =  Aq/Ti  =  14.95  jum,  with  a  width  of  A\  =  Az  -  Ai  =  5.24  jum  and  band  center 
(Ai+A2)/2  =  12.33  jum  (the  approximation  (8.8.15)  gives  5.67  and  12.4  pm.)  The  graphs 
were  generated  by  the  following  MATLAB  code: 

laO  =  12.5;  la  =  1 i nspace(5 , 25 , 401) ; 
na  =1;  nb  =  1.48;  nH  =  4.6;  nL  =  1.6; 

1H  =  0.8;1L  =  1.65;  LH  =  nH’'lH/laO;  LL  =  nL"lL/laO; 

th  =  45; 

N  =  4; 

n  =  [na,  nH,  repmat([nL, nH] ,  1,  N) ,  nb] ; 

L  =  [LH,  repmat([LL,LH] ,  1,  N)]  ; 

Ge  =  100*abs(multidiel (n,L,la/1aO,  th,  ’te’)).A2; 

Cm  =  100*abs(multidiel (n,L,la/1aO,  th,  ’tm’)).A2; 

GO  =  100*abs(mul ti di el (n , L , la/1 aO)) . A2 ; 

plot(la,Gm,  la,Ge,  la, GO); 


Ni  =  5; 

[F10,F20]  =  Omni  band (na, nH , nL , LH , LL ,  0,  ’te’,  Ni);  band  at  0® 

[Fle,F2e]  =  omni band(na, nH , nL , LH , LL ,  th,’te’,  Ni);  TEband 

[Flm,F2m]  =  omni band (na, nH , nL , LH , LL ,  th,’tm’,  Ni);  TMband 

[F1,F2]  =  omni band(na,  nH ,  nL ,  LH ,  LL ,  th ,  ’  tern’ ,Ni)  ;  Eq.  (8.8.19) 

[F1,F2]  =  omniband(na,nH,nL,LH,LL,  90,  ’ tern’ ,Ni)  ;  Eq.  (8.8.18) 


Finally,  Fig.  8.8.9  shows  the  same  example  with  the  number  of  bilayers  doubled  to  N  =  8. 
The  mirror  bands  are  flatter  and  sharper,  but  the  widths  are  the  same.  □ 


Reflectance  at  45®  Reflectance  at  80® 


A,  (gm)  A  (gm) 

Fig.  8.8.9  Omnidirectional  mirror  with  N  =  8. 


Example  8.8.4:  The  last  example  has  parameters  corresponding  to  the  recently  constructed 
omnidirectional  reflector  over  the  visible  range  [737].  The  refractive  indices  were  Ua  =  1, 
Uh  =  2.6  (ZnSe),  Ul  =  1.34  (NasAlFe  cryolite),  and  rib  =  1-5  (glass  substrate.)  The  layer 
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lengths  were  Ih  =  h  =  90  nm.  There  were  N  =  9  bilayers  or  2N  +1  =  19  layers,  starting 
and  ending  with  Uh- 

With  these  values,  the  maximum  angle  of  refraction  is  0H,max  =  22.27°  and  is  less  than  the 
Brewster  angle  6b  =  27.27°. 

The  normalizing  wavelength  was  taken  to  be  Aq  =  620  nm.  Then,  the  corresponding  optical 
lengths  were  Ll  =  nih/^o  =  0.1945  and  Lh  =  rinlH/^o  =  0.3774.  The  overall  minimum 
omnidirectional  band  is  [Ai,Az]=  [605.42,  646.88]  nm.  It  was  computed  by  the  MATFAB 
call  to  omni  band  with  Ni  =  5  iterations: 

[F1,F2]  =  omniband(na,nH,nL,LH,LL,90, ’tern’ ,Ni) ; 
lal  =  Ia0/F2;  la2  =  laO/Fl; 

(The  values  of  Ai,  Az  do  not  depend  on  the  choice  of  Aq.)  Fig.  8.8.10  shows  the  reflectance 
at  45°  and  80°.  The  upper  panel  of  graphs  has  N  =  9  bilayers  as  in  [7371.  The  lower  panel 
has  N  =  18  bilayers  or  38  layers,  and  has  more  well-defined  band  gaps.  The  two  arrows  in 
the  figures  correspond  to  the  values  of  Ai,  Az  of  the  minimum  omnidirectional  band.  □ 


Fig.  8.8.10  Omnidirectional  mirror  over  visible  band. 
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8.9  Polarizing  Beam  Splitters 

The  objective  of  an  omnidirectional  mirror  is  to  achieve  high  reflectivity  for  both  polar¬ 
izations.  However,  in  polarizers,  we  are  interested  in  separating  the  TE  and  TM  polariza¬ 
tions.  This  can  be  accomplished  with  a  periodic  bilayer  structure  of  the  type  shown  in 
Fig.  8.8.1,  which  is  highly  reflecting  only  for  TE  and  highly  transmitting  for  TM  polariza¬ 
tions.  This  is  the  principle  of  the  so-called  MacNeille  polarizers  [600,604,607,626,629,644- 
650]. 

If  the  angle  of  incidence  is  chosen  such  that  the  angle  of  refraction  in  the  hrst 
high-index  layer  is  equal  to  the  Brewster  angle  of  the  high-low  interface,  then  the  TM 
component  will  not  be  reflected  at  the  bilayer  interfaces  and  will  transmit  through.  The 
design  condition  is  6h  =  Ob,  or  sin  Oh  =  sin  Ob,  which  gives; 


Ua  sin  Oa  =  riH  sin  Oh  =  nn  sin  Ob  = 


rinriL 


(8.9.1) 


This  condition  can  be  solved  either  for  the  angle  Oa  or  for  the  index  Ua  of  the  incident 
medium: 


sin^fl  = 


rinriL 


na^ 


or. 


rinriL 


sin  0a^|ni 


-r  nf 


(8.9.2) 


In  either  case,  the  feasibility  of  this  approach  requires  the  opposite  of  the  condition 
(8.8.3),  that  is. 


na  > 


rinriL 


(8.9.3) 


If  the  angle  Oa  is  set  equal  to  the  convenient  value  of  45°,  then,  condition  Eq.  (8.9.2) 
fixes  the  value  of  the  refractive  index  Ua  to  be  given  by: 


^  V2nHnL 

+  nl 


(8.9.4) 


Fig.  8.9.1  depicts  such  a  multilayer  structure  sandwiched  between  two  glass  prisms 
with  45°  angles.  The  thin  hlms  are  deposited  along  the  hypotenuse  of  each  prism  and 
the  prisms  are  then  cemented  together.  The  incident,  reflected,  and  transmitted  beams 
are  perpendicular  to  the  prism  sides. 

Not  many  combinations  of  available  materials  satisfy  condition  (8.9.4).  One  possible 
solution  is  Banning’s  [607]  with  Uh  =  2.3  (zinc  sulhde),  Ul  =  1.25  (cryolite),  and  Ua  = 
1.5532.  Another  solution  is  given  in  Clapham,  et  al,  [629],  with  Uh  =  2.04  (zirconium 
oxide),  Ul  =  1.385  (magnesium  fluoride),  and  ria  =  1.6205  (a  form  of  dense  flint  glass.) 

Fig.  8.9.2  shows  the  TE  and  TM  reflectances  of  the  case  Uh  =  2.3  and  Ul  =  1.25.  The 
incident  and  output  media  had  Ua  =  =  1.5532.  The  maximum  reflectivity  for  the  TE 

component  is  99.99%,  while  that  of  the  TM  component  is  3%  (note  the  different  vertical 
scales  in  the  two  graphs.) 
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Fig.  8.9.1  Polarizing  beam  splitter. 


The  number  of  bilayers  was  N  =  5  and  the  center  frequency  of  the  TE  band  was 
chosen  to  correspond  to  a  wavelength  of  =  500  nm.  To  achieve  this,  the  normal¬ 
izing  wavelength  was  required  tobeAo  =  718.38  nm.  The  layer  lengths  were  quarter- 
wavelengths  at  Ao-  The  TE  bandwidth  calculated  with  omni  band  is  also  shown. 

The  Brewster  angles  inside  the  high-  and  low-index  layers  are  Oh  =  28.52°  and 
Ol  =  61.48°.  As  expected,  they  satisfy  Oh  Ol  =  90°. 


TE  Reflectance  TM  Reflectance 


Fig.  8.9.2  Polarizer  with  Uh  =  2.3  and  Ul  =  1.25. 

Fig.  8.9.3  shows  the  second  case  having  Uh  =  2.04,  Ul  =  1.385,  Ua  =  nt  =  1.6205. 
The  normalizing  wavelength  was  Aq  =  716.27  nm  in  order  to  give  Ac  =  500  nm.  This 
case  achieves  a  maximum  TE  reflectivity  of  99.89%  and  TM  reflectivity  of  only  0.53%. 
The  typical  MATLAB  code  generating  these  examples  was; 

nH  =  2.3;  nL  =  1.25; 

LH  =  0.25;  LL  =  0.25; 

na  =  nH*nL/sqrt(nHA2+nLA2)/si n(pi/4) ;  nb=na; 


[fle,f2e]  =  omniband(na,nH,nL,LH,LL,th, ’te’ ,5)  ; 
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Fig.  8.9.3  Polarizer  with  Uh  =  2.04  and  Ul  =  1.385. 


lac  =  500; 

laO  =  lac*(fle+f2e)/2  ;  because  Ac  =  Aq/Fc 

la  =  linspace(300,800,301) ; 

N  =  5; 

n  =  [na,  nH,  repmat([nL, nH] ,  1,  N) ,  nb] ; 

L  =  [LH,  repmat([LL,LH] ,  1,  N)]  ; 

Ge  =  100*abs(niu1tidie1  (n,L,la/1a0,  th,  ’te’)).A2; 

Cm  =  100*abs(mu1tidiel (n,L,la/1a0,  th,  ’tm’)).A2; 

p1ot(la,Ge) ; 

8.10  Reflection  and  Refraction  in  Birefringent  Media 

Uniform  plane  wave  propagation  in  biaxial  media  was  discussed  in  Sec.  4.6.  We  found 
that  there  is  an  effective  refractive  index  N  such  that  k  =  Nko  =  Ncjo/cq.  The  index  N, 
given  by  Eq.  (4.6.8),  depends  on  the  polarization  of  the  fields  and  the  direction  of  the 
wave  vector.  The  expressions  for  the  TE  and  TM  fields  were  given  in  Eqs.  (4.6.18)  and 
(4.6.27). 

Here,  we  discuss  how  such  fields  get  reflected  and  refracted  at  planar  interfaces 
between  biaxial  media.  Eurther  discussion  can  be  found  in  [598]  and  [658-678]. 

Eig.  7.1.1  depicts  the  TM  and  TE  cases,  with  the  understanding  that  the  left  and 
right  biaxial  media  are  described  by  the  triplets  of  principal  indices  n  =  [ni,n2,  n-^] 
and  n'  =  [n[,n2,  n'^],  and  that  the  £-fields  are  not  perpendicular  to  the  corresponding 
wave  vectors  in  the  TM  case.  The  principal  indices  are  aligned  along  the  xyz  axes,  the 
xy-plane  is  the  interface  plane,  and  the  xz-plane  is  the  plane  of  incidence. 

The  boundary  conditions  require  the  matching  of  the  electric  field  components  that 
are  tangential  to  the  interface,  that  is,  the  components  Ex  in  the  TM  case  or  Ey  in  TE. 
It  proves  convenient,  therefore,  to  re-express  Eq.  (4.6.27)  directly  in  terms  of  the  Ex 
component  and  Eq.  (4.6.18)  in  terms  of  Ey. 
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Eor  the  TM  case,  we  write  E  =  xEx  +  zEz  =  Ex  (x-  z  tan  0) ,  for  the  electric  field  of 
the  left-incident  field,  where  we  used  Ez  =  -Ex  tan  6.  Similarly,  for  the  magnetic  field 
we  have  from  Eq.  (4.6.26): 

H=  —yiExCOsO  -  Ezsm6)=  —yExCOsO  (l  -  ^tan^) 

no  no  \  Ex  J 

=  —  yEx  cos  0  1  -r  ^  tan^  6]  =  —  yEx  cos  6  — - 2 - - 

no  \  ni  J  no  \  nlcos^e  J 

(  nWi  ]  Ex  nl 
no^  ^  \N'^nlcos'^  6 )  noNcosO^ 

where  we  replaced  E’z/^’x  =  -  tan  6  =  -(nl/nl)  tan  6  and  used  Eq.  (4.7.10).  Thus, 


^■(r)  =  Tx  f  X  -  z  — ^  tanOj  e 


Ex  nl 
no  N  cos  6 


(TM)  (8.10.1) 


ye  =  — —ye 


Similarly,  we  may  rewrite  the  TE  case  of  Eq.  (4.6.18)  in  the  form: 


E{r)  =Eyye 

E  .  E  (TE)  (8.10.2) 

H(r)  =  —  ^2  cos  0  (-X  -r  ztan6)e~^^'^  =  (-x  -r  ztan6)e~^^'^ 

no  niE 

The  propagation  phase  factors  are: 


I  g  =  e  jKoxJssmo  jrqzjscoso  I  (TM  and  TE  propagation  factors)  (8.10.3) 

Unlike  the  isotropic  case,  the  phase  factors  are  different  in  the  TM  and  TE  cases 
because  the  value  of  N  is  different,  as  given  by  Eq.  (4.6.8),  or, 


_ nifis _ 

^  /n?  f)  4-  rnQ2  / 


N  =  <  ^jni  Sim  9  cos^  9 


(TM  or  p-polarization) 
(TE  or  s-polarization) 


(8.10.4) 


In  Eqs.  (8.10.1)  and  (8.10.2),  the  effective  transverse  impedances  are  defined  by  nrn  = 
Ex/Hy  and  nrc  =  -Ey/Hx,  and  are  given  as  follows: 


N  cos  9 

nTM=no — 2 — >  9te 


n2  cos  9 


(transverse  impedances)  (8.10.5) 


Defining  the  TM  and  TE  effective  transverse  refractive  indices  through  nrM  =  no/tijM 
and  nTE  =  no/tijE,  we  have: 
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(transverse  refractive  indices)  (8.10.6) 


where  we  used  Eq.  (4.6.23)  for  the  TM  case,  that  is, 

(8.10.7) 

In  the  isotropic  case,  N  =  rii  =  n2  =  =  n,  Eqs.  (8.10.6)  reduce  to  Eq.  (7.2.13). 

Next,  we  discuss  the  TM  and  TE  reflection  and  refraction  problems  of  Eig.  7.1.1. 

Assuming  that  the  interface  is  at  z  =  0,  the  equality  of  the  total  tangential  electric 
helds  {Ex  component  for  TM  and  Ey  for  TE),  implies  as  in  Sec.  7.1  that  the  propagation 
phase  factors  must  match  at  all  values  of  x: 

g-Jfcx+X  ^  g-Jfcx-X  ^  ^ 

which  requires  that  kx+  =  kx-  =  =  k'^_,  or,  because  kx  =  ksinO  =  Nko  sin  0: 

N  sin  0+  =  N  sin  0-  =  N'  sin  0+  =  N'  sin  6'_ 

This  implies  Snel’s  law  of  reflection,  that  is,  6+  =  6-  =  0  and  0+  =  0'_  =  6' ,  and 
Snel’s  law  of  refraction, 

NsinO  =  N'  sin  6'  (Snel’s  law  for  birefringent  media)  (8.10.8) 

Thus,  Snel’s  law  is  essentially  the  same  as  in  the  isotropic  case,  provided  one  uses  the 
effective  refractive  index  N.  Because  N  depends  on  the  polarization,  there  will  be  two 
different  refraction  angles^  for  the  same  angle  of  incidence.  In  particular,  Eq.  (8.10.8) 
can  be  written  explicitly  in  the  two  polarization  cases: 

nin^sinO  n'ln'^sinO' 

'^^ufsin^^^rTifcos^  ^n'l  sin^  6'  +  n'^  cos^  6' 

n2  sinO  =  sin0' 

Both  expressions  reduce  to  Eq.  (7.1.6)  in  the  isotropic  case.  The  explicit  solutions  of 
Eq.  (8.10.9a)  for  sinO'  and  sinO  are: 

sm0'  =  ,  n,n,n',sm0 

-  nl)-nlnl(n[^  -  sin^  0  +  n’^n’inl 


sme  =  -, - 

-  n'i)-n'^n'-i  {n\  -  «i)]  sin^  0'  +  n\nln’i 


(TM)  (8.10.9a) 

(TE)  (8.10.9b) 


+  Hence,  the  name  birefringent. 


346 


8.  Multilayer  Film  Applications 


The  MATLAB  function  Snel,  solves  Eqs.  (8.10.9)  for  0'  given  the  angle  of  incidence 
0  and  the  polarization  type.  It  works  for  any  type  of  medium,  isotropic,  uniaxial,  or 
biaxial.  It  has  usage: 

thb  =  snel  (na ,  nb  ,  tha ,  pol  )  ;  %  refraction  angle  from  Snel’s  law 

The  refractive  index  inputs  na,  nb  maybe  entered  as  1-,  2-,  or  3-dimensional  column 
or  row  vectors,  for  example,  =  [Ua]  (isotropic),  =  [riao,  ^ae]  (uniaxial),  or  = 
[nai,na2,na3]  (biaxial). 

Next,  we  discuss  the  propagation  and  matching  of  the  transverse  helds.  All  the 
results  of  Sec.  7.3  translate  verbatim  to  the  birefringent  case,  provided  one  uses  the 
proper  transverse  refractive  indices  according  to  Eq.  (8.10.6). 

In  particular,  the  propagation  equations  (7.3.5)-(7.3.7)  for  the  transverse  helds,  for 
the  transverse  rehection  coefficients  Ej,  and  for  the  transverse  wave  impedances  Zj, 
remain  unchanged. 

The  phase  thickness  5z  for  propagating  along  z  by  a  distance  /  also  remains  the  same 
as  Eq.  (7.3.8),  except  that  the  index  N  must  be  used  in  the  optical  length,  and  therefore, 
5z  depends  on  the  polarization: 

(8.10.11) 

Using  Eq.  (8.10.7),  we  have  explicitly: 

g  I  fh_  I  2  _n2  Sin2  0  (TM)  (8.10.12a) 

A  ns  ^ 

5z  =  ^/n2cos0,  (TE)  (8.10.12b) 

A 

The  transverse  matching  matrix  (7.3.11)  and  Eresnel  rehection  coefficients  (7.3.12) 
remain  the  same.  Explicitly,  we  have  in  the  TM  and  TE  cases: 
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The  quantity  sin^  6  can  be  expressed  directly  in  terms  of  6  and  the  refractive 
indices  of  the  incident  medium.  Using  Eq.  (8.10.4),  we  have; 

(8.10.15) 

The  TE  reflection  coefficient  behaves  like  the  TE  isotropic  case.  The  TM  coefficient 
exhibits  a  much  more  complicated  behavior.  If  rii  =  n[  but  ^  n'-^,  it  behaves  like  the 
TM  isotropic  case.  If  =  n'^  but  rii  -h  n[,  the  square-root  factors  cancel  and  it  becomes 
independent  of  6\ 

(8.10.16) 

Another  interesting  case  is  when  both  media  are  uniaxial  and  n'^  =  rii  and  n'l  =  n^, 
that  is,  the  refractive  index  vectors  are  n  =  [ni,ni,n3]  and  n'  =  [n3,n3,ni].  It  is 
straightforward  to  show  in  this  case  that  Ptm  =  at  all  angles  of  incidence.  Multilayer 
hlms  made  from  alternating  such  materials  exhibit  similar  TM  and  TE  optical  properties 
[658]. 

The  MATLAB  function  f  resnel  can  evaluate  Eqs.  (8.10.14)  at  any  range  of  incident 
angles  6.  The  function  determines  internally  whether  the  media  are  isotropic,  uniaxial, 
or  biaxial. 

8.11  Brewster  and  Critical  Angles  in  Birefringent  Media 

The  maximum  angle  of  refraction,  critical  angle  of  incidence,  and  Brewster  angle,  have 
their  counterparts  in  birefringent  media. 

It  is  straightforward  to  verify  that  6'  is  an  increasing  function  of  6  in  Eq.  (8.10.9). 
The  maximum  angle  of  refraction  0'^  is  obtained  by  setting  6  =  90®  in  Eq.  (8.10.9). 

Eor  the  TE  case,  we  obtain  sin  6'^  =  ^2  /n^.  As  in  the  isotropic  case  of  Eq.  (7.5.2),  this 
requires  that  n2  <  that  is,  the  incident  medium  is  less  dense  than  the  transmitted 
medium,  with  respect  to  the  index  n2.  Eor  the  TM  case,  we  obtain  from  Eq.  (8.10.9a): 


(maximum  TM  refraction  angle)  (8.11.1) 

This  requires  that  <  n'^.  On  the  other  hand,  if  >  n'-^,  we  obtain  the  critical 
angle  of  incidence  6c  that  corresponds  to  6'  =  90®  in  Eq.  (8.10.10): 

(critical  TM  angle)  (8.11.2) 

whereas  for  the  TE  case,  we  have  sin  6c  =  ^2/^2,  which  requires  n2  > 

In  the  isotropic  case,  a  Brewster  angle  always  exists  at  which  the  TM  reflection  coeffi¬ 
cient  vanishes,  Ptm  =  0.  In  the  birefringent  case,  the  Brewster  angle  does  not  necessarily 
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exist,  as  is  the  case  of  Eq.  (8.10.16),  and  it  can  also  have  the  value  zero,  or  even  be  imag¬ 
inary. 

The  Brewster  angle  condition  pjM  =  0  is  equivalent  to  the  equality  of  the  transverse 
refractive  indices  Utm  =  Using  Eq.  (8.10.6),  we  obtain: 


sin^  6  ^Jn'^  -  sin^  6 


(8.11.3) 


where  sin^  6  is  given  by  Eq.  (8.10.15).  Solving  for  0,  we  obtain  the  expression  for  the 
Brewster  angle  from  the  left  medium: 


Working  instead  with  N'  sin0'  =  N  sin0,  we  obtain  the  Brewster  angle  from  the 
right  medium,  interchanging  the  roles  of  the  primed  and  unprimed  quantities: 


(Brewster  angle)  (8.11.5) 

Eqs.  (8.11.4)  and  (8.11.5)  reduce  to  Eqs.  (7.6.2)  and  (7.6.3)  in  the  isotropic  case.  It  is 
evident  from  Eq.  (8.11.4)  that  is  a  real  angle  only  if  the  quantity  under  the  square 
root  is  non-negative,  that  is,  only  if  Ui  >  n[  and  >  n'^,  or  if  rii  <  n[  and  <  n'^. 
Otherwise,  6b  imaginary.  In  the  special  case,  rii  =  n[  but  ^  n'^,  the  Brewster 
angle  vanishes.  If  =  n'^,  the  Brewster  angle  does  not  exist,  since  then  pjM  is  given  by 
Eq.  (8.10.16)  and  cannot  vanish. 

The  MATLAB  function  brewster  computes  the  Brewster  angle  6b,  as  well  as  the 
critical  angles  6c  and  6'^.  Eor  birefringent  media  the  critical  angles  depend  on  the  po¬ 
larization.  Its  usage  is  as  follows: 


[thB,thc]  =  brewster(na, nb) 
[thB, thcTE, thcTM]  =  brewster(na, nb) 


%  isotropic  case 
%  birefringent  case 


In  multilayer  systems,  it  is  convenient  to  know  if  the  Brewster  angle  of  an  internal 
interface  is  accessible  from  the  incident  medium.  Using  Snel’s  law  we  have  in  this  case 
N a  sin  6  a  =  N  sinO,  where  is  the  incident  angle  and  Na  the  effective  index  of  the 
incident  medium.  It  is  simpler,  then,  to  solve  Eq.  (8.11.3)  directly  for  0a- 

(8.11.6) 

Example  8.11.1:  To  illustrate  the  variety  of  possible  Brewster  angle  values,  we  consider  the 
following  birefringent  cases: 


(a)  n  =  [1.63, 1.63, 1.5],  n'  =  [1.63, 1.63, 1.63] 

(b)  n  =  [1.54, 1.54, 1.63],  n'  =  [1.5, 1.5, 1.5] 

(c)  n  =  [1.8, 1.8, 1.5],  n'  =  [1.5, 1.5, 1.5] 

id)  n  =  [1.8, 1.8, 1.5],  n'  =  [1.56, 1.56, 1.56] 


I  Ptm^O)  I 
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These  cases  were  discussed  in  [658].  The  corresponding  materials  are:  (a)  birefringent 
polyester  and  isotropic  polyester,  (b)  syndiotactic  polystyrene  and  polymethylmethacrylate 
(PMMA),  (c)  birefringent  polyester  and  PMMA,  and  (d)  birefringent  polyester  and  isotropic 
polyester. 

Because  Ui  =  n[  in  case  (a),  the  Brewster  angle  will  be  zero,  6b  =  0°.  In  case  (b),  we 
calculate  6b  =  29.4°.  Because  n2  >  n'2  and  >  n'^,  there  will  be  both  TE  and  TM  critical 
angles  of  reflection:  6c,te  =  76.9°  and  6c,tm  =  68.1°. 

In  case  (c),  the  Brewster  angle  does  not  exist  because  =  n'^,  and  in  fact,  the  TM  reflection 
coefficient  is  independent  of  the  incident  angle  as  in  Eq.  (8.10.16).  The  corresponding 
critical  angles  of  reflection  are:  6c,te  =  56.4°  and  6c,tm  =  90°. 

Einally,  in  case  (d),  because  ^2  >  but  <  n'^,  the  Brewster  angle  will  be  imaginary, 
and  there  will  be  a  TE  critical  angle  of  reflection  and  a  TM  maximum  angle  of  refraction: 
6c,te  =  60.1°  and  6'cjm  =  74.1°. 

Eig.  8.11.1  shows  the  TM  and  TE  reflection  coefficients  \Ptm{6)  \  of  Eq.  (8.10.14)  versus  6 
in  the  range  0  <  0  <  90°. 


TM  Reflection  Coefficients  TE  Reflection  Coefficients 


Fig.  8.11.1  TM  and  TE  birefringent  Eresnel  reflection  coefficients  versus  incident  angle. 

The  TE  coefficient  in  case  (a)  is  not  plotted  because  it  is  identically  zero.  In  order  to  expand 
the  vertical  scales,  Eig.  8.11.2  shows  the  TM  reflectances  normalized  by  their  values  at 
6  =  0°,  that  is,  it  plots  the  quantities  \Ptm{6)  / Ptm{^^)  P-  Because  in  case  (a)  PrM(0°)  =  0, 
we  have  plotted  instead  the  scaled-up  quantity  |  l00pTMi6)  p. 

The  typical  MATEAB  code  used  to  compute  the  critical  angles  and  generate  these  graphs 
was: 


th  =  linspace(0,90,361) ; 


%  d  at  1/4°  intervals 


na  =  [1.63,1.63,1.5];  nb  =  [1.63,1.63,1.63]; 
[rtel,rtml]  =  f resnel (na, nb,th) ; 

[thbl, thcTEl, thcTMl]  =  brewster(na, nb) ; 


%  note  the  variety  of 
%  equivalent  ways  of 
%  entering  na  and  nb 


na  =  [1.54,1.63] ; 
nb  =  [1.5,  1.5]  ; 

[rte2,rtm2]  =  f resnel (na, nb,th) ; 

[thb2 , thcTE2 , thcTM2]  =  brewster(na, nb) ; 


%  FRESNEL  and  BREWSTER 
%  internally  extend 
%  na,nb  into  3-d  arrays 


Normalized  TM  Reflectance 


Fig.  8.11.2  TM  reflectances  normalized  at  normal  incidence. 


na  =  [1.8,  1.5];  %  same  as  na=[1.8,1.8,l. 5] 

nb  =  1.5;  %  and  nb=[l. 5 , 1. 5 , 1. 5] 

[rte3,rtm3]  =  f resnel (na, nb,th) ; 

[thb3,thcTE3,thcTM3]  =  brewster(na, nb) ;  %  in  this  case,  6b  =  [] 

na  =  [1.8, 1.5] ; 
nb  =  1.56; 

[rte4,rtm4]  =  f resnel (na, nb,th) ; 

[thb4, thcTE4, thcTM4]  =  brewster(na, nb) ; 

plot(th,  abs([rtml;  rtm2 ;  rtm3;  rtm4])); 

We  note  four  striking  properties  of  the  birefringent  cases  that  have  no  counterparts 
for  isotropic  materials;  (i)  The  Brewster  angle  can  be  zero,  (ii)  the  Brewster  angle  may  not 
exist,  (iii)  the  Brewster  angle  may  be  imaginary  with  the  TE  and  TM  reflection  coefficients 
both  increasing  monotonically  with  the  incident  angle,  and  (iv)  there  may  be  total  internal 
reflection  in  one  polarization  but  not  in  the  other. 


8.12  Multilayer  Birefringen  t  Structures 

With  some  redefinitions,  all  the  results  of  Sec.  8.1  on  multilayer  dielectric  structures 
translate  essentially  unchanged  to  the  birefringent  case. 

We  assume  the  same  M-layer  configuration  shown  in  Fig.  8.1.1,  where  now  each  layer 
is  a  biaxial  material.  The  orthogonal  optic  axes  of  all  the  layers  are  assumed  to  be  aligned 
with  the  xyz  film  axes.  The  xz-plane  is  the  plane  of  incidence,  the  layer  interfaces  are 
parallel  to  the  xy-plane,  and  the  layers  are  arranged  along  the  z-axis. 

The  zth  layer  is  described  by  the  triplet  of  refractive  indices  n,  =  [u/i,  n/2, 1^/3], 
z  =  1,  2, . . .  ,M.  The  incident  and  exit  media  a,  b  may  also  be  birefringent  with  = 
[nai ,  na2 ,  na3 ]  and  =  [nti ,  ,  nb3  ] ,  although  in  our  examples,  we  will  assume  that 

they  are  isotropic. 
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The  reflection/refraction  angles  in  each  layer  depend  on  the  assumed  polarization 
and  are  related  to  each  other  by  the  birefringent  version  of  Snel’s  law,  Eq.  (8.10.8): 


\Na  sin  0  a  =  Ni  sin  6  i  =  NtsinOt  ,  z  =  1 , 2  . . . ,  M 


(8.12.1) 


where  Na,Ni,Ni)  are  the  effective  refractive  indices  given  by  Eq.  (8.10.4).  The  phase 
thickness  of  the  zth  layer  depends  on  the  polarization: 


5i  =  ^  UNi  cos  6i 
A 


Urii?  1 


Nl  sin^  6  a 


Nl  sin^  6  a 


(8.12.2) 


where  we  used  Eq.  (8.10.7)  and  Snel’s  law  to  write  in  the  TM  and  TE  cases: 


^  _  \r2 


Nf  sim  6i 


Nn  sin^  6  a 


Ni  cos  0i 


-  Nf  sin^  6i  =  rin  \  1 - ^ — 2 - =  1 - ^ 


/D  F-i  1  Nl  sin^  6  a 

ZI/2  cos  6i  =  zi/2a/1  -  sim  6i  =  ZI/2  1 - - — 9 - 

^  \  nh 


To  use  a  unihed  notation  for  the  TM  and  TE  cases,  we  dehne  the  layer  optical  lengths 
at  normal-incidence,  normalized  by  a  hxed  free-space  wavelength  Aq: 


z  =  1,2,...,M 


(8.12.3) 


We  dehne  also  the  cosine  coefficients  c,  ,  which  represent  cos  0,  in  the  TE  birefringent 
case  and  in  the  TM  isotropic  case: 


z  =  1,2,...,M 


(8.12.4) 


At  normal  incidence  the  cosine  factors  are  unity,  c,  =  1.  With  these  dehnitions, 
Eq.  (8.12.2)  can  be  written  compactly  in  the  form: 


5i  =  2TT^LiCi  =  2TT^LiCi  ,  z  =  l,2,...,M 
A  to 


(8.12.5) 


where  A  is  the  operating  free-space  wavelength  and  f  =  Cq/A,  fo  =  Cq/Aq.  This  is 
the  birefringent  version  of  Eq.  (8.1.10).  A  typical  design  might  use  quarter-wave  layers, 
Li  =  1/4,  at  Ao  and  at  normal  incidence. 
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The  rehection  coefficients  pn  at  the  interfaces  are  given  by  Eq.  (8.1.3),  but  now  the 
transverse  refractive  indices  are  dehned  by  the  birefringent  version  of  Eq.  (8.1.4): 


nnriB 

(TM) 

riTi  =  - 

Ni  cos  6i 

-  Nl  sin^  6  a 

i  =  a, 1,2,... ,M,b  (8.12.6) 

ZI/2  COS  6i  =  ^Jnf2 

-  Nl  sin^  6  a  , 

(TE) 

With  the  above  redehnitions,  the  propagation  and  matching  equations  (8.1.5)-(8.1.9) 
remain  unchanged.  The  MATLAB  function  mul  ti  di  el  can  also  be  used  in  the  birefrin¬ 
gent  case  to  compute  the  frequency  reflection  response  of  a  multilayer  structure.  Its 
usage  is  still: 

[GammaljZl]  =  mul  tidi  el  (n,L,  lambda,  theta,  pol)  ;  %  birefringent  multilayer  structure 

where  the  input  n  is  a  lx  (M  -b  2)  vector  of  refractive  indices  in  the  isotropic  case,  or  a 
3x  (M  -b  2)  matrix,  where  each  column  represents  the  triplet  of  birefringent  indices  of 
each  medium.  Eor  uniaxial  materials,  n  may  be  entered  as  a  2x  (M  -r  2)  matrix. 

8.13  Giant  Birefringent  Optics 

The  results  of  Sec.  8.8  can  be  applied  almost  verbatim  to  the  birefringent  case.  In 
Eig.  8.8.1,  we  assume  that  the  high  and  low  alternating  layers  are  birefringent,  described 
by  the  triplet  indices  nn  =  [zihi  ,  nni ,  tins  ]  and  ni  =  [zin ,  yili  ,  nis  ] .  The  entry  and  exit 
media  may  also  be  assumed  to  be  birefringent.  Then,  Snel’s  laws  give: 

Na  sin  6 a  =  Nh  sinOn  =  Nl  sinOi  =  Nt  sinOt  (8.13.1) 

The  phase  thicknesses  5h  and  5l  within  the  high  and  low  index  layers  are: 


where  Lh,Ch  and  Ll,Cl  are  dehned  by  Eqs.  (8.12.3)  and  (8.12.4)  for  z  =  H,L.  The 
effective  transverse  refractive  indices  within  the  high  and  low  index  layers  are  given  by 
Eq.  (8.12.6),  again  with  z  =  H,L. 

The  alternating  rehection  coefficient  pr  between  the  high/low  interfaces  is  given  by 
Eq.  (8.10.14),  with  the  quantity  sin^  6  replaced  by  Nl  sin^  6a  by  Snel’s  law: 


(8.13.3) 
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The  multilayer  structure  will  exhibit  reflection  bands  whose  bandedges  can  be  cal¬ 
culated  fromEqs.  (8.8.7)-(8.8.17),  with  the  redefinition L+  =  LhCh  ±LlCl-  The  MATLAB 
function  omni  band2  calculates  the  bandedges.  It  has  usage: 

[F1,F2]  =  omniband2(na,nH,nL,LH,LL,th,pol ,N) ; 

where  pol  is  one  of  the  strings  ’  te  ’  or  ’  tm’  for  TE  or  TM  polarization,  and  na,  nH,  nL 
are  1-d,  2-d,  or  3-d  row  or  column  vectors  of  birefringent  refractive  indices. 

Next,  we  discuss  some  mirror  design  examples  from  [658]  that  illustrate  some  prop¬ 
erties  that  are  specific  to  birefringent  media.  The  resulting  optical  effects  in  such  mirror 
structures  are  referred  to  as  giant  birefringent  optics  (GBO)  in  [658,1329]. 

Example  8.13.1:  We  consider  a  GBO  mirror  consisting  of  50-bilayers  of  high  and  low  index 
quarter-wave  layers  with  refractive  indices  uh  =  [1.8, 1.8, 1.5],  ni  =  [1.5, 1.5, 1.5]  (bire¬ 
fringent  polyester  and  isotropic  PMMA.)  The  surrounding  media  are  air,  na  =  n^  =  1. 

The  layers  are  quarter  wavelength  at  the  normalization  wavelength  Aq  =  700  nm  at  normal 
incidence,  so  that  for  both  polarizations  we  take  Lh  =  Ll  =  1/4. 

Because  the  high/low  index  layers  are  matched  along  the  z-direction,  nns  =  nis,  the  TM 
reflection  coefficient  at  the  high/low  interface  will  be  constant,  independent  of  the  incident 
angle  6a,  as  in  Eq.  (8.10.16).  However,  some  dependence  on  6a  is  introduced  through  the 
cosine  factors  Ch,Cl  of  Eq.  (8.13.2). 

The  left  graph  of  Fig.  8.13.1  shows  the  reflectance  |rr(A)  P  as  a  function  of  A  for  an 
angle  of  incidence  6a  =  60°.  The  TM  and  TE  bandedge  wavelengths  were  calculated  from 
omni band2  to  be:  [Ai,A2]=  [540.24,606.71]  and  [Ai,A2]=  [548.55,644.37]  nm. 


Reflectance  at  0°  and  60° 


25%  thickness  gradient 


A,  (nm) 


A  (nm) 


Fig.  8.13.1  Reflectance  of  birefringent  mirror. 


The  typical  MATLAB  code  used  to  generate  the  left  graph  and  the  bandedge  wavelengths 
was  as  follows: 


LH  =  0.25;  LL  =  0.25; 

na  =  [1;  1;  1] ; 

nH  =  [1.8;  1.8;  1.5] ; 

nL  =  [1.5;  1.5;  1.5] ; 
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nb  =  [1;  1;  1] ; 
laO  =  700; 

la  =  1  i  nspace (400, 1000, 601) ; 

th  =  60;  %  angle  of  incidence 

N  =  50;  %  number  of  bilayers 

n  =  [na,  repmat([nH ,  nL]  ,  1,  N)  ,  nb] ;  %  3x(2iV  +  2)  matrix 

L  =  [repmat([LH,LL] ,  1,  N)] ; 

Ge  =  100*abs(multidiel (n,  L,  la/laO,  th,  ’te’)).A2; 

Cm  =  100*abs(multidiel (n,  L,  la/laO,  th,  ’tm’)).A2; 

GO  =  100*abs(multidiel (n,  L,  la/la0)).A2; 

plot(la,Gm, ,  la,Ge,’ — ’,  la, GO,’:’); 

[FI, F2]=omni band2 (na,nH,nL,LH,LL,th, ’tm’ ,3); 

lal  =  Ia0/F2;  la2  =  laO/Fl;  %  TM  bandedge  wavelengths 

The  right  graph  shows  the  reflectance  with  a  25%  thickness  gradient  (the  layer  thicknesses 
Lh,Ll  decrease  linearly  from  quarter-wavelength  to  25%  less  than  that  at  the  end.)  This 
can  be  implemented  in  MATLAB  by  defining  the  thickness  vector  L  by: 

L  =  [repmat([LH,LL] ,  1,  N)] ; 

L  =  L  .  *  (1  -  1  i  nspace  (0 ,  0.25,  2 ''N) )  ;  %  25%  thickness  gradient 

The  thickness  gradient  increases  the  effective  bandwidth  of  the  reflecting  bands  1656]. 
However,  the  bandwidth  calculation  can  no  longer  be  done  with  omniband2.  The  band 
centers  can  be  shifted  to  higher  wavelengths  by  choosing  Aq  higher.  The  reflecting  bands 
can  be  made  flatter  by  increasing  the  number  of  bilayers.  □ 

Example  8.13.2:  In  this  example,  we  design  a  30-bilayer  GBO  mirror  with  uh  =  [1.8, 1.8, 1.5] 
and  ul  =  [1.5, 1.5, 1.8],  so  that  nui  =  nui  =  and  nm  =  =  ^i2-  As  we  discussed 

in  Sec.  8.10,  it  follows  from  Eq.  (8.10.14)  that  Ptm  =  Pte  for  all  angles  of  incidence. 

As  in  Ref.  [658],  the  media  a,b  are  taken  to  be  isotropic  with  na  =  nt  =  1.4.  The 
normalization  wavelength  at  which  the  high  and  low  index  layers  are  quarter-wavelength 
is  Ao  =  700  nm. 

The  left  graph  of  Fig.  8.13.2  shows  the  reflectance  for  a  45°  angle  of  incidence.  Because 
Ptm  =  Pte,  the  reflection  bands  for  the  TM  and  TE  cases  are  essentially  the  same. 

The  right  graph  depicts  the  asymptotic  (for  large  number  of  bilayers)  bandedges  of  the 
reflecting  band  versus  incident  angle.  They  were  computed  with  omniband2.  Unlike  the 
isotropic  case,  the  TM  and  TE  bands  are  exactly  identical.  This  is  a  consequence  of  the 
following  relationships  between  the  cosine  factors  in  this  example:  Ch,tm  =  Cl,te  and 
Chje  =  Cljm-  Then,  because  we  assume  quarter-wave  layers  in  both  the  TE  and  TM  cases, 
Lh  =  Ll  =  1/4,  we  will  have: 

L  +  ,tm  =  Lh,TMCh,TM  +  Ll,TMCl,TM  =  =  -  {Ch,TM  +  Cl,Tm)  =  -  {Cl,TE  +  Ch,Te)  =  L+he 
L-hm  =  Lh,tmCh,tm  —  Ll,tmCl,tm  =  =  ~  (ch,tm  —  Cl,tm)  =  “  icL,TE  —  Chje)  =  —L+je 


IFyCA,)!^  (percent) 
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Reflectance  at  0°  and  45°  TM  and  TE  bandwidths 


X  (nm)  0^  (degrees) 

Fig.  8.13.2  Birefringent  mirror  with  identical  TM  and  TE  reflection  bands. 

Because  the  computational  algorithm  (8.8.17)  for  the  bandwidth  does  not  depend  on  the 
sign  of  L-,  it  follows  that  Eq.  (8.8.17)  will  have  the  same  solution  for  the  TM  and  TE  cases. 
The  typical  MATEAB  code  for  this  example  was: 


LH 

0.25; 

LL  = 

0 

25; 

na 

[1.4; 

1.4; 

1 

4]; 

nb  = 

=  [1.4; 

1.4; 

1. 

.4]; 

nH  = 

=  [1.8; 

1.8; 

1. 

.5]; 

nL  = 

=  [1.5; 

1.5; 

1. 

.8]; 

laO  =  700; 

la  =  1 inspace (400, 1000,601) ; 
tha  =  45; 

N  =  30; 

n  =  [na,  repmatC [nH , nL] ,  1,  N) ,  nb]  ; 

L  =  [repmat([LH,LL] ,  1,  N)]  ; 

Ge  =  100*abs(mu1tidie1 (n,  L,  la/laO,  tha,  ’te’)).A2; 

Cm  =  100*abs(niultidiel  (n,  L,  la/laO,  tha,  ’tm’)).A2; 

GO  =  100*abs(niu1tidiel  (n,  L,  la/la0)).A2; 

p1ot(la,Gm, ’ - ’ ,  la,Ge,’ — ’,  1a,G0,’:’); 

In  Eig.  8.13.3,  the  low-index  material  is  changed  slightly  to  =  [1.5, 1.5, 1.9].  The  main 
behavior  of  the  structure  remains  the  same,  except  now  the  TM  and  TE  bands  are  slightly 
different. 

The  MATEAB  code  used  to  compute  the  right  graph  was: 

theta  =  1  inspace  (0,90, 361)  ;  %  incident  angles 

Fie  =  []  ;  F2e  =  []  ; 

Flm  =  []  ;  F2m  =  []  ; 


iry(A,)l^  (percent) 
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Reflectance  at  0°  and  45°  TM  and  TE  bandwidths 


X  (nm)  (degrees) 

Fig.  8.13.3  Birefringent  mirror  with  slightly  different  TM  and  TE  reflection  bands. 


Ni  =  3;  %  refinement  iterations 

for  i=l: 1 ength(theta) , 

[fle,f2e]  =  omniband2(na,nH,nL,LH,LL,theta(i) , ’te’ ,Ni) ; 

[flm,f2m]  =  Omni  band2 (na, nH , nL , LH , LL , theta(i ) , ’ tm’ , Ni ) ; 

Fie  =  [Fie, fie];  F2e  =  [F2e,f2e]; 

Flm  =  [Flm, flm];  F2m  =  [F2m,f2m];  %  frequency  bandedges 

end 

lale  =  laO  ./  F2e;  1a2e  =  laO  ./  Fie;  %  wavelength  bandedges 

lalm  =  laO  ./  F2m;  la2m  =  laO  ./  Flm; 

plot(theta,lalm, ,  theta, la2m, ,  theta, lale,’  —  ’,  theta, la2e ,’--’) ; 

As  the  incident  angle  increases,  not  only  does  the  TM  band  widen  but  it  also  becomes  wider 
than  the  TE  band— exactly  the  opposite  behavior  from  the  isotropic  case.  □ 

Example  8.13.3:  GBO  Reflective  Polarizer.  By  choosing  biaxial  high/low  layers  whose  refractive 
indices  are  mismatched  only  in  the  x  or  the  y  direction,  one  can  design  a  mirror  structure 
that  reflects  only  the  TM  or  only  the  TE  polarization. 

Eig.  8.13.4  shows  the  reflectance  of  an  80-bilayer  mirror  with  uh  =  [1.86, 1.57, 1.57]  for 
the  left  graph,  and  uh  =  [1.57, 1.86, 1.57]  for  the  right  one.  In  both  graphs,  the  low  index 
material  is  the  same,  with  ni  =  [1.57,1.57,1.57]. 

The  angle  of  incidence  was  0a  =  0°.  The  typical  MATEAB  code  was: 

LH  =  0.25;  LL  =  0.25; 

na  =  [1;  1;  1] ; 
nb  =  [1;  1;  1] ; 
nH  =  [1.86;  1.57;  1.57] ; 
nL  =  [1.57;  1.57;  1.57] ; 

laO  =  700; 

la  =  1  inspace (400, 1000, 601) ; 
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TM  Polarizer 


TE  Polarizer 


Fig.  8.13.4  TM  and  TE  mirror  polarizers. 


N  =  80; 

n  =  [na,  repmat( [nH , nL] ,  1,  N) ,  nb]  ; 

L  =  [repmat([LH,LL] ,  1,  N)] ; 

L  =  L  .*  1  i  nspace(l,  0 . 75 , 2''N)  ;  %  25%  thickness  gradient 

Ge  =  100*abs(multidiel  (n,  L,  la/laO,  0,  ’te’)).A2; 

Cm  =  100*abs(multidiel (n,  L,  la/laO,  0,  ’tm’)).A2; 

plot(la,Gm, ’ - ’ ,  la,Ge,’ — ’); 

A  25%  thickness  gradient  was  assumed  in  both  cases.  In  the  first  case,  the  x-direction 
indices  are  different  and  the  structure  will  act  as  a  mirror  for  the  TM  polarization.  The  TE 
polarization  will  be  reflected  only  by  the  air-high  interface. 

In  the  second  case,  the  materials  are  matched  in  their  y-direction  indices  and  therefore, 
the  structure  becomes  a  mirror  for  the  TE  polarization,  assuming  as  always  that  the  plane 
of  incidence  is  still  the  xz  plane.  □ 

Giant  birefringent  optics  is  a  new  paradigm  in  the  design  of  multilayer  mirrors  and 
polarizers  [658],  offering  increased  flexibility  in  the  control  of  reflected  light.  The  re¬ 
cently  manufactured  multilayer  optical  film  by  3M  Corp.  [1329]  consists  of  hundreds  to 
thousands  of  birefringent  polymer  layers  with  individual  thicknesses  of  the  order  of  a 
wavelength  and  total  thickness  of  a  sheet  of  paper.  The  optical  working  range  of  such 
films  are  between  400-2500  nm. 

Applications  include  the  design  of  efficient  waveguides  for  transporting  visible  light 
over  long  distances  and  piping  sunlight  into  interior  rooms,  reflective  polarizers  for 
improving  liquid  crystal  displays,  and  other  products,  such  as  various  optoelectronic 
components,  cosmetics,  and  ’’hot”  and  ’’cold”  mirrors  for  architectural  and  automotive 
windows. 


8.2  Computer  Experiment— FTIR.  Reproduce  the  results  and  graphs  of  figures  8.4. 3-8.4. 5. 

8.3  Computer  Experiment-Surface  Plasmon  Resonance.  Reproduce  the  results  and  graphs  of 
figures  8. 5. 3-8. 5. 7. 

8.4  Working  with  the  electric  andmagnetic  fields  across  an  negative-index  slab  given  by  Eqs.  (8.6.1) 
and  (8.6.2),  derive  the  reflection  and  transmission  responses  of  the  slab  given  in  (8.6.8). 

8.5  Computer  Experiment— Perfect  Eens.  Study  the  sensitivity  of  the  perfect  lens  property  to  the 
deviations  from  the  ideal  values  of  c  =  -Co  and  p  =  -po,  and  to  the  presence  of  losses  by 
reproducing  the  results  and  graphs  of  figures  8.6.3  and  8.6.4.  You  will  need  to  implement 
the  computational  algorithm  listed  on  page  326. 

8.6  Computer  Experiment— Antireflection  Coatings.  Reproduce  the  results  and  graphs  of  figures 
8.7.1-8.7.3. 

8.7  Computer  Experiment— Omnidirectional  Dielectric  Mirrors.  Reproduce  the  results  and  graphs 
of  figures  8.8.2-8.8.10. 

8.8  Derive  the  generalized  Snel’s  laws  given  in  Eq.  (8.10.10).  Moreover,  derive  the  Brewster  angle 
expressions  given  in  Eqs.  (8.11.4)  and  (8.11.5). 

8.9  Computer  Experiment— Brewster  angles.  Study  the  variety  of  possible  Brewster  angles  and 
reproduce  the  results  and  graphs  of  Example  8.11.1. 

8.10  Computer  Experiment— Multilayer  Birefringent  Structures.  Reproduce  the  results  and  graphs 
of  figures  8.13.1-8.13.2. 


8.14  Problems 


8.1  Prove  the  reflectance  and  transmittance  formulas  (8.4.6)  in  ETIR. 
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Waveguides 


Waveguides  are  used  to  transfer  electromagnetic  power  efficiently  from  one  point  in 
space  to  another.  Some  common  guiding  structures  are  shown  in  the  hgure  below. 
These  include  the  typical  coaxial  cable,  the  two-wire  and  mictrostrip  transmission  lines, 
hollow  conducting  waveguides,  and  optical  hbers. 

In  practice,  the  choice  of  structure  is  dictated  by:  (a)  the  desired  operating  frequency 
band,  (b)  the  amount  of  power  to  be  transferred,  and  (c)  the  amount  of  transmission 
losses  that  can  be  tolerated. 


microstrip 

line 


rectangular  waveguide 

waveguide 


Fig.  9.0.1  Typical  waveguiding  structures. 


Coaxial  cables  are  widely  used  to  connect  RF  components.  Their  operation  is  practi¬ 
cal  for  frequencies  below  3  GHz.  Above  that  the  losses  are  too  excessive.  For  example, 
the  attenuation  might  be  3  dB  per  100  m  at  100  MHz,  but  10  dB/100  m  at  1  GHz,  and 
50  dB/100  m  at  10  GHz.  Their  power  rating  is  typically  of  the  order  of  one  kilowatt  at 
100  MHz,  but  only  200  W  at  2  GHz,  being  limited  primarily  because  of  the  heating  of 
the  coaxial  conductors  and  of  the  dielectric  between  the  conductors  (dielectric  voltage 
breakdown  is  usually  a  secondary  factor.)  However,  special  short-length  coaxial  cables 
do  exist  that  operate  in  the  40  GHz  range. 

Another  issue  is  the  single-mode  operation  of  the  line.  At  higher  frequencies,  in  order 
to  prevent  higher  modes  from  being  launched,  the  diameters  of  the  coaxial  conductors 
must  be  reduced,  diminishing  the  amount  of  power  that  can  be  transmitted. 

Two-wire  lines  are  not  used  at  microwave  frequencies  because  they  are  not  shielded 
and  can  radiate.  One  typical  use  is  for  connecting  indoor  antennas  to  TV  sets.  Microstrip 
lines  are  used  widely  in  microwave  integrated  circuits. 
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Rectangular  waveguides  are  used  routinely  to  transfer  large  amounts  of  microwave 
power  at  frequencies  greater  than  3  GHz.  For  example  at  5  GHz,  the  transmitted  power 
might  be  one  megawatt  and  the  attenuation  only  4  dB/100  m. 

Optical  hbers  operate  at  optical  and  infrared  frequencies,  allowing  a  very  wide  band¬ 
width.  Their  losses  are  very  low,  typically,  0.2  dB/km.  The  transmitted  power  is  of  the 
order  of  milliwatts. 


9.1  Longitudinal-Transverse  Decompositions 

In  a  waveguiding  system,  we  are  looking  for  solutions  of  Maxwell’s  equations  that  are 
propagating  along  the  guiding  direction  (the  z  direction)  and  are  conhned  in  the  near 
vicinity  of  the  guiding  structure.  Thus,  the  electric  and  magnetic  helds  are  assumed  to 
have  the  form: 

E{x,y,z,t)  = 

H{x,y,z,t)  =  H{x,y)eJ^^~J^^  (9.1.1) 

where  P  is  the  propagation  wavenumber  along  the  guide  direction.  The  corresponding 
wavelength,  called  the  guide  wavelength,  is  denoted  by  \g  =  Ztt/ p. 

The  precise  relationship  between  co  and  p  depends  on  the  type  of  waveguiding  struc¬ 
ture  and  the  particular  propagating  mode.  Because  the  helds  are  conhned  in  the  trans¬ 
verse  directions  (the  x,y  directions,)  they  cannot  be  uniform  (except  in  very  simple 
structures)  and  will  have  a  non-trivial  dependence  on  the  transverse  coordinates  x  and 
y.  Next,  we  derive  the  equations  for  the  phasor  amplitudes  E{x,y)  and  H(x,y). 

Because  of  the  preferential  role  played  by  the  guiding  direction  z,  it  proves  con¬ 
venient  to  decompose  Maxwell’s  equations  into  components  that  are  longitudinal,  that 
is,  along  the  z-direction,  and  components  that  are  transverse,  along  the  x,y  directions. 
Thus,  we  decompose: 

E{x,y)=xE^ix,y)+yEy{x,y)  +zEz{x,y)_  =  Et  {x,y) +zEz{x,y)  (9.1.2) 

transverse  longitudinal 

In  a  similar  fashion  we  may  decompose  the  gradient  operator: 

V  =xdx+ydy  +  zdz  =  VT  +  zdz  =  VT-Jliz  (9.1.3) 

transverse 

where  we  made  the  replacement  dz  -jp  because  of  the  assumed  z-dependence.  In¬ 
troducing  these  decompositions  into  the  source-free  Maxwell’s  equations  we  have: 


V  X  E  =  -jcvijH 

V  X  H  =  JcveE 

V  ■  E=0 


i^T  -jp^)  X  (Et  +  zEz)  =  -jcop  (Ht  +  zHz) 
i^T  -jP^)  X  {Ht  zHz)  =  jcveiEr  zEz) 
(y^  -jPz)  ■  {Et  zEz)  =  0 
{S/T-jpz)-{HT  +  zHz)=0 


(9.1.4) 


V  ■  H=  0 


9.1.  Longitudinal-Transverse  Decompositions 


361 


where  e,  g  denote  the  permittivities  of  the  medium  in  which  the  helds  propagate,  for 
example,  the  medium  between  the  coaxial  conductors  in  a  coaxial  cable,  or  the  medium 
within  the  hollow  rectangular  waveguide.  This  medium  is  assumed  to  be  lossless  for 
now. 

We  note  that  z  ■  z  =  1,  z  x  z  =  0,  z  ■  fr  =  0,  z  ■  VrTz  =  0  and  that  z  x  Et  and 
z  X  S/tEz  are  transverse  while  S/t  x  Et  is  longitudinal.  Indeed,  we  have: 

zxEt  =  zx  {itEx  +  yEy)  =  yEx  -  xEy 
V 7  X  Et  =  (x  dx  +  y  Sy )  X  {xEx  +  y Ey)  =  z  ( dxEy  —  dyEx) 

Using  these  properties  and  equating  longitudinal  and  transverse  parts  in  the  two 
sides  of  Eq.  (9.1.4),  we  obtain  the  equivalent  set  of  Maxwell  equations: 

VtEz  X  z  —jl3z  X  Et  =  —jojijHt 
VtHz  xz-jPzxHt  =  jcjocEt 

VTXET+jcviJzHz  =  0  m  1 

Vr  X  Ht  -jcjoezEz  =  0  ^  ^  ^  ^ 

Vt  •  Et  -jpEz  =  0 
Vt  •  Ht  -jpHz  =  0 

Depending  on  whether  both,  one,  or  none  of  the  longitudinal  components  are  zero, 
we  may  classify  the  solutions  as  transverse  electric  and  magnetic  (TEM),  transverse  elec¬ 
tric  (TE),  transverse  magnetic  (TM),  or  hybrid: 

Ez  =  0,  Hz  =  0,  TEM  modes 

Ez  =  0,  Hz  4^  0,  TE  or  H  modes 

Ez  4^  0,  Hz  =  0,  TM  or  E  modes 

Ez  4^  0,  Hz  4^  0,  hybrid  or  HE  or  EH  modes 

In  the  case  of  TEM  modes,  which  are  the  dominant  modes  in  two-conductor  trans¬ 
mission  lines  such  as  the  coaxial  cable,  the  helds  are  purely  transverse  and  the  solution 
of  Eq.  (9.1.5)  reduces  to  an  equivalent  two-dimensional  electrostatic  problem.  We  will 
discuss  this  case  later  on. 

In  all  other  cases,  at  least  one  of  the  longitudinal  helds  Ez,  Hz  is  non-zero.  It  is  then 
possible  to  express  the  transverse  held  components  Et,  Ht  in  terms  of  the  longitudinal 
ones,  Ez,  Hz. 

Forming  the  cross-product  of  the  second  of  equations  (9.1.5)  with  z  and  using  the 
BAC-CAB  vector  identity,  z  x  (z  x  Ht)=  z(z  ■  Ht)-Ht(z  ■  z)=  -Ht,  and  similarly, 
z  X  (VyiTz  X  z)  =  VtHz,  we  obtain: 

VtHz  jPHt  =  jcjoez  X  Et 

Thus,  the  hrst  two  of  (9.1.5)  may  be  thought  of  as  a  linear  system  of  two  equations 
in  the  two  unknowns  zx  Et  and  Ht,  that  is. 


z  X  Et  —  cjojjHt  =  jz  x  V  yT; 
CJ06Z  X  Et  —  I^Ht  =  “J V tHz 


(9.1.6) 


362 


9.  Waveguides 


The  solution  of  this  system  is: 


zx  Et  =  z  X  VjEz 


Ht  =  z  X  Vr£z  -  yf 

kc  kc 

where  we  dehned  the  so-called  cutoff  wavenumber  kc  by: 

I  ^1 


k^  =  (jo^eix  -  P  = 


(cutoff  wavenumber) 


The  quantity  k  =  cv/c  =  (jo./e]j  is  the  wavenumber  a  uniform  plane  wave  would 
have  in  the  propagation  medium  e,  jj. 

Although  k^  stands  for  the  difference  it  turns  out  that  the  boundary 

conditions  for  each  waveguide  type  force  k^  to  take  on  certain  values,  which  can  be 
positive,  negative,  or  zero,  and  characterize  the  propagating  modes.  For  example,  in  a 
dielectric  waveguide  k^  is  positive  inside  the  guide  and  negative  outside  it;  in  a  hollow 
conducting  waveguide  k^  takes  on  certain  quantized  positive  values;  in  a  TEM  line,  k^ 
is  zero.  Some  related  dehnitions  are  the  cutoff  frequency  and  the  cutoff  wavelength 
dehned  as  follows: 


(cutoff  frequency  and  wavelength) 


We  can  then  express  jS  in  terms  of  co  and  tVc,  or  co  in  terms  of  jS  and  cOc-  Taking 
the  positive  square  roots  of  Eq.  (9.1.8),  we  have: 


^  277 

CVc  =  ckc  , 

P  =  -  W^c  =  J 

1  -  ^  and  CO  =  a/co?  -r  P^c^ 
co2  ^ 

(9.1.10) 


Often,  Eq.  (9.1.10)  is  expressed  in  terms  of  the  wavelengths  A  =  2jt Ik  =  Znc/co, 
Ac  =  2n/kc,  and  \g  =  2n/ p.  It  follows  from  k^  =  k^  +  that 


(9.1.11) 


Note  that  A  is  related  to  the  free-space  wavelength  Aq  =  2tcco/cjo  =  Co/f  by  the 
refractive  index  of  the  dielectric  material  A  =  Aq/u. 

It  is  convenient  at  this  point  to  introduce  the  transverse  impedances  for  the  TE  and 
TM  modes  by  the  dehnitions: 


(TE  and  TM  impedances)  (9.1.12) 

where  the  medium  impedance  is  q  =  ^p/e,  so  that  q/c  =  p  and  qc  =  lie.  We  note  the 
properties: 
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Because  pc  loo  =  ^1  -  ooh  oo^,  we  can  write  also: 


With  these  dehnitions,  we  may  rewrite  Eq.  (9.1.7)  as  follows: 

zx  Et  =  (z  X  VjEz  +  qTE^rHz) 
Kc 

Ht  =  ( - z  X  VtEz  +  ^tHz) 

Kc  qiM 

Using  the  result  z  x  {zx  Et)=  -Et,  we  solve  for  Et  and  Ht'. 


(9.1.13) 


(9.1.14) 


(9.1.15) 


(transverse  helds)  (9.1.16) 


An  alternative  and  useful  way  of  writing  these  equations  is  to  form  the  following 
linear  combinations,  which  are  equivalent  to  Eq.  (9.1.6): 


(9.1.17) 


So  far  we  only  used  the  hrst  two  of  Maxwell’s  equations  (9.1.5)  and  expressed  Et,Ht 
in  terms  of  Ez,Hz.  Using  (9.1.16),  it  is  easily  shown  that  the  left-hand  sides  of  the 
remaining  four  of  Eqs.  (9.1.5)  take  the  forms: 


Vr  X  +  jcoA/ zHz  = z  ( V|.Hz  + 

Kc 

Vr  X  Ht  -jwezEz  =  z  {VjEz  +  k^Ez) 

Kc 

Vr  •  Et  -j^Ez  =  -ff  {V^Ez  +  k?£z) 

Kc 

Vr  ■  Ht  -jpHz  =  i,V\Hz  +  k^Hz) 

Kc 


where  V  ^  is  the  two-dimensional  Laplacian  operator: 
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=  Vr  ■  Vr  =  +  Sy  (9.1.18) 

and  we  used  the  vectorial  identities  Vy  x  VjEz  =  0,  Vy  x  (z  x  VtHz)  =  z  VjHz,  and 
V7  ■  (z  X  ^ tHz)  =  0. 

It  follows  that  in  order  to  satisfy  all  of  the  last  four  of  Maxwell’s  equations  (9.1.5),  it 
is  necessary  that  the  longitudinal  helds  Ez  (x,y) ,  Hz  (x,y)  satisfy  the  two-dimensional 
Helmholtz  equations: 


+  k^Ez  =  0 
V^Hz  +  klHz  =  0 


(Helmholtz  equations) 


(9.1.19) 


These  equations  are  to  be  solved  subject  to  the  appropriate  boundary  conditions  for 
each  waveguide  type.  Once,  the  helds  Ez,  Hz  are  known,  the  transverse  helds  Ej,  Hj  are 
computed  from  Eq.  (9.1.16),  resulting  in  a  complete  solution  of  Maxwell’s  equations  for 
the  guiding  structure.  To  get  the  full  x,y,  z,  f  dependence  of  the  propagating  helds,  the 
above  solutions  must  be  multiplied  by  the  factor 

The  cross-sections  of  practical  waveguiding  systems  have  either  cartesian  or  cylin¬ 
drical  symmetry,  such  as  the  rectangular  waveguide  or  the  coaxial  cable.  Below,  we 
summarize  the  form  of  the  above  solutions  in  the  two  types  of  coordinate  systems. 


Cartesian  Coordinates 

The  cartesian  component  version  of  Eqs.  (9.1.16)  and  (9.1.19)  is  straightforward.  Using 
the  identity  z  x  VjHz  =  y  dxHz  -  x  dyHz,  we  obtain  for  the  longitudinal  components: 


(dl  +  d^)Ez  +  klEz  =  0 
(dl  +  dl)Hz  +  k^cHz  =  0 

Eq.  (9.1.16)  becomes  for  the  transverse  components: 


(9.1.20) 


Ex  —  j2  PlEdyHz) 

Kc 

H^  =  -^S{SxHz-^dyEz) 

Kc  t]TM 

Ey  =  “  yY  {^yEz  ~  t]TE  dxHz) 
Kc 

Hy  =  -^E(SyHz  +  ^d,Ez) 
Kc  t^TM 

Cylindrical  Coordinates 

The  relationship  between  cartesian  and  cylindrical  coordinates  is  shown  in  Eig.  9.1.1. 
Erom  the  triangle  in  the  hgure,  we  have  x  =  pcos<p  and  y  =  psm<p.  The  transverse 
gradient  and  Laplace  operator  are  in  cylindrical  coordinates: 


Vt  =  P 


—  S-  — 

^  p  dcj) 


1 

p  dp 


(4) 


1 

0(^)2 


The  Helmholtz  equations  (9.1.19)  now  read: 


(9.1.22) 
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Fig.  9.1.1  Cylindrical  coordinates. 


1  a 

IP 


dEz 


1  d^Ez 


pdp  V  )  P^ 

1  d  f  dHz\  1  d^Hz  ,2„ 

p ap  V  ap  )  "^  p2  a<^2 


(9.1.23) 


Noting  that  zx  p  =  4>  and  z  x  0  =  -p,  we  obtain: 

zxVTHz=4>iSpHz)-p^{d^Hz) 

The  decomposition  of  a  transverse  vector  is  Et  =  p Ep  ^  Ecj).  The  cylindrical 
coordinates  version  of  (9.1.16)  are: 


Ep  =  -U{dpEz-nTE-d^Hz) 
Kc  P 

Hp=  f{dpHz+  \d4,Ez) 

Kc  t]  tmP 

Ecf)  =  {~^cl)Ez  +  t]TEd pHz) 

Kc  P 

Kc  P  Ptm 

(9.1.24) 


Eor  either  coordinate  system,  the  equations  for  Hj  may  be  obtained  from  those  of 
Et  by  a  so-called  duality  transformation,  that  is,  making  the  substitutions: 


E  ^  H,  H  ^  -E,  €  ^  p  ,  p  ^  €  (duality  transformation)  (9.1.25) 

These  imply  that  ^  and  Pte  ^  Pm-  Duality  is  discussed  in  greater  detail  in 
Sec.  17.2. 

9.2  Power  Transfer  and  Attenuation 

With  the  held  solutions  at  hand,  one  can  determine  the  amount  of  power  transmitted 
along  the  guide,  as  well  as  the  transmission  losses.  The  total  power  carried  by  the  helds 
along  the  guide  direction  is  obtained  by  integrating  the  z-component  of  the  Poynting 
vector  over  the  cross-sectional  area  of  the  guide: 
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where  Pz  =  ^ReCfx  ff*) -z  (9.2.1) 

It  is  easily  verified  that  only  the  transverse  components  of  the  helds  contribute  to 
the  power  flow,  that  is,  Tz  can  be  written  in  the  form: 

Tz  =  ^Re{ETXH^)-z  (9.2.2) 

For  waveguides  with  conducting  walls,  the  transmission  losses  are  due  primarily  to 
ohmic  losses  in  (a)  the  conductors  and  (b)  the  dielectric  medium  hlling  the  space  between 
the  conductors  and  in  which  the  helds  propagate.  In  dielectric  waveguides,  the  losses 
are  due  to  absorption  and  scattering  by  imperfections. 

The  transmission  losses  can  be  quantihed  by  replacing  the  propagation  wavenumber 
P  by  its  complex- valued  version  pc  =  P  -joc,  where  a  is  the  attenuation  constant.  The 
z-dependence  of  all  the  held  components  is  replaced  by: 

e-J7^z  _  e-iAz  =  g-(«+j75)z  ^  g-azg-jlJz  (g  2,3) 

The  quantity  a  is  the  sum  of  the  attenuation  constants  arising  from  the  various  loss 
mechanisms.  For  example,  if  ad  and  ac  are  the  attenuations  due  to  the  ohmic  losses  in 
the  dielectric  and  in  the  conducting  walls,  then 


Pt  = 

T,dS 

J 

s 

a  =  ad  ac  (9.2.4) 

The  ohmic  losses  in  the  dielectric  can  be  characterized  either  by  its  loss  tangent,  say 
tan  (5,  or  by  its  conductivity  ad— the  two  being  related  by  ad  =  cue  tan  d.  The  effective 
dielectric  constant  of  the  medium  is  then  e(co)=  e  -  j ad/ cv  =  e(l  -  jtand).  The 
corresponding  complex-valued  wavenumber  pc  is  obtained  by  the  replacement: 

P  =  ^j(v^|Je-k^  ^  13c  =  ■>l(x>'^iAe(u})-kl 

For  weakly  conducting  dielectrics,  we  may  make  the  approximation: 

=  ^a)2;ue(l  -j^)  -fe?  =  -jwijaa  =  ^  -jt  (Td^ 

Recalling  the  dehnition  rijE  =  (joij/ P,  we  obtain  for  the  attenuation  constant: 


OCd 


1  1  0)2 
^o-dnTE=  -  ^tan5  = 


CO  tand 

2C^1  -  COc/CO^ 


(dielectric  losses) 


(9.2.5) 


which  is  similar  to  Eq.  (2.7.2),  but  with  the  replacement  rid  ^  tlTE- 

The  conductor  losses  are  more  complicated  to  calculate.  In  practice,  the  following 
approximate  procedure  is  adequate.  First,  the  helds  are  determined  on  the  assumption 
that  the  conductors  are  perfect. 
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Second,  the  magnetic  helds  on  the  conductor  surfaces  are  determined  and  the  corre¬ 
sponding  induced  surface  currents  are  calculated  by  =  h  x  H,  where  h  is  the  outward 
normal  to  the  conductor. 

Third,  the  ohmic  losses  per  unit  conductor  area  are  calculated  by  Eq.  (2.8.7).  Figure 
9.2.1  shows  such  an  inhnitesimal  conductor  area  dA  =  dldz,  where  dl  is  along  the 
cross-sectional  periphery  of  the  conductor.  Applying  Eq.  (2.8.7)  to  this  area,  we  have: 


dPloss  _  dP\oss  _  ^  p  I  r  1 2 

dA  ~  dldz  ~  2^ 

where  Rs  is  the  surface  resistance  of  the  conductor  given  by  Eq.  (2.8.4), 


(9.2.6) 


Rs  = 


Icoe  1  ^ 

- —  =  -ocop  , 
2cr  2  ^ 


5  = 


coiua 


=  skin  depth 


(9.2.7) 


Integrating  Eq.  (9.2.6)  around  the  periphery  of  the  conductor  gives  the  power  loss  per 
unit  z-length  due  to  that  conductor.  Adding  similar  terms  for  all  the  other  conductors 
gives  the  total  power  loss  per  unit  z-length: 


(9.2.8) 


Fig.  9.2.1  Conductor  surface  absorbs  power  from  the  propagating  fields. 

where  Ca  and  indicate  the  peripheries  of  the  conductors.  Finally,  the  corresponding 
attenuation  coefficient  is  calculated  from  Eq.  (2.6.22): 


ac 


p' 

^  loss 

2Pj 


(conductor  losses) 


(9.2.9) 


Equations  (9.2.1)-(9.2.9)  provide  a  systematic  methodology  by  which  to  calculate  the 
transmitted  power  and  attenuation  losses  in  waveguides.  We  will  apply  it  to  several 
examples  later  on. 


9.3  TEM,  TE,  and  TM  modes 

The  general  solution  described  by  Eqs.  (9.1.16)  and  (9.1.19)  is  a  hybrid  solution  with  non¬ 
zero  Ez  and  Hz  components.  Here,  we  look  at  the  specialized  forms  of  these  equations 
in  the  cases  of  TEM,  TE,  and  TM  modes. 
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One  common  property  of  all  three  types  of  modes  is  that  the  transverse  helds  Ej,  Hj 
are  related  to  each  other  in  the  same  way  as  in  the  case  of  uniform  plane  waves  propagat¬ 
ing  in  the  z-direction,  that  is,  they  are  perpendicular  to  each  other,  their  cross-product 
points  in  the  z-direction,  and  they  satisfy: 

(9.3.1) 

where  rjr  is  the  transverse  impedance  of  the  particular  mode  type,  that  is,  /?,  r/rr,  Ptm 
in  the  TEM,  TE,  and  TM  cases. 

Because  of  Eq.  (9.3.1),  the  power  flow  per  unit  cross-sectional  area  described  by  the 
Poynting  vector  Tz  of  Eq.  (9.2.2)  takes  the  simple  form  in  all  three  cases: 

(9.3.2) 

TEM  modes 

In  TEM  modes,  both  Ez  and  Hz  vanish,  and  the  helds  are  fully  transverse.  One  can  set 
Ez  =  Hz  =  0  in  Maxwell  equations  (9.1.5),  or  equivalently  in  (9.1.16),  or  in  (9.1.17). 

Erom  any  point  view,  one  obtains  the  condition  =  0,  or  co  =  j3c.  Eor  example,  if 
the  right-hand  sides  of  Eq.  (9.1.17)  vanish,  the  consistency  of  the  system  requires  that 
r]TE  =  r]TM,  which  by  virtue  of  Eq.  (9.1.13)  implies  co  =  pc.  It  also  implies  that  r/rf,  Htm 
must  both  be  equal  to  the  medium  impedance  p.  Thus,  the  electric  and  magnetic  helds 
satisfy: 

(9.3.3) 

These  are  the  same  as  in  the  case  of  a  uniform  plane  wave,  except  here  the  helds 
are  not  uniform  and  may  have  a  non-trivial  x,y  dependence.  The  electric  held  Et  is 
determined  from  the  rest  of  Maxwell’s  equations  (9.1.5),  which  read: 

(9.3.4) 

These  are  recognized  as  the  held  equations  of  an  equivalent  two-dimensional  elec¬ 
trostatic  problem.  Once  this  electrostatic  solution  is  found,  Ej  (x,y) ,  the  magnetic  held 
is  constructed  from  Eq.  (9.3.3).  The  time-varying  propagating  helds  will  be  given  by 
Eq.  (9.1.1),  with  co  =  Pc.  (Eor  backward  moving  helds,  replace  P  by  -p.) 

We  explore  this  electrostatic  point  of  view  further  in  Sec.  10.1  and  discuss  the  cases 
of  the  coaxial,  two-wire,  and  strip  lines.  Because  of  the  relationship  between  Ej  and  Hj, 
the  Poynting  vector  Tz  of  Eq.  (9.2.2)  will  be: 

Tz  =  iRe(£rXH*)-z=  ^\Et\^  =  (9.3.5) 
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TE  modes 

TE  modes  are  characterized  by  the  conditions  Ez  =  0  and  Hz  ^  0.  It  follows  from  the 
second  of  Eqs.  (9.1.17)  that^r  is  completely  determined  from  Hr,  that  is,  Ej  =  citeHtXz. 

The  held  Hj  is  determined  from  the  second  of  (9.1.16).  Thus,  all  held  components 
for  TE  modes  are  obtained  from  the  equations: 


(TE  modes)  (9.3.6) 


The  relationship  of  Ej  and  Hj  is  identical  to  that  of  uniform  plane  waves  propagating 
in  the  z-direction,  except  the  wave  impedance  is  replaced  by  p  te-  The  Poynting  vector 
of  Eq.  (9.2.2)  then  takes  the  form: 

Tz  =  iRe(£rxHj)-z  =  ^\Et\^  =  ir7rf|Hr|2  =  ^  r7n:  C  I  VrH^I^  (9.3.7) 
2  ZriTE  ^  l  Kc 

The  cartesian  coordinate  version  of  Eq.  (9.3.6)  is: 


(9.3.8) 


And,  the  cylindrical  coordinate  version: 


(9.3.9) 


where  we  used  Hj  xz  =  {pHp  <^H(^)  xz  =  -^Hp  pH^. 

TM  modes 

TM  modes  have  Hz  =  0  and  Ez  ^  0.  It  follows  from  the  hrst  of  Eqs.  (9.1.17)  that  Hr  is 
completely  determined  from  Et,  that  is,  Hj  =  tlm^  x  Ej.  The  held  Ej  is  determined 
from  the  hrst  of  (9.1.16),  so  that  all  held  components  for  TM  modes  are  obtained  from 
the  following  equations,  which  are  dual  to  the  TE  equations  (9.3.6): 
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(TM  modes) 


(9.3.10) 


Again,  the  relationship  of  Ej  and  Hr  is  identical  to  that  of  uniform  plane  waves 
propagating  in  the  z-direction,  but  the  wave  impedance  is  now  r/rM-  The  Poynting  vector 
takes  the  form: 


Pz=  WeiEj  X  H^)  -z  =  ^\Et\^ 


kc 


IVtTzI' 


(9.3.11) 


9.4  Rectangular  Waveguides 

Next,  we  discuss  in  detail  the  case  of  a  rectangular  hollow  waveguide  with  conducting 
walls,  as  shown  in  Fig.  9.4.1.  Without  loss  of  generality,  we  may  assume  that  the  lengths 
a,b  of  the  inner  sides  satisfy  b  <  a.  The  guide  is  typically  hlled  with  air,  but  any  other 
dielectric  material  e,  p  may  be  assumed. 


Fig.  9.4.1  Rectangular  waveguide. 

The  simplest  and  dominant  propagation  mode  is  the  so-called  TEio  mode  and  de¬ 
pends  only  on  the  x-coordinate  (of  the  longest  side.)  Therefore,  we  begin  by  looking 
for  solutions  of  Eq.  (9.3.8)  that  depend  only  on  x.  In  this  case,  the  Helmholtz  equation 
reduces  to: 


dlHzix)+klHz{x)=0 

The  most  general  solution  is  a  linear  combination  of  cos  kcX  and  sin  kcX.  However, 
only  the  former  will  satisfy  the  boundary  conditions.  Therefore,  the  solution  is: 


HzM  =  HocoskcX  (9.4.1) 

where  Hq  is  a  (complex-valued)  constant.  Because  there  is  no  y-dependence,  it  follows 
from  Eq.  (9.3.8)  that  dyHz  =  0,  and  hence  Hy  =  0  and  Ex  =  0.  It  also  follows  that: 


Hx{x)  = 


JA 

kl 


dxHz 


jA 

kl 


{-kc)Ho  sinkcX 


Hq  sinkcX  =  Hi  sinkcX 
kc 


9.4.  Rectangular  Waveguides 


371 


Then,  the  corresponding  electric  held  will  be: 

Ey{x)=  -nTEHx{x)=  -riTE'^^  Ho  SinkcX  =  Eo  SinkcX 


where  we  dehned  the  constants: 


Eq  =  -riTsHi  =  -riTE'i^  Hq  =  -jrj  — Hq 
kc  OJ  c 


(9.4.2) 


where  we  used  rjTE  =  rjcjo/  pc.  In  summary,  the  non-zero  held  components  are: 


HzM  =  Hq  COSkcX 

Hz  (x,  y,  z,  t)  =  Hq  cos  kcX 

HxM  =  Hi  sinkcX 

iTx(x,y,z,  f)  =  Hi  sinkcxe^^^“^^^ 

EyM  =  Eq  sinkcX 

Ey  (x,  y ,  z,  t)  =  Eq  sin  kcX 

Assuming  perfectly  conducting  walls,  the  boundary  conditions  require  that  there  be 
no  tangential  electric  held  at  any  of  the  wall  sides.  Because  the  electric  held  is  in  the 
y-direction,  it  is  normal  to  the  top  and  bottom  sides.  But,  it  is  parallel  to  the  left  and 
right  sides.  On  the  left  side,  x  =  0,  EyM  vanishes  because  sink^x  does.  On  the  right 
side,  x  =  a,  the  boundary  condition  requires: 

Eyia)=  Eosmkca  =  0  =>  sinkc^z  =  0 

This  requires  that  kca  be  an  integral  multiple  of  tt: 

nn 

kca  =  nn  ^  kc  =  —  (9.4.4) 

a 

These  are  the  so-called  TE„o  modes.  The  corresponding  cutoff  frequency  cVc  =  ckc, 
fc  =  (JOcl2n,  and  wavelength  Ac  =  2n/kc  =  c/fc  are: 


CVc 


cnn 

a 


fc 


2a 

n 


(TE„o  modes) 


(9.4.5) 


The  dominant  mode  is  the  one  with  the  lowest  cutoff  frequency  or  the  longest  cutoff 
wavelength,  that  is,  the  mode  TEio  having  n  =  1.  It  has: 


7  tt 

cn 

c 

kc  =  , 

CVc  =  —  , 

fc  =  ~  .  Ac  =  2a 
2a 

a 

a 

(TEio  mode) 


(9.4.6) 


Fig.  9.4.2  depicts  the  electric  held  EyM  =  Eq  sinkcX  =  Eq  sm{nx/a)  of  this  mode 
as  a  function  of  x. 
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Fig.  9.4.2  Electric  field  inside  a  rectangular  waveguide. 

9.5  Higher  TE  and  TM  modes 

To  construct  higher  modes,  we  look  for  solutions  of  the  Helmholtz  equation  that  are 
factorable  in  their  x  and  y  dependence: 

Hz(x,y)=  F{x)G(y) 


Then,  Eq.  (9.3.8)  becomes: 


F''{x)G{y)+F{x)G"{y)+k^,F{x)G{y)=0  ^  ° 

Because  these  must  be  valid  for  all  x,  y  (inside  the  guide),  the  F-  and  G-terms  must 
be  constants,  independent  of  x  and  y.  Thus,  we  write: 


f"(x)  ^  _  2  G"(y) 

Fix)  G(y) 


-fey  or 


f "  (x)  +fe2f  (x)  =  0 ,  G"  (y)  +fe2  G  (y)  =  0  (9.S.2) 

where  the  constants  fe^  and  fey  are  constrained  from  Eq.  (9.5.1)  to  satisfy: 


kl  =  kl  +  fe2  (9.5.3) 

The  most  general  solutions  of  (9.5.2)  that  will  satisfy  the  TE  boundary  conditions  are 
cos  kxX  and  cos  kyy.  Thus,  the  longitudinal  magnetic  held  will  be: 


Hz  (x,  y)  =  Ho  cos  kxX  cos  kyy 


(lEnm  modes) 


(9.5.4) 


It  then  follows  from  the  rest  of  the  equations  (9.3.8)  that: 


Hxix,y)  =  Hi  sin  kxX  cos  kyy 
Hyix,y)  =  H2  cos  kxX  sin  kyy 


Ex{x,y)  =  El  cos  kxX  sin  kyy 
Eyix,y)  =  £2  sin  kxX  cos  kyy 


where  we  dehned  the  constants: 


jPkx  -  LT 

72  “0)  ^2  j2  “0 

kr  kr 


El  =  iIteHz  =jr] 


(joky 

(JOrk, 


Ho,  E2  =  -rirsHi  =  -jr] 


cokx 

(JOrkc 


Ho 


(9.5.5) 
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The  boundary  conditions  are  that  Ey  vanish  on  the  right  wall,  x  =  a,  and  that  Ex 
vanish  on  the  top  wall,  y  =  b,  that  is, 

Eyia,y)=  Eoy  sin  kxa  cos  kyy  =  0,  Exix,b)=  Tox  coskxXsinkyh  =  0 

The  conditions  require  that  kxa  and  kyb  be  integral  multiples  of  tt: 


kxa  =  YiTT ,  kyb  =  mn 


kx 


nn 

a 


ky  = 


mn 


(9.5.6) 


These  correspond  to  the  TE^m  modes.  Thus,  the  cutoff  wavenumbers  of  these  modes 
kc  =  ^kl  +  ky  take  on  the  quantized  values: 


fe  -  / 

f  mn\ 

2 

fec-y 

V  a  J 

[1^  ) 

1 

{TEnm  modes) 


The  cutoff  frequencies  fnm  =  (JOc/2n  =  ckc/2n  and  wavelengths  \nm 


(9.5.7) 
c/fnm  are: 


(9.5.8) 


The  TEom  modes  are  similar  to  the  TEno  modes,  but  with  x  and  a  replaced  by  y  and 
b.  The  family  of  TM  modes  can  also  be  constructed  in  a  similar  fashion  from  Eq.  (9.3.10). 

Assuming  Ezix,y)=  F(x)G(y),  we  obtain  the  same  equations  (9.5.2).  Because  Ez 
is  parallel  to  all  walls,  we  must  now  choose  the  solutions  sin  kx  and  sin  kyy.  Thus,  the 
longitudinal  electric  helds  is: 


Ez  (x,  y)  =  Eo  sin  kxX  sin  kyy 


(TMnm  modes) 


(9.5.9) 


The  rest  of  the  held  components  can  be  worked  out  from  Eq.  (9.3.10)  and  one  hnds 
that  they  are  given  by  the  same  expressions  as  (9.5.5),  except  now  the  constants  are 
determined  in  terms  of  Eo'. 


£1  = 


Jpky 

E2  -  ^2  ^0 


1  j(Vky  1 

Hi  - - £2  -  - 7 - Eo  , 

Htm  ojcb^c  h 


H2  =  —Ei  = 

UTM 


jojkx 


cjOckc  rj 


^Ho 


where  we  used  r/rM  =  ilpc/cv.  The  boundary  conditions  on  Ex,Ey  are  the  same  as 
before,  and  in  addition,  we  must  require  that  Ez  vanish  on  all  walls. 

These  conditions  imply  that  kx,  ky  will  be  given  by  Eq.  (9.5.6),  except  both  n  and  m 
must  be  non-zero  (otherwise  Ez  would  vanish  identically.)  Thus,  the  cutoff  frequencies 
and  wavelengths  are  the  same  as  in  Eq.  (9.5.8). 

Waveguide  modes  can  be  excited  by  inserting  small  probes  at  the  beginning  of  the 
waveguide.  The  probes  are  chosen  to  generate  an  electric  held  that  resembles  the  held 
of  the  desired  mode. 


374 


9.  Waveguides 


9.6  Operating  Bandwidth 

All  waveguiding  systems  are  operated  in  a  frequency  range  that  ensures  that  only  the 
lowest  mode  can  propagate.  If  several  modes  can  propagate  simultaneously,^  one  has 
no  control  over  which  modes  will  actually  be  carrying  the  transmitted  signal.  This  may 
cause  undue  amounts  of  dispersion,  distortion,  and  erratic  operation. 

A  mode  with  cutoff  frequency  cOc  will  propagate  only  if  its  frequency  is  co  >  Wc, 
orA<Ac.  Ifco<cOc,  the  wave  will  attenuate  exponentially  along  the  guide  direction. 
This  follows  from  the  co,  P  relationship  (9.1.10): 

602  =  co2+^2c2  ^ 

If  CO  >  COc,  the  wavenumber  P  is  real-valued  and  the  wave  will  propagate.  But  if 
CO  <  COc,  P  becomes  imaginary,  say,  P  =  -ja,  and  the  wave  will  attenuate  in  the  z- 
direction,  with  a  penetration  depth  5  =  l/a\ 

If  the  frequency  co  is  greater  than  the  cutoff  frequencies  of  several  modes,  then  all 
of  these  modes  can  propagate.  Conversely,  if  co  is  less  than  all  cutoff  frequencies,  then 
none  of  the  modes  can  propagate. 

If  we  arrange  the  cutoff  frequencies  in  increasing  order,  coci  <  C0c2  <  <  ■  ■  ■ , 

then,  to  ensure  single-mode  operation,  the  frequency  must  be  restricted  to  the  interval 
cOci  <  CO  <  C0c2,  so  that  only  the  lowest  mode  will  propagate.  This  interval  dehnes  the 
operating  bandwidth  of  the  guide. 

These  remarks  apply  to  all  waveguiding  systems,  not  just  hollow  conducting  wave¬ 
guides.  For  example,  in  coaxial  cables  the  lowest  mode  is  the  TEM  mode  having  no  cutoff 
frequency,  cOci  =  0.  However,  TE  and  TM  modes  with  non-zero  cutoff  frequencies  do 
exist  and  place  an  upper  limit  on  the  usable  bandwidth  of  the  TEM  mode.  Similarly,  in 
optical  hbers,  the  lowest  mode  has  no  cutoff,  and  the  single-mode  bandwidth  is  deter¬ 
mined  by  the  next  cutoff  frequency. 

In  rectangular  waveguides,  the  smallest  cutoff  frequencies  are  fio  =  cl 2a,  fzo  = 
da  =  2fio,  and  foi  =  cl 2b.  Because  we  assumed  that  b  <  a,  it  follows  that  always 
fio  ^  f 01-  If  ^  ^  til 2,  then  1/a  <  112b  and  therefore,  f2o  <  foi,  so  that  the  two  lowest 
cutoff  frequencies  are  fio  and  f2o. 

On  the  other  hand,  if  a/2  <  b  <  a,  then  foi  <  /’20  and  the  two  smallest  frequencies 
are  fio  and  foi  (except  when  b  =  a,  in  which  case  foi  =  fio  and  the  smallest  frequencies 
are  fio  and  f2o-)  The  two  cases  b  <  a/2  and  b  >  a/2  are  depicted  in  Fig.  9.6.1. 

It  is  evident  from  this  hgure  that  in  order  to  achieve  the  widest  possible  usable 
bandwidth  for  the  TEio  mode,  the  guide  dimensions  must  satisfy  b  <  a/ 2  so  that  the 
bandwidth  is  the  interval  [fc,  2fc],  where  fc  =  fio  =  c/2a.  In  terms  of  the  wavelength 
A  =  c/f,  the  operating  bandwidth  becomes:  0.5  <  a/\  <  1,  or,  rz  <  A  <  2a. 

We  will  see  later  that  the  total  amount  of  transmitted  power  in  this  mode  is  propor¬ 
tional  to  the  cross-sectional  area  of  the  guide,  ab.  Thus,  if  in  addition  to  having  the 


^Murphy’s  law  for  waveguides  states  that  “if  a  mode  can  propagate,  it  will.” 
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bandwidth 


fio  fio  foi 

^  bandwidth  -H 


(b<a/2) 


-  /  (a/2  <  b  <  a) 


fio  foi  fio 

Fig.  9.6.1  Operating  bandwidth  in  rectangular  waveguides. 


widest  bandwidth,  we  also  require  to  have  the  maximum  power  transmitted,  the  dimen¬ 
sion  b  must  be  chosen  to  be  as  large  as  possible,  that  is,  b  =  a/2.  Most  practical  guides 
follow  these  side  proportions. 

If  there  is  a  “canonical”  guide,  it  will  have  b  =  a/ 2  and  be  operated  at  a  frequency 
that  lies  in  the  middle  of  the  operating  band  [fc,  2fc] ,  that  is, 

f=l.Sfc  =  0.7S-  (9.6.1) 

a 

Table  9.6.1  lists  some  standard  air-hlled  rectangular  waveguides  with  their  naming 
designations,  inner  side  dimensions  a,  bin  inches,  cutoff  frequencies  in  GHz,  minimum 
and  maximum  recommended  operating  frequencies  in  GHz,  power  ratings,  and  attenua¬ 
tions  in  dB/m  (the  power  ratings  and  attenuations  are  representative  over  each  operating 
band.)  We  have  chosen  one  example  from  each  microwave  band. 


name 

a 

b 

f c 

/min 

fmax 

band 

p 

a 

WR-510 

5.10 

2.55 

1.16 

1.45 

2.20 

L 

9  MW 

0.007 

WR-284 

2.84 

1.34 

2.08 

2.60 

3.95 

S 

2.7  MW 

0.019 

WR-159 

1.59 

0.795 

3.71 

4.64 

7.05 

C 

0.9  MW 

0.043 

WR-90 

0.90 

0.40 

6.56 

8.20 

12.50 

X 

250  kW 

0.110 

WR-62 

0.622 

0.311 

9.49 

11.90 

18.00 

Ku 

140  kW 

0.176 

WR-42 

0.42 

0.17 

14.05 

17.60 

26.70 

K 

50  kW 

0.370 

WR-28 

0.28 

0.14 

21.08 

26.40 

40.00 

Ka 

27  kW 

0.583 

WR-15 

0.148 

0.074 

39.87 

49.80 

75.80 

V 

7.5  kW 

1.52 

WR-10 

0.10 

0.05 

59.01 

73.80 

112.00 

w 

3.5  kW 

2.74 

Table  9.6.1  Characteristics  of  some  standard  air-filled  rectangular  waveguides. 


9.7  Power  Transfer,  Energy  Density,  and  Group  Velocity 

Next,  we  calculate  the  time-averaged  power  transmitted  in  the  TEio  mode.  We  also  calcu¬ 
late  the  energy  density  of  the  helds  and  determine  the  velocity  by  which  electromagnetic 
energy  flows  down  the  guide  and  show  that  it  is  equal  to  the  group  velocity.  We  recall 
that  the  non-zero  held  components  are: 


Hzix)=  Ho  cos  kcX,  Hxix)  =  HisinkcX,  Ey{x)  =  EosinkcX 


(9.7.1) 
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where 

Hi  =  Ho  ,  Eo  =  -HteHi  =  -Jn  —  Ho  (9.7.2) 

k-c  c 

The  Poynting  vector  is  obtained  from  the  general  result  of  Eq.  (9.3.7): 

T,  =  ^\Et\^  =  ^ \Ey  (x) \^  =  ^{Eol^sin^  kcX 

IYIte  ‘^riTE  ^flTE 

The  transmitted  power  is  obtained  by  integrating  Tz  over  the  cross-sectional  area 
of  the  guide: 

Pt  =  {  {  \Eo\'^  sin^kcxdxdy 

Jo  Jo  IriTE 

Noting  the  dehnite  integral, 

\  sin^  kcxdx=  \  sin^(  — )dx=^  (9.7.3) 

Jo  Jo  2 

and  using  rijE  =  riuo ! =  q/^l  -  coc/co^,  we  obtain: 


(transmitted  power)  (9.7.4) 

We  may  also  calculate  the  distribution  of  electromagnetic  energy  along  the  guide,  as 
measured  by  the  time-averaged  energy  density.  The  energy  densities  of  the  electric  and 
magnetic  helds  are: 

We  =  tRe(te£-£*)  =  ^e\Ey\^ 

=  =  t/L/(|H;,|2  +  |HzlO 

Inserting  the  expressions  for  the  helds,  we  hnd: 

We  =  ^  e\Eo\^  sin^  kcX,  Wm  =  ^IJ  {\ H i  sin^  kcX -E  \ H o\^  cos^  kcx) 


Because  these  quantities  represent  the  energy  per  unit  volume,  if  we  integrate  them 
over  the  cross-sectional  area  of  the  guide,  we  will  obtain  the  energy  distributions  per 
unit  z-length.  Using  the  integral  (9.7.3)  and  an  identical  one  for  the  cosine  case,  we  hnd: 


nb  rCI  rb  1  1 

Weix,y)  dxdy  =  -  e\Eo\^  sin^  kcxdxdy  =  -  e\Eo\^ab 

D  Jo  Jo  4  8 

=  [  [  ld{\Hi\^  sin^  kcX  +  \Ho\^  cos^  kcx)dxdy  +  \Ho\^)ab 

Jo  Jo  4  8 
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Although  these  expressions  look  different,  they  are  actually  equal,  W'  =  In¬ 
deed,  using  the  property  p^/k^  +  1  =  (j5^  -r  k^)  =  k^/k^  =  cjo'^/cjo'^  and  the  relation¬ 

ships  between  the  constants  in  (9.7.1),  we  hnd: 


iL/(|Hi|2  +  |Ho|2)  =^{\Ho\^'^  ^  |Ho|2)  =  =  4|Tol'  =  e\Eo\^ 


The  equality  of  the  electric  and  magnetic  energies  is  a  general  property  of  wavegui- 
ding  systems.  We  also  encountered  it  in  Sec.  2.3  for  uniform  plane  waves.  The  total 
energy  density  per  unit  length  will  be: 

(9.7.5) 

According  to  the  general  relationship  between  hux,  density,  and  transport  velocity 
given  in  Eq.  (1.5.2),  the  energy  transport  velocity  will  be  the  ratio  Ven  =  Pt/W'.  Using 
Eqs.  (9.7.4)  and  (9.7.5)  and  noting  that  l/r/e  =  =  c,  we  hnd: 

(energy  transport  velocity)  (9.7.6) 

This  is  equal  to  the  group  velocity  of  the  propagating  mode.  Eor  any  dispersion 
relationship  between  co  and  jS,  the  group  and  phase  velocities  are  dehned  by 


(group  and  phase  velocities)  (9.7.7) 

Eor  uniform  plane  waves  and  TEM  transmission  lines,  we  have  co  =  jSc,  so  that  Vgr  = 
Vph  =  c.  Eor  a  rectangular  waveguide,  we  have  00^  =  00^  +  Taking  differentials  of 
both  sides,  we  hnd  Zcodco  =  2c^PdP,  which  gives: 


(9.7.8) 


where  we  used  Eq.  (9.1.10).  Thus,  the  energy  transport  velocity  is  equal  to  the  group 
velocity,  Ven  =  Vgr.  We  note  that  Vgr  =  pc^/oo  =  c^/Vph,  or 


^gr^ph  —  (9.7.9) 

The  energy  or  group  velocity  satishes  Vgr  <  c,  whereas  Vph  >  c.  Information  trans¬ 
mission  down  the  guide  is  by  the  group  velocity  and,  consistent  with  the  theory  of 
relativity,  it  is  less  than  c. 


9.8  Power  Attenuation 

In  this  section,  we  calculate  the  attenuation  coefficient  due  to  the  ohmic  losses  of  the 
conducting  walls  following  the  procedure  outlined  in  Sec.  9.2.  The  losses  due  to  the 
hlling  dielectric  can  be  determined  from  Eq.  (9.2.5). 
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The  field  expressions  (9.4.3)  were  derived  assuming  the  boundary  conditions  for 
perfectly  conducting  wall  surfaces.  The  induced  surface  currents  on  the  inner  walls  of 
the  waveguide  are  given  by  =  h  x  H,  where  the  unit  vector  h  is  ±x  and  ±y  on  the 
left/right  and  bottom/top  walls,  respectively. 

The  surface  currents  and  tangential  magnetic  helds  are  shown  in  Fig.  9.8.1.  In  par¬ 
ticular,  on  the  bottom  and  top  walls,  we  have: 


Fig.  9.8.1  Currents  on  waveguide  walls. 


Js  =  ±yxH  =  ±yx  ixHx  +  zHz)  =  ±i-zHx  +  xHz)  =  ±(-ziTi  sinkcX  +  xHocoskcX) 
Similarly,  on  the  left  and  right  walls: 


Js  =  ±xx  H=  ±xx  {xHx  +  zHz)  =  +yHz  =  +yHo  cos  kcX 


At  X  =  0  and  x  =  a,  this  gives  Js  =  +y{±Ho)  =  yHo.  Thus,  the  magnitudes  of  the 
surface  currents  are  on  the  four  walls: 


\Js\^ 


|iTo  I  ^ ,  (left  and  right  walls) 

I  Ho  I  ^  cos^  kcX  +  \Hi\^  sin^  kcX ,  (top  and  bottom  walls) 


The  power  loss  per  unit  z-length  is  obtained  from  Eq.  (9.2.8)  by  integrating  \Js\^ 
around  the  four  walls,  that  is. 


PLs  =  '^^Rs  r \Js\^dx  +  2^Rs  \\js\^dy 

2  Jo  2  Jo 

ra  rb 

=  {\Ho\^cos^kcX+\Hi\^sm^kcx)dx  +  Rs\  \Ho\^  dy 

Jo  Jo 

=  i?.|(|Ho|2  +  IHilO  +Rsb\Ho\^  =  ^(|Ho|2  +  |Hi|2  +  ^IHolO 

Using  \Ho\^  +  \Hi\^  =  \Eo\^/rj^  fromSec.  9.7,  and  |Hol^  =  {\ E  o \^  /  rj^)  co^/ cv^,  which 
follows  from  Eq.  (9.4.2),  we  obtain: 


2/72  V  a  6o2 


The  attenuation  constant  is  computed  from  Eqs.  (9.2.9)  and  (9.7.4): 
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ac 


PL 


2Pt 


Rsa\Eo\^  (  2b  con 

2/72  V  a  c«2  j 


2-\Eo\^ab 


CO 

CO 


2 

c_ 

2 


which  gives: 


ac 


rjb 


(attenuation  of  TEio  mode) 


(9.8.1) 


This  is  in  units  of  nepers/m.  Its  value  in  dB/m  is  obtained  by  cXdB  =  8.686 cXc-  For  a 
given  ratio  a/b,  ac  increases  with  decreasing  b,  thus  the  smaller  the  guide  dimensions, 
the  larger  the  attenuation.  This  trend  is  noted  in  Table  9.6.1. 

The  main  tradeoffs  in  a  waveguiding  system  are  that  as  the  operating  frequency  f 
increases,  the  dimensions  of  the  guide  must  decrease  in  order  to  maintain  the  operat¬ 
ing  band  fc  <  f  <  2fc,  but  then  the  attenuation  increases  and  the  transmitted  power 
decreases  as  it  is  proportional  to  the  guide’s  area. 


Example  9.8.1:  Design  a  rectangular  air-filled  waveguide  to  be  operated  at  5  GHz,  then,  re¬ 
design  it  to  be  operated  at  10  GHz.  The  operating  frequency  must  lie  in  the  middle  of  the 
operating  band.  Calculate  the  guide  dimensions,  the  attenuation  constant  in  dB/m,  and 
the  maximum  transmitted  power  assuming  the  maximum  electric  field  is  one-half  of  the 
dielectric  strength  of  air.  Assume  copper  walls  with  conductivity  cr  =  5.8x10^  S/m. 

Solution:  If  f  is  in  the  middle  of  the  operating  band,  fc  <  f  <  2fc,  where  fc  =  cl2a,  then 
f  =  l.Sfc  =  0.7Sc/a.  Solving  for  a,  we  find 

0.75c  0.75x30  GHz  cm 

a  =  — - —  =  -  =  4.5  cm 

I  ^ 

For  maximum  power  transfer,  we  require  b  =  al2  =  2.25  cm.  Because  co  =  1.5cOc,  we 
have  coc/co  =  2/3.  Then,  Eq.  (9.8.1)  gives  ac  =  0.037  dB/m.  The  dielectric  strength  of  air 
is  3  MV/m.  Thus,  the  maximum  allowed  electric  field  in  the  guide  is  To  =  1-5  MV/m.  Then, 
Eq.  (9.7.4)  gives  Pr  =  1-12  MW. 

At  10  GHz,  because  f  is  doubled,  the  guide  dimensions  are  halved,  a  =  2.25  and  b  =  1.125 
cm.  Because  Rg  depends  on  f  like  f^^^,  it  will  increase  by  a  factor  of  a/2.  Then,  the  factor 
Rg/b  will  increase  by  a  factor  of  2 a/2.  Thus,  the  attenuation  will  increase  to  the  value 
ac  =  0.037  ■  2 a/2  =  0.104  dB/m.  Because  the  area  ab  is  reduced  by  a  factor  of  four,  so 
will  the  power,  Pt  =  1.12/4  =  0.28  MW  =  280  kW. 

The  results  of  these  two  cases  are  consistent  with  the  values  quoted  in  Table  9.6.1  for  the 
C-band  and  X-band  waveguides,  WR-159  and  WR-90.  □ 


Example  9.8.2:  WR-159  Waveguide.  Consider  the  C-band  WR-159  air-filled  waveguide  whose 
characteristics  were  listed  in  Table  9.6.1.  Its  inner  dimensions  are  rz  =  1.59  and  b  =  a/2  = 
0.795  inches,  or,  equivalently,  a  =  4.0386  and  b  =  2.0193  cm. 


380 


9.  Waveguides 


The  cutoff  frequency  of  the  TEio  mode  is  fc  =  cl 2a  =  3.71  GHz.  The  maximum  operating 
bandwidth  is  the  interval  [fc.2fc]=  [3.71,  7.42]  GHz,  and  the  recommended  interval  is 
[4.64,7.05]  GHz. 

Assuming  copper  walls  with  conductivity  cr  =  5.8x10^  S/m,  the  calculated  attenuation 
constant  ac  from  Eq.  (9.8.1)  is  plotted  in  dB/m  versus  frequency  in  Eig.  9.8.2. 


Attenuation  Coefficient  Power  Transmitted 


Fig.  9.8.2  Attenuation  constant  and  transmitted  power  in  a  WR-1 59  waveguide. 

The  power  transmitted  Pj  is  calculated  from  Eq.  (9.7.4)  assuming  a  maximum  breakdown 
voltage  of  To  =  1-5  MV/m,  which  gives  a  safety  factor  of  two  over  the  dielectric  breakdown 
of  air  of  3  MV/m.  The  power  in  megawatt  scales  is  plotted  in  Eig.  9.8.2. 

Because  of  the  factor  -^/T^-cofTco^  in  the  denominator  of  ac  and  the  numerator  of  Pt, 
the  attenuation  constant  becomes  very  large  near  the  cutoff  frequency,  while  the  power  is 
almost  zero.  A  physical  explanation  of  this  behavior  is  given  in  the  next  section.  □ 


9.9  Reflection  Model  of  Waveguide  Propagation 

An  intuitive  model  for  the  TEio  mode  can  be  derived  by  considering  a  TE-polarized 
uniform  plane  wave  propagating  in  the  z-direction  by  obliquely  bouncing  back  and  forth 
between  the  left  and  right  walls  of  the  waveguide,  as  shown  in  Fig.  9.9.1. 

If  6  is  the  angle  of  incidence,  then  the  incident  and  reflected  (from  the  right  wall) 
wavevectors  will  be: 


k  =  xkx  +  zkz  =  xk cos  0  +  z k  sin 0 
k'  =  -xkx  P  zkz  =  -xk cos  6  +  z k  sin 0 

The  electric  and  magnetic  fields  will  be  the  sum  of  an  incident  and  a  reflected  com¬ 
ponent  of  the  form: 

E  =  yfie-J'"'  +  +  £i 

H  =  1  k  X  +  1  k'  X  £; 

n  n 
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Fig.  9.9.1  Reflection  model  of  TEio  mode. 


where  the  electric  field  was  taken  to  be  polarized  in  the  y  direction.  These  field  expres¬ 
sions  become  component-wise: 


Ey  = 

=  -i  sin0{Eie-j'^-’‘  +  E[e>'^-’‘)e-j'^-^  g 

Hz  =  i  cos0{Eie-j'^-’‘  - 

The  boundary  condition  on  the  left  wall,  x  =  0,  requires  that  Ei+E'^  =  0.  We  may  write 
therefore,  Ei  =  -E'l  =  jEo/2.  Then,  the  above  expressions  simplify  into: 


Ey  =  Eq  sin  kxX  e 


Hx  =  - 1  sin  0Eo  sin  kxX  e  (9  9  2) 

Hz  =  ^  cos0Eocoskxxe~-'^^^ 

These  are  identical  to  Eq.  (9.4.3)  provided  we  identify  with  kz  and  kc  with  kx,  as 
shown  in  Fig.  9.9.1.  It  follows  from  the  wavevector  triangle  in  the  figure  that  the  angle 
of  incidence  6  will  be  given  by  cos  6  =  kx/k  =  kc/k,  or, 


cos  6  =  —  , 

■a  /i 

smO  =  ^.  1 - ^ 

CO 

V  co2 

The  ratio  of  the  transverse  components,  -Ey/Hx,  is  the  transverse  impedance,  which 
is  recognized  to  be  r/rr-  Indeed,  we  have: 
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The  boundary  condition  on  the  right  wall  requires  sinkxa  =  0,  which  gives  rise  to 
the  same  condition  as  (9.4.4),  that  is,  kca  =  nn. 

This  model  clarihes  also  the  meaning  of  the  group  velocity.  The  plane  wave  is  bounc¬ 
ing  left  and  right  with  the  speed  of  light  c.  However,  the  component  of  this  velocity  in 
the  z-direction  will  be  Vz  =  c  sin  6.  This  is  equal  to  the  group  velocity.  Indeed,  it  follows 
from  Eq.  (9.9.3)  that: 


Vz  =  csin0  =  cy  1  -  =  Vgr  (9.9.5) 

Eq.  (9.9.3)  implies  also  that  at  co  =  cVc,  we  have  sin  0  =  0,  or  0  =  0,  that  is,  the  wave 
is  bouncing  left  and  right  at  normal  incidence,  creating  a  standing  wave,  and  does  not 
propagate  towards  the  z-direction.  Thus,  the  transmitted  power  is  zero  and  this  also 
implies,  through  Eq.  (9.2.9),  that  ac  will  be  inhnite. 

On  the  other  hand,  for  very  large  frequencies,  co  »  cOc,  the  angle  6  will  tend  to  90°, 
causing  the  wave  to  zoom  through  guide  almost  at  the  speed  of  light. 


9.10  Resonant  Cavities 


Cavity  resonators  are  metallic  enclosures  that  can  trap  electromagnetic  helds.  The 
boundary  conditions  on  the  cavity  walls  force  the  helds  to  exist  only  at  certain  quantized 
resonant  frequencies.  Eor  highly  conducting  walls,  the  resonances  are  extremely  sharp, 
having  a  very  high  Q  of  the  order  of  10,000. 

Because  of  their  high  Q,  cavities  can  be  used  not  only  to  efficiently  store  electro¬ 
magnetic  energy  at  microwave  frequencies,  but  also  to  act  as  precise  oscillators  and  to 
perform  precise  frequency  measurements. 

Eig.  9.10.1  shows  a  rectangular  cavity  with  z-length  equal  to  /  formed  by  replacing 
the  sending  and  receiving  ends  of  a  waveguide  by  metallic  walls.  A  forward-moving  wave 
will  bounce  back  and  forth  from  these  walls,  resulting  in  a  standing-wave  pattern  along 
the  z-direction. 


-right 


Fig.  9.10.1  Rectangular  cavity  resonator  (and  induced  wall  currents  for  the  TEnop  mode.) 

Because  the  tangential  components  of  the  electric  held  must  vanish  at  the  end-walls, 
these  walls  must  coincide  with  zero  crossings  of  the  standing  wave,  or  put  differently,  an 
integral  multiple  of  half -wavelengths  must  ht  along  the  z-direction,  that  is,  /  =  p\g/2  = 
pn/  P,  or  P  =  pn/l,  where  p  is  a  non-zero  integer.  Eor  the  same  reason,  the  standing- 
wave  patterns  along  the  transverse  directions  require  a  =  nAx/2  and  b  =  mAy/2,  or 
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kx  =  rrn/a  and  ky  =  mn/b.  Thus,  all  three  cartesian  components  of  the  wave  vector 
are  quantized,  and  therefore,  so  is  the  frequency  of  the  wave  co  =  : 


(resonant  frequencies) 


(9.10.1) 


Such  modes  are  designated  as  TEnmp  or  TM^^p.  Eor  simplicity,  we  consider  the  case 
TE„op-  Eqs.  (9.3.6)  also  describe  backward-moving  waves  if  one  replaces  jS  by  -jS,  which 
also  changes  the  sign  of  r/xr  =  qco/jSc.  Starting  with  a  linear  combination  of  forward 
and  backward  waves  in  the  TE^o  mode,  we  obtain  the  held  components: 


iTz(x,z)  =  Hocoskcx{Ae  , 

Hx  (X,  z)  =  JHi  sinkcxiAe-jl^^  -  ,  Hi  =  ^  Ho 

kc 

Ey  (x,  z)  =  -jEo  smkcx{Ae~‘^^^  +  ,  Eq  =  —  pHo 


where  cOc  =  ckc.  By  requiring  that  Ey{x,z)  have  z-dependence  of  the  form  sinjSz,  the 
coefficients  A,B  must  be  chosen  as  A  =  -B  =  j/2.  Then,  Eq.  (9.10.2)  specializes  into: 


Hz  (x,  z)  =  Ho  cos  kcX  sin  jSz , 

Hx  (x,  z)  =  -Hi  sinkcX  cos  jSz , 

Ey  (x,  z)  =  -jEq  sinkcX  sin  jSz , 

As  expected,  the  vanishing  of  Ey  (x,  z)  on  the  frontA)ack  walls,  z  =  0  and  z  =  /,  and 
on  the  left/right  walls,  x  =  0  and  x  =  a,  requires  the  quantization  conditions:  jS  =  pn/l 
and  kc  =  nn! a.  The  Q  of  the  resonator  can  be  calculated  from  its  dehnition: 

IT 

Q  =  CO  —  (9.10.4) 

moss 

where  W  is  the  total  time-averaged  energy  stored  within  the  cavity  volume  and  Pioss  is 
the  total  power  loss  due  to  the  wall  ohmic  losses  (plus  other  losses,  such  as  dielectric 
losses,  if  present.)  The  ratio  Auo  =  Pioss /fk  is  usually  identihed  as  the  3-dB  width  of  the 
resonance  centered  at  frequency  co.  Therefore,  we  may  write  Q  =  uo! Auo. 

It  is  easily  verihed  that  the  electric  and  magnetic  energies  are  equal,  therefore,  W 
may  be  calculated  by  integrating  the  electric  energy  density  over  the  cavity  volume: 


(9.10.3) 

E-  ^  U 

Eo=  —  nHo 

UO  r 


W  =  2We  =  2\  \  e|£y(x,z)  |2  dxdydz  =  hlfoP  f  T  T 
4  Jvol  2  Jo  Jo  Jo 

=  ^elEol^(abI)=  hlHoP^(afc/)=  h  IHqP 

o  o  COr  o 


sin^  kcX  cos^  Pzdxdydz 
iabl) 


where  we  used  the  following  dehnite  integrals  (valid  because  kc  =  nn/a,  p  =  pn/l) : 

ra  ra  a  / 

sin^  kcxdx=  cos^  kcxdx=-,  s\v?^zdz=  cos^j8zdz=- 
Jo  Jo  2  Jo  Jo  2 


(9.10.5) 


384 


9.  Waveguides 


The  ohmic  losses  are  calculated  from  Eq.  (9.2.6),  integrated  over  all  six  cavity  sides. 
The  surface  currents  induced  on  the  walls  are  related  to  the  tangential  magnetic  helds 
by  Js  =  nx  Htan-  The  directions  of  these  currents  are  shown  in  Fig.  9.10.1.  Specihcally, 
we  hnd  for  the  currents  on  the  six  sides: 


\Js\^ 


Hq  sin^  pz  (left  &  right) 

Hq  cos^  kcX  sin^  pz  +  Hi  sin^  kcX  cos^  pz  (top  &  bottom) 
hI  sin^  kcX  (front  &  back) 


The  power  loss  can  be  computed  by  integrating  the  loss  per  unit  conductor  area, 
Eq.  (9.2.6),  over  the  six  wall  sides,  or  doubling  the  answer  for  the  left,  top,  and  front 
sides.  Using  the  integrals  (9.10.5),  we  hnd: 

Pioss  =  \Rs\  \Js\^  dA  =  RsIhI^  +  {Hi  +  hD^  +  hI^ 

(9.10.6) 

l{2b  +  a{2b  +  /) 

ki 

where  we  substituted  Hi  =  Hl^^/k^.  It  follows  that  the  Q-factor  will  be: 

_  W  cvjj  {kl  +  (abl) 

^  klH2b  +  a)+l32a{2b  +  l) 

For  the  TE^op  mode  we  have  p  =  pn/l  and  kc  =  nn/a.  Using  Eq.  (9.2.7)  to  replace 
Rs  in  terms  of  the  skin  depth  5,  we  hnd: 


=  -Rsm 


+  7^ 


5 


(9.10.7) 


The  lowest  resonant  frequency  corresponds  to  n  =  p  =  1.  For  a  cubic  cavity,  a  = 
b  =  I,  the  Q  and  the  lowest  resonant  frequency  are: 


a  ctt^/2  (JO  c 

^  ^  ox  ’  ^101  ^  ’  /loi  = 

3o  a  2tt  ay2 


(9.10.8) 


For  an  air-hlled  cubic  cavity  with  a  =  3  cm,  we  hnd  fioi  =  7.07  GHz,  5  =  7.86x10“^ 
cm,  and  Q  =  12724.  As  in  waveguides,  cavities  can  be  excited  by  inserting  small  probes 
that  generate  helds  resembling  a  particular  mode. 


9.11  Dielectric  Slab  Waveguides 

A  dielectric  slab  waveguide  is  a  planar  dielectric  sheet  or  thin  him  of  some  thickness, 
say  2a,  as  shown  in  Fig.  9.11.1.  Wave  propagation  in  the  z-direction  is  by  total  internal 
rehection  from  the  left  and  right  walls  of  the  slab.  Such  waveguides  provide  simple 
models  for  the  conhning  mechanism  of  waves  propagating  in  optical  hbers. 


Dielectric  Slab  Waveguides 
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9.1 1. 


Fig.  9.11.1  Dielectric  slab  waveguide. 


The  propagating  helds  are  conhned  primarily  inside  the  slab,  however,  they  also 
exist  as  evanescent  waves  outside  it,  decaying  exponentially  with  distance  from  the  slab. 
Fig.  9.11.1  shows  a  typical  electric  held  pattern  as  a  function  of  x. 

For  simplicity,  we  assume  that  the  media  to  the  left  and  right  of  the  slab  are  the 
same.  To  guarantee  total  internal  rehection,  the  dielectric  constants  inside  and  outside 
the  slab  must  satisfy  ei  >62,  and  similarly  for  the  refractive  indices,  rii  >  n2. 

We  look  for  TE  solutions  that  depend  only  on  the  x  coordinate.  The  cutoff  wavenum¬ 
ber  kc  appearing  in  the  Helmholtz  equation  for  Hz  (x)  depends  on  the  dielectric  constant 
of  the  propagation  medium,  k^  =  cjo^ep-  Therefore,  k^.  takes  different  values  inside 
and  outside  the  guide: 

kh  =  cjo^GiPo  -  =  cjo^eoponl  -  =  klnl  -  (inside) 

^c2  =  co^€2Po  -  =  cjo^eopoul  -  =  klnl  -  (outside) 

where  ko  =  cjo/cq  is  the  free-space  wavenumber.  We  note  that  co,  are  the  same  inside 
and  outside  the  guide.  This  follows  from  matching  the  tangential  helds  at  all  times  t 
and  all  points  z  along  the  slab  walls.  The  corresponding  Helmholtz  equations  in  the 
regions  inside  and  outside  the  guide  are: 


dlHz{x)+kliHzix)=  0  for  |x|  <  rz 
dlHzix)+kl2Hzix)=  0  for  |x|  >  rz 


(9.11.2) 


Inside  the  slab,  the  solutions  are  sink^x  and  cosk^x,  and  outside,  smkc2X  and 
cos  kc2X,  or  equivalently,  order  for  the  waves  to  remain  conhned  in  the  near 

vicinity  of  the  slab,  the  quantity  kc2  must  be  imaginary,  for  if  it  is  real,  the  helds  would 
propagate  at  large  x  distances  from  the  slab  (they  would  correspond  to  the  rays  refracted 
from  the  inside  into  the  outside.) 

If  we  set  kc2  =  -jo(c,  the  solutions  outside  will  be  If  is  positive,  then  only 

the  solution  is  physically  acceptable  to  the  right  of  the  slab,  x  >  a,  and  only 
to  the  left,  X  <  -a.  Thus,  the  helds  attenuate  exponentially  with  the  transverse  distance 
X,  and  exist  effectively  within  a  skin  depth  distance  1/cXc  from  the  slab.  Setting  kd  =  kc 
and  kc2  =  -jocc,  Eqs.  (9.11.1)  become  in  this  new  notation: 
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fe?  =  kWi  - 
-al=klnl-^^ 


kl  =  kln\-^'^ 

a?  =  _  fc2„2 


Similarly,  Eqs.  (9.11.2)  read: 


dlHz{x)+klHz{x)=  0  for  \x\  <  a 
dlHz{x)-a'^HzM=  0  for  |x|  >  rz 


(9.11.3) 


(9.11.4) 


The  two  solutions  sin  kcX  and  cos  kcX  inside  the  guide  give  rise  to  the  so-called  even 
and  odd  TE  modes  (referring  to  the  even-ness  or  oddness  of  the  resulting  electric  held.) 
Eor  the  even  modes,  the  solutions  of  Eqs.  (9.11.4)  have  the  form: 


Hi  sinkcX ,  if  -a  <  x  <  a 
H2e-^^^,  if  x>a 
if  x<-a 


(9.11.5) 


The  corresponding  x-components  Hx  are  obtained  by  applying  Eq.  (9.3.8)  using  the 
appropriate  value  for  k'^,  that  is,  k^2  =  outside  and  k^i  =  k^  inside: 


M  dxHz  (x)  =  Hi  cos  kcX ,  if 


-a  <x<  a 


HAx)=\  - 


-^dxHz(x)=  -  — 
-«c  «c 

^d^Hz(x)= 

-ac  occ 


if  x>  a 


if  x>  a 


(9.11.6) 


The  electric  helds  are  Ey{x)=  -riTEHxM,  where  rjjE  =  cvijq/  P  is  the  same  inside 
and  outside  the  slab.  Thus,  the  electric  held  has  the  form: 


IEicoskcX,  if  -a<x<a 
if  x>a 

E^e^^^ ,  if  X  <  -rz 
where  we  dehned  the  constants: 


(even  TE  modes) 


eiteHi  ,  E2 


—  )  E^  = - ^teH^ 

OCc  Oic 


(9.11.7) 


(9.11.8) 


The  boundary  conditions  state  that  the  tangential  components  of  the  magnetic  and 
electric  helds,  that  is,  Hz,Ey,  are  continuous  across  the  dielectric  interfaces  at  x  =  -rz 
and  X  =  a.  Similarly,  the  normal  components  of  the  magnetic  held  Bx  =  IJqHx  and 


therefore  also  Hx  must  be  continuous.  Because  E^ 


-^teHx  and  r/rr  is  the  same  in 


both  media,  the  continuity  of  Ey  follows  from  the  continuity  of  Hx-  The  continuity  of 
iTz  at  X  =  rz  and  x  =  -a  implies  that: 


Hi  sinkca  =  H2e 


and  -  Hi  sinkca  =  H^e 


(9.11.9) 


Similarly,  the  continuity  of  Hx  implies  (after  canceling  a  factor  of  -jp): 
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—  Hicoskca  =  — H2e  and  —Hicoskca  = - H^e 

kc  ac  kc  ac 

.  (9.11.9)  and  (9.11.10)  imply: 

Hi  =  -H3  =  sinkca  =  ^  cosM 

kc 


I _ 

Similarly,  we  hnd  for  the  electric  held  constants: 

I 


E2  =  E3  =  Eie^^^  coskca  =  Eie^^^  —  sinkca 

_ _ 

The  consistency  of  the  last  equations  in  (9.11.11)  or  (9.11.12)  requires  that: 

coskca  =  —  sinkca  ^  ac  =  kctankca 
ac  - 

Eor  the  odd  TE  modes,  we  have  for  the  solutions  of  Eq.  (9.11.4): 

f  HicoskcX,  if  -a<x<a 
Hz{x)=\  H2e~^^^ ,  if  x>a 


The  resulting  electric  held  is: 


El  sinkcX ,  if  -a  <  x  <  a 


Ey{x)=  1  E2e  ,  if  x>  a 
[  ^  if  X  <  -rz 

^  boundary  conditions  imply  in  this  case: 

H2  =H3  =  H le^^^  cos  kc 


coskca  =  -Hie^^^  ^  sinkca 
kr 


I _ 

,  for  the  electric  held  constants: 


E2  =  -E3  =  Eie^^^  sinkca 
The  consistency  of  the  last  equation  requires: 


(9.11.10) 


(9.11.11) 


(9.11.12) 


(9.11.13) 


(9.11.14) 


if  x>a  (odd  TE  modes)  (9.11.15) 


(9.11.16) 


h 

sinkca  =  -Eie^^^  —  coskca  (9.11.17) 

ac 


-kc  cot  kca 


(9.11.18) 


We  note  that  the  electric  helds  Ey  (x)  given  by  Eqs.  (9.11.7)  and  (9.11.15)  are  even  or 
odd  functions  of  x  for  the  two  families  of  modes.  Expressing  E2  and  £3  in  terms  of  Ei, 
we  summarize  the  forms  of  the  electric  helds  in  the  two  cases: 
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Ey{x)  = 


El  cos  kcX, 

El  coskca 
El  coskca  ^ 


if  -a  <  X  <  a 
if  x>  a 
if  X  <  -a 


(even  TE  modes)  (9.11.19) 


Ey{x)= 


El  sinkcX ,  if  -a  <  x  <  a 

Eismkcae~^^^^~^\  if  x>a 
-El  sinkcae^^^^'^^^  ,  if  x  <  -a 


(odd  TE  modes)  (9.11.20) 


Given  the  operating  frequency  co,  Eqs.  (9.11.3)  and  (9.11.13)  or  (9.1 1.18)  provide  three 
equations  in  the  three  unknowns  kc,  ac,  To  solve  them,  we  add  the  two  equations 
(9.11.3)  to  eliminate  j3: 


al  +  kl  =  kl{nl-nl)=  ^{nl-nl) 


(9.11.21) 


Next,  we  discuss  the  numerical  solutions  of  these  equations.  Dehning  the  dimen¬ 
sionless  quantities  u  =  kca  and  v  =  aca,  we  may  rewrite  Eqs.  (9.11.13),  (9.11.18),  and 
(9.11.21)  in  the  equivalent  forms: 


(9.11.22) 


where  R  is  the  normalized  frequency  variable: 


V  =  u  tan  u 

V  =  -li  cotiz 

„  „  „  (even  modes) 

+  u^  =  R^ 

’ 

„  „  „  (odd  modes) 

+  u^  =  R^ 

R  =  koaNA  =  —Na=  ^^^Na  =  ^^Na  (9.11.23) 

Co  Co  A 

where  Na  =  is  the  numerical  aperture  of  the  slab  and  A  =  Co/f,  the  free-space 

wavelength. 

Because  the  functions  tan  u  and  cot  u  have  many  branches,  there  may  be  several 
possible  solution  pairs  iz,  v  for  each  value  of  R.  These  solutions  are  obtained  at  the 
intersections  of  the  curves  v  =  iztanu  and  v  =  -ucotu  with  the  circle  of  radius  R, 
that  is,  +  u^  =  R^.  Eig.  9.11.2  shows  the  solutions  for  various  values  of  the  radius  R 
corresponding  to  various  values  of  co. 

It  is  evident  from  the  hgure  that  for  small  enough  R,  that  is,  0  <  R  <  Tr/2,  there 
is  only  one  solution  and  it  is  even  (for  an  optical  hber,  the  single-mode  condition  reads 
ZtcuNa/^  <  2.405,  where  a  is  the  core  radius.)  Eor  Tr/2  <  R  <  n,  there  are  two 
solutions,  one  even  and  one  odd.  Eor  tt  <  R  <  3Tr/2,  there  are  three  solutions,  two 
even  and  one  odd,  and  so  on.  In  general,  there  will  be  M  -r  1  solutions,  alternating 
between  even  and  odd,  if  R  falls  in  the  interval: 

Mtt  „  (M  -r  l)Tr 

^sS< - 


2 


(9.11.24) 
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Fig.  9.11.2  Even  and  odd  TE  modes  at  different  frequencies. 


Given  a  value  of  R,  we  determine  M  as  that  integer  satisfying  Eq.  (9.11.24),  or,  M  < 
2R/TT  <  M  +  1,  that  is,  the  largest  integer  less  than  2R/tt: 


M  =  floor 


(maximum  mode  number) 


(9.11.25) 


Then,  there  will  be  M-r  1  solutions  indexed  by  m  =  0, 1 , . . . ,  M,  which  will  correspond 
to  even  modes  if  m  is  even  and  to  odd  modes  if  m  is  odd.  The  M  -r  1  branches  of  tan  u 
and  cot  u  being  intersected  by  the  R-circic  are  those  contained  in  the  u-ranges: 


where 


Rm  ^  U  <  Rm+l 


m  =  0, 1, . . .  ,M 


(9.11.26) 


mn 


m  =  0, 1, . . .  ,M 


(9.11.27) 


If  m  is  even,  the  u-range  (9.11.26)  dehnes  a  branch  of  tanu,  and  if  m  is  odd,  a  branch 
of  cotiz.  We  can  combine  the  even  and  odd  cases  of  Eq.  (9.11.22)  into  a  single  case  by 
noting  the  identity: 


tan(u  -  Rm)  = 


tan  u  ,  if  m  is  even 

-  cot  u  ,  if  m  is  odd 


This  follows  from  the  trigonometric  identity: 


tan(u  -  mTT/2)  = 


smucosimn/2)  -  cos  u  sin(mTr/2) 
cos  u  cos(mTr/2)  -r  siniz  sin(mTr/2) 


(9.11.28) 


Therefore,  to  hnd  the  mth  mode,  whether  even  or  odd,  we  must  hnd  the  unique 
solution  of  the  following  system  in  the  u-range  Rm  <  u  <  Rm+i- 
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(9.11.29) 

If  one  had  an  approximate  solution  u,  v  for  the  mth  mode,  one  could  rehne  it  by  using 
Newton’s  method,  which  converges  very  fast  provided  it  is  close  to  the  true  solution.  Just 
such  an  approximate  solution,  accurate  to  within  one  percent  of  the  true  solution,  was 
given  by  Lotspeich  [857].  Without  going  into  the  detailed  justihcation  of  this  method, 
the  approximation  is  as  follows: 


u  =  Rm  +  Wi  (m)ui  (m)  +W2  (m)u2  (m)  ,  m  =  0, 1, . . .  ,M 


(9.11.30) 


where  Ui  (m),  U2  (m)  are  approximate  solutions  near  and  far  from  the  cutoff  Rm,  and 
Wi  (m) ,  W2  (m)  are  weighting  factors; 


y  1  +  2R  {R  —  Rm)  ~  1 

R 


JT  R  -  m 

y  R-\-l 


wi{m)=exp{-{R-Rm)^/Vj„) ,  W2(m)=  1  -wi(m) 


(9.11.31) 


1  ^TT/4  +  Rm 

Vlnl.2S  Vcos(tt/4) 


This  solution  serves  as  the  starting  point  to  Newton’s  iteration  for  solving  the  equa¬ 
tion  Fiu)=  0,  where  F(u)  is  dehned  by 


F{u)=  u  tan(u  -  Rm)-y  =  w  tan(u  -  Rm) -vR^  - 


(9.11.32) 


Newton’s  iteration  is; 


fori  =  1 , 2  . . . ,  Nit  do: 

Fiu)  (9.11.33) 

u=u- — — 

Giu) 

where  Giu)  is  the  derivative  F'  (u),  correct  to  order  O (T) : 

G(u)=-  +  -  +  —  (9.11.34) 

U  V  u 

The  solution  steps  dehned  in  Eqs.  (9.1 1.29)-(9. 11.34)  have  been  implemented  in  the 
MATLAB  function  dsl  ab .  m,  with  usage: 


(9.11.34) 


[u,v,err]  =  dslab(R,Nit) ; 


%  TE-mode  cutoff  wavenumbers  in  a  dielectric  slab 


where  Nit  is  the  desired  number  of  Newton  iterations  (9.11.33),  err  is  the  value  of  Fiu) 
at  the  end  of  the  iterations,  and  u,  v  are  the  (M  +  1 ) -dimensional  vectors  of  solutions. 
The  number  of  iterations  is  typically  very  small,  =  2-3. 

The  related  MATLAB  function  dgui  de .  m  uses  dsl  ab  to  calculate  the  solution  param¬ 
eters  I3,kc,ac,  given  the  frequency  f,  the  half-length  a,  and  the  refractive  indices  ni,n2 
of  the  slab.  It  has  usage: 
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[be,  kc,ac,fc,err]  =  dguide(f ,  a,  nl,  n2 ,  Ni  t)  ;  %  dielectric  slab  guide 

where  f  is  in  GHz,  a  in  cm,  and  P,kc,ac  in  cm“^.  The  quantity  fc  is  the  vector  of 
the  M  -E  1  cutoff  frequencies  dehned  by  the  branch  edges  Rm  =  mix  12,  that  is,  Rm  = 
COmClNA/Co  =  2TTfmClNA/Co  =  17177/2,  Or, 

m  =  0,1,...,M  (9.11.35) 

The  meaning  of  fm  is  that  there  are  m  -E  1  propagating  modes  for  each  f  is  in  the 
interval  fm  <  f  <  fm+i- 

Example  9. 1 1 . 1 :  Dielectric  Slab  Waveguide.  Determine  the  propagating  TE  modes  of  a  dielectric 
slab  of  half-length  rz  =  0.5  cm  at  frequency  f  =  30  GHz.  The  refractive  indices  of  the  slab 
and  the  surrounding  dielectric  are  =  2  and  U2  =  1. 

Solution:  The  solution  is  obtained  by  the  MATLAB  call: 

f  =  30;  a  =  0.5;  nl  =  2 ;  n2  =  1;  Nit  =  3; 

[be,kc,ac,fc,err]  =  dguide(f ,a,nl,n2,Nit) 


The  frequency  radius  is  R  =  5.4414,  which  gives  2R/tt  =  3.4641,  and  therefore,  M  =  3. 
The  resulting  solutions,  depicted  in  Fig.  9.11.3,  are  as  follows: 


TE  Modes  for  R  =  5.44  Electric  Fields 


u  x/a 


Fig.  9.1 1.3  TE  modes  and  corresponding  £-held  patterns. 


12.2838 

11.4071 

9.8359 

7.3971 


2.6497 

5.2718 

7.8210 

10.1585 


10.5553 

9.5207 

7.5675 

3.9037 


0.0000 

8.6603 

17.3205 

25.9808 


The  cutoff  frequencies  fm  are  in  GHz.  We  note  that  as  the  mode  number  m  increases, 
the  quantity  ac  decreases  and  the  effective  skin  depth  l/ac  increases,  causing  the  fields 
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outside  the  slab  to  be  less  confined.  The  electric  field  patterns  are  also  shown  in  the  figure 
as  functions  of  x. 

The  approximation  error,  err,  is  found  to  be  4.885x10“^^  using  only  three  Newton  itera¬ 
tions.  Using  two,  one,  and  no  (the  Lotspeich  approximation)  iterations  would  result  in  the 
errors  2.381x10“^,  4.029x10“^,  and  0.058. 

The  lowest  non-zero  cutoff  frequency  is  fi  =  8.6603  GHz,  implying  that  there  will  be  a 
single  solution  if  f  is  in  the  interval  0  s  f  <  fi.  For  example,  if  f  =  5  GHz,  the  solution  is 
=  1.5649  rad/cm,  kc  =  1.3920  rad/cm,  and  ac  =  1.1629  nepers/cm. 

The  frequency  range  over  which  there  are  only  four  solutions  is  [25.9808,  34.6410]  GHz, 
where  the  upper  limit  is  4fi.  □ 

In  terms  of  the  ray  picture  of  the  propagating  wave,  the  angles  of  total  internal 
reflection  are  quantized  according  to  the  values  of  the  propagation  wavenumber  p  for 
the  various  modes. 

If  we  denote  by  ki  =  koUi  the  wavenumber  within  the  slab,  then  the  wavenumbers 
P,  kc  are  the  z-  and  x-components  kz,  kx  of  ki  with  an  angle  of  incidence  0.  (The  vectorial 
relationships  are  the  same  as  those  in  Fig.  9.9.1.)  Thus,  we  have: 

P  =  kisinO  =  koUi  sin 6 

(9.11.36) 

kc  =  ki  cos  6  =  koUi  cos  6 

The  value  of  P  for  each  mode  will  generate  a  corresponding  value  for  6.  The  at¬ 
tenuation  wavenumber  ac  outside  the  slab  can  also  be  expressed  in  terms  of  the  total 
internal  reflection  angles: 

ac  =  -  klnl  =  koV^^lsin^~0^^^ 

Since  the  critical  angle  is  sin^c  =  n2/ni,  we  may  also  express  ac  as: 

ac  =  konl^J sin^  0  -  sin  6c  (9.11.37) 

Example  9.11.2:  For  the  Example  9.11.1,  we  calculate  ko  =  6.2832  and  ki  =  12.5664  rad/cm. 
The  critical  and  total  internal  reflection  angles  of  the  four  modes  are  found  to  be: 

6c  =  asin  =  30” 

0  =  asm[T^  =  {77.8275°,  65.1960°,  51.5100°,  36.0609°} 

As  required,  all  6s  are  greater  than  dc-  □ 

9.12  Problems 

9.1  An  air-filled  1.5  cmx3  cm  waveguide  is  operated  at  a  frequency  that  lies  in  the  middle  of  its 
TEio  mode  band.  Determine  this  operating  frequency  in  GHz  and  calculate  the  maximum 
power  in  Watts  that  can  be  transmitted  without  causing  dielectric  breakdown  of  air.  The 
dielectric  strength  of  air  is  3  MV/m. 
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9.2  It  is  desired  to  design  an  air-filled  rectangular  waveguide  such  that  (a)  it  operates  only  in  the 
TEio  mode  with  the  widest  possible  bandwidth,  (b)  it  can  transmit  the  maximum  possible 
power,  and  (c)  the  operating  frequency  is  12  GHz  and  it  lies  in  the  middle  of  the  operating 
band.  What  are  the  dimensions  of  the  guide  in  cm? 

9.3  An  air-filled  rectangular  waveguide  is  used  to  transfer  power  to  a  radar  antenna.  The  guide 
must  meet  the  following  specifications:  The  two  lowest  modes  are  TEio  and  TE2o-  The  op¬ 
erating  frequency  is  3  GHz  and  must  lie  exactly  halfway  between  the  cutoff  frequencies  of 
these  two  modes.  The  maximum  electric  field  within  the  guide  may  not  exceed,  by  a  safety 
margin  of  3,  the  breakdown  field  of  air  3  MV/m. 

a.  Determine  the  smallest  dimensions  rz,  h  for  such  a  waveguide,  if  the  transmitted  power 
is  required  to  be  1  MW. 

b.  What  are  the  dimensions  a,b  if  the  transmitted  power  is  required  to  be  maximum? 
What  is  that  maximum  power  in  MW? 

9.4  It  is  desired  to  design  an  air-filled  rectangular  waveguide  operating  at  5  GHz,  whose  group 
velocity  is  0.8c.  What  are  the  dimensions  a,b  of  the  guide  (in  cm)  if  it  is  also  required  to  carry 
maximum  power  and  have  the  widest  possible  bandwidth?  What  is  the  cutoff  frequency  of 
the  guide  in  GHz  and  the  operating  bandwidth? 

9.5  Show  the  following  relationship  between  guide  wavelength  and  group  velocity  in  an  arbitrary 
air-filled  waveguide:  Vg^^g  =  cA ,  where  \g  =  2tt/^  and  A  is  the  free-space  wavelength. 
Moreover,  show  that  the  A  and  \g  are  related  to  the  cutoff  wavelength  Ac  by: 

i 

A2  A|  ^  Ac 

9.6  Determine  the  four  lowest  modes  that  can  propagate  in  a  WR-159  and  a  WR-90  waveguide. 
Calculate  the  cutoff  frequencies  (in  GHz)  and  cutoff  wavelengths  (in  cm)  of  these  modes. 

9.7  An  air-filled  WR-90  waveguide  is  operated  at  9  GHz.  Calculate  the  maximum  power  that 
can  be  transmitted  without  causing  dielectric  breakdown  of  air.  Calculate  the  attenuation 
constant  in  dB/m  due  to  wall  ohmic  losses.  Assume  copper  walls. 

9.8  A  rectangular  waveguide  has  sides  a,  b  such  that  b  <  a  1 2.  Determine  the  cutoff  wavelength 
Ac  of  this  guide.  Show  that  the  operating  wavelength  band  of  the  lowest  mode  is  0.5 Ac  < 
A  <  Ac.  Moreover,  show  that  the  allowed  range  of  the  guide  wavelength  is  Xg  >  Ac /a/3. 

9.9  The  TEio  rnode  operating  bandwidth  of  an  air-filled  waveguide  is  required  to  be  4-7  GHz. 
What  are  the  dimensions  of  the  guide? 

9.10  Computer  Experiment:  WR-159  Waveguide.  Reproduce  the  two  graphs  of  Fig.  9.8.2. 

9.11  Computer  Experiment:  Dielectric  Slab  Waveguide.  Using  the  MATLAB  functions  dslab  and 
dgui  de,  write  a  program  that  reproduces  all  the  results  and  graphs  of  Examples  9.11.1  and 
9.11.2. 

9.12  A  TM  mode  is  propagated  along  a  waveguide  of  arbitrary  but  uniform  cross  section.  Assume 
perfectly  conducting  walls. 

a.  Show  that  the  Ez  (x,y)  component  satisfies: 

J  WE^l^dS  =  lE^l^dS 

b.  Using  the  above  result,  show  that  the  energy  velocity  is  equal  to  the  group  velocity. 
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10.1  General  Properties  of  TEM  Transmission  Lines 

We  saw  in  Sec.  9.3  that  TEM  modes  are  described  by  Eqs.  (9.3.3)  and  (9.3.4),  the  latter 
being  equivalent  to  a  two-dimensional  electrostatic  problem: 


Hj  =  —  z  X  Et 

n 

V  7  X  Ej  =  0 
Vt’  ■  Et  =  0 


(TEM  modes) 


(10.1.1) 


The  second  of  (10.1.1)  implies  that  Ej  can  be  expressed  as  the  (two-dimensional) 
gradient  of  a  scalar  electrostatic  potential.  Then,  the  third  equation  becomes  Laplace’s 
equation  for  the  potential.  Thus,  the  electric  held  can  be  obtained  from: 


VjQp  =  0 

Ej  =  —  V  7  cp 


(equivalent  electrostatic  problem) 


(10.1.2) 


Because  in  electrostatic  problems  the  electric  held  lines  must  start  at  positively 
charged  conductors  and  end  at  negatively  charged  ones,  a  TEM  mode  can  be  supported 
only  in  multi-conductor  guides,  such  as  the  coaxial  cable  or  the  two-wire  line.  Hollow 
conducting  waveguides  cannot  support  TEM  modes. 

Eig.  10.1.1  depicts  the  transverse  cross-sectional  area  of  a  two-conductor  transmis¬ 
sion  line.  The  cross-section  shapes  are  arbitrary. 

The  conductors  are  equipotentials  of  the  electrostatic  solution.  Let  cpa,T^b  be  the 
constant  potentials  on  the  two  conductors.  The  voltage  difference  between  the  conduc¬ 
tors  will  be  V  =  cpfl  -  cp^.  The  electric  held  lines  start  perpendicularly  on  conductor  (a) 
and  end  perpendicularly  on  conductor  (b). 

The  magnetic  held  lines,  being  perpendicular  to  the  electric  lines  according  to  Eq.  (10.1.1), 
are  recognized  to  be  the  equipotential  lines.  As  such,  they  close  upon  themselves  sur¬ 
rounding  the  two  conductors. 
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Fig.  10.1.1  Two-conductor  transmission  line. 


In  particular,  on  the  conductor  surfaces  the  magnetic  held  is  tangential.  According 
to  Ampere’s  law,  the  line  integrals  of  the  magnetic  held  around  each  conductor  will 
result  into  total  currents  I  and  -/  howing  on  the  conductors  in  the  z-direction.  These 
currents  are  equal  and  opposite. 

Impedance,  Inductance,  and  Capacitance 

Because  the  helds  are  propagating  along  the  z-direction  with  frequency  co  and  wavenum¬ 
ber  P  =  CO /c,  the  z,  t  dependence  of  the  voltage  V  and  current  I  will  be: 


(10.1.3) 


For  backward-moving  voltage  and  current  waves,  we  must  replace  by  -  j3.  The  ratio 
y  (z,  t)  H  (z,  t)  =  V H  remains  constant  and  independent  of  z.  It  is  called  the  character¬ 
istic  impedance  of  the  line: 


(line  impedance) 


(10.1.4) 


In  addition  to  the  impedance  Z,  a  TEM  line  is  characterized  by  its  inductance  per  unit 
length  L'  and  its  capacitance  per  unit  length  C' .  For  lossless  lines,  the  three  quantities 
Z,L',  C'  are  related  as  follows: 


C'  =  e^ 


(inductance  and  capacitance  per  unit  length)  (10.1.5) 


where  t]  =  ^p/e  is  the  characteristic  impedance  of  the  dielectric  medium  between  the 
conductors.^  By  multiplying  and  dividing  L'  and  C',  we  also  obtain: 


(10.1.6) 


^  These  expressions  explain  why  p  and  e  are  sometimes  given  in  units  of  henry/m  and  farad/m. 
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The  velocity  factor  of  the  line  is  the  ratio  c/Cq  =  1/n,  where  n  =  -JcIcq  =  .JCr  is  the 
refractive  index  of  the  dielectric,  which  is  assumed  to  be  non-magnetic. 

Because  co  =  13c,  the  guide  wavelength  will  be  A  =  2tt/  13  =  c/f  =  Co/fn  =  Aq/u, 
where  Aq  is  the  free-space  wavelength.  For  a  hnite  length  /  of  the  transmission  line,  the 
quantity  //A  =  n// Aq  is  referred  to  as  the  electrical  length  of  the  line  and  plays  the  same 
role  as  the  optical  length  in  thin-hlm  layers. 

Eqs.  (10.1.5)  and  (10.1.6)  are  general  results  that  are  valid  for  any  TEM  line.  They  can 
be  derived  with  the  help  of  Eig.  10.1.2. 


Fig.  10.1.2  Surface  charge  and  magnetic  flux  linkage. 


The  voltage  V  is  obtained  by  integrating  Ej  •  dl  along  any  path  from  (a)  to  (b).  How¬ 
ever,  if  that  path  is  chosen  to  be  an  f-held  line,  then  Ej  ■  dl=  lEjldl,  giving: 


y  = 


(10.1.7) 


Similarly,  the  current  I  can  be  obtained  by  the  integral  of  Hr  ■  dl  along  any  closed 
path  around  conductor  (a).  If  that  path  is  chosen  to  be  an  H-held  line,  such  as  the 
periphery  Ca  of  the  conductor,  we  will  obtain: 


/  = 


Ca 


iHrldl 


(10.1.8) 


The  surface  charge  accumulated  on  an  inhnitesimal  area  dl  dz  of  conductor  (a)  is 
dQ  =  psdldz,  where  ps  is  the  surface  charge  density.  Because  the  conductors  are 
assumed  to  be  perfect,  the  boundary  conditions  require  that  ps  be  equal  to  the  normal 
component  of  the  D-held,  that  is,  ps  =  c\Et\.  Thus,  dQ  =  e\Ej\dldz. 

If  we  integrate  over  the  periphery  Ca  of  conductor  (a),  we  will  obtain  the  total  surface 
charge  per  unit  z-length: 


Q'  =  ^  =  £  elErldl 

But  because  of  the  relationship  l^rl  =  r/iHrl,  whichfollows  from  the  hrst  of  Eqs.  (10.1.1), 
we  have: 


Q' =  I  elErldl  =  eg  i  IHrldl  =  egl  (10.1.9) 

JCa  JCa 

where  we  used  Eq.  (10.1.8).  Because  Q'  is  related  to  the  capacitance  per  unit  length  and 
the  voltage  by  Q'  =  CV,  we  obtain 
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Q'  =  C'v  =  eni 


I  n 
c  =eny=e- 


Next,  we  consider  an  f-field  line  between  points  A  and  B  on  the  two  conductors.  The 
magnetic  flux  through  the  infinitesimal  area  dl dz  will  be  d^  =  \Bj\dldz  =  jjlHrldl dz 
because  the  vector  Hj  is  perpendicular  to  the  area. 

If  we  integrate  from  (a)  to  (b),  we  will  obtain  the  total  magnetic  flux  linking  the  two 
conductors  per  unit  zTength: 


rb 

^\HT\dl 

Ja 


replacing  \Ht\  =  lEjl/ri  and  using  Eq.  (10.1.7),  we  find: 


!>' =  ^\HT\dl=^  lErldl-- 

Ja  fl  J a 


The  magnetic  flux  is  related  to  the  inductance  via  4>'  =  L'L  Therefore,  we  get: 


Transmitted  Power 

The  relationships  among  Z,  L' ,  C  can  also  be  derived  using  energy  considerations.  The 
power  transmitted  along  the  line  is  obtained  by  integrating  the  z-component  of  the 
Poynting  vector  over  the  cross-section  S  of  the  line.  For  TEM  modes  we  have  Tz  = 
|E’rl^/2/7,  therefore, 

Pt  =  ^  lErl^dxdy  =  ^  IVrcpI^dxdy  (10.1.10) 

It  can  be  shown  in  general  that  Eq.  (10.1.10)  can  be  rewritten  as: 

(10.1.11) 

We  will  verify  this  in  the  various  examples  below.  It  can  be  proved  using  the  following 
Green’s  identity: 

IVrcpI^  +  cp* Vf^cp  =  Vr  ■  ((p*Vr(p) 

Writing  Ej  =  -S/rcp  and  noting  that  Vjqp  =  0,  we  obtain: 

\Et\^  =  -Vr  ■  ((p*£r) 

Then,  the  two-dimensional  Gauss’  theorem  implies: 
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Pt  =  ^  11s  Vr  ■  (cp*ET)dxdy 

=  -^l  (P*Et-  {-n)dl-:^i  (p*ET-(-n}dI 
2/7  JCa  2/7  JCb 


=  — (f  (pHET-n)dl^  —  i  (pHET-n)dl 
2/7  JCa  2/7  Jct 

where  h  are  the  outward  normals  to  the  conductors  (the  quantity  -h  is  the  normal 
outward  from  the  region  S.)  Because  the  conductors  are  equipotential  surfaces,  we  have 
conductor  (a)  and  cp*  =  cp^  on  conductor  (b).  Using  Eq.  (10.1.9)  and  noting 
that  Et  •  n  =  ±\Et  \  on  conductors  (a)  and  (b),  we  obtain: 


=  =  =  lv*I  = 

The  distribution  of  electromagnetic  energy  along  the  line  is  described  by  the  time- 
averaged  electric  and  magnetic  energy  densities  per  unit  length,  which  are  given  by: 


lErrdxdy,  =  iHrrdxdy 


Using  Eq.  (10.1.10),  we  may  rewrite: 

K  =  \eriPT  = 


Thus,  W'  =  W'yyi  and  the  total  energy  density  is  W'  =  fUg  +  =  Pt/c,  which 

implies  that  the  energy  velocity  will  be  Ven  =  PjIbV'  =  c.  We  may  also  express  the 
energy  densities  in  terms  of  the  capacitance  and  inductance  of  the  line: 


W'  =  -C'WW 


W'r„  =  ^L'\I\^ 


(10.1.12) 


Power  Losses,  Resistance,  and  Conductance 

Transmission  line  losses  can  be  handled  in  the  manner  discussed  in  Sec.  9.2.  The  field 
patterns  and  characteristic  impedance  are  determined  assuming  the  conductors  are  per¬ 
fectly  conducting.  Then,  the  losses  due  to  the  ohmic  heating  of  the  dielectric  and  the 
conductors  can  be  calculated  by  Eqs.  (9.2.5)  and  (9.2.9). 

These  losses  can  be  quantified  by  two  more  characteristic  parameters  of  the  line,  the 
resistance  and  conductance  per  unit  length,  R'  and  G' .  The  attenuation  coefficients  due 
to  conductor  and  dielectric  losses  are  then  expressible  in  terms  R',  G'  and  Z  by: 

(10.1.13) 
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They  can  be  derived  in  general  terms  as  follows.  The  induced  surface  currents  on 
the  conductor  walls  are  Js  =  hx  Hr  =  hx  (zx  Et)  /rj,  where  h  is  the  outward  normal 
to  the  wall. 

Using  the  BAC-CAB  rule,  we  hnd  Js  =  zin  •  Ej)  / r].  But,  h  is  parallel  to  Ej  on  the 
surface  of  conductor  (a),  and  anti  parallel  on  (b).  Therefore,  n  •  Et  =  ±|T'rl-  It  follows 
that  Js  =  ±z|£’r|//7  =  ±z\Ht\,  pointing  in  the  +z  direction  on  (a)  and  -z  direction  on 
(b).  Inserting  these  expressions  into  Eq.  (9.2.8),  we  hnd  for  the  conductor  power  loss  per 
unit  z-length: 


pf  _  dP\oss 


UJ  \HT\^dI+^Rsl 

^  JCa  ^  JCb 


(10.1.14) 


Because  Hj  is  related  to  the  total  current  I  via  Eq.  (10.1.8),  we  may  dehne  the  resis¬ 
tance  per  unit  length  R'  through  the  relationship: 


P'  = 
^  loss 


(conductor  ohmic  losses) 


Using  Eq.  (10.1.11),  we  hnd  for  the  attenuation  coefficient: 


(10.1.15) 


ac 


2^Z\I\^ 


R' 


2Z 


(10.1.16) 


If  the  dielectric  between  the  conductors  is  slightly  conducting  with  conductivity  ad 
or  loss  tangent  tand  =  adleco,  then  there  will  be  some  current  how  between  the  two 
conductors. 

The  induced  shunt  current  per  unit  z-length  is  related  to  the  conductance  by  7^  = 
G'V.  The  shunt  current  density  within  the  dielectric  is  Jd  =  adEj.  The  total  shunt 
current  howing  out  of  conductor  (a)  towards  conductor  (b)  is  obtained  by  integrating  Jd 
around  the  periphery  of  conductor  (a): 


/rf  =  I  Jd  •  nd/ =  (Jd  <t>  lErldl 


Ca 


Using  Eq.  (10.1.9),  we  hnd: 


lA  =  (Ta^  =  G’V  ^ 


C  rr  ^ 


It  follows  that  the  dielectric  loss  constant  (9.2.5)  will  be: 

o(d  =  -o-dn  =  2^  ^ 

Alternatively,  the  power  loss  per  unit  length  due  to  the  shunt  current  will  be  P'^  = 
Re(7^V*)/2  =  G'|U|^/2,  and  therefore,  ad  can  be  computed  from: 
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It  is  common  practice  to  express  the  dielectric  losses  and  shunt  conductance  in  terms 
of  the  loss  tangent  tand  and  the  wavenumber  p  =  co/c  =  ever]: 


1 

ocd  =  -o-dn 


1 

-cjoeri  tan 


d 


1 


P  tand 


and 


G'  =  ^C'  =  coC'tand 
€ 


(10.1.17) 


Next,  we  discuss  four  examples:  the  parallel  plate  line,  the  microstrip  line,  the  coaxial 
cable,  and  the  two-wire  line.  In  each  case,  we  discuss  the  nature  of  the  electrostatic 
problem  and  determine  the  characteristic  impedance  Z  and  the  attenuation  coefficients 
ac  and  ad- 


1 0.2  Parallel  Plate  Lines 

The  parallel  plate  line  shown  in  Eig.  10.2.1  consists  of  two  parallel  conducting  plates  of 
width  w  separated  by  height  h  by  a  dielectric  material  e.  Examples  of  such  lines  are 
microstrip  lines  used  in  microwave  integrated  circuits. 

Eor  arbitrary  values  of  w  and  h,  the  fringing  effects  at  the  ends  of  the  plates  cannot 
be  ignored.  In  fact,  fringing  requires  the  helds  to  have  longitudinal  components,  and 
therefore  TEM  modes  are  not  strictly-speaking  supported. 


- ►x 


£-lines  — 
774ines  — 


Fig.  10.2.1  Parallel  plate  transmission  line. 

However,  assuming  the  width  is  much  larger  than  the  height,  w  »  h,  we  may  ignore 
the  fringing  effects  and  assume  that  the  helds  have  no  dependence  on  the  x-coordinate. 

The  electrostatic  problem  is  equivalent  to  that  of  a  parallel  plate  capacitor.  Thus, 
the  electric  held  will  have  only  a  y  component  and  will  be  constant  between  the  plates. 
Similarly,  the  magnetic  held  will  have  only  an  x  component.  It  follows  from  Eqs.  (10.1.7) 
and  (10.1.8)  that: 


V  =  -Eyh  ,  I  =  HxW 

Therefore,  the  characteristic  impedance  of  the  line  will  be: 

h 


V  -Eyh 

I  H.w 


=  n : 


(10.2.1) 


where  we  used  Ey  =  -rjHx-  The  transmitted  power  is  obtained  from  Eq.  (10.1.10): 


(10.2.2) 
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The  inductance  and  capacitance  per  unit  length  are  obtained  from  Eq.  (10.1.5): 

L’=n-,  C'=e^  (10.2.3) 

w  h 

The  surface  current  on  the  top  conductor  is  =  nx  H  =  (-y) xH  =  zHx-  On  the 
bottom  conductor,  it  will  be  Js  =  -zHx-  Therefore,  the  power  loss  per  unit  z-length  is 
obtained  from  Eq.  (9.2.8): 


Ploss  =  =  ^Rsl^ 

L.  yv 

Comparing  with  Eq.  (10.1.15),  we  identify  the  resistance  per  unit  length  R'  =  2Rs/w. 
Then,  the  attenuation  constant  due  to  conductor  losses  will  be: 


^  ^loss  ^  ^  ^  ^  ^ 

""  2Pt  2Z  wZ  hri 


(10.2.4) 


10.3  Microstrip  Lines 


Practical  microstrip  lines,  shown  in  Eig.  10.3.1,  have  width-to-height  ratios  w/h  that  are 
not  necessarily  much  greater  than  unity,  and  can  vary  over  the  interval  0.1  <  w/h  <  10. 
Typical  heights  h  are  of  the  order  of  millimeters. 


I' 


E^-lines  — 
//dines  — 


Fig.  10.3.1  A  microstrip  transmission  line. 

Eringing  effects  cannot  be  ignored  completely  and  the  simple  assumptions  about  the 
helds  of  the  parallel  plate  line  are  not  valid.  Eor  example,  assuming  a  propagating  wave 
in  the  z-direction  with  z,  t  dependence  of  with  a  common  P  in  the  dielectric 

and  air,  the  longitudinal- transverse  decomposition  (9.1.5)  gives: 

VtEzXz-jPzxEt  =  -jcv^HT  ^  ZX  {VTEz-\-jPET)  =  JCV^HT 
In  particular,  we  have  for  the  x-component: 


dyEz  +jPEy  =  -jcv^Hx 

The  boundary  conditions  require  that  the  components  Hx  and  Dy  =  eEy  be  contin¬ 
uous  across  the  dielectric-air  interface  (at  y  =  h).  This  gives  the  interface  conditions: 

dyEf  jpEf  =  ayT^iel  + 

eoEf  =  eTf  1 
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Combining  the  two  conditions,  we  obtain: 

dy  (£f '  -  £f )  =  JP  =  JP  ‘  (10.3.1) 

^  Co 

Because  Ey  is  non-zero  on  either  side  of  the  interface,  it  follows  that  the  left-hand 
side  of  Eq.  (10.3.1)  cannot  be  zero  and  the  wave  cannot  be  assumed  to  be  strictly  TEM. 

However,  Ey  is  small  in  both  the  air  and  the  dielectric  in  the  fringing  regions  (to  the 
left  and  right  of  the  upper  conductor).  This  gives  rise  to  the  so-called  quasi-TEM  approx¬ 
imation  in  which  the  helds  are  assumed  to  be  approximately  TEM  and  the  effect  of  the 
deviation  from  TEM  is  taken  into  account  by  empirical  formulas  for  the  line  impedance 
and  velocity  factor. 

In  particular,  the  air-dielectric  interface  is  replaced  by  an  effective  dielectric,  hlling 
uniformly  the  entire  space,  and  in  which  there  would  be  a  TEM  propagating  mode.  If 
we  denote  by  Ceff  the  relative  permittivity  of  the  effective  dielectric,  the  wavelength  and 
velocity  factor  of  the  line  will  be  given  in  terms  of  their  free-space  values  Aq,  Cq: 


(10.3.2) 


There  exist  many  empirical  formulas  for  the  characteristic  impedance  of  the  line 
and  the  effective  dielectric  constant.  Hammerstad  and  Jensen’s  are  some  of  the  most 
accurate  ones  [862,868]: 


w 

u  =  -  (10.3.3) 

h 

where  Cr  =  c/gq  is  the  relative  permittivity  of  the  dielectric  and  the  quantities  a,  b  are 
dehned  by: 


a  =  1  -\ - In 

49 


b  =  0.564 


-r  (u/52)2 
-r  0.432 

_0_9N  0.053 


-r  —  In 

1  +  1 

f— 

18.7 

U8.iy 

/er-o.oy 

V  er  +  3  y 


(10.3.4) 


The  accuracy  of  these  formulas  is  better  than  0.01%  for  u  <  1  and  0.03%  for  u  <  1000. 
Similarly,  the  characteristic  impedance  is  given  by  the  empirical  formula: 


Z  = 


no 

2TT^/e^f 


In 


fju) 

u 


where  r/o  =  V/^o/^o  and  the  function  f  (u)  is  dehned  by: 


(10.3.5) 


fiu)  =  6  -r  (2tt 


6)  exp 


(10.3.6) 


The  accuracy  is  better  than  0.2%  for  0.1  <  u  <  100  and  Gr  <  128.  In  the  limit  of 
large  ratio  w/h,  or,  u  ^  oo,  Eqs.  (10.3.3)  and  (10.3.5)  tend  to  those  of  the  parallel  plate 
line  of  the  previous  section: 
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Some  typical  substrate  dielectric  materials  used  in  microstrip  lines  are  alumina,  a 
ceramic  form  of  AI2O4  with  ey  =  9.8,  and  RT-Duroid,  a  teflon  composite  material  with 
ey  =  2.2.  Practical  values  of  the  width-to-height  ratio  are  in  the  range  0.1  <  u  <  10 
and  practical  values  of  characteristic  impedances  are  between  10-200  ohm.  Fig.  10.3.2 
shows  the  dependence  of  Z  and  Ceff  on  u  for  the  two  cases  of  Cy  =  2.2  and  Cy  =  9.8. 


Characteristic  Impedance 

Effective  Permittivity 
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Fig.  10.3.2  Characteristic  impedance  and  effective  permittivity  of  microstrip  line. 

The  synthesis  of  a  microstrip  line  requires  that  we  determine  the  ratio  w/h  that  will 
achieve  a  given  characteristic  impedance  Z.  The  inverse  of  Eq.  (10.3.5)— solving  for  u  in 
terms  of  Z— is  not  practical.  Direct  synthesis  empirical  equations  exist  [863,868],  but 
are  not  as  accurate  as  (10.3.5).  Given  a  desired  Z,  the  ratio  u  =  w/h  is  calculated  as 
follows.  If  u  <  2, 


and,  if  u  >  2, 


-  lii(S-l)+0.39-  — 

r  L 


[B  -  1  -ln(2£  -  D] 


(10.3.7) 


(10.3.8) 


where  A,B  are  given  by: 

A  =  TT^2iey  +  1)  —  +  (0.23  +  — ) 

t/o  Cr  +  1  V  Cr  /  n  0  3  O') 

2^y  Z 

The  accuracy  of  these  formulas  is  about  1%.  The  method  can  be  improved  iteratively 
by  a  process  of  rehnement  to  achieve  essentially  the  same  accuracy  as  Eq.  (10.3.5).  Start¬ 
ing  with  u  computed  from  Eqs.  (10.3.7)  and  (10.3.8),  a  value  of  Z  is  computed  through 
Eq.  (10.3.5).  If  that  Z  is  more  than,  say,  0.2%  off  from  the  desired  value  of  the  line 
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impedance,  then  u  is  slightly  changed,  and  so  on,  until  the  desired  level  of  accuracy  is 
reached  [868].  Because  Z  is  monotonically  decreasing  with  u,  if  Z  is  less  than  the  de¬ 
sired  value,  then  u  is  decreased  by  a  small  percentage,  else,  u  is  increased  by  the  same 
percentage. 

The  three  MATLAB  functions  mstri  pa,  mstri  ps,  and  mstri  pr  implement  the  anal¬ 
ysis,  synthesis,  and  rehnement  procedures.  They  have  usage: 

[effjZ]  =  mstri  pa  (er  ,  u)  ;  %  analysis  equations  (10.3.3)  and  (10.3.5) 

U  =  mst  ri  ps  (er  ,  Z)  ;  %  synthesis  equations  (10.3.7)  and  (lO. 3. 8) 

[u,N]  =  mstripr(er,Z,  per)  ;  %  refinement 

The  function  mstri  pa  accepts  also  a  vector  of  several  u’s,  returning  the  correspond¬ 
ing  vector  of  values  of  Ceff  and  Z.  In  mstri  pr,  the  output  N  is  the  number  of  iterations 
required  for  convergence,  and  per  is  the  desired  percentage  error,  which  defaults  to 
0.2%  if  this  parameter  is  omitted. 

Example  10.3.1:  Given  =  2.2  and  w  =  w/h  =  2, 4, 6,  the  effective  permittivities  and  impedances 
are  computed  from  the  MATLAB  call: 

u  =  [2;  4;  6]  ; 

[eff,  Z]  =  mstripa(er,u) ; 

The  resulting  output  vectors  are: 


■  2  “ 

■  1.8347  “ 

■  65.7273  “ 

U  = 

4 

^  Ceff  = 

1.9111 

,  z  = 

41.7537 

6 

1.9585 

30.8728 

Example  10.3.2:  To  compare  the  outputs  of  mst  ri  ps  and  mst  ri  p  r,  we  design  a  microstrip  line 
with  €y  =  2.2  and  characteristic  impedance  Z  =  50  ohm.  We  hnd: 

w  =  mstrips (2.2,  50)  =  3.0779  ^  [Ceff,  Z]  =  mstripa(2. 2,  w)  =  [1.8811,  50.0534] 
w  =  mstripr(2.2,  50)  =  3.0829  ^  [Ceff,  Z]  =  mstripa(2.2,  w)  =  [1.8813,  49.9990] 

The  first  solution  has  an  error  of  0.107%  from  the  desired  50  ohm  impedance,  and  the 
second,  a  0.002%  error. 

As  another  example,  if  Z  =  100  Q,  the  function  mstri  ps  results  in  w  =  0.8949,  Z  = 
99.9495  Q,  and  a  0.050%  error,  whereas  mstri  pr  gives  u  =  0.8939,  Z  =  99.9980  Q,  and  a 
0.002%  error.  □ 

In  using  microstrip  lines  several  other  effects  must  be  considered,  such  as  hnite  strip 
thickness,  frequency  dispersion,  dielectric  and  conductor  losses,  radiation,  and  surface 
waves.  Guidelines  for  such  effects  can  be  found  in  [862-868]. 

The  dielectric  losses  are  obtained  from  Eq.  (10.1.17)  by  multiplying  it  by  an  effective 
dielectric  filling  factor  q\ 


0(d 


q  —  tan  6 
2c 


— Tcq 

Co 


—  Trqv^tand, 
Ao 


1  ~  ^eff 

1  - 


(10.3.10) 
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Typical  values  of  the  loss  tangent  are  of  the  order  of  0.001  for  alumina  and  duroid 
substrates.  The  conductor  losses  are  approximately  computed  from  Eq.  (10.2.4): 


wZ 


(10.3.11) 


1 0.4  Coaxial  Lines 


The  coaxial  cable,  depicted  in  Fig.  10.4.1,  is  the  most  widely  used  TEM  transmission  line. 
It  consists  of  two  concentric  conductors  of  inner  and  outer  radii  of  a  and  b,  with  the 
space  between  them  hlled  with  a  dielectric  e,  such  as  polyethylene  or  teflon. 

The  equivalent  electrostatic  problem  can  be  solved  conveniently  in  cylindrical  coor¬ 
dinates  p,  (p.  The  potential  cp(p,  cp)  satishes  Laplace’s  equation: 


Because  of  the  cylindrical  symmetry,  the  potential  does  not  depend  on  the  azimuthal 
angle  p.  Therefore, 


1 

P 


=  0 


qpip)  =  A  +  Bin  p 


where  A,B  are  constants  of  integration.  Assuming  the  outer  conductor  is  grounded, 
qpip)  =  0  at  p  =  b,  and  the  inner  conductor  is  held  at  voltage  V,  qp  (a)  =  V,  the  constants 
A,B  are  determined  to  be  B  =  -V\n{b/ a)  and  A  =  -B  Inb,  resulting  in  the  potential: 


It  follows  that  the  electric  held  will  have  only  a  radial  component,  Ep  =  -dpCp,  and 
the  magnetic  held  only  an  azimuthal  component  =  Ep/rj: 

VI  VI 

1  ^  -  (10-4-2) 

^  Inib/a)  p  ^  plnib/a)  p 

Integrating  around  the  inner  conductor  we  obtain  the  current: 


Fig.  10.4.1  Coaxial  transmission  line. 
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r27T  y  ^  2ttV 

1=  \  H^pdp=  \  ,  ,  -  pdp  =  ^  ^  .  (10.4.3) 

Jo  Jo  riln{b/a)  p  rjlnib/a) 

It  follows  that  the  characteristic  impedance  of  the  line  Z  =  V/I,  and  hence  the 
inductance  and  capacitance  per  unit  length,  will  be: 


Z  =  ^Inib/a), 


L'  =  ^  \n{b/a), 


C  = 


Zne 

\n{b/a) 


(10.4.4) 


Using  Eq.  (10.4.3)  into  (10.4.2),  we  may  express  the  magnetic  held  in  the  form: 


Hd,  = 


I 

2ttp 


(10.4.5) 


This  is  also  obtainable  by  the  direct  application  of  Ampere’s  law  around  the  loop  of 
radius  p  encircling  the  inner  conductor,  that  is,  I  =  i2Trp)H(i). 

The  transmitted  power  can  be  expressed  either  in  terms  of  the  voltage  V  or  in  terms 
of  the  maximum  value  of  the  electric  held  inside  the  line,  which  occurs  at  p  =  a,  that  is, 
Ea  =  V/{alnib/a)): 


TTIVP 

rjlnib/a) 


^\Ea\^{TTa'^)ln{b/a) 


(10.4.6) 


Example  10.4.1:  A  commercially  available  polyethylene-hlled  RG-58/U  cable  is  quoted  to  have 
impedance  of  53.5  Q,  velocity  factor  of  66  percent,  inner  conductor  radius  a  =  0.406  mm 
(AWG  20-gauge  wire),  and  maximum  operating  RMS  voltage  of  1900  volts.  Determine  the 
outer-conductor  radius  b,  the  capacitance  per  unit  length  C ,  the  maximum  power  Pj  that 
can  be  transmitted,  and  the  maximum  electric  held  inside  the  cable.  What  should  be  the 
outer  radius  b  if  the  impedance  were  required  to  be  exactly  50  Q? 

Solution:  Polyethylene  has  a  relative  dielectric  constant  of  Cr  =  2.25,  so  that  n  =  =  1.5. 

The  velocity  factor  is  c/Cq  =  l/n  =  0.667.  Given  that  r/  =  rjo/n  =  376.73/1.5  =  251.15 
Q,  we  have: 

Z  =  —  \n{b/a)  ^  =  1.548  mm 

2tc 

Therefore,  b/ a  =  3.81.  IfZ  =  50,  the  above  calculation  would  give  b  =  1.418  mm  and 
b! a  =  3.49.  The  capacitance  per  unit  length  is  found  from: 


C 


n 

CqZ 


1.5 

3x108x53.5 


=  93.46  pF/m 


For  Z  =  50  Q,  we  find  C  =  100  pF/m.  The  peak  voltage  is  related  to  its  RMS  value  by 
I  V|  =  \/2Vrm.s-  It  follows  that  the  maximum  power  transmitted  is: 


1  V^ 

Pt  =  — |V|2  = 

^  2Z'  '  Z 


1900^ 

53.5 


67.5  kW 


The  peak  value  of  the  electric  field  occurring  at  the  inner  conductor  will  be: 
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|V|  ^  A/2Vrms  ^  _ a/219QQ _ 

aln{b/a)  alnib/a)  0.406x10-2  ln(3.096/0.406) 


0.5  MV/m 


This  is  to  be  compared  with  the  dielectric  breakdown  of  air  of  3  MV/m.  For  a  73 -Q  RG- 
59/U  cable  with  a  =  0.322  mm  (AWG  22-gauge  wire),  we  find  b  =  2  mm,  C'  =  68.5  pF/m, 
Pt  =  49.5  kW,  and  Tmax  =  0.46  MV/m.  □ 


Example  10.4.2:  Most  cables  have  a  nominal  impedance  of  either  50  or  75  Q.  The  precise  value 
depends  on  the  manufacturer  and  the  cable.  For  example,  a  50-Q  cable  might  actually  have 
an  impedance  of  52  Q  and  a  75-Q  cable  might  actually  be  a  73-Q  cable. 

The  table  below  lists  some  commonly  used  cables  with  their  AWG-gauge  number  of  the 
inner  conductor,  the  inner  conductor  radius  a  in  mm,  and  their  nominal  impedance.  Their 
dielectric  filling  is  polyethylene  with  =  2.25  or  n  =  =1.5. 


type 

AWG 

a 

Z 

RG-6/U 

18 

0.512 

75 

RG-8/U 

11 

1.150 

50 

RG-ll/U 

14 

0.815 

75 

RG-58/U 

20 

0.406 

50 

RG-59/U 

22 

0.322 

75 

RG-174/U 

26 

0.203 

50 

RG-213/U 

13 

0.915 

50 

The  most  commonly  used  cables  are  50-Q  ones,  such  as  the  RG-58/U.  Home  cable-TV  uses 
75-Q  cables,  such  as  the  RG-59/U  or  RG-6/U. 

The  thin  ethernet  computer  network,  known  as  lObase-2,  uses  RG-58/U  or  RG-58A/U, 
which  is  similar  to  the  RG-58/U  but  has  a  stranded  inner  copper  core.  Thick  ethernet 
(lObase-5)  uses  the  thicker  RG-8/U  cable. 

Because  a  dipole  antenna  has  an  input  impedance  of  about  73  Q,  the  RG-11,  RG-6,  and 
RG-59  75-Q  cables  can  be  used  to  feed  the  antenna.  □ 

Next,  we  determine  the  attenuation  coefficient  due  to  conductor  losses.  The  power 
loss  per  unit  length  is  given  by  Eq.  (10.1.14).  The  magnetic  helds  at  the  surfaces  of 
conductors  (a)  and  (b)  are  obtained  from  Eq.  (10.4.5)  by  setting  p  =  a  and  p  =  b\ 

Zna  ’  Znb 

Because  these  are  independent  of  the  azimuthal  angle,  the  integrations  around  the 
peripheries  dl  =  adcp  or  dl  =  bdcp  will  contribute  a  factor  of  (Zna)  or  (2Trh).  Thus, 
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Using  Eq.  (10.4.4),  we  hnally  obtain: 


(10.4.8) 


The  ohmic  losses  in  the  dielectric  are  described  by  Eq.  (10.1.17).  The  total  attenuation 
constant  will  be  the  sum  of  the  conductor  and  dielectric  attenuations: 


(attenuation)  (10.4.9) 


The  attenuation  in  dB/m  will  be  tXdB  =  8.686  a.  This  expression  tends  to  somewhat 
underestimate  the  actual  losses,  but  it  is  generally  a  good  approximation.  The  ac  term 
grows  in  frequency  like  Vf  and  the  term  ad,  like  f. 

The  smaller  the  dimensions  a,b,  the  larger  the  attenuation.  The  loss  tangent  tan  (5 
of  a  typical  polyethylene  or  teflon  dielectric  is  of  the  order  of  0.0004-0.0009  up  to  about 
3  GHz. 

The  ohmic  losses  and  the  resulting  heating  of  the  dielectric  and  conductors  also 
limit  the  power  rating  of  the  line.  For  example,  if  the  maximum  supported  voltage  is 
1900  volts  as  in  Example  10.4.2,  the  RMS  value  of  the  current  for  an  RG-58/U  line  would 
be  7rms  =  1900/53.5  =  35.5  amps,  which  would  melt  the  conductors.  Thus,  the  actual 
power  rating  is  much  smaller  than  that  suggested  by  the  maximum  voltage  rating.  The 
typical  power  rating  of  an  RG-58/U  cable  is  1  kW,  200  W,  and  80  W  at  10  MHz,  200  MHz, 
and  1  GHz. 

Example  10.4.3:  The  table  below  lists  the  nominal  attenuations  in  dB  per  100  feet  of  the  RG-8/U 
and  RG-213/U  cables.  The  data  are  from  [1322]. 


Both  are  50-ohm  cables  and  their  radii  a  are  1.15  mm  and  0.915  mm  for  RG-8/U  and  RG- 
213/U.  In  order  to  compare  these  ratings  with  Eq.  (10.4.9),  we  took  a  to  be  the  average  of 
these  two  values,  that  is,  rz  =  1.03  mm.  The  required  value  of  b  to  give  a  50-ohm  impedance 
is  b  =  3.60  mm. 

Fig.  10.4.2  shows  the  attenuations  calculated  from  Eq.  (10.4.9)  and  the  nominal  ones  from 
the  table.  We  assumed  copper  conductors  with  cr  =  5.8x10^  S/m  and  polyethylene  di¬ 
electric  with  n  =  1.5,  so  that  r/  =  rio/n  =  376.73/1.5  =  251.15  Q  and  c  =  Co/n  =  2x10^ 
m/sec.  The  loss  tangent  was  taken  to  be  tand  =  0.0007. 

The  conductor  and  dielectric  attenuations  «c  and  ad  become  equal  around  2.3  GHz,  and 
ad  dominates  after  that. 


It  is  evident  that  the  useful  operation  of  the  cable  is  restricted  to  frequencies  up  to  1  GHz. 
Beyond  that,  the  attenuations  are  too  excessive  and  the  cable  may  be  used  only  for  short 
lengths.  □ 
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RG-8/\J  and  RG-213/U 


Fig.  10.4.2  Attenuation  coefficient  a  versus  frequency. 


Optimum  Coaxial  Cables 

Given  a  fixed  outer-conductor  radius  b,  one  may  ask  three  optimization  questions:  What 
is  the  optimum  value  of  a,  or  equivalently,  the  ratio  b/ a  that  (a)  minimizes  the  electric 
held  Ea  inside  the  guide,  (b)  maximizes  the  power  transfer  Pt,  and  (c)  minimizes  the 
conductor  attenuation  tXc- 

The  three  quantities  Ea,PT,  occ  can  be  thought  of  as  functions  of  the  ratio  x  =  b/ a 
and  take  the  following  forms: 


E 


a 


V  X 
b  Inx  ’ 


1,^,0  ,  olnx 

Pt  =  -lEal^nb^^  , 

rj 


Rs  x-\-  1 

2rjb  Inx 


(10.4.10) 


Setting  the  derivatives  of  the  three  functions  of  x  to  zero,  we  obtain  the  three 
conditions:  (a)  Inx  =  1,  (b)  Inx  =  1/2,  and  (c)  Inx  =  1  +  1/x,  with  solutions  (a) 
b/a  =  =  2.7183,  (b)  b/a  =  =  1.6487  and  (c)  bla  =  3.5911. 

Unfortunately,  the  three  optimization  problems  have  three  different  answers,  and 
it  is  not  possible  to  satisfy  them  simultaneously.  The  corresponding  impedances  Z  for 
the  three  values  of  bla  are  60  Q,  30  Q,  and  76.7  Q  for  an  air-hlled  line  and  40  Q,  20  Q, 
and  51  Q  for  a  polyethylene-hlled  line. 

The  value  of  50  Q  is  considered  to  be  a  compromise  between  30  and  76.7  Q  corre¬ 
sponding  to  maximum  power  and  minimum  attenuation.  Actually,  the  minimum  of  ac 
is  very  broad  and  any  neighboring  value  to  bla  =  3.5911  will  result  in  an  cXc  very  near 
its  minimum. 


Higher  Modes 

The  TEM  propagation  mode  is  the  dominant  one  and  has  no  cutoff  frequency.  However, 
TE  and  TM  modes  with  higher  cutoff  frequencies  also  exist  in  coaxial  lines  [838],  with 
the  lowest  being  a  TEn  mode  with  cutoff  wavelength  and  frequency: 

Ac  =  1.873^(a  +  b),  f  =  ^ 

2  A(7 


(10.4.11) 
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This  is  usually  approximated  by  Ac  =  nia  +  b).  Thus,  the  operation  of  the  TEM 
mode  is  restricted  to  frequencies  that  are  less  than  fc. 

Example  10.4.4:  For  the  RG-58/U  line  of  Example  10.4.2,  we  have  a  =  0.406  mm  and  b  =  1.548 
mm,  resulting  in  Ac  =  l.87'5TT{a  +  b)  12  =  5.749  mm,  which  gives  for  the  cutoff  frequency 
fc  =  20/0.5749  =  34.79  GHz,  where  we  used  c  =  Coin  =  20  GHz  cm. 

For  the  RG-8/U  and  RG-213AJ  cables,  we  may  use  a  =  1.03  mm  and  b  =  8.60  as  in  Example 
10.4.3,  resulting  in  Ac  =  13.622  mm,  and  cutoff  frequency  of  fc  =  14.68  GHz. 

The  above  cutoff  frequencies  are  far  above  the  useful  operating  range  over  which  the 
attenuation  of  the  line  is  acceptable.  □ 


10.5  Two-Wire  Lines 


The  two-wire  transmission  line  consists  of  two  parallel  cylindrical  conductors  of  radius 
a  separated  by  distance  d  from  each  other,  as  shown  in  Eig.  10.5.1. 


Fig.  10.5.1  Two-wire  transmission  line. 

We  assume  that  the  conductors  are  held  at  potentials  ±V/2  with  charge  per  unit 
length  ±Q'.  The  electrostatic  problem  can  be  solved  by  the  standard  technique  of  re¬ 
placing  the  hnite-radius  conductors  by  two  thin  line-charges  ±Q'. 

The  locations  bi  and  bz  of  the  line-charges  are  determined  by  the  requirement  that 
the  cylindrical  surfaces  of  the  original  conductors  be  equipotential  surfaces,  the  idea 
being  that  if  these  equipotential  surfaces  were  to  be  replaced  by  the  conductors,  the 
held  patterns  will  not  be  disturbed. 

The  electrostatic  problem  of  the  two  lines  is  solved  by  invoking  superposition  and 
adding  the  potentials  due  to  the  two  lines,  so  that  the  potential  at  the  held  point  P  will 
be: 


where  the  pi,p2  are  the  distances  from  the  line  charges  to  P.  From  the  triangles 
OPi+Q')  and  OP(-Q'),  we  may  express  these  distances  in  terms  of  the  polar  co¬ 
ordinates  p,(f>  of  the  point  P\ 
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Pi  =  ,  P2  =  (10.5.2) 

Therefore,  the  potential  function  becomes; 


(P(P,0)  = 


Q'  -  2 pbz  cos  (p  +  bl 

Zne  p2  _  2pbi  cos  (/>  + 


(10.5.3) 


In  order  that  the  surface  of  the  left  conductor  at  p  =  rz  be  an  equipotential  surface, 
that  is,  qpia,  <p)  =  V 12,  the  ratio  P2/P1  must  be  a  constant  independent  of  </>.  Thus,  we 
require  that  for  some  constant  k  and  all  angles  (/>: 


p2  _  -  2ab2  cos  4>  +  bl  _  ^ 

p=a  \ci^ -'^cibi  cos  (p -^bl 

which  can  be  rewritten  as: 

-  2ab2  cos  <p  +  bl  =  {a}  -  2abi  cos  (p  +  bl) 

This  will  be  satished  for  all  <p  provided  we  have: 

a}  +  b2=  k^  {cL^  +  b\) ,  b2  =  k^bi 

These  may  be  solved  for  bi ,  b2  in  terms  of  k\ 

b2  =  ka,  bi  =  ^  (10.5.4) 

K 

The  quantity  k  can  be  expressed  in  terms  of  rz,  d  by  noting  that  because  of  symmetry, 
the  charge  -Q'  is  located  also  at  distance  bi  from  the  center  of  the  right  conductor. 
Therefore,  hi  +  ^2  =  d.  This  gives  the  condition; 

bi+b2=d  ^  a{k  +  k-^)=d  =>  k  +  k-^  =  - 

a 

with  solution  for  k\ 


(10.5.5) 


An  alternative  expression  is  obtained  by  setting  k  =  e^.  Then,  we  have  the  condition: 


bi+b2=d  ^  rz(e^  +  e  ^)=  2rzcoshx  =  ^  X  =  acosh|^^^ 

Because  x  =  Ink,  we  obtain  for  the  potential  value  of  the  left  conductor: 


(10.5.6) 


This  gives  for  the  capacitance  per  unit  length: 
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(10.5.7) 


The  corresponding  line  impedance  and  inductance  are  obtained  from  C  =  eq/Z 
and  L'  =  pZ/rj.  We  hnd: 


In  the  common  case  when  d  »  a,  we  have  approximately  k  ^  d/a,  and  therefore, 
X  =  Ink  =  \n{d/a).  Then,  Z  can  be  written  approximately  as: 

Z=-\n(d/a)  (10.5.9) 

TT 

To  complete  the  electrostatic  problem  and  determine  the  electric  and  magnetic  helds 
of  the  TEM  mode,  we  replace  ^2  =  ak  and  hi  =  a /k  in  Eq.  (10.5.3)  and  write  it  as; 


(p(p,</>)  = 


p^  -  2akp  cos  (p  +  a^k^ 
p^k^  -  2akpcosp  + 


(10.5.10) 


The  electric  and  magnetic  held  components  are  obtained  from: 


Ep  =  r)H0  =  .  E4,  =  -bHp 


(10.5.11) 


Performing  the  differentiations,  we  hnd: 


p  -  ak  cos  p 


pk^  -  ak  cos  p 


2TTe  I  p^  -  2akp  cos  p  +  rz^k^  p2/.2  _  2akp  cos  p  +  a'^ 


Ecj)  =  -- 


ak  sin  p 


akp  sinp 


2TTe  I  p2  -  2ak  cos  p  +  rz^k^  p2/.2  _  2akp  cos  p  +  a'^ 


(10.5.12) 


The  resistance  per  unit  length  and  corresponding  attenuation  constant  due  to  con¬ 
ductor  losses  are  calculated  in  Problem  10.3: 


^d^  -  4^2 


^  ^ _ d _ 

2Z  2rja  acosh(d/2rz)^<i2  _  4^2 


(10.5.13) 


10.6  Distributed  Circuit  Model  of  a  Transmission  Line 

We  saw  that  a  transmission  line  has  associated  with  it  the  parameters  L' ,C'  describing 
its  lossless  operation,  and  in  addition,  the  parameters  R' ,  G'  which  describe  the  losses. 
It  is  possible  then  to  dehne  a  series  impedance  Z'  and  a  shunt  admittance  Y'  per  unit 
length  by  combining  R'  with  L'  and  G'  with  C'\ 
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Z'  =R'  +  JCJOL' 
Y'  =  G'  +  jcvC 


(10.6.1) 


This  leads  to  a  so-called  distributed-parameter  circuit,  which  means  that  every  in- 
hnitesimal  segment  Z\z  of  the  line  can  be  replaced  by  a  series  impedance  Z'Az  and  a 
shunt  admittance  Y'Az,  as  shown  in  Fig.  10.6.1.  The  voltage  and  current  at  location  z 
will  be  V{z),  I (z)  and  at  location  z  +  Z\z,  V (z  +  Az) ,I{z  +  Az) . 


Kz) 


+ 

V(z) 


- H 

^  a 


ZAz 


YAz 


I{z-^Az) 


V{z-^Az) 


z+Az 


Fig.  10.6.1  Distributed  parameter  model  of  a  transmission  line. 

The  voltage  across  the  branch  a-b  is  Vab  =  V  (z  -h  Az)  and  the  current  through  it, 
^ab  =  (Y'Az) Vab  =  Y'AzViz  +  Az).  Applying  Kirchhoffs  voltage  and  current  laws, 
we  obtain: 


V(z)  =  (Z'Az)I(z)-^Vab  =  Z'AzI(z)-^V(z-^Az) 

I  (z)  =  lab  +  I  (z  -t-  ^z)  =  Y'Az  y  (z  +  Az)  +I  (z  +  Az) 


(10.6.2) 


Using  a  Taylor  series  expansion,  we  may  expand  7  (z  +  Az)  and  U  (z  +  Az)  to  hrst 
order  in  Az: 

I(z  +  Az)  =  I  (z)  +7'  (z)Az 

y(z  + Az)  =  y(z)+y'(z)Az  and  Y' AzV (z Az)  =  Y' AzV (z) 

Inserting  these  expressions  in  Eq.  (10.6.2)  and  matching  the  zeroth-  and  hrst-order 
terms  in  the  two  sides,  we  obtain  the  equivalent  differential  equations: 


V'(z)=  -Z'I(z)=  -(R'  +  jcjoL')I(z) 

(10.6.3) 

7'(z)=  -Y'Viz)  =  -iG'  +  jcjoC')Viz) 

It  is  easily  verihed  that  the  most  general  solution  of  this  coupled  system  is  express¬ 
ible  as  a  sum  of  a  forward  and  a  backward  moving  wave: 

Viz)  = 

Hz)  = 

Zc 


(10.6.4) 
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where  pc,  Zc  are  the  complex  wavenumber  and  complex  impedance: 


fic  =  -J^jiR'  +JwL')  [C  +jMC')  =  wyfuc^ -J-^)  (l 

[F  Ir'  +j(vL' 

VI"'  V  G'  +J(J0C' 


(10.6.S) 


The  time-domain  impulse  response  of  such  a  line  was  given  in  Sec.  3.3.  The  real  and 
imaginary  parts  of  13c  =  P  -  joc  dehne  the  propagation  and  attenuation  constants.  In 
the  case  of  a  lossless  line,  R'  =  G'  =  0,  we  obtain  using  Eq.  (10.1.6): 


lie  =  (JO^L'C  =  ivHJie  =  p,  Zc  =  =  Z  (10.6.6) 

In  practice,  we  always  assume  a  lossless  line  and  then  take  into  account  the  losses  by 
assuming  that  R'  and  G'  are  small  quantities,  which  can  be  evaluated  by  the  appropriate 
expressions  that  can  be  derived  for  each  type  of  line,  as  we  did  for  the  parallel-plate, 
coaxial,  and  two-wire  lines.  The  lossless  solution  (10.6.4)  takes  the  form: 


Viz)  =  V+e-jf^^  +  V-e>^^  =  V+iz)+V-iz) 

Hz)  =  -V-eR^H  =  |:(V+(z)-V_(z)) 


(10.6.7) 


This  solution  is  identical  to  that  of  uniform  plane  waves  of  Chap.  S,  provided  we 
make  the  identifications: 


Viz)  —  £(z) 
Hz)  ^Hiz) 

z^n 


and 


y+(z)  —  £+(z) 
V-iz)  “£-(z) 


10.7  Wave  Impedance  and  Reflection  Response 


All  the  concepts  of  Chap.  5  translate  verbatim  to  the  transmission  line  case.  For  example, 
we  may  dehne  the  wave  impedance  and  reflection  response  at  location  z: 


^  ^  V^(z)+V-(z) 

Hz)  °V  Hz) -V-iz) 


riz)  = 


V-iz) 

v+iz) 


(10.7.1) 


To  avoid  ambiguity  in  notation,  we  will  denote  the  characteristic  impedance  of  the 
line  by  Zq.  It  follows  from  Eq.  (10.7.1)  that  Z  (z)  and  r(z)  are  related  by: 


Z(z)=Zo 


i  +  r(z) 
i-r(z) 


r(z)  = 


Z(z)-Zo 
Z  (z)  -i-Zo 


(10.7.2) 


For  a  forward-moving  wave,  the  conditions  r(z)  =  0  and  Z  (z)  =  Zq  are  equivalent. 
The  propagation  equations  of  Z(z)  and  r(z)  between  two  points  Zi,Z2  along  the  line 
separated  by  distance  /  =  Z2  -  Zi  are  given  by: 
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Z\  =  Zo 


Z2  +  jZotang/ 
Zo  +JZ2  tan^/ 


Fi  =  r2e 


-2j^l 


where  we  have  the  relationships  between  Z\ ,  Z2  and  Ti ,  r2: 


Zi  =Zc 


l+Ti 


l-Ti 

We  may  also  express  Z\  in  terms  of  Fz: 


Z2=Zr 


1+7^2 

1-^2 


(10.7.3) 


(10.7.4) 


„  7  i+A  „ 


l-Ti 


l-r2e-^J^^ 


(10.7.5) 


The  relationship  between  the  voltage  and  current  waves  at  points  Zi  and  Z2  is  ob¬ 
tained  by  the  propagation  matrix: 


vr 

cos  pi 

jZo  sin  pi 

~V2' 

h 

jZq^  sin  pi 

cos  pi 

(propagation  matrix)  (10.7.6) 


Similarly,  we  may  relate  the  forward/backward  voltages  at  the  points  Zi  and  Z2: 


Vi+' 

■  eJ^' 

0 

~V2+~ 

0 

e-M 

A2-_ 

(propagation  matrix) 


It  follows  from  Eq.  (10.6.7)  that  Vi±,V2±  are  related  to  ViJi  and  ¥2,12  by: 


(10.7.7) 


Vi±  =  i  (Vi  ±  Zoh)  ,  V2±  =  ^  iVi  ±  Zoh)  (10.7.8) 

Fig.  10.7.1  depicts  these  various  quantities.  We  note  that  the  behavior  of  the  line 
remains  unchanged  if  the  line  is  cut  at  the  point  Z2  and  the  entire  right  portion  of  the 
line  is  replaced  by  an  impedance  equal  to  Z2,  as  shown  in  the  hgure. 

This  is  so  because  in  both  cases,  all  the  points  Zi  to  the  left  of  Z2  see  the  same 
voltage-current  relationship  at  Z2,  that  is,  V2  =  Z2/2- 

Sometimes,  as  in  the  case  of  designing  stub  tuners  for  matching  a  line  to  a  load, 
it  is  more  convenient  to  work  with  the  wave  admittances.  Dehning  To  =  I/Zq,  Yi  = 
1/Zi,  and  1^2  =  I/Z2,  it  is  easily  verihed  that  the  admittances  satisfy  exactly  the  same 
propagation  relationship  as  the  impedances: 


y2+jZotanig/ 
Zo  -f  jfT2  tan  jS/ 


(10.7.9) 


As  in  the  case  of  dielectric  slabs,  the  half-  and  quarter-wavelength  separations  are 
of  special  interest.  For  a  half-wave  distance,  we  have  jS/  =  2Tr/2  =  tt,  which  translates 
to  /  =  A/2,  where  A  =  Zn/ P  is  the  wavelength  along  the  line.  For  a  quarter-wave,  we 
have  pi  =  2tt/4  =  Tr/2  or  /  =  A/4.  Setting  pi  =  n  or  n/2  in  Eq.  (10.7.3),  we  obtain: 
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Zi  Z2  F2 


n 

+ 

Zo  Vi 

L  1  fT  + 

_ Lt 

h 

Z2 


h* -  /  - H 


Zo 


ii- 


Fig.  10.7.1  Length  segment  on  infinite  line  and  equivalent  terminated  line. 


Zi  =  Z2,  Ti  =  fs 

Zi  =  1^,  A  =  -r2 
Z2 


(10.7.10) 


The  MATFAB  functions  z2g.m  and  g2z.m  compute  F  from  Z  and  conversely,  by 
implementing  Eq.  (10.7.2).  The  functions  gprop.m,  zprop.m  and  vprop.m  implement 
the  propagation  equations  (10.7.3)  and  (10.7.6).  The  usage  of  these  functions  is: 


G  =  z2g(Z,Z0)  ;  % Z tor 

Z  =  g2z(G,Z0)  ;  %rto  Z 

G1  =  gprop(G2  ,  bl  )  ;  %  propagates  r2  to  Ti 

ZI  =  zprop(Z2,Z0,bl);  %  propagates  Z2  to  Zi 

[VI,  II]  =  vprop(V2 , 12  ,  ZO  ,  b1 )  ;  %  propagates  V2.t2  to  Vi,/i 


The  parameter  b1  is  pi.  The  propagation  equations  and  these  MATFAB  functions 
also  work  for  lossy  lines.  In  this  case,  P  must  be  replaced  by  the  complex  wavenumber 
Pc  =  P  -joc-  The  propagation  phase  factors  become  now: 

(10.7.11) 


1 0.8  Two-Port  Equivalent  Circuit 

Any  length-/  segment  of  a  transmission  line  may  be  represented  as  a  two-port  equivalent 
circuit.  Rearranging  the  terms  in  Eq.  (10.7.6),  we  may  write  it  in  impedance-matrix  form: 


“Vi" 

‘Zii 

Zl2‘ 

h 

A2_ 

_Z21 

Z22 

-h 

(impedance  matrix) 


(10.8.1) 


10.9.  Terminated  Transmission  Lines 


417 


where  the  impedance  elements  are: 


Zii  =  Z22  =  -jZocotpi 

Z\2  =  Z21  =  -jZo  ^ ^ 
smpi 


(10.8.2) 


The  negative  sign,  -I2,  conforms  to  the  usual  convention  of  having  the  currents 
coming  into  the  two-port  from  either  side.  This  impedance  matrix  can  also  be  realized 
in  a  T-section  conhguration  as  shown  in  Fig.  10.8.1. 


Zi  Tj  Z2  r2 


+ 

Zo  Vl 

h  + 

Vl 

h 

two-port  circuit 


h* -  /  - H 


Fig.  10.8.1  Length-/  segment  of  a  transmission  line  and  its  equivalent  T-section. 

Using  Eq.  (10.8.1)  and  some  trigonometry,  the  impedances  Z^,  Z^,  Zc  of  the  T-section 
are  found  to  be: 

Za  =  Zu  -  Zu  =JZotan(^//2) 

Zfc  =  Z22  -  Z12  =  jZotan()S//2)  (10  8  3) 

Zc  =  Zi2  =  -jZo  ^ 

The  MATLAB  function  tsection  .m  implements  Eq.  (10.8.3).  Its  usage  is: 

[Za,Zc]  =  tsection(Z0, bl) ; 


10.9  Terminated  Transmission  Lines 

We  can  use  the  results  of  the  previous  section  to  analyze  the  behavior  of  a  transmission 
line  connected  between  a  generator  and  a  load.  For  example  in  a  transmitting  antenna 
system,  the  transmitter  is  the  generator  and  the  antenna,  the  load.  In  a  receiving  system, 
the  antenna  is  the  generator  and  the  receiver,  the  load. 

Fig.  10.9.1  shows  a  generator  of  voltage  Vc  and  internal  impedance  Zg  connected 
to  the  load  impedance  Zl  through  a  length  d  of  a  transmission  line  of  characteristic 
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Z^  T^ 


Fig.  10.9.1  Terminated  line  and  equivalent  circuit. 


impedance  Zq.  We  wish  to  determine  the  voltage  and  current  at  the  load  in  terms  of  the 
generator  voltage. 

We  assume  that  the  line  is  lossless  and  hence  Zq  is  real.  The  generator  impedance 
is  also  assumed  to  be  real  but  it  does  not  have  to  be.  The  load  impedance  will  have  in 
general  both  a  resistive  and  a  reactive  part,  Zi  =  Rl+  JXl- 

At  the  load  location,  the  voltage,  current,  and  impedance  are  Vl,  II,  Zl  and  play 
the  same  role  as  the  quantities  ¥2,12,  Z2  of  the  previous  section.  They  are  related  by 
Vl  =  ZlIl-  The  reflection  coefficient  at  the  load  will  be: 

^  Zl  -  Zo  ^  Zl  =  Zo  (10.9.1) 

Zl  +  Zo  “  1  -  Tl 

The  quantities  Zl^Tl  can  be  propagated  now  by  a  distance  d  to  the  generator  at  the 
input  to  the  line.  The  corresponding  voltage,  current,  and  impedance  Vd,  Id,  Zd  play 
the  role  of  Vi,  /i,  Zi  of  the  previous  section,  and  are  related  by  Vd  =  Zdid-  We  have  the 
propagation  relationships: 


where 


Zl  +jZotangd 
°Zo+jZLtan^d 


(10.9.2) 


_  Zd-Zo  „  _  „  l+Td  _  „  l+rLe-^JI^‘^ 

Zd  +  Zo  ^  1  -  Td  1  -  rie-ypd 


(10.9.3) 


At  the  line  input,  the  entire  length-^/  line  segment  and  load  can  be  replaced  by  the 
impedance  Zd,  as  shown  in  Fig.  10.9.1.  We  have  now  a  simple  voltage  divider  circuit. 
Thus, 


Vd  =  VG-ldZG 


VcZd  j  Vg 
Zg  +  Zd'  ^  Zg  +  Zd 


(10.9.4) 


Once  we  have  Vd,Id  in  terms  of  Vg,  we  can  invert  the  propagation  matrix  (10.7.6) 
to  obtain  the  voltage  and  current  at  the  load: 
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Vl  1  ^  r  coslid  -jZosmPdl[  Vdl  nnqcri 

li  -jZq^  sin ^d  cos ^d  la 

It  is  more  convenient  to  express  VdJd  in  terms  of  the  reflection  coefficients  Fd  and 
Fg,  the  latter  being  dehned  by; 

Tc  =  «  Zg  =  Zo  (10.9.6) 

Zg  +  /o  1  -  i  G 

It  is  easy  to  verify  using  Eqs.  (10.9.3)  and  (10.9.6)  that: 

+  Z.zZ..2Z.j^ 

From  these,  it  follows  that: 

(10.9.7) 

where  Fd  may  be  replaced  by  If  the  line  and  load  are  matched  so  that 

Zi  =  Zo,  then  Fl  =  0  and  Fd  =  0  and  Zd  =  Zq  for  any  distance  d.  Eq.  (10.9.7)  then 
reduces  to: 

(matched  load)  (10.9.8) 

In  this  case,  there  is  only  a  forward-moving  wave  along  the  line.  The  voltage  and 
current  at  the  load  will  correspond  to  the  propagation  of  these  quantities  to  location 
/  =  0,  which  introduces  a  propagation  phase  factor 

(matched  load)  (10.9.9) 

where  VqJq  denote  VlJl  when  Zl  =  Zq.  It  is  convenient  also  to  express  Vl  directly  in 
terms  of  Vd  and  the  reflection  coefficients  Fd  and  Fl-  We  note  that: 

Vl  =  Vl+  (1  +  n)  ,  Vl+  =  Vd+e-J^‘^  ,  Vd+  = 

1  +  i 

It  follows  that  the  voltage  Vl  and  current  II  =  VlIZl  are: 

(10.9.10) 

Expressing  Vl  and  also  II  =  VlIZl  directly  in  terms  of  Vg,  we  have: 

(10.9.11) 

It  should  be  emphasized  that  d  refers  to  the  hxed  distance  between  the  generator 
and  the  load.  For  any  other  distance,  say  /,  from  the  load  (or,  distance  z  =  d  -  I  from 
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the  generator,)  the  voltage  and  current  can  be  expressed  in  terms  of  the  load  voltage 
and  current  as  follows; 

T/  =  (10.9.12) 

10.10  Power  Transfer  from  Generator  to  Load 

The  total  power  delivered  by  the  generator  is  dissipated  partly  in  its  internal  resistance 
and  partly  in  the  load.  The  power  delivered  to  the  load  is  equal  (for  a  lossless  line)  to 
the  net  power  traveling  to  the  right  at  any  point  along  the  line.  Thus,  we  have: 

^^tot  =  Pd  Pg  =  Pl  Pg  (10.10.1) 

This  follows  from  Vg  =  Vd  +  I dZG,  which  implies 

Vclt=VdI*d+Zc\U\^ 

Eq.  (10.10.1)  is  a  consequence  of  (10.10.2)  and  the  dehnitions: 

Ptot=  ^Re(V^/d)=  ^Re[{Vd  +  ZGld)*Id] 

Pg  =  ^Re(ZGldII)=  ^Re{ZG)\Id\^ 

Pd  =  ^Re{Vpd)=  \Re{VllL)=PL 
The  last  equality  follows  from  Eq.  (10.9.5)  or  from  Vd±  =  VL±e-l^^ 

\Re{Vpd)=  ^i\Vd+\^  -  Wd-P  =  =  \e{Vth) 

Z  ZZq  ZZq  Z 

In  the  special  case  when  the  generator  and  the  load  are  matched  to  the  line,  so  that 

Zg  =  Zl  =  Zq,  then  we  hnd  the  standard  result  that  half  of  the  generated  power  is 

delivered  to  the  load  and  half  is  lost  in  the  internal  impedance.  Using  Eq.  (10.9.8)  with 
Zg  =  Zo,  we  obtain  Vd  =  Id^G  =  Vg/2,  which  gives: 


(10.10.2) 


(10.10.3) 


Example  10.10.1:  A  load  Zl  =  50  +jT0  Q  is  connected  to  a  generator  Vg  =  10Z0°  volts  with  a 
100-ft  (30.48  m)  cable  of  a  50-ohm  transmission  line.  The  generator’s  internal  impedance 
is  20  ohm,  the  operating  frequency  is  10  MHz,  and  the  velocity  factor  of  the  line,  2/3. 

Determine  the  voltage  across  the  load,  the  total  power  delivered  by  the  generator,  the 
power  dissipated  in  the  generator’s  internal  impedance  and  in  the  load. 


Solution:  The  propagation  speed  is  c  =  2co/3  =  2x10^  m/sec.  The  line  wavelength  A  =  c/f  = 
20  m  and  the  propagation  wavenumber  =  2tt/A  =  0.3142  rads/m.  The  electrical  length 
is  d/A  =  30.48/20  =  1.524  and  the  phase  length  =  9.5756  radians. 
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Next,  we  calculate  the  reflection  coefficients: 

7  _  7  7  _  7 

Fl  =  ^ ^  =  0.0995Z84.29^  Fg  =  ^ ^  =  -0.4286 
Zl  +  Zo  ’  ^  Zg  +  Zo 

andTrf  =  =  0.0995Z67.01°.  It  follows  that: 

Zd  =  =  53.11  +  J9.83,  Vd  =  =  7.31  +  J0.36  =  7.32^2.83^^ 

1-Trf  Zg  +  Zd 

The  voltage  across  the  load  will  be: 

Vl  =  Vde--'^'^  =  -7.09  +  JO.65  =  7.12Z174.75“  V 

1  +  J  d 

The  current  through  the  generator  is: 

Id=^  =  0.13  -  JO.02  =  0.14Z-7.66“  A 
Zd 

It  follows  that  the  generated  and  dissipated  powers  will  be: 

Pm=  iRe(V2/d)=  0.6718  W 
Pg  =  |Re(ZG)|/dl^  =  0.1838W 
PL=Pd  =  \  ReiV^Id)=  0.4880  W 

We  note  that  Ptot  =  Pg  +  Pl-  □ 

If  the  line  is  lossy,  with  a  complex  wavenumber  Pc  =  P  -  joc,  the  power  Pl  at  the 
output  of  the  line  is  less  than  the  power  Pd  at  the  input  of  the  line.  Writing  Vd±  = 
,  we  find: 

Pd=  :^i\Vd+\^  -\Vd-\^)  =  -  \VL-\^e-^‘^‘>) 

ZZq  ZZq 

Pl  =  :^{\Vl+\^  -\Vl-\^) 

ZZq 

We  note  that  Pd  >  Pl  for  all  Pi.  In  terms  of  the  incident  forward  power  at  the  load, 
Pine  =  |Vi+l^/2Zo,  we  have: 


Pd=Pinc{e^^^  -  =Pince'«^(l  -  IP^I^) 

Pl=Pinc(l-|ril') 


(10.10.5) 


where  \Fd\  =  |Pi|e  The  total  attenuation  or  loss  of  the  line  is  Pd/Pi  (the  inverse 
PL/Pd  is  the  total  gain,  which  is  less  than  one.)  In  decibels,  the  loss  is: 
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If  the  load  is  matched  to  the  line,  Zl  =  Zq,  so  that  Fl  =  0,  the  loss  is  referred  to  as 
the  matched-line  loss  and  is  due  only  to  the  transmission  losses  along  the  line: 


Lm  =  lOlogio  =  8.686 ad  (matched-line  loss) 


(10.10.7) 


Denoting  the  matched-line  loss  in  absolute  units  by  rz  =  io^'m/io  =  we  may 
write  Eq.  (10.10.6)  in  the  equivalent  form: 


L  =  lOlogi 


ail-\FL\^) 


(total  loss) 


(10.10.8) 


The  additional  loss  due  to  the  mismatched  load  is  the  difference: 


L  -  Lm  =  10  logic 


1  - 

1-  IPIP 


l-IPIP 


(10.10.9) 


Example  10.10.2:  A  150  ft  long  RG-58  coax  is  connected  to  a  load  =  25  +  50J  ohm.  At  the 
operating  frequency  of  10  MHz,  the  cable  is  rated  to  have  1.2  dB/100  ft  of  matched-line 
loss.  Determine  the  total  loss  of  the  line  and  the  excess  loss  due  to  the  mismatched  load. 

Solution:  The  matched-line  loss  of  the  150  ft  cable  is  Lm  =  150x1.2/100  =  1.8  dB  or  in  absolute 
units,  a  =  =  1.51.  The  reflection  coefficient  has  magnitude  computed  with  the 

help  of  the  MATLAB  function  z2g: 

\Fl\  =  abs(z2g(25  +  50J,50)=  0.62 
It  follows  that  the  total  loss  will  be: 


L  =  lOlogi 


IPih 

ail-\FL\^) 


l.SV  -  0.62^ 
1.51(1  -0.622 


The  excess  loss  due  to  the  mismatched  load  is  3.1  -  1.8  =  1.3  dB.  At  the  line  input,  we 
have  \Fd\  =  ILi  =  \Fl  I  la  =  0.62/1.51  =  0.41.  Therefore,  from  the  point  of  view  of 

the  input  the  line  appears  to  be  more  matched.  □ 


10.11  Open-  and  Short-Circuited  Transmission  Lines 

Open-  and  short-circuited  transmission  lines  are  widely  used  to  construct  resonant  cir¬ 
cuits  as  well  as  matching  stubs.  They  correspond  to  the  special  cases  for  the  load 
impedance:  Z^  =  oo  for  an  open-circuited  line  and  Zl  =  0  for  a  short-circuited  one. 
Eig.  10.11.1  shows  these  two  cases. 

Knowing  the  open-circuit  voltage  and  the  short-circuit  current  at  the  end  terminals 
a,  b,  allows  us  also  to  replace  the  entire  left  segment  of  the  line,  including  the  generator, 
with  a  Thevenin-equivalent  circuit.  Connected  to  a  load  impedance  Zl,  the  equivalent 
circuit  will  produce  the  same  load  voltage  and  current  Vl  ,  h  as  the  original  line  and 
generator. 

Setting  Zl  =  ^  and  Zi  =  0  in  Eq.  (10.9.2),  we  obtain  the  following  expressions  for 
the  wave  impedance  Z/  at  distance  /  from  the  open-  or  short-circuited  termination: 


10.1 1.  Open-  and  Short-Circuited  Transmission  Lines 
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Fig.  10.11.1  Open-  and  short-circuited  line  and  The venin- equivalent  circuit. 


(open-circuited) 
(short-circuited) 

The  corresponding  admittances  Yi  =  1/Z/  will  be: 


Z/  =  -jZo  cot  pi 
Zi  =  jZotanj^/ 


(10.11.1) 


Yi  =  jYotanpl  (open-circuited) 

Y I  =  -jYq  col  pi  (short-circuited) 


(10.11.2) 


To  determine  the  Thevenin-equivalent  circuit  that  replaces  everything  to  the  left  of 
the  terminals  a,  b,  we  must  find  the  open-circuit  voltage  Vth,  the  short-circuit  current 
I  sc,  and  the  Thevenin  impedance  Zth- 

The  impedance  Zth  can  be  determined  either  by  Zth  =  Vth/hc,  or  by  disconnecting 
the  generator  and  finding  the  equivalent  impedance  looking  to  the  left  of  the  terminals 
a,b.  It  is  obtained  by  propagating  the  generator  impedance  Zg  by  a  distance  d: 


y  _  y  Zq  +  JZq  Ian  pd  _  1  +  Ah 

^  Zo+jZGleinPd~  "l-Ah 


Ah  = 


(10.11.3) 


The  open-circuit  voltage  can  be  determined  from  Eq.  (10.9.11)  by  setting  Zl  =  oo, 
which  implies  that  A  =  1,  A  =  and  A  A  =  =  Ah-  The  short- 

circuit  current  is  also  obtained  from  (10.9.11)  by  setting  Zi  =  0,  which  gives  A  =  -1, 
A  =  and  AA  =  =  -Ah-  Then,  we  find: 


VgZq  j  Vg 

A  +  A  1  —  Ah  Zg  +  Zo  1  +  Ah 


(10.11.4) 


It  follows  that  Vth/hc  =  Ah,  as  given  by  Eq.  (10.11.3).  A  more  convenient  way  of 
writing  Eq.  (10.11.4)  is  by  noting  the  relationships: 
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1  -  Ah  = 


2Zo 

Ah  +  A  ’ 


1  +  Tth  — 


2Zth 

Ah  +  A 


Then,  Eq.  (10.11.4)  becomes: 


=  Ac  =  A  A  (10.11.5) 

^0  ^th 

where  A,  A  are  the  load  voltage  and  currents  in  the  matched  case,  given  by  Eq.  (10.9.9). 
The  intuitive  meaning  of  these  expressions  can  be  understood  by  writing  them  as: 


Vo  =  Vth 


Zq 

Zth  +  Zo  ’ 


A  —  he 


Zth 

Zth  +  Zo 


(10.11.6) 


These  are  recognized  to  be  the  ordinary  voltage  and  current  dividers  obtained  by 
connecting  the  Thevenin  and  Norton  equivalent  circuits  to  the  matched  load  impedance 
Zo,  as  shown  in  Eig.  10.11.2. 


Af  z,  r, 


b 


Fig.  10.11.2  Thevenin  and  Norton  equivalent  circuits  connected  to  a  matched  load. 


The  quantities  Vo,  A  are  the  same  as  those  obtained  by  connecting  the  actual  line  to 
the  matched  load,  as  was  done  in  Eq.  (10.9.9). 

An  alternative  way  of  determining  the  quantities  Vth  and  Zth  is  by  replacing  the 
length-^/  transmission  line  segment  by  its  T-section  equivalent  circuit,  as  shown  in 
Eig.  10.11.3. 


Fig.  10.11.3  T-section  and  Thevenin  equivalent  circuits. 


10.12.  Standing  Wave  Ratio 
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The  Thevenin  equivalent  circuit  to  the  left  of  the  terminals  a,b  is  easily  determined 
by  shorting  the  generator  and  hnding  the  Thevenin  impedance  and  then  hnding  the 
open-circuit  voltage.  We  have: 


y  _y  ^  ZciZg^Zc)  ..  _  VcZg 

*  ^  Zc  +  Za  +  Za’  *  Zc  +  Za  +  Za 

where  Z^,  Z^,  Zc  for  a  length-d  segment  are  given  by  Eq.  (10.8.3): 


(10.11.7) 


Zg  —  Zi)  —  jZotanI  „  I  ,  Zq  —  JZq 


It  is  straightforward  to  verify  that  the  expressions  in  Eq.  (10.11.7)  are  equivalent  to 
those  in  Eq.  (10.11.3)  and  (10.11.4). 

Example  10.1 1.1:  For  the  generator,  line,  and  load  of  Example  10.10.1,  determine  the  Thevenin 
equivalent  circuit.  Using  this  circuit  determine  the  load  voltage. 

Solution:  We  work  with  the  T-section  approach.  The  following  MATLAB  call  gives  Zg  and  Zc, 
with  Zo  =  50  and  =  9.5756: 

[Za,Zc]=  tsection(50,  9.5756)=  [-661.89J,  332. 83j] 

Then,  Eq.  (10.11.7)  gives  with  Z^  =  Zg. 


Z,h  =  Zi,  +  ^  20.39  +  J6.36  Q 

Zc  +  Zg  +  Zq 


Zc  +  Zg  +  Zq 


-10.08  +  J0.61  =  10.10Z176.52''  V 


Alternatively,  Zth  can  be  computed  by  propagating  Zg  =  20  by  a  distance  d\ 


Zth  =  zprop (20,  50,9.5756)=  20.39  +  J6.36  Q 


The  load  voltage  is  found  from  the  Thevenin  circuit: 


Vl  =  =  -7.09  +  J0.65  =  7.12Z174.75''  V 

Zi  +  Zth  ^ 


which  agrees  with  that  found  in  Example  10.10.1. 


10.12  Standing  Wave  Ratio 

The  line  voltage  at  a  distance  /  from  the  load  is  given  by  Eq.  (10.9.12),  which  can  be 
written  as  follows  in  terms  of  the  forward  wave  Vl+  =  Vi/  (1  +  Ti) : 

V,  =  VL+e>l^'a+r,)  (10.12.1) 

The  magnitude  of  Vj  will  be: 
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|V,I  =  |VL+lli  +  r,|  =  \VL+\\i+rLe-^ji^‘\  (10.12.2) 

It  follows  that  I V/ 1  will  vary  sinusoidally  as  a  function  of  /.  Its  limits  of  variation  are 
determined  by  noting  that  the  quantity  1 1  +  T;  |  varies  between: 

1- iri.1  =  1- |r,|  <  \i  +  r,\<i  +  \r,\  =  i  +  \ri\ 

where  we  used  IGI  =  ITlI.  Thus,  IV/I  will  vary  over  the  limits: 


<  |V;|  <  W 


(10.12.3) 


\Vl+\ - \Vl-\ 


Vmax=  |Vl  + 


|Vl-|  =  |Vl+ 


(1  +  irii) 


(10.12.4) 


We  note  that  the  reflection  coefficient  at  a  load  Zi  =  Rl+  jXi  has  always  magnitude 
less  than  unity,  ITi  |  <  1.  Indeed,  this  follows  from  the  positivity  of  Rl  and  the  following 
property: 


Zl  =  Zo\^  ^  =Re(ZL)=Zo  I,  (10.12.S) 

1-ii  |l+iiU 

The  voltage  standing  wave  ratio  (SWR)  of  a  terminated  transmission  line  is  a  measure 
of  the  degree  of  matching  of  the  line  to  the  load  and  is  dehned  as  the  ratio  of  the 
maximum  to  minimum  voltage  along  the  line: 


(10.12.6) 


Because  ITi  |  <  1,  the  SWR  will  always  be  S’  >  1.  A  matched  load,  Ti  =  0,  has  S  =  1. 
The  more  unmatched  the  load  is,  the  larger  the  SWR.  Indeed,  S  ooas  ITil  ^  1.  A 
matched  line  has  Vmin  =  |V/|  =  Vmax  at  all  points  /,  and  is  sometimes  referred  to  as  a 
flat  line.  The  MATLAB  function  swr .  m  calculates  the  SWR  from  Eq.  (10.12.6): 


swr (Gamma)  ; 


%  calculates  SWR  from  reflection  coefficient  F 


The  SWR  can  be  used  to  quantify  the  amount  of  power  delivered  to  the  load.  The 
percentage  of  reflected  power  from  the  load  is  ITil^.  Therefore,  the  percentage  of  the 
power  delivered  to  the  load  relative  to  the  incident  power  will  be: 


4S 

(S+l)2 


(10.12.7) 


The  larger  the  SWR,  the  smaller  the  percentage  of  delivered  power.  Eor  example,  if 
S  =  9,  the  reflection  coefficient  will  have  magnitude  ITi  |  =  0.8,  resulting  in  1  -  ITi  |^  = 
0.36,  that  is,  only  36  percent  of  the  incident  power  gets  transferred  to  the  load. 


Example  10.12.1:  If  the  reflected  wave  at  the  load  of  a  transmission  line  is  6  dB  below  the 
incident  wave,  what  is  the  SWR  at  the  load?  What  percentage  of  the  incident  power  gets 
transferred  to  the  load? 


10.13.  Determining  an  Unknown  Load  Impedance 
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10.13  Determining  an  Unknown  Load  Impedance 

Often  a  transmission  line  is  connected  to  an  unknown  impedance,  and  we  wish  to  de¬ 
termine  that  impedance  by  making  appropriate  measurements  of  the  voltage  along  the 
line. 

The  SWR  can  be  readily  determined  by  measuring  |  V/ 1  and  hnding  its  maximum  and 
minimum  values  Vmax  and  Vmin-  From  the  SWR,  we  then  determine  the  magnitude  of 
the  reflection  coefficient  ITi  |. 

The  phase  of  can  be  determined  by  hnding  the  locations  along  the  line  at  which 
a  voltage  maximum  or  a  voltage  minimum  is  measured.  If  6l  is  the  required  phase,  so 
that  Fl  =  ITi  then  we  have: 

IV, I  =  |VL+lli+r,|  =  iVi+iii+rie-'^^^'l  =  |Vi+||i  +  |rL|e^<«^-2^*'»| 

At  all  locations  /  for  which  01-2^1  =  ±2Tm,  where  n  is  an  integer,  we  will  have 
Fl  =  \Fl  \  and  \  Vi  \  will  be  equal  to  Vmax-  Similarly,  at  all  locations  for  which  0i  -  2^1  = 
±  {2n  +  1)  TT,  we  will  have  T/  =  -  \Fl  \  and  |  Vi  \  will  be  equal  to  Vmin- 

We  note  that  two  successive  maxima,  or  two  successive  minima,  are  separated  by  a 
distance  A/2  and  a  maximum  is  separated  by  the  next  minimum  by  a  distance  A/4,  so 
that  I /max  “  /mini  =  A/4. 

Once  such  distances  /max,  /min  have  been  determined,  the  full  rehection  coefficient 
can  be  constructed  from  Ti  =  where  T/  =  ±  |  Til  depending  on  using  a  maximum- 

or  minimum-voltage  distance  /.  From  Fl  and  the  knowledge  of  the  line  impedance  Zq, 
the  load  impedance  Zl  can  be  computed.  Thus,  we  have: 


(10.13.1) 
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If  0  <  6l  <  TT,  the  locations  for  the  closest  maxima  and  minima  to  the  load  are 
determined  from  the  conditions: 

0L  ~  2^/max  =  0  ,  6l  ~  2^/min  =  “tT 

resulting  in  the  distances: 

(0  <  01  <  TT)  (10.13.2) 

Similarly,  if  -tt  <  0i  <  0,  we  must  solve  6l  -  2jS/max  =  -2tt  and  6l  -  2jS/min  =  -tt: 

(-TT  <  01  <  0)  (10.13.3) 

Of  course,  one  wants  to  solve  for  6l  in  terms  of  the  measured  /max  or  /min-  Using  /min 
is  more  convenient  than  using  /max  because  0i  is  given  by  the  same  expression  in  both 
cases.  The  lengths  /max,  /min  maybe  assumed  to  be  less  than  A /2  (if  not,  we  may  subtract 
enough  multiples  of  A/2  until  they  are.)  Expressing  0i  in  terms  of  the  measured  /min, 
we  have: 

(10.13.4) 

Alternatively,  we  have  in  terms  of  Imax- 


(10.13.5) 


Example  10.13.1:  A  50-ohm  line  is  connected  to  an  unknown  impedance.  Voltage  measure¬ 
ments  along  the  line  reveal  that  the  maximum  and  minimum  voltage  values  are  1.75  and 
0.25  volts,  respectively.  Moreover,  the  closest  distance  to  the  load  at  which  a  voltage  max¬ 
imum  is  observed  is  0.12 5 A. 

Determine  the  reflection  coefficient  Fl,  the  load  impedance  Zl,  and  the  closest  distance 
to  the  load  at  which  a  voltage  minimum  is  observed. 

For  another  load,  the  same  maxima  and  minima  are  observed,  but  now  the  closest  distance 
to  the  load  at  which  a  minimum  is  observed  is  0.12 5 A.  Determine  Fl  and  Zl- 

Solution:  The  SWR  is  determined  to  be  S’  =  Vmax/Vmm  =  1.75/0.25  =  7.  Then,  the  magnitude 
of  the  reflection  coefficient  is  found  to  be  ITil  =  (S-  1)/(S  +  1)=  (7-  l)/(7  +  1)=  0.75. 

Given  that  at  /max  =  A/8  we  observe  a  voltage  maximum,  we  compute  the  phase  from 
Eq.  (10.13.5),  6l  =  2j3/max  =  4tt/8  =  tt/2.  Then,  the  reflection  coefficient  will  be: 

Cl  =  l/’i.le''®'-  =  0.75ej^'^  =  0.75J 

It  follows  that  the  load  impedance  will  be: 


10.13.  Determining  an  Unknown  Load  Impedance 
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The  right  graph  of  Fig.  10.13.1  depicts  the  standing  wave  pattern  in  this  case.  □ 

It  is  interesting  also  to  determine  the  wave  impedances  at  the  locations  along  the 
line  at  which  we  have  voltage  maxima  or  minima,  that  is,  at  /  =  /max  or  /min-  The  answers 
are  expressed  in  terms  of  the  SWR.  Indeed,  at  /  =  /max,  we  have  T/  =  iTi  |  which  gives; 

Zmax  =  Zo  =Zo]^  =  SZo  (10.13.6) 

1  -i  /  1  -  iTil 

Similarly,  at  /  =  /min,  we  have  T/  =  -  ITi  |  and  find: 

Zmin  =  Zo  =  Zo  J-ylpi  =  1  Zo  (10.13.7) 

1-i/  l+liil  ^ 

We  note  that  Zmax-^min  =  Zq,  as  is  expected  because  the  points  /max  and  /min  are 
separated  by  a  quarter-wavelength  distance  A/4. 

Because  at  /max  and  /min  the  wave  impedances  are  real-valued,  these  points  can  be 
used  as  convenient  locations  at  which  to  insert  a  quarter-wave  transformer  to  match  a 
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line  with  real  Zq  to  a  complex  load  Zl-  Given  Oi,  the  required  locations  are  determined 
from  Eq.  (10.13.2)  or  (10.13.3).  We  discuss  this  matching  method  later  on. 

The  MATLAB  function  1  mi  n .  m  calculates  the  locations  /min  and  /max  fromEqs.  (10.13.2) 
and  (10.13.3),  and  the  corresponding  impedances  Zmin  and  Zmax-  It  has  usage: 

[1  m ,  Zm]  =  1  mi  n  (ZL  ,  ZO  ,  ’  mi  n  ’  )  ;  %  locations  of  voltage  minima 

[1  m ,  Zm]  =  1  mi  n  (ZL  ,  ZO  ,  ’  max  ’  )  ;  %  locations  of  voltage  maxima 

Eor  a  lossless  line  the  power  delivered  to  the  load  can  be  measured  at  any  point  / 
along  the  line,  and  in  particular,  at  /max  and  /min-  Then,  Eq.  (10.12.7)  can  be  written  in 
the  alternative  forms: 


Pl  =  ^(IVl+r  -  IVl-IO  =  ^  ^  ^  (10.13.8) 

ZZq  ZZmin  ^Zmax 

The  last  expression  shows  that  for  a  given  maximum  voltage  that  can  be  supported 
along  a  line,  the  power  transmitted  to  the  load  is  S  times  smaller  than  it  could  be  if  the 
load  were  matched. 

Conversely,  for  a  given  amount  Pl  of  transmitted  power,  the  maximum  voltage  will 
be  Vmax  =  ^2SPlZq.  One  must  ensure  that  for  a  highly  unmatched  load,  Vmax  remain 
less  than  the  breakdown  voltage  of  the  line. 

If  the  line  is  lossy,  measurements  of  the  SWR  along  its  length  will  give  misleading 
results.  Because  the  reflected  power  attenuates  as  it  propagates  backwards  away  from 
the  load,  the  SWR  will  be  smaller  at  the  line  input  than  at  the  load. 

Eor  a  lossy  line  with  Pc  =  P  -joc,  the  reflection  coefficient  at  the  line  input  will  be: 
rd  =  which  gives  for  the  input  SWR: 


„  ^  l  +  lPdl  ^  1  +  |ri|e-2«rf  ^  e^«‘^+\rL\  ^  a+lPil 
l-ICdl  l-|ri|e-2«d  e2«d_|j’^l  a-lPL 

where  we  expressed  it  in  terms  of  the  matched-line  loss  of  Eq.  (10.10.7). 


(10.13.9) 


Example  10.13.2:  For  the  RG-58  coax  cable  of  Example  10.10.2,  we  find  the  SWRs: 

,  l  +  ITil  1  +  0.62  ^  l  +  lPdl  1  +  0.41 

51  =  13^  =  13^  =  4.26,  S,  =  =  2.39 

If  one  does  not  know  that  the  line  is  lossy,  and  measures  the  SWR  at  the  line  input,  one 
would  think  that  the  load  is  more  matched  than  it  actually  is.  □ 

Example  10.13.3  :  The  SWR  at  the  load  of  a  line  is  9.  If  the  matched-line  loss  is  10  dB,  what  is 
the  SWR  at  the  line  input? 

Solution:  We  calculate  the  reflection  coefficient  at  the  load: 


5-1  _  9-  1 
5  +  1  “  9+  1 


The  matched-line  loss  is  rz  =  lO^^^^^  =  lo^^^^®  =  10.  Thus,  the  reflection  coefficient 
at  the  input  will  be  IT^I  =  IPil/a  =  0.8/10  =  0.08.  The  corresponding  SWR  will  be 
5  =  (1  +  0.08) /(I  -0.08)=  1.17.  □ 


10.14.  Smith  Chart 
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Example  10.13.4:  A  50-ohm  line  feeds  a  half-wave  dipole  antenna  with  impedance  of  73  +  J42.5 
ohms.  The  line  has  matched-line  loss  of  3  dB.  What  is  the  total  loss  of  the  line?  What  is 
the  SWR  at  the  load  and  at  the  line  input? 

If  the  line  length  is  doubled,  what  is  the  matched-line  loss,  the  total  loss,  the  input  and 
load  SWRs? 

Solution:  The  matched-line  loss  in  absolute  units  is  a  =  10^^^®  =  2.  Using  the  MATLAB  functions 
z2g  and  swr,  we  compute  the  reflection  coefficient  at  the  load  and  its  SWR: 


lEil  = 


N 

1 

N 

o 

1 

73  +  J42.5  -  50 

\  Zi  +  Zq  \ 

73  +  J42.5  +  50 

abs(z2g(73  +  42. 5J,  50))=  0.3713 


The  SWR  will  be  S'  =  swr  (0.3713)  =  2.1814.  The  reflection  coefficient  at  the  line  input  will 
be  ITdl  =  =  |ri|/a  =  0.1857,  audits  SWR,  S  =  swr(0.1857)=  1.4560. 

If  the  line  length  is  doubled,  the  matched-line  loss  in  dB  will  double  to  6  dB,  since  it  is 
given  by  Lm  =  8.686ad.  In  absolute  units,  it  is  a  =  2^  =  4. 

The  corresponding  reflection  coefficient  at  the  line  input  will  be  IT^I  =  IFil/a  =  0.0928, 
and  its  SWR,  S  =  swr  (0.0928)=  1.2047.  □ 


10.14  Smith  Chart 

The  relationship  between  the  wave  impedance  Z  and  the  corresponding  reflection  re¬ 
sponse  r  along  a  transmission  line  Zq  can  be  stated  in  terms  the  normalized  impedance 
z  =  Z/Zo  as  follows: 


r  = 


z  -  1 
z  +  1 


z  = 


1  +  r 


1  -r 


(10.14.1) 


It  represents  a  mapping  between  the  complex  impedance  z-plane  and  the  complex 
reflection  coefficient  T-plane,  as  shown  in  Fig.  10.14.1.  The  mapping  is  similar  to  the 
bilinear  transformation  mapping  in  linear  system  theory  between  the  5-plane  (playing 
the  role  of  the  impedance  plane)  and  the  z-plane  of  the  z-transform  (playing  the  role  of 
the  r-plane.) 

A  complex  impedance  z  =  r  +  jx  with  positive  resistive  part,  r  >  0,  gets  mapped 
onto  a  point  F  that  lies  inside  the  unit-circle  in  the  T-plane,  that  is,  satisfying  \F\  <  1. 

An  entire  resistance  line  z  =  r  {a  vertical  line  on  the  z-plane)  gets  mapped  onto 
a  circle  on  the  T-plane  that  lies  entirely  inside  the  unit-circle,  if  r  >  0.  Similarly,  a 
reactance  line  z  =  jx  (a  horizontal  line  on  the  z-plane)  gets  mapped  onto  a  circle  on  the 
r-plane,  a  portion  of  which  lies  inside  the  unit-circle. 

The  Smith  chart  is  a  graphical  representation  of  the  T-plane  with  a  curvilinear  grid 
of  constant  resistance  and  constant  reactance  circles  drawn  inside  the  unit-circle.  In 
effect,  the  Smith  chart  is  a  curvilinear  graph  paper. 

Any  reflection  coefficient  point  F  falls  at  the  intersection  of  a  resistance  and  a  reac¬ 
tance  circle,  r,  x,  from  which  the  corresponding  impedance  can  be  read  off  immediately 
as  z  =  r  +  JX.  Conversely,  given  z  =  r  -\-  jx  and  finding  the  intersection  of  the  r,  x 
circles,  the  complex  point  F  can  be  located  and  its  value  read  off  in  polar  or  cartesian 
coordinates. 


432 


10.  Transmission  Lines 


Fig.  10.14.1  Mapping  between  z-plane  and  T-plane. 


To  determine  the  centers  and  radii  of  the  resistance  and  reactance  circles,  we  use 
the  result  that  a  circle  with  center  C  and  radius  R  on  the  T-plane  has  the  following  two 
equivalent  representations: 


\r\'^ -C*r -cr*  =B  »  |r-C|=i^,  where  B  =  _  |C|2  (10.14.2) 


Setting  z  =  r  +  JX  in  Eq.  (10.14.1)  and  extracting  the  real  and  imaginary  parts,  we 
can  write  r  and  x  in  terms  of  F,  as  follows: 


r  =  Rez 


1-  irp 

|i-r|2  ’ 


X  =  Imz 


jjn-n 

|i-r|2 


(10.14.3) 


In  particular,  the  expression  for  the  resistive  part  implies  that  the  condition  r  >  0  is 
equivalent  to  \F\  <  1.  The  r,  x  circles  are  obtained  by  putting  Eqs.  (10.14.3)  in  the  form 
of  Eq.  (10.14.2).  We  have: 


r|r- ip  =  1  -  irp  ^  r(\r\^  -r-r*  +  1)  =  i-  \r\^ 


and  rearranging  terms: 


ir|2- 


-F- 


r  +  1  1  +  r 

Similarly,  we  have 


1-r 
1  +  r 


F- 


r 

1  +  r 


1  -  r  i  \ 

l  +  r^(l  +  r)2  Vl  +  r/ 


x\r-i\^  =j{r*  -n  ^  x(\r\^ -r-r* +  1)  =j(r* -D 


which  can  be  rearranged  as: 

|r|2-  ^1  -  =  -1 
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To  summarize,  the  constant  resistance  and  reactance  circles  are: 


F- 

r 

1 

l  +  r 

l  +  r 

F- 

1 

“  |x| 

(resistance  circles) 
(reactance  circles) 


(10.14.4) 


The  centers  of  the  resistance  circles  are  on  the  positive  half  of  the  real  axis  on  the  F- 
plane,  lying  between  0  <  F  <1.  When  r  =  0,  the  impedance  circle  is  the  entire  unit-circle 
with  center  at  T  =  0.  As  r  increases,  the  radii  become  smaller  and  the  centers  move 
towards  F  =  1.  The  centers  of  the  reactance  circles  lie  on  the  tangent  of  the  unit-circle 
at  r  =1. 


Example  10.14.1:  Fig.  10.14.2  depicts  the  resistance  and  reactance  circles  for  the  following 
values  of  r,  x\ 


r  =  [0.2,  0.5,  1,  2,  5]  ,  x  =  [0.2,  0.5,  1,  2,  5] 


Because  the  point  A  is  at  the  intersection  of  the  r  =  0.2  and  x  =  0.5  circles,  the  corre¬ 
sponding  impedance  will  be  Za  =  0.2  +  0.5J.  We  list  below  the  impedances  and  reflection 
coefficients  at  the  points  A,B,C,  D,  E,  S,  P,  O: 


(short  circuit) 
(open  circuit) 
(matched) 


Za  =  0.2  +  0.5J, 
Zb  =  0.5  -j, 
zc  =  2-  2j, 

Zd  =  J, 

Ze  =  -J, 

Zs  =  0, 

Zp  =  00, 

2o  =  1, 


Fa  =  -0.420  +  0.592J  =  0.726Z125.37° 
Fb  =  0.077  -  0.615J  =  0.620Z-82.88'’ 
Fc  =  0.539  -  0.308J  =  0.620Z-29.74'' 
Fd  =  J  =  1Z90« 

Fe  =  -j  =lZ-90^ 

Fs  =  -1  =  1Z180” 

Fp  =  l  =  1Z0° 
ro  =  0  =  0Z0° 


The  points  S  and  P  correspond  to  a  short-circuited  and  an  open-circuited  impedance.  The 
center  of  the  Smith  chart  at  point  O  corresponds  to  z  =  1,  that  is,  an  impedance  matched 
to  the  line.  □ 


The  Smith  chart  helps  one  visualize  the  wave  impedance  as  one  moves  away  from 
or  towards  a  load.  Assuming  a  lossless  line,  the  wave  impedance  and  corresponding 
reflection  response  at  a  distance  /  from  the  load  are  given  by: 


zi 


Zi  -rj  tan  jg/ 
1  +jzL  tanjg/ 


«  T/  = 


(10.14.S) 


The  magnitude  of  T/  remains  constant  as  /  varies,  indeed,  \Fi\  =  \Fl\.  On  the  Smith 
chart,  this  represents  a  circle  centered  at  the  origin  T  =  0  of  radius  \Fl\.  Such  circles 
are  called  constant  SWR  circles  because  the  SWR  is  related  to  the  circle  radius  by 


1  +  \Fl\ 
1-\Fl\ 


The  relative  phase  angle  between  F /  and  Tp  is  negative,  -  2  jg/,  and  therefore,  the  point 
Fi  moves  clockwise  along  the  constant  SWR  circle,  as  shown  in  Fig.  10.14.3.  Conversely, 
if  /  is  decreasing  towards  the  load,  the  point  F /  will  be  moving  counter-clockwise. 
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1 


Fig.  10.14.2  Smith  chart  example. 


Zo 


\<  / 


Z/ 

ri 


F=l 

Z=oo 


M —  towards  generator 


Fig.  10.14.3  Moving  towards  the  generator  along  a  constant  SWR  circle. 


The  rotation  angle  (/)/  =  2jg/  can  be  read  off  in  degrees  from  the  outer  periphery  of 
the  Smith  chart.  The  corresponding  length  /  can  also  be  read  off  in  units  of  wavelengths 
towards  the  generator  (WTG)  or  wavelengths  towards  the  load  (WTL).  Moving  towards 
the  generator  by  a  distance  /  =  A/8  corresponds  to  a  clockwise  rotation  by  an  angle  of 
<pi  =  2(2Tr/8)=  tt/2,  that  is,  90°.  Moving  by  /  =  A/4  corresponds  to  a  180°  rotation, 
and  by  /  =  A/2,  to  a  full  360°  rotation. 

Smith  charts  provide  an  intuitive  geometrical  representation  of  a  load  in  terms  of 
its  reflection  coefficient  and  help  one  design  matching  circuits— where  matching  means 
moving  towards  the  center  of  the  chart.  However,  the  computational  accuracy  of  the 
Smith  chart  is  not  very  high,  about  5-10%,  because  one  must  visually  interpolate  between 
the  grid  circles  of  the  chart. 


10.15.  Time-Domain  Response  of  Transmission  Lines 
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Smith  charts  are  used  widely  to  display  S’-parameters  of  microwave  amplihers  and 
help  with  the  design  of  matching  circuits.  Some  of  the  tools  used  in  such  designs  are  the 
stability  circles,  gain  circles,  and  noise  hgure  circles  of  an  ampliher,  which  are  intuitively 
represented  on  a  Smith  chart.  We  discuss  them  in  Chap.  13. 

Various  resources,  including  a  history  of  the  Smith  chart  and  high-quality  download¬ 
able  charts  in  Postscript  format  can  be  found  on  the  web  site  [1317]. 

Laursen’s  Smith  chart  MATLAB  toolbox  can  be  used  to  draw  Smith  charts.  It  is  avail¬ 
able  from  the  Mathworks  web  site  [1328].  Our  MATLAB  function  smi  th .  m  can  be  used 
to  draw  simple  Smith  charts. 


10.15  Time-Domain  Response  of  Transmission  Lines 


So  far  we  discussed  only  the  sinusoidal  response  of  transmission  lines.  The  response  to 
arbitrary  time-domain  inputs  can  be  obtained  by  writing  Eq.  (10.6.3)  in  the  time  domain 
by  replacing  jco  ^  d/dt.  We  will  assume  a  lossless  line  and  set  R'  =  G'  =  0.^  We  obtain 
then  the  system  of  coupled  equations: 


dV  _,^  ,dV 

dz~  ^  dt'  dz~  ^  dt 


(10.15.1) 


These  are  called  telegrapher’s  equations.  By  differentiating  again  with  respect  to  z, 
it  is  easily  verihed  that  V  and  I  satisfy  the  uncoupled  one-dimensional  wave  equations: 


d^I  1  d^I 


where  c  =  1!  ^L'C .  As  in  Sec.  2.1,  it  is  better  to  deal  directly  with  the  hrst-order  coupled 
system  (10.15.1).  This  system  can  be  uncoupled  by  dehning  the  forward  and  backward 
wave  components: 


-  2 
These  satisfy  the  uncoupled  equations: 


where 


(10.15.2) 


dV±  _  _1  dV± 
dz  c  dt 

with  general  solutions  given  in  terms  of  two  arbitrary  functions  f  it),g{t)\ 

V+  (f,z)=  fit  -  z/c)  ,  V-  (f,z)=  git  +  z/c) 

These  solutions  satisfy  the  basic  forward  and  backward  propagation  property: 


(10.15.3) 


(10.15.4) 


V+it,z  +  Az)  =V+it-At,z) 
V-  it,  z  +  Az)  =  (f  -r  Z\f,  z) 


where  At 


Az 

c 


(10.15.5) 


^  At  R¥,R' ,  G'  maybe  small  but  cannot  be  assumed  to  be  frequency-independent,  for  example,  R'  depends 
on  the  surface  impedance  Rg,  which  grows  like 
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In  particular,  we  have: 


y+  (t,z)  =v+it-  z/c,o) 
V-  it,  z)  =V-it  +  z/c,  0) 


(10.15.6) 


These  allow  the  determination  of  the  line  voltages  at  any  point  z  along  the  line  from 
the  knowledge  of  the  voltages  at  z  =  0.  Next,  we  consider  a  terminated  line,  shown  in 
Fig.  10.15.1,  driven  by  a  generator  voltage  Vg  it),  which  is  typically  turned  on  at  t  =  0 
as  indicated  by  the  closing  of  the  switch. 


Fig.  10.15.1  Transient  response  of  terminated  line. 

In  general,  Zg  and  Zl  may  have  inductive  or  capacitive  parts.  To  begin  with,  we  will 
assume  that  they  are  purely  resistive.  Let  the  length  of  the  line  be  d,  so  that  the  one- 
and  two-way  travel-time  delays  will  be  T  =  d/c  and  2T  =  2d/c. 

When  the  switch  closes,  an  initial  waveform  is  launched  forward  along  the  line.  When 
it  reaches  the  load  T  seconds  later,  it  gets  reflected,  picking  up  a  factor  of  Ti,  and  begins 
to  travel  backward.  It  reaches  the  generator  T  seconds  later,  or  2T  seconds  after  the 
initial  launch,  and  gets  reflected  there  traveling  forward  again,  and  so  on.  The  total 
forward-  and  backward-moving  components  V ±  it,  z)  include  all  the  multiple  reflections. 

Before  we  sum  up  the  multiple  reflections,  we  can  express  V±it,z)  in  terms  of  the 
total  forward-moving  component  V+  (f)  =  V+  (t,  0)  at  the  generator  end,  with  the  help 
of  (10.15.6).  In  fact,  we  have  V+(t,z)=  V+it  -  z/c).  Applying  this  at  the  load  end 
z  =  d,  we  have  Vf  it)  =  V+  it,d)  =  V+it  -  d/c)  =  V  +  it  -  T) .  Because  of  Ohm’s  law  at 
the  load,  Vi  (t)  =  Zih  it),  we  have  for  the  forward/backward  components: 

Vt(t)=  ^  h  it)  ^  VI  (f)  Vl  (f)  =  Fl  V+  it-T) 

2  2  Zi  -r  Zo 

Therefore,  we  hnd  the  total  voltage  at  the  load  end: 


Vi(f)=  v^(f)+vi(f)=  a  +  riW^it-T) 


(10.1S.7) 


Using  (10. IS. 6),  the  backward  component  at  z  =  0  is: 


y_ (f  +  D  =  U-  (f  +  d/c, 0)  =V-(t,d)=  VI  it)  =  rLV+  (t-T)  ,  or, 

y-(f)  =ri.y+(f-2r) 
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Thus,  the  total  line  voltage  at  the  generator  end  will  be: 


Vd  it)  =  it)  +  v_  it)  =  it)  +ri  it  -  2T) 


(10.15.8) 


More  generally,  the  voltage  at  any  point  z  along  the  line  will  be: 

Vit,  z)  =  V+  it,  z)  +V-  it,  z)  =V+it-  z/c)  +rLV+  it  +  z/c  -  2T)  (10.15.9) 

It  remains  to  determine  the  total  forward  component  V+it)  in  terms  of  the  multiple 
reflections  of  the  initially  launched  wave  along  the  line.  We  hnd  below  that: 


V+{t)  =  X  (rGrL)'^V(t-2mT) 

m=0  (lO.lS.lO) 

=  v(t)  +  {rGrL)v(t-2T)  +  (rGrL)^v{t-4T)+- ■  ■ 


where  Vit)  is  the  initially  launched  waveform: 

V(t)=  Veit)  (10.15.11) 

Zg  +  Zq 

Thus,  initially  the  transmission  line  can  be  replaced  by  a  voltage  divider  with  Zq  in 
series  with  Zi.  For  a  right-sided  signal  V it),  such  as  that  generated  after  closing  the 
switch,  the  number  of  terms  in  (10.15.10)  is  hnite,  but  growing  with  time.  Indeed,  the 
requirement  that  the  argument  of  V  it  -  2mT)  be  non-negative,  t  -  2mT  >0,  may  be 
solved  for  the  limits  on  m: 


0  <  m  <  M(f)  , 


where 


M(f)  =  floor 


(10.15.12) 


To  justify  (10.15.10)  and  (10.15.11),  we  may  start  with  the  single-frequency  case  dis¬ 
cussed  in  Sec.  10.9  and  perform  an  inverse  Fourier  transform.  Dehning  the  z-transform 
variable  f  we  may  rewrite  Eq.  (10.9.7)  in  the  form: 


i-rGri^-2  ’ 


Zold  =  V 


i-rig-2 

i-Tcri^-z  ’ 


where 


Zg  +  Zq 


The  forward  and  backward  waves  at  z  =  0  will  be: 

^  Vd  +  Zold  ^  V 

^  2  l-TcTi^-z 

Vd-Zold  vriV^  2 

yd  =  y+  +  v- =  y++ri.f-2y+  ^  Vd{uo)=v+(w)+rLe-^^'^'^v+(w) 


(10.15.13) 


where  in  the  last  equation  we  indicated  explicitly  the  dependence  on  co.  Using  the  delay 
theorem  of  Fourier  transforms,  it  follows  that  the  equation  for  Vrf(co)  is  the  Fourier 
transform  of  (10.15.8).  Similarly,  we  have  at  the  load  end: 


^We  use  'C  instead  of  z  to  avoid  confusion  with  the  position  variable  z. 
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VgZq  1  +  Ti 
Zg  +  Zo  i-rGriC-2 


(i+ri)r'v+ 


which  is  recognized  as  the  Fourier  transform  of  Eq.  (10.15.7).  Next,  we  expand  V+  using 
the  geometric  series  noting  that  =  ITcTlI  <  1: 


=  5 — r^r  ^  2  =  +  (^GriK-^v  +  {rGrL)^r:-*v  +■■■ 

1  -  i  g1  iq  ^ 


(10.15.14) 


which  is  equivalent  to  the  Fourier  transform  of  Eq.  (10.15.10).  The  same  results  can  be 
obtained  using  a  lattice  timing  diagram,  shown  in  Fig.  10.15.2,  like  that  of  Fig.  5.6.1. 


Fig.  10.15.2  Lattice  timing  diagram. 

Each  propagation  segment  introduces  a  delay  factor  f  forward  or  backward,  and 
each  reflection  at  the  load  and  generator  ends  introduces  a  factor  Fl  or  Fg-  Summing 
up  all  the  forward-moving  waves  at  the  generator  end  gives  Eq.  (10.15.14).  Similarly,  the 
summation  of  the  backward  terms  at  the  generator,  and  the  summation  of  the  forward 
and  backward  terms  at  the  load,  give: 

y_  =  yrL^-2[i  +  (rGri)^-^  +  (rGrL)^^-^  + . . .  j 
vt  =  y^-hi  +  irGriK-^  +  {rGrif^-^  +  ■■■]  = 

VI  =  riy^-i[i  +  (rcTiK-^  +  (rcrL)^^-^  +  ■■■]=  ri^-iy+  =  nvi 
Replacing  V+  it)  in  terms  of  (10.15.10),  we  obtain  from  (10.15.7)  and  (10.15.8): 

/  1  \ 

Vdit)  =y(f)+  1  +  —  X  irGrL)’^v(t-2mT) 

00 

yL(f)  =  (i+Ti)  y  (rGrL)'”v{t- (2m  +  i)T) 

m=0 


(10.15.15) 
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The  line  voltage  at  an  arbitrary  location  z  along  the  line,  can  be  determined  from 
(10.15.9).  The  substitution  of  the  series  expansion  of  y+  leads  to  the  expression: 


V(f,z)=  X  irGrL)’”V{t -z/c-2mT)+rL  Y.(rGrL)^V  (t  +  zl  c  -  2kT  -  2T) 


For  a  causal  input  V(t) ,  the  allowed  ranges  for  the  summation  indices  m,  k  are: 


0  <  m  <  floor 


t  -  z/c 
2T 


,  0  <  k  <  floor 


t  +  z/c  -  2T 

2r 


Example  10.15.1:  A  terminated  line  has  Zq  =  50,  Zg  =  450,  Zl  =  150  Q.  The  corresponding 
reflection  coefficients  are  calculated  to  be:  Fg  =  0.8  and  Fl  =  0.5.  For  simplicity,  we 
take  c  =  I,  d  =  I,  F  =  d/c  =  1.  First,  we  consider  the  transient  response  of  the  line 
to  a  step  generator  voltage  Vg  (t)  =  10  w  (t) .  The  initial  voltage  input  to  the  line  will  be: 
V{t)=  VG{t)Zo/{ZG  +  Zo)=  lOw(t) -50/(450  +  50)=  u{t).  It  follows  from  (10.15.15) 
that: 


Vd(f)=  u(f)+2.25  X  (0.4)"’u(f-2mr)  ,  Vi(f)=  1.5  X  (0.4)"'ii(f-  (2m  +  l)T) 

m=l  m=l 


Step  Response 


Pulse  Response,  width  t=T/10 


Fig.  10.15.3  Transient  step  and  pulse  responses  of  a  terminated  line. 

These  functions  are  plotted  in  Fig.  10.15.3.  The  successive  step  levels  are  calculated  by: 


Vdit) 

Viit) 

1 

0 

1  +  2.25[0.4i]=  1.90 

1.5 

l  +  2.25[0.4i+ 0.42]=  2.26 

1.5[1  +  0.4!]=  2.10 

1  +  2.25  [O.4I  +  0.42  +  0.4^1=  2.40 

1.5([1  +  O.4I  +  0.42]=  2.34 

1  +  2.25  [O.4I  +  0.42  +  0.4^  +  0.4^1  =  2.46 

1.5  ( [1  +  O.4I  +  0.42  +  0.4^1  =  2.44 

Both  Vd  and  Vl  converge  to  the  same  asymptotic  value: 

1  +  2.25 [0.41+0.42  +  0.4^ +  0.4^+-  ■  ■  ]  =  1.5 [1  +  0.41  +  0.42  +  0.4^  +  -  -  -  ]=  ^  =  2.5 
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More  generally,  the  asymptotic  level  for  a  step  input  VG(f)  =  Vcuit)  is  found  to  be: 


y  -  Y  ^  _  VgZq  I  +  Fl  _  Vg^l 

1-FgFl  Zg  +  Zq  1-FgFl  Zg  +  Zl 


(10.15.16) 


Thus,  the  line  behaves  asymptotically  like  a  lumped  circuit  voltage  divider  with  Zl  in  series 
with  Zg-  We  consider  next,  the  response  to  a  pulse  input  VG{t)=  I0[u{t)-u{t  -  t)],  so 
thatV(r)=  w(t)-w(t-T),  where  T  is  the  pulse  duration.  Fig.  10.15.3  shows  the  generator 
and  load  line  voltages  for  the  case  t  =  T/10  =  1/10.  The  pulse  levels  are: 


1,  2.25(0.4)""]  =  [1.00,  0.90,  0.36,  0.14,  0.06,  ...  ]  (at  generator) 
1.5 (0.4)""  =  [1.50,  0.60,  0.24,  0.10,  0.04,  ...  ]  (at  load) 


The  following  MATLAB  code  illustrates  the  computation  of  Vd  it): 


d  =  1;  c=l;  T  =  d/c;  tau  =  T/10;  VC  =  10; 

ZO  =  50;  ZG  =  450;  ZL  =  150; 

V  =  VG  *  ZO  /  (ZG+ZO); 

gG  =  z2g(ZG,Z0);  gL  =  z2g(ZL,Z0);  %  reflection  coefficients  Tg.  Pi 

t  =  0  :  T/1500  :  10*T; 

for  i=l: 1 ength(t) , 

M  =  floor(t(i )/2/T) ; 

Vd(i)  =  V  *  upulse(t(i),  tau); 
if  M  >=  1, 
m  =  1:M; 

Vd(i)  =  Vd(i)  +  (l+l/gG)*V*sum((gG''gL)  . Am  .*  upul se(t(i)-2''m''T,  tau)); 
end 
end 

plot(t,  Vd,  ’r’); 


where  upulse{t,T)  generates  the  unit-pulse  function  u{t)-u{t  -  r).  The  code  can  be 
adapted  for  any  other  input  function  V(t). 

The  MATLAB  file  pul  semovi  e .  m  generates  a  movie  of  the  step  or  pulse  input  as  it  propa¬ 
gates  back  and  forth  between  generator  and  load.  It  plots  the  voltage  V  (t,  z)  as  a  function 
of  z  at  successive  time  instants  t.  □ 


Next,  we  discuss  briefly  the  case  of  reactive  terminations.  These  are  best  han¬ 
dled  using  Laplace  transforms.  Introducing  the  5-domain  variable  s  =  Jco,  we  write 
The  terminating  impedances,  and  hence  the  reflection  coeffi¬ 
cients,  become  functions  of  s.  For  example,  if  the  load  is  a  resistor  in  series  with  an 
inductor,  we  have  Zl  (s)  =  R  +  sL.  Indicating  explicitly  the  dependence  on  s,  we  have: 


(5)  = 


V(^) 

l-rG(5)ri  (5)6-2^^’ 


where  V  (5)  = 


Vg(^)Zo 
Zg  (5)  +Zo 


(10.15.17) 


In  principle,  we  may  perform  an  inverse  Laplace  transform  on  V+  (5)  to  hnd  V+{t). 
However,  this  is  very  tedious  and  we  will  illustrate  the  method  only  in  the  case  of  a 
matched  generator,  that  is,  when  Zg  =  Zq,  or,  Tg  =  0.  Then,  V+(5)=  V(5),  where 
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V(5)  =  Vg{s)ZqI2Zq  =  Vq{s)  12.  The  line  voltages  at  the  generator  and  load  ends  will 
be  from  (10.15.13)  and  (10.15.7): 


Vd(s)  =  V(s)+ri(s)e-2"^V(s) 
Viis)  =  [i  +  ri(s)]e-*^y(s) 


(10.15.18) 


We  consider  the  four  typical  cases  of  series  and  parallel  R-L  and  series  and  parallel 
R-C  loads.  The  corresponding  Ziis)  and  Fiis)  are  shown  below,  where  in  all  cases 
Fr  =  {R  -  Zq)  /  (R  Zq)  and  the  parameter  a  gives  the  effective  time  constant  of  the 
termination,  t  =  l/a\ 


series  R-L 


Zl 


Zr  (5)  —  R  +  sL 

s  +  ciF R 
s  Cl 
R  Zq 


FLis)  = 


a  = 


parallel  R-L 


ZLis)  = 
FLis)  = 

a  = 


RsL 
R  +  sL 
sFr  -  a 
s  +  a 
ZqR 

iR^Zo)L 


series  R-C 


Zl=R 
FLis)  = 

a  = 


R 

C 

1 

^  sC 
SFr  +  Cl 


s  Cl 
1 


(R  +  Zo)C 


parallel  R-C 


Zl(s)  = 

ri(s)  = 


R 

1  +RCs 
-s  +  OFr 


a  = 


s  Cl 
R  Zq 
RZqC 


We  note  that  in  all  cases  Fr  is)  has  the  form:  Fr  (s)  =  (boS  +  hi)  /  (5  +  rz) .  Assuming 
a  step-input  Vg  it)  =  2Vouit),  we  have  V it)  =  Vq  uit),  so  that  V  (5)  =  Vq/s.  Then, 


Vd(5)=yo 


^  +ri(s)te-2"^]  =  Vo 


bpS  +  hi  ^_2st 

sis  +  a) 


(10.15.19) 


.5  S 

Using  partial-fraction  expansions  and  the  delay  theorem  of  Laplace  transforms,  we 
hnd  the  inverse  Laplace  transform: 


Vd(f)=  Vow(f)+Vo[^  +  (bo-^)e 

Applying  this  result  to  the  four  cases,  we  hnd: 


-a{t-2T) 


uit-2F) 


(10.15.20) 


Vdit)=VoU  it)  +Vo  [Fr  +  H-  Tk) ]uit-2T) 
Vd(f)=  Vow(f)+Vo[-l  +  (1  +rR)e-‘’(f-2r)]u(f-2r) 
Vd(f)=  Vow(f)+Vo[l  -  (1  -rR)e-«(f-2r)]u(f-2r) 
Vdit)=VoU it)  +Vo [rs  -  (1  +  Tk) ]uit-2T) 
In  a  similar  fashion,  we  determine  the  load  voltage: 


(series  R-L) 

(parallel  R-L) 

(series  R-C) 

(parallel  R-C) 

(10.15.21) 


Vl  (f)  =  Vo  [  (1  +  Tk)  +  (1  -  Tr) ]  u  (f  -  T)  (series  R-L) 


Vl  (f)  =  Vo  (1  +  Tk) u{t-T) 

Vi  (f )  =  Vo  [2  -  (1  -  Tr) ]  w  (f  -  T) 
Vi  (f)=  Vo(l  +  Lr)  [1  -  e-«<f-’'>]w(f  -  T) 


(parallel  R-L) 

(10.15.22) 

(series  R-C) 

(parallel  R-C) 
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Example  10.15.2:  We  take  Vq  =  1,  Zq  =  50,  R  =  150  Q,  and,  as  before,  d  =  1,  c  =  1,  T  =  1. 
We  hnd  Fr  =  0.5.  Fig.  10.15.4  shows  the  voltages  Vd  it)  and  Vr  it)  in  the  four  cases. 

In  all  cases,  we  adjusted  L  and  C  such  that  a  =  1.  This  gives  L  =  200  and  C  =  1/200,  and 
L  =  37.5  and  C  =  1/37.5,  for  the  series  and  parallel  cases. 

Asymptotically,  the  series  R-L  and  the  parallel  R-C  cases  look  like  a  voltage  divider  Vd  = 
Vr  =  VgR/ iR  +  Zo)=  1.5,  the  parallel  R-L  case  looks  like  a  short-circuited  load  Vd  = 
Vr  =  0,  and  the  series  R-C  looks  like  and  open  circuit  so  that  Vd  =  Vr  =  Vg  =  2. 

Using  the  expressions  for  V  (t,  z)  of  Problem  10.40,  the  MATLAB  hie  RLCmovi  e .  m  makes  a 
movie  of  the  step  input  as  it  propagates  to  and  gets  reflected  from  the  reactive  load.  □ 


Series  R-L  Parallel  R-L 


Fig.  10.15.4  Transient  response  of  reactive  terminations. 


10.16  Problems 

10.1  Design  a  two-wire  line  made  of  two  AWG  20-gauge  (diameter  0.812  mm)  copper  wires  that 
has  a  300-ohm  impedance.  Calculate  its  capacitance  per  unit  length. 

10.2  For  the  two-wire  line  shown  in  Fig.  10.5.1,  show  that  the  tangential  component  of  the  electric 
held  vanishes  on  both  cylindrical  conductor  surfaces.  Show  that  the  surface  charge  and 
current  densities  on  the  positively  charged  conductor  are  given  in  terms  of  the  azimuthal 
angle  cf)  as  follows: 


Psi4>)  = 


Q'  -  1 

2TTa  1C  -  2k  cos  0  +  1  ’ 


Jsz  i4^)  — 


I  -  1 

2TTa  k^  -  2kcos(/)  +  1 


Show  and  interpret  the  following: 
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rZn  r2TT 

Ps((p)  adcp  =  Q' ,  Jszi(t>)  adcf)  =  I 

Jo  Jo 

10.3  For  the  two-wire  line  of  the  previous  problem,  show  that  the  power  loss  per  unit  length  due 
to  ohmic  conductor  losses  is  given  by: 


rZn 

^’i'oss  =  -R4  IJsz(4>)l^adcf> 

Jo 


Zna  -  1 


From  this  result,  derive  Eq.  (10.5.13)  for  R'  and  «c- 

10.4  A  polyethylene-filled  RG-59  coaxial  cable  has  impedance  of  75  ohm  and  velocity  factor  of 
2/3.  If  the  radius  of  the  inner  conductor  is  0.322  mm,  determine  the  radius  of  the  outer 
conductor  in  mm.  Determine  the  capacitance  and  inductance  per  unit  length.  Assuming 
copper  conductors  and  a  loss  tangent  of  7x10“^  for  the  polyethylene  dielectric,  calculate 
the  attenuation  of  the  cable  in  dB/lOO-ft  at  50  MHz  and  at  1  GHz.  Finally,  calculate  the  cutoff 
frequency  of  higher  propagating  modes. 

10.5  Computer  Experiment:  Coaxial  Cable  Attenuation.  Consider  the  attenuation  data  of  an  RG- 
8/U  cable  given  in  Example  10.4.3. 


a.  Reproduce  the  graph  of  that  Example.  Show  that  with  the  assumed  characteristics  of 
the  cable,  the  total  attenuation  may  be  written  as  a  function  of  frequency  in  the  form, 
where  a  is  in  dB  per  100  ft  and  f  is  in  GHz: 


aif)=  43412^'^  +  2.9131f 


b.  Carry  out  a  least-squares  fit  of  the  attenuation  data  given  in  the  table  of  that  Exam¬ 
ple  by  fitting  them  to  a  function  of  the  form  a  (f)  =  +  Bf,  and  determine  the 

fitted  coefficients  A,B.  This  requires  that  you  find  A,B  by  minimizing  the  weighted 
performance  index: 

J=  Y^Wi(ai-Afl^^  -Bfif  =  min 

z 

where  you  may  take  the  weights  w,  =  1.  Show  that  the  minimization  problem  gives 
rise  to  a  2x2  linear  system  of  equations  in  the  unknowns  A,B,  and  solve  this  system 
with  MATLAB. 

Plot  the  resulting  function  of  a  if)  on  the  same  graph  as  that  of  part  (a).  How  do  the 
fitted  coefficients  compare  with  those  of  part  (a)? 

Given  the  fitted  coefficients  A,B,  extract  from  them  the  estimated  values  of  the  loss 
tangent  tand  and  the  refractive  index  n  of  the  dielectric  filling  (assuming  the  cable 
radii  a,  b  and  conductivity  cr  are  as  given.) 

c.  Because  it  appears  that  the  5-GHz  data  point  is  not  as  accurate  as  the  others,  redo  part 
(b)  by  assigning  only  1/2  weight  to  that  point  in  the  least-squares  fit.  Finally,  redo  part 
(b)  by  assigning  zero  weight  to  that  point  (i.e.,  not  using  it  in  the  fit.) 

10.6  Computer  Experiment— Optimum  Coaxial  Cables.  Plot  the  three  quantities  Ea,  Pt,  and 
given  in  Eq.  (10.4.10)  versus  the  ratio  b/a  over  the  range  1.5  <  b/a  <  4.  Indicate  on  the 
graphs  the  positions  of  the  optimum  ratios  that  correspond  to  the  minima  of  Ea  and 
and  the  maximum  of  Pt- 

Moreover,  write  a  MATLAB  function  that  solves  iteratively  (for  example,  using  Newton’s 
method)  the  equation  for  minimizing  ac,  that  is,  Inx  =  1  +  1/x. 
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10.7  Let  Zi  =  Ri  +  jXi  be  the  wave  impedance  on  a  lossless  line  at  a  distance  /  from  a  purely 
resistive  load  Zi.  Derive  explicit  expressions  for  Ri  and  Xi  in  terms  of  Zl  and  the  charac¬ 
teristic  impedance  Zq  of  the  line  for  the  distances  /  =  nA/8,  where  n  =  1, 2,  3, 4,  5, 6,  7, 8. 
Discuss  the  signs  of  A/  (inductive  or  capacitive)  for  the  two  cases  Zl  >  Zq  and  Zl  <  Zq. 
What  happens  to  the  above  expressions  when  Zl  =  Zq? 

10.8  A  dipole  antenna  operating  in  the  30-meter  band  is  connected  to  a  transmitter  by  a  20-meter 
long  lossless  coaxial  cable  having  velocity  factor  of  0.66  and  characteristic  impedance  of  50 
ohm.  The  wave  impedance  at  the  transmitter  end  of  the  cable  is  measured  and  found  to  be 

39.9  +  34. 2J  ohm.  Determine  the  input  impedance  of  the  antenna. 

10.9  It  is  desired  to  measure  the  characteristic  impedance  Zq  and  propagation  constant  y  =  a+j^ 
of  a  lossy  line.  To  this  end,  a  length  /  of  the  line  is  short-circuited  and  its  input  impedance  Zsc 
is  measured.  Then,  the  segment  is  open-circuited  and  its  input  impedance  Zoc  is  measured. 
Explain  how  to  extract  the  two  unknown  quantities  Zq  and  y  from  Zsc  and  Zqc- 

10.10  The  wave  impedances  of  a  100-meter  long  short-  and  open-circuited  segment  of  a  lossy 
transmission  line  were  measured  to  be  Zsc  =  68.45  +  128. 13J  ohm  and  Zqc  =  4.99  -  16.65J 
ohm  at  10  MHz.  Using  the  results  of  the  previous  problem,  determine  the  characteristic 
impedance  of  the  line  Zq,  the  attenuation  constant  a  in  dB/lOO-m,  and  the  velocity  factor 
of  the  cable  noting  that  the  cable  length  is  at  least  two  wavelengths  long. 

10.11  For  a  lossless  line,  show  the  inequality: 

1-  irii  ^  1  +  rie-yi^'  ^  i  +  TlI 

where  El  is  the  load  reflection  coefficient.  Then,  show  that  the  magnitude  of  the  wave 
impedance  Z/  along  the  line  varies  between  the  limits: 


Z^min  ^  I  Z^/ 1  ^  Z^m 


Z^min  ~  ^  Z^O  )  Z^max  ~  B  Z^O 


where  Zq  is  the  characteristic  impedance  of  the  line  and  S,  the  voltage  SWR. 

10.12  For  a  lossless  line,  show  that  the  current  7/  at  a  distance  /  from  a  load  varies  between  the 
limits: 


—  l-f/ 1  —  -fmax  ) 


where  7inin=^Vmin, 
Zo 


7max  ~  ry  l^max 
Zo 


where  Vrnin  and  Umax  are  the  minimum  and  maximum  voltage  along  the  line.  Then,  show 
that  the  minimum  and  maximum  wave  impedances  of  the  previous  problem  can  be  written 
in  the  alternative  forms: 


y  _  ^  max  y 

■^max  ~  )  ■^min 

Jmin 


min 
I  max 


Recall  from  Sec.  10.13  that  Z^ax,  Zmin  correspond  to  the  distances  /max  and  /min-  However, 
show  that  7min  and  /max  correspond  to  /max  and  /min,  respectively. 

10.13  If  500  W  of  power  are  delivered  to  a  load  by  a  50-ohm  lossless  line  and  the  SWR  on  the  line  is 
5,  determine  the  maximum  voltage  Umax  along  the  line.  Determine  also  the  quantities  Vmin, 

/max,  /min,  Z^max,  and  Zmin- 

10.14  A  transmitter  is  connected  to  an  antenna  by  an  80-ft  length  of  coaxial  cable  of  characteristic 
impedance  of  50  ohm  and  matched-line  loss  of  0.6  dB/lOO-ft.  The  antenna  impedance  is 
30  +  40J  ohm.  The  transmitter  delivers  1  kW  of  power  into  the  line.  Calculate  the  amount  of 
power  delivered  to  the  load  and  the  power  lost  in  the  line.  Calculate  the  SWR  at  the  antenna 
and  transmitter  ends  of  the  line. 


10.16.  Problems 


445 


10.15  Let  Sl  and  Sd  be  the  SWRs  at  the  load  and  at  distance  d  from  the  load  on  a  lossy  and 
mismatched  line.  Let  a  =  be  the  matcheddine  loss  for  the  length-d  segment.  Show  that 
the  SWRs  are  related  by: 


Sd  =  Sl 


a  {Sl  +  1)  -  {Sl  -  1) 


and 


Sl  -  Sd  + 


(fl-l)(5|-l) 
{Sd  +  1)  {Sd  ~  1) 


Show  that  1  <  Sd  <  Sl-  When  are  the  equalities  valid?  Show  also  that  5^  ^  1  as  d  ^  oo. 

10.16  A  100-Q  lossless  transmission  line  is  terminated  at  an  unknown  load  impedance.  The  line 
is  operated  at  a  frequency  corresponding  to  a  wavelength  A  =  40  cm.  The  standing  wave 
ratio  along  this  line  is  measured  to  be  5  =  3.  The  distance  from  the  load  where  there  is  a 
voltage  minimum  is  measured  to  be  5  cm.  Based  on  these  two  measurements,  determine  the 
unknown  load  impedance. 

10.17  The  wavelength  on  a  50  Q  transmission  line  is  80  cm.  Determine  the  load  impedance  if  the 
SWR  on  the  line  is  3  and  the  location  of  the  first  voltage  minimum  is  10  cm  from  the  load. 
At  what  other  distances  from  the  load  would  one  measure  a  voltage  minimum?  A  voltage 
maximum? 

10.18  A  75-ohm  line  is  connected  to  an  unknown  load.  Voltage  measurements  along  the  line  reveal 
that  the  maximum  and  minimum  voltage  values  are  6  V  and  2  V.  It  is  observed  that  a  voltage 
maximum  occurs  at  the  distance  from  the  load: 


/  =  0.5A  -  — atan(0.75)=  0.44879A 
4tt 

Determine  the  reflection  coefficient  Fl  (in  cartesian  form)  and  the  load  impedance  Zl- 

10.19  A  load  is  connected  to  a  generator  by  a  30-ft  long  75-ohm  RG-59/U  coaxial  cable.  The  SWR 
is  measured  at  the  load  and  the  generator  and  is  found  to  be  equal  to  3  and  2,  respectively. 
Determine  the  attenuation  of  the  cable  in  dB/ft.  Assuming  the  load  is  resistive,  what  are  all 
possible  values  of  the  load  impedance  in  ohm? 

10.20  A  lossless  50-ohm  line  with  velocity  factor  of  0.8  is  connected  to  an  unknown  load.  The 
operating  frequency  is  1  GHz.  Voltage  measurements  along  the  line  reveal  that  the  maximum 
and  minimum  voltage  values  are  6  V  and  2  V.  It  is  observed  that  a  voltage  minimum  occurs 
at  a  distance  of  3  cm  from  the  load.  Determine  the  load  reflection  coefficient  Fl  and  the 
load  impedance  Zl- 

10.21  The  SWR  on  a  lossy  line  is  measured  to  be  equal  to  3  at  a  distance  of  5  meters  from  the  load, 
and  equal  to  4  at  a  distance  of  1  meter  from  the  load. 


a.  Determine  the  attenuation  constant  of  the  line  in  dB/m. 

b.  Assuming  that  the  load  is  purely  resistive,  determine  the  two  possible  values  of  the 
load  impedance. 

10.22  A  lossless  50-ohm  transmission  line  of  length  d  =  17  m  is  connected  to  an  unknown  load 
Zl  and  to  a  generator  Vq  =  volts  having  an  unknown  internal  impedance  Zq,  as  shown 
below.  The  wavelength  on  the  line  is  A  =  8  m.  The  current  and  voltage  on  the  line  at  the 
generator  end  are  measured  and  found  to  be  Id  =  40  mA  and  Vd  =  0  volts. 


H  1  (V 

+  1  4 

+  i 

'd\ 

Zo 

1 

— ! 
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a.  Determine  the  wave  impedance  Zd  at  the  generator  end,  as  well  as  the  generator’s 
internal  impedance  Zg- 

b.  Determine  the  load  impedance  Zl- 

c.  What  percentage  of  the  total  power  produced  by  the  generator  is  absorbed  by  the  load? 

10.23  The  wavelength  on  a  50-ohm  transmission  line  is  8  meters.  Determine  the  load  impedance 
if  the  SWR  on  the  line  is  3  and  the  location  of  the  first  voltage  maximum  is  1  meter  from 
the  load.  At  what  other  distances  from  the  load  would  one  measure  a  voltage  minimum?  A 
voltage  maximum? 

10.24  A  10-volt  generator  with  a  25-ohm  internal  impedance  is  connected  to  a  100-ohm  load  via 
a  6-meter  long  50-ohm  transmission  line.  The  wavelength  on  the  line  is  8  meters.  Carry  out 
the  following  calculations  in  the  stated  order: 

a.  Calculate  the  wave  impedance  Zd  at  the  generator  end  of  the  line.  Then,  using  an  equiv¬ 
alent  voltage  divider  circuit,  calculate  the  voltage  and  current  VdJd-  Then,  calculate 
the  forward  and  backward  voltages  Vd+,Vd-  from  the  knowledge  of  VdJd- 

b.  Propagate  Vd+,Vd-  to  the  load  end  of  the  line  to  determine  the  values  of  the  forward 
and  backward  voltages  Vi+,  Vi-  at  the  load  end.  Then,  calculate  the  corresponding 
voltage  and  current  Vl,Il  from  the  knowledge  of  Vl+,Vl-. 

c.  Assuming  that  the  real-valued  form  of  the  generator  voltage  is 

Vg  =  lOcos(a)t) 

determine  the  real-valued  forms  of  the  quantities  Vd,  Vl  expressed  in  the  sinusoidal 
form  A  cos  (cot  +  6). 

10.25  Alossless  50-ohm  transmission  line  is  connected  to  an  unknown  load  impedance  Zl-  Voltage 
measurements  along  the  line  reveal  that  the  maximum  and  minimum  voltage  values  are 
(a/2  +  1)  volts  and  (a/2-1)  volts.  Moreover,  a  distance  at  which  a  voltage  maximum  is 
observed  has  been  found  to  be  /max  =  15A/16. 

a.  Determine  the  load  reflection  coefficient  Fl  and  the  impedance  Zl- 

b.  Determine  a  distance  (in  units  of  A)  at  which  a  voltage  minimum  will  be  observed. 

10.26  A  50-ohm  transmission  line  is  terminated  at  a  load  impedance: 

Zl  =  7S+  J25  n 

a.  What  percentage  of  the  incident  power  is  reflected  back  into  the  line? 

b.  In  order  to  make  the  load  refiectionless,  a  short-circuited  50-ohm  stub  of  length  d  is 
inserted  in  parallel  at  a  distance  /  from  the  load.  What  are  the  smallest  values  of  the 
lengths  d  and  /  in  units  of  the  wavelength  A  that  will  make  the  load  reflectionless? 
Show  all  work. 

10.27  A  load  is  connected  to  a  generator  by  a  20-meter  long  50-ohm  coaxial  cable.  The  SWR  is 
measured  at  the  load  and  the  generator  and  is  found  to  be  equal  to  3  and  2,  respectively. 

a.  Determine  the  attenuation  of  the  cable  in  dB/m. 

b.  Assuming  that  the  load  is  resistive,  what  are  all  possible  values  of  the  load  impedance 
in  ohm?  [Hint:  the  load  impedance  can  be  greater  or  less  than  the  cable  impedance.l 
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10.28  A  50-ohm  lossless  transmission  line  with  velocity  factor  of  0.8  and  operating  at  a  frequency 
of  15  MHz  is  connected  to  an  unknown  load  impedance.  The  voltage  SWR  is  measured  to  be 
5’  =  3  +  2V2.  A  voltage  maximum  is  found  at  a  distance  of  1  m  from  the  load. 

a.  Determine  the  unknown  load  impedance  Z^. 

b.  Suppose  that  the  line  is  lossy  and  that  it  is  connected  to  the  load  found  in  part  (a). 
Suppose  that  the  SWR  at  a  distance  of  10  m  from  the  load  is  measured  to  be  5  =  3. 
What  is  the  attenuation  of  the  line  in  dB/m? 

10.29  A  lossless  50-ohm  transmission  line  is  connected  to  an  unknown  load  impedance.  Voltage 

measurements  along  the  line  reveal  that  the  maximum  and  minimum  voltage  values  are  6  V 
and  2  V.  Moreover,  the  closest  distance  to  the  load  at  which  a  voltage  minimum  is  observed 
has  been  found  to  be  such  that:  =  0.6  -  0.6J.  Determine  the  load  reflection  coefficient 

Fl  and  the  impedance  Zi. 

10.30  A  resonant  dipole  antenna  operating  in  the  30-meter  band  is  connected  to  a  transmitter 
by  a  30-meter  long  lossless  coaxial  cable  having  velocity  factor  of  0.8  and  characteristic 
impedance  of  50  ohm.  The  wave  impedance  at  the  transmitter  end  of  the  cable  is  measured 
to  be  40  ohm.  Determine  the  input  impedance  of  the  antenna. 

10.31  The  next  four  problems  are  based  on  Ref.  [945].  A  lossless  transmission  line  with  real 
characteristic  impedance  Zq  is  connected  to  a  series  RLC  circuit. 

a.  Show  that  the  corresponding  load  impedance  may  be  written  as  a  function  of  frequency 
in  the  form  (with  f,  fo  in  Hz): 

where  fo  and  Q  are  the  frequency  and  Q-factor  at  resonance.  Such  a  load  impedance 
provides  a  simplified  model  for  the  input  impedance  of  a  resonant  dipole  antenna. 
Show  that  the  corresponding  SWR  Sl  satisfies  Sl  >  Sq  for  all  f,  where  is  the  SWR 
at  resonance,  that  is,  corresponding  to  Zi  =  R. 

b.  The  SWR  bandwidth  is  defined  by  Af  =  fz  -  fi,  where  fi,f2  are  the  left  and  right 
bandedge  frequencies  at  which  the  SWR  Sl  reaches  a  certain  level,  say  Sl  =  Sb,  such 
that  Sb  >  Sq.  Often  the  choice  Sb  =  2  is  made.  Assuming  that  Zq  >  R,  show  that  the 
bandedge  frequencies  satisfy  the  conditions: 


{So  +  iyrl 

(IHi 


where  Fb  = 


c.  Show  that  the  normalized  bandwidth  is  given  by: 


=^iSB- So)  (So- sy) 


with  F 0 


■So-1 

5*0  +  1 


Show  that  the  left  and  right  bandedge  frequencies  are  given  by: 


448 


10.  Transmission  Lines 


d.  Show  that  the  maximum  bandwidth  is  realized  for  a  mismatched  load  that  has  the 
following  optimum  SWR  at  resonance: 

Sb  +  Sb^  P  p2  ^  ^  2\/niax  ^B~^ 

For  example,  if  Sb  =  2,  we  have  Fb  =  1/3,  =  1.25,  and  Af /fo  =  0.75/Q,  whereas 

for  a  matched  load  we  have  5o  =  1  and  Af /fo  =  0.50/Q. 

10.32  We  assume  now  that  the  transmission  line  of  the  previous  problem  is  lossy  and  that  the 
RLC  load  is  connected  to  a  generator  by  a  length-d  segment  of  the  line.  Let  a  =  be  the 
matched-line  loss.  For  such  lossy  line,  we  may  define  the  bandwidth  in  terms  of  the  SWR  Sd 
at  the  generator  end. 

Show  that  the  normalized  bandwidth  is  given  by  the  same  expression  as  in  the  previous 
problem,  but  with  the  replacement  Fb  ^  F lb,  where  Flb  =  ciFb: 


=^l{SLB-So){So-SZ^B) 


~  ^o)  u  c  1  +  Tib 


Show  that  Flb,  Slb  are  the  quantities  Fb,  Sb  referred  to  the  load  end  of  the  line.  Show 
that  the  meaningful  range  of  the  bandwidth  formula  is  1  <  5o  <  Slb  in  the  lossy  case,  and 
I  <  So  <  Sb  for  the  lossless  case.  Show  that  for  the  same  the  bandwidth  for  the  lossy 
case  is  always  greater  than  the  bandwidth  of  the  lossless  case. 

Show  that  this  definition  of  bandwidth  makes  sense  as  long  as  the  matched  line  loss  satisfies 
aFB  <  1.  Show  that  the  bandwidth  vanishes  at  the  So  that  has  Fo  =  aFB-  Show  that  the 
maximum  bandwidth  is  realized  for  the  optimum  So'. 


^LB  '  j-’  t'2 

- ^ -  .  ^0  -  ^  LB 


^LB  ~  1 


2aFB 
1  - 


Show  that  the  optimum  is  given  at  the  load  and  generator  ends  of  the  line  by: 


1  -  a^Fl 


l-aFi 


10.33  Assume  now  that  Zq  <  R  in  the  previous  problem.  Show  that  the  normalized  bandwidth  is 
given  by: 


=^l  {Slb- Sy){Sy 


^irtB-n) 


Show  that  the  maximum  always  occurs  at  Rq  =  1-  Show  that  the  conditions  qFb  <  I  and 
0  <  Ro  ^  Slb  are  still  required. 

Show  that,  for  the  same  Ro,  the  bandwidth  of  the  case  Zq  <  R  is  always  smaller  than  that  of 
the  case  Zq  >  R. 

10.34  Computer  Experiment— Antenna  Bandwidth.  An  80-meter  dipole  antenna  is  resonant  at  fo  = 
3.75  MHz.  Its  input  impedance  is  modeled  as  a  series  RLC  circuit  as  in  Problem  10.31.  Its 
Q-factor  is  Q  =  13  and  its  resistance  R  at  resonance  will  be  varied  to  achieve  various  values 
of  the  SWR  So-  The  antenna  is  connected  to  a  transmitter  with  a  length  of  7 5 -ohm  coaxial 
cable  with  matched-line  loss  of  a  =  e^^^. 
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a.  For  a  lossless  line  {a  =  0  dB),  plot  the  normalized  bandwidths  Q{Af)  /fo  versus  the 
SWR  at  the  antenna  at  resonance  So-  Do  two  such  plots  corresponding  to  SWR  band¬ 
width  levels  of  5b  =  2  and  Sb  =  1.75.  On  the  same  graphs,  add  the  normalized 
bandwidth  plots  for  the  case  of  a  lossy  line  with  a  =  2  dB.  Identify  on  each  graph  the 
optimum  bandwidth  points  and  the  maximum  range  of  5o  (for  convenience,  use  the 
same  vertical  and  horizontal  scales  in  all  graphs.) 

b.  Assume  now  that  5o  =  1.25.  What  are  the  two  possible  values  of  R7  For  these  two 
cases  and  assuming  a  lossy  line  with  a  =  2  dB,  plot  the  SWR  at  the  antenna  end  of 
the  line  versus  frequency  in  the  interval  3.5  <  f  <  4  MHz.  Then,  plot  the  SWRs  at 
the  transmitter  end  of  the  line.  Using  common  scales  on  all  four  graphs,  add  on  each 
graph  the  left  and  right  bandedge  frequencies  corresponding  to  the  two  SWR  levels  of 
Sb  =  2  and  Sb  =  1.75.  Note  the  wider  bandwidth  in  the  lossy  case  and  for  the  case 
having  Zq  >  R. 

10.35  For  the  special  case  of  a  mnfched  generator  having  Zi  =  Zq,  or,  Fg  =  0,  show  that  Eq.  (10.15.15) 
reduces  to: 


Vd{t)=V{t)+rLV{t-2T)  and  {1  +  FlW {t  -  T) 

10.36  A  terminated  transmission  line  may  be  thought  of  as  a  sampled-data  linear  system.  Show 
that  Eq.  (10.15.15)  can  be  written  in  the  convolutional  form: 

Vd(f)=J  hdit')V{t-t')dt' ,  Vi(f)=J  hL{t')Vit-t')dt' 

so  that  V  (f)  may  be  considered  to  be  the  input  and  Vdit)  and  Vl  (t),  the  outputs.  Show 
that  the  corresponding  impulse  responses  have  the  sampled-data  forms: 

hAt)  =  5it)+  fl  +  7^)  X  (ranrSit-ZinT) 
hi(t)  =  (l+Ti)  y  {rcrA’^Sit-  {2m  +  l)T) 

m=0 

What  are  the  corresponding  frequency  responses?  Show  that  the  effective  time  constant  of 
the  system  may  be  defined  as: 


T  =  2T - 

InlFGFLl 

where  e  is  a  small  number,  such  as  e  =  10“^.  Provide  an  interpretation  of  t. 

10.37  Computer  Experiment— Rise  Time  and  Propagation  Effects,  in  digital  systems  where  pulses 
are  transmitted  along  various  interconnects,  a  rule  of  thumb  is  used  according  to  which  if 
the  rise  time-constant  of  a  pulse  is  <  2. ST,  where  T  =  d/c  is  the  propagation  delay  along 
the  interconnect,  then  propagation  effects  must  be  taken  into  account,  if  tr  >  ST,  then  a 
lumped  circuit  approach  may  be  used. 

Consider  the  transmission  line  of  Example  10.15.1.  Using  the  MATLAB  function  upulse.m, 
generate  four  trapezoidal  pulses  of  duration  td  =  20T  and  rise  times  tr  =  0,  2. ST,  ST,  lOT. 
You  may  take  the  fall-times  to  be  equal  to  the  rise-times. 

For  each  pulse,  calculate  and  plot  the  line  voltages  Vdit),  Vl  it)  at  the  generator  and  load 
ends  for  the  time  period  0  <  f  <  SOT.  Superimpose  on  these  graphs  the  initial  trapezoidal 
waveform  that  is  launched  along  the  line.  Discuss  the  above  rule  of  thumb  in  the  light  of 
your  results. 
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10.38  Two  coaxial  transmission  lines  of  lengths  d\,d2,  impedances  Zoi,Zo2,  and  propagation 
speeds  Ci,C2  are  connected  in  cascade  as  shown  below.  Define  the  one-way  travel  times 
and  z-transform  variables  by  Ti  =  d\/C\,  T2  =  d2lC2,  Ci  =  and  ^2  = 


Show  that  the  reflection  response  at  the  left  of  the  junction  is  given  by: 


p  +  rLC2~^  rL(i-/3^)C2^ 

^  i  +  priZ2"  ^  i  + 


where  p  =  (Z02  -  Zoi)  /  (Z02  +  Zqi)  and  Ti  is  the  load  reflection  coefficient.  Show  that  the 
forward  and  backward  voltages  at  the  generator  end  and  to  the  right  of  the  junction  are: 


y 

i-rcriCr"  ’ 


v_  =  riCrV+, 


where 


VgZqi 
Zg  +  Zqi 


^  (i  +  p)cr 
i  +  priQ^ 


V'l- 


(i  +  p)rLCr‘C2~^ 

i  +  priC2-" 


Assume  a  matched  generator,  that  is,  having  Zg  =  Zqi,  or,  Fg  =  0,  and  a  purely  resistive 
load.  Show  that  the  time-domain  forward  and  backward  transient  voltages  are  given  by: 

V+(f)=  V(f)=  ^Vcit) 

V-{t}=  pV(t-2Ti)+rL{l-  p^)  y  (-pri)'"V(t  -  2mT2  -  2T2  -  2T,) 

m=0 

V'Jt)=  (I  +  P)  Z  (-prL)"'V(t-2mT2-Ti) 

m=0 

VL(t)  =  ri(l  +  p)  Z  (-PFl)'"  V(t  -  2mT2  -  2T2  -  Ti) 

m=0 


Show  that  the  line  voltage  V  it,  z)  is  given  in  terms  of  the  above  quantities  by: 


Jy+  (t  -  z/ci)+y-  it  +  z/ci), 

[y'i+(t-  iz-di)/C2)  +V[_it+  iz-di)/C2), 


for  0  <  z  <  di 
for  di  <  z  <  d\  +  d2 


10.39  Computer  Experiment— Transient  Response  of  Cascaded  Tines.  For  the  previous  problem, 
assume  the  numerical  values  di  =  8,  ^2  =  2,  Ci  =  C2  =  1,  Zqi  =  50,  Z02  =  200,  Zg  =  50, 
and  Zl  =  600  Q. 

Plot  the  line  voltage  Vdit)=  V+it)+V-it)  at  the  generator  end  for  0  <  t  <  STi,  in  the 
two  cases  of  (a)  a  step  input  VGit)=  3.25  u(f),  and  (b)  a  pulse  input  of  width  t  =  ri/20 
defined  by  Vg  (f )  =  3.25  [u  (t)  -u  (t  -  t)  ] .  You  may  use  the  MATLAB  functions  ustep .  m  and 
upulse.m. 

For  case  (a),  explain  also  the  initial  and  final  voltage  levels.  In  both  cases,  explain  the  reasons 
for  the  time  variations  of  Vd  it) . 

The  MATLAB  file  pul  se2movi  e .  m  generates  a  movie  of  the  pulse  or  step  signal  V it,  z)  as  it 
propagates  through  this  structure. 
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10.40  Equations  (10.15.21)  and  (10.15.22)  represent  the  line  voltages  at  the  generator  and  load 
ends  of  a  line  terminated  by  a  reactive  load.  Using  inverse  Laplace  transforms,  show  that 
the  line  voltage  at  any  point  z  along  such  a  line  is  given  by: 

V{t,  z)=Vou{t-  z/c)  +yo  [rR+  {I-  Ti?)  ]u{t  +  z/c-  2T)  (series  R-L) 

V{t,z)=  Vouit- z/c) +Vo[-l  +  (1  +ri?)e-«(f+^/^-2^)]u(t  +  z/c-  27)  (parallel 7 -L) 

V{t,z)=Vou{t-z/c)+Vo[l-  {I-Tr) ]u{t  +  z/c-2T)  (series  R-C) 

V{t,  z)=Vou{t-  z/c)  +yo  [Rr-  (I  +  Ti?)  ]u{t  +  z/c-  2T)  (parallel  R-C) 


The  MATLAB  file  RLCmovi  e .  m  generates  a  movie  of  these  waves  as  they  propagate  to  and  get 
reflected  from  the  reactive  load. 

10.41  Time-domain  reflectometry  (TDR)  is  used  in  a  number  of  applications,  such  as  determining 
fault  locations  in  buried  transmission  lines,  or  probing  parts  of  circuit  that  would  otherwise 
be  inaccessible.  As  a  faultdocation  example,  consider  a  transmission  line  of  impedance  Zq 
matched  at  both  the  generator  and  load  ends,  having  a  fault  at  a  distance  di  from  the  source, 
or  distance  dz  from  the  load,  as  shown  below. 


Z„  Vj  d,  Vi  Z„  Vi  d,  d. 


The  fault  is  shown  as  a  shunt  or  series  capacitor  C.  But  C  can  equally  well  be  replaced  by 
an  inductor  I,  or  a  resistor  R.  Assuming  a  unit- step  input  VGit)=  2Vo  uit),  show  that  the 
TDR  voltage  Vdit)  measured  at  the  generator  end  will  be  given  by: 


Vd  (f)  =  Vo  u  (f )  -  Vo  e-‘^V-2Ti)  u{t-2Ti) 

(shunt  C) 

Vd  (f)  =  Vo  u  (f )  -  Vo  [1  -  e-‘^v-2T^)  ]  li  (f  -  2ri ) 

(shunt  L) 

Vd  (f)  =  Vo  u  (f )  +  Vo  [1  -  ]  u  (f  -  2Ti ) 

(series  C) 

Vd (f)  =  Vo  u (f )  +  Vo uit -2Ti) 

(series  L) 

Vdit)=Vouit)+Voriuit-2Ti) 

(shunt  or  series  R) 

where  Ti  =  di/c  is  the  one-way  travel  time  to  the  fault.  Show  that  the  corresponding  time 
constant  t  =  1 /a  is  in  the  four  cases: 


T  = 


ZqC 
2  ’ 


T  =  2ZoC, 


T  = 


L 

2Zo 


For  a  resistive  fault,  show  that  A  =  -Zq  /  (2R  +  Zq),  or,  A  =  R  /  (2R  +  Zq),  for  a  shunt  or 
series  R.  Moreover,  show  that  Ti  =  (Zi  -  Zq) / (Zi  +  Zq),  where  Zi  is  the  parallel  (in  the 
shunt-R  case)  or  series  combination  of  R  with  Zq  and  give  an  intuitive  explanation  of  this 
fact.  For  a  series  C,  show  that  the  voltage  wave  along  the  two  segments  is  given  as  follows, 
and  also  derive  similar  expressions  for  all  the  other  cases: 


[yo  w(t  -  z/c)+yo[l  -  +  z/c  -  2A),  for  0  <  z  <  di 

-  z/c),  for  di  <  z  <  di d2 


Make  a  plot  of  y^  (t)  for  0  <  f  <  STi,  assuming  a  =  1  for  the  C  and  L  faults,  and  Ti  =  +1 
corresponding  to  a  shorted  shunt  or  an  opened  series  fault. 
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The  MATLAB  file  TDRmovi  e .  m  generates  a  movie  of  the  step  input  as  it  propagates  and  gets 
reflected  from  the  fault.  The  lengths  were  di  =  6,  ^2  =  4  (in  units  such  that  c  =  1),  and  the 
input  was  yo  =  1. 
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11.1  Coupled  Transmission  Lines 

Coupling  between  two  transmission  lines  is  introduced  by  their  proximity  to  each  other. 
Coupling  effects  may  be  undesirable,  such  as  crosstalk  in  printed  circuits,  or  they  may 
be  desirable,  as  in  directional  couplers  where  the  objective  is  to  transfer  power  from  one 
line  to  the  other. 

In  Sections  11.1-11.3,  we  discuss  the  equations,  and  their  solutions,  describing  cou¬ 
pled  lines  and  crosstalk  [880-897].  In  Sec.  11.4,  we  discuss  directional  couplers,  as  well 
as  hber  Bragg  gratings,  based  on  coupled-mode  theory  [898-919].  Fig.  11.1.1  shows  an 
example  of  two  coupled  microstrip  lines  over  a  common  ground  plane,  and  also  shows 
a  generic  circuit  model  for  coupled  lines. 


Fig.  11.1.1  Coupled  Transmission  Lines. 

For  simplicity,  we  assume  that  the  lines  are  lossless.  Let  I,,  C,,  /  =  1,2  be  the 
distributed  inductances  and  capacitances  per  unit  length  when  the  lines  are  isolated  from 
each  other.  The  corresponding  propagation  velocities  and  characteristic  impedances 
are:  v,  =  l/Vh/C/,  Z,  =  V^//C,,  z  =  1,2.  The  coupling  between  the  lines  is  modeled 
by  introducing  a  mutual  inductance  and  capacitance  per  unit  length,  Lm,  Cm-  Then,  the 
coupled  versions  of  telegrapher’s  equations  (10.15.1)  become:^ 

^Ci  is  related  to  the  capacitance  to  ground  Ci^  via  Ci  =  Cig  +  Cm,  so  that  the  total  charge  per  unit 
length  on  line- 1  is  Qi  =  CiVi  -  CmVz  =  Cig{Vi  -  Vg)+CmiVi  -  Vz),  where  Vg  =  0. 
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avi  _  a/i  _ 

--Li— -L„ 


(11.1.1) 


dh  dh  dV,  dV2 

dz  dt  dt  ’  dz  ^  dt  “  dt 

dV2  5/2  ,  dh  a/2  _  „  dV2  dVi 

dz  dt  “  ar  ’  dz  dt  dt 

When  Lm  =  Cm  =  0,  they  reduce  to  the  uncoupled  equations  describing  the  isolated 
individual  lines.  Eqs.  (11.1.1)  may  be  written  in  the  2x2  matrix  forms: 


dz 

dz 

where  V,  /  are  the  column  vectors: 

V  = 


Li 

Lm 


Lm 

L2 


di 

dt 


Cl  Cm 
-Cm  C2 


dV 

dt 


Vi 

V2 


1  = 


For  sinusoidal  time  dependence  the  system  (11.1.2)  becomes: 


dV 

Tz=-^^ 

dl 

dz  =  -^^ 


Li 

Lm 


Lm 

L2 


Cl  Cm 
—  Cm  C2 


(11.1.2) 


(11.1.3) 


(11.1.4) 


It  proves  convenient  to  recast  these  equations  in  terms  of  the  forward  and  backward 
waves  that  are  normalized  with  respect  to  the  uncoupled  impedances  Zi,  Z2 : 


ai  = 


a2  = 


Vi  +_ZiIi 

V2Zi 

V2  +  Z2I2 


bi  = 


b2  = 


Vi  -  Zih 

y/2Zi 
V2  -  Z2I2 

V2Z^ 


a  = 


fli 

a2 


b  = 


bi 

b2 


(ll.l.S) 


The  a,  b  waves  are  similar  to  the  power  waves  defined  in  Sec.  13.7.  The  total  average 
power  on  the  line  can  be  expressed  conveniently  in  terms  of  these: 

P=  tRe[vU]=  ^Re[V^h]  +  ^mvll2]=  Pi  +  P2 

=  (\ai\^  -  \bi\^)  +  i\a2\^  -  \b2\^)  =  (\aif  +  IflsP)  -  (l^iP  +  1^21") 

=  a^a  —  b^b 


where  the  dagger  operator  denotes  the  conjugate-transpose,  for  example,  a^  =  [rz* ,  ] . 

Thus,  the  a-waves  carry  power  forward,  and  the  b-waves,  backward.  After  some  algebra, 
it  can  be  shown  that  Eqs.  (11.1.4)  are  equivalent  to  the  system: 


d  a 
dz  b 


a 

b 


(11.1.7) 
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with  the  matrices  F,  G  given  by: 

F=  f 


K 

0 

1 _ 

II 

0 

x" 

K 

P2 

LX 

0 

(11.1.8) 


where  Pi,P2  are  the  uncoupled  wavenumbers  13 i  =  w/Vi  =  co^LiCi,  i  =  1,2  and  the 
coupling  parameters  k,  x  are: 


Cm^ZiZ2  =  -Pil32 


+  Cm^ZiZ2  =  -pll32 


Lm  Cjfi 

VTO 


(11.1.9) 


A  consequence  of  the  structure  of  the  matrices  F,  G  is  that  the  total  power  P  dehned 
in  (11.1.6)  is  conserved  along  z.  This  follows  by  writing  the  power  in  the  following  form, 
where  I  is  the  2x2  identity  matrix: 


P  =  a^a  -  b^b  =  [a^,b^] 


“  I 

o' 

a 

0 

-I 

b 

Using  (11.1.7),  we  hnd: 


-G+  -F+ 


F  -G 
G  -F 


the  latter  following  from  the  conditions  F^  =  F  and  G^  =  G.  Eqs.  (11.1.6)  and  (11.1.7) 
form  the  basis  of  coupled-mode  theory. 

Next,  we  specialize  to  the  case  of  two  identical  lines  that  have  Li  =  I2  =  ho  and 
Cl  =  C2  =  Co,  so  that  Pi  =  P2  =  (jo^LqCq  =  P  and  Zi  =  Z2  =  ^Lq/Cq  =  Zq,  and  speed 
Vo  =  I/^LoCq.  Then,  the  a, b  waves  and  the  matrices  F,  G  take  the  simpler  forms: 


V+ZqJ 


V-ZqI 


V+ZqJ 

2 


V-ZqI 

2 


■/? 

K 

■  G-h 

X  " 

K 

P  _ 

X 

0 

(11.1.10) 


(11.1.11) 


where,  for  simplicity,  we  removed  the  common  scale  factor  ^2Zo  from  the  denominator 
of  a,b.  The  parameters  k,  x  are  obtained  by  setting  Zi  =  Z2  =  Zo  in  (11.1.9): 


(11.1.12) 


The  matrices  F,  G  commute  with  each  other.  In  fact,  they  are  both  examples  of 
matrices  of  the  form: 


ao  a\ 
a\  ao 


=  aoI  +  aiJ,  I 


(11.1.13) 
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where  ao,ai  are  real  such  that  |  rzo  I  ^  I  1  ■  Such  matrices  form  a  commutative  subgroup 
of  the  group  of  nonsingular  2x2  matrices.  Their  eigenvalues  are  A+  =  ao±ai  and  they 
can  all  be  diagonalized  by  a  common  unitary  matrix: 


J_  1  1 

a/2  1  -1 


[e+,e-],  64 


J_  1 

a/2  1  ’ 


1 

a/2  -1 


(11.1.14) 


so  that  we  have  QQ^  =  Q^Q  =  I  and  Ae±  =  A+e±. 

The  eigenvectors  e±  are  referred  to  as  the  even  and  odd  modes.  To  simplify  sub¬ 
sequent  expressions,  we  will  denote  the  eigenvalues  of  A  by  A+  =  ao  ±  ai  and  the 
diagonalized  matrix  by  A.  Thus, 


A  =  QAQ+ ,  A 


A+  0 
0  A_ 


ao  +  ai  0 
0  ao  ~  a\ 


(11.1.15) 


Such  matrices,  as  well  as  any  matrix-valued  function  thereof,  may  be  diagonalized 
simultaneously.  Three  examples  of  such  functions  appear  in  the  solution  of  Eqs.  (11.1.7): 


=  +  G){F  -G)  =  Q^J{F^G){F-G)Q^ 

Z  =  ZoV(f +  G)(F-G)-i  =  ZoQV (F  +  G)  (F  -  G)  -1Q+ 
r=  (Z-Zo/)(Z  +  Zo/)-'=  Q(Z-Zo/)(Z  +  Zo/)-iQt 


(11.1.16) 


Using  the  property  FG  =  GF,  and  differentiating  (11.1.7)  one  more  time,  we  obtain 
the  decoupled  second-order  equations,  with  P  as  dehned  in  (11.1.16): 


However,  it  is  better  to  work  with  (11.1.7)  directly.  This  system  can  be  decoupled  by 
forming  the  following  linear  combinations  of  the  a,  b  waves: 

A  =  a  —  rb  FaI  r  T  — rlfa 

^  B  =  rib 
B  =  b-ra  L^J  ^JL“J 

The  A,  B  can  be  written  in  terms  of  V,  I  and  the  impedance  matrix  Z  as  follows: 

A=  (2D)-i(V+ZD  V=D(A  +  B)  Z  +  Znl 

^  D  =  (11.1.18) 

B=  (2D)~HV- zr)  ZI=D(A-B)  2Zo 

Using  (11.1.17),  we  hnd  that  A,  B  satisfy  the  decoupled  hrst-order  system: 


Z  +  Zol 

2Zo 


(11.1.18) 


A 

^  B 


B  0 
0  -B 


with  solutions  expressed  in  terms  of  the  matrix  exponentials 
A(z)  =  e“^®^A(0)  ,  E(z)  =  e^®^J5(0) 


(11.1.19) 


(11.1.20) 
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Using  (11.1.18),  we  obtain  the  solutions  for  V,  I: 

V{z)  =  D[e“-''®M(0)+e'''®^B(0)] 
ZI(z)  =  D[e“-''®M(0)-e^®^B(0)] 


(11.1.21) 


To  complete  the  solution,  we  assume  that  both  lines  are  terminated  at  common 
generator  and  load  impedances,  that  is,  Zci  =  Zg2  =  Zg  and  Zn  =  Zl2  =  Zl-  The 
generator  voltages  Vgi  ,  Vg2  are  assumed  to  be  different.  We  dehne  the  generator  voltage 
vector  and  source  and  load  matrix  reflection  coefficients: 


re  =  (Zg/-z)(Zg/  +  z)-i 
Fl  =  {ZlI  -  Z)  (ZlI  +  Z)-^ 


(11.1.22) 


The  terminal  conditions  for  the  line  are  at  z  =  0  and  z  =  1: 


Vg  =  v(0)  +Zg/(0)  ,  V(/)  =  ZlKD  (11.1.23) 


They  may  be  re-expressed  in  terms  of  A,  B  with  the  help  of  (11.1.18): 

A{0)-rcB{0)=D-^Z(Z  +  ZcI)-'^Vc,  B(l)=  riAd)  (11.1.24) 

But  from  (11.1.19),  we  have:^ 

e''®'B(o)=  B(/)  =  riA(/)  =  rLe‘'''®'A(o)  ^  B(o)  =  rLe‘2-''®U(o)  (11.1.2s) 

Inserting  this  into  (11.1.24),  we  may  solve  for  A(0)  in  terms  of  the  generator  voltage: 

A(0)  =  D-i  [/  -  Tcrie-^^®']  ■^Z(Z  -H  ZcD  Vg  (11.1.26) 

Using  (11.1.26)  into  (11.1.21),  we  hnally  obtain  the  voltage  and  current  at  an  arbitrary 
position  z  along  the  lines: 

(11.1.27) 

These  are  the  coupled-line  generalizations  of  Eqs.  (10.9.7).  Resolving  Vg  and  V(z) 
into  their  even  and  odd  modes,  that  is,  expressing  them  as  linear  combinations  of  the 
eigenvectors  e±,  we  have: 


Vg  =  VG+e+  +  Vg-B-  ,  where 
V(z)  =  V+  (z)e+  +  V-  (z)e-  , 


(11.1.28) 


In  this  basis,  the  matrices  in  (11.1.27)  are  diagonal  resulting  in  the  equivalent  solution: 
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where  P±  are  the  eigenvalues  of  S,  Z+  the  eigenvalues  of  Z,  and  rG±,rG+  are: 

Zg  -  Z+  Zt-  Z+ 

The  voltages  Vi  (z) ,  V2  (z)  are  obtained  by  extracting  the  top  and  bottom  compo¬ 
nents  of  (11.1.29),  that  is,  Vi,2(z)=  [V+ (z)  ±V- (z)]  / ^/2: 


„  +rL+e-yi^*'eJI^-G^ 

Vl  (z)  rt  — 2^/^  / 

l-Fc+ri+e 

V2(z)  =  - - - - - - - — V+ 

1  -rG+rL+e-^jp+^ 


where  we  dehned: 


V2  4 


l-Fc-Fi-e-yi^-'  ' 
1  -  Fc-Fi-e-y^-' 
^(l-rG±)(VGl±VG2) 


(11.1.31) 


(11.1.32) 


The  parameters  P±,Z±  are  obtained  using  the  rules  of  Eq.  (11.1.15).  EromEq.  (11.1.12), 
we  hnd  the  eigenvalues  of  the  matrices  F  ±  G\ 

{F  +  G)^=  I3±(k  +  x)=  p(l±^]  =a)^(Lo±hm) 

V  Lq  /  Zq 

(F-G)±  =^±  (k-x)=^(i  +  ^)  =wZo(Co  +  Cm) 


Then,  it  follows  that: 


V(f -tG)  +  (F-G)+  =  coVao+imKCo-Cm) 
^iF  +  G)-{F-G)-  =  (v^{Lo-Lm)iCo  +  C„,) 


(F  +  G). 
(F-G). 


I  Lq  +  Lm 
Cq  —  Cm 


(11.1.33) 


(11.1.34) 


(F  +  G)-  ^  Lo-Lm 

-  ^^liF-G)-  ^Co  +  Cm 

Thus,  the  coupled  system  acts  as  two  uncoupled  lines  with  wavenumbers  and  char¬ 
acteristic  impedances  I3±,Z±,  propagation  speeds  v+  =  1/V (Fq  ±  Lm)  (Q  +  Cm),  and 
propagation  delays  F±  =  l/v±.  The  even  mode  is  energized  when  Vg2  =  Vgi,  or, 
Vg+  ^  0,  Vg-  =  0,  and  the  odd  mode,  when  Vg2  =  -Vgi,  or,  VG-f  =  0,  Vg-  ^  0. 

When  the  coupled  lines  are  immersed  in  a  homogeneous  medium,  such  as  two  parallel 
wires  in  air  over  a  ground  plane,  then  the  propagation  speeds  must  be  equal  to  the  speed 
of  light  within  this  medium  [890],  that  is,  v+  =  v_  =  1/^/JIe.  This  requires: 

,  f/eCo 


{Lq  Lm)  (Go  Cn 
{Lq  —  Lm)  (Go  +  Cn 


ci  -  Ci 


(11.1.35) 


Therefore,  Im/Fo  =  C^/Go,  or,  equivalently,  x  =  0.  On  the  other  hand,  in  an 
inhomogeneous  medium,  such  as  for  the  case  of  the  microstrip  lines  shown  in  Eig.  11.1.1, 
the  propagation  speeds  may  be  different,  v+  ^  V-,  and  hence  F+  -h  T_. 
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11.2  Crosstalk  Between  Lines 

When  only  hne-l  is  energized,  that  is,  Vci  0,  Vg2  =  0,  the  coupling  between  the  lines 
induces  a  propagating  wave  in  line-2,  referred  to  as  crosstalk,  which  also  has  some  minor 
influence  back  on  line-1.  The  near-end  and  far-end  crosstalk  are  the  values  of  V2  (z)  at 
z  =  0  and  z  =  /,  respectively.  Setting  Vg2  =  0  in  (11.1.32),  we  have  from  (11.1.31): 

1  (i-rG+)(i  +  ri+c'^),.  1  (i-rG-)(i  +  ri-C^),. 


1  (1  -  ^'g+)  (1  +  n+)  „  1  (1  -  re-)  a  +  Fl-)  , 


(11.2.1) 


2  i-rG+ri+^;2  2  i-rc-ri-K-'^ 

where  we  defined  V  =  Vq\I2  and  introduced  the  z-transform  delay  variables  = 
gju)T±  ^  Assuming  purely  resistive  termination  impedances  Zg,  Zi,  we  may  use 

Eq.  (10.15.15)  to  obtain  the  corresponding  time-domain  responses: 

V2(o,f)  =  t(i-rG+)  v{t)+  (1  +  ^]  X  (rG+rL+)"’v(f-2mT+) 
-hl-TG-)  v{t)+(i  +  -^)  X(rG-rL-rv(t-2mT-) 

^  (11.2.2) 

V2(i,t)  =  -(i-rG+)(i  +  rL+)  X  (^G-^^I+)™v(f-2m^+ -r+) 

m=0 

-  -(i-rG-)(i+rL-}  X  (rG-rL-)"'v(t-2mT.-T.) 

m=0 

where  V  (t)  =  Vci  it)  /2.^  Because  Z+  ^  Zq,  there  will  be  multiple  reflections  even  when 
the  lines  are  matched  to  Zq  at  both  ends.  Setting  Zg  =  Zl  =  Zq,  gives  for  the  reflection 
coefficients  (11.1.30): 

rc±  =  rL±  =  =  -r±  d  1.2.3) 

Zq  +  Z  + 

In  this  case,  we  hnd  for  the  crosstalk  signals: 


V2(0,f)  =  hi  +r+)  y(f)-(i  -r+)  X  rf‘~^v(t-2mT+) 

|_  m=l 

r  00 

-  -{i+r.)  v(f)-(i-r_)  y  rl"'-'^v(t-2mT-) 

^  1_  m=l 


(11.2.4) 


V2(/,t)  =  -a-rl)  X  rl^Vit-2mT+-T^) 

m=0 

--(l-r^)  X  rl^Vit  -2mT-  -T^) 

m=0 

y  (f )  is  the  signal  that  would  exist  on  a  matched  hne-l  in  the  absence  of  hne-2,  V  =  ZoVgi  /  (Zq  +  Zg)  = 
Vgi/2,  provided  Zg  =  Zq. 


460 


11.  Coupled  Lines 


Similarly,  the  near-end  and  far-end  signals  on  the  driven  line  are  found  by  adding, 
instead  of  subtracting,  the  even-  and  odd-mode  terms: 


Vi(0,t) 


(i-Hr+)  v(f)-(i-r+)  y  r2'"-iv(f-2mr+ 


(i-i-r_)  y(f)-(i -r_)  X  r?.'"“V(f-2mr- 


:(l-r2)  X  -2mT^  -T+) 


(11.2.5) 


(l-r^)  X  rl’”Vit  -2mT-  -T-) 


These  expressions  simplify  drastically  if  we  assume  weak  coupling.  It  is  straightfor¬ 
ward  to  verify  that  to  first-order  in  the  parameters  Lm/Lo,  Cm/Co,  or  equivalently,  to 
hrst-order  in  x,  x,  we  have  the  approximations: 

^±=^±Ap  =  P±K,  Z±  =Zo±dZ  =  Zo±Zo|,  v±=vo  +  vo| 


y  ^  ^  (11.2.6) 

r±=0±Ar=  ±^,  T±  =  T±AT  =  T±T- 

where  T  =  I/vq.  Because  the  T+s  are  already  hrst-order,  the  multiple  rehection  terms 
in  the  above  summations  are  a  second-order  effect,  and  only  the  lowest  terms  will  con¬ 
tribute,  that  is,  the  term  m  =  1  for  the  near-end,  and  m  =  0  for  the  far  end.  Then, 

V2(0,f)  =  t(r+  -r_)v(f)-t[r+v(f-2r+)-r_v(f-2r_)] 


V2(/,f)  =  -[v(f-r+)-y(f-r-)] 

Using  a  Taylor  series  expansion  and  (11.2.6),  we  have  to  hrst-order: 

V(t-2T±)=V(t-2T  +  AT)^V(t-2T)  +  (AT)V(t-2T),  V=  ^ 

dt 

V it  -  T±)=  V it  -  T  +  AT)  ^  V it  -  T)  +  iAT)V it  -  T) 

Therefore,  r±V(t  -  2T±)=  r±[Vit  -  2T)  +  iAT)V]  ^  r±Vit  -  2T),  where  we 
ignored  the  second-order  terms  r±iAT)  V.  It  follows  that: 


V2(0,f)  =  -(r+  -r-)[y(f)-y(f-27’)]  =  (Ar)[v{t)-v(t -2T)] 

V2il,t)  =  ^[V{t-T)-iAT)V-V{t-T)-{AT)V]  =  -iAT)^ZSL^ 
These  can  be  written  in  the  commonly  used  form: 


y2(o,t)  =  i^^[v(t)-v(t-2r)] 


V2ilt)=Kf 


dVit-T) 


(near-  and  far-end  crosstalk) 


(11.2.7) 
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where  Ki),Kf  are  known  as  the  backward  and  forward  crosstalk  coefficients: 

where  we  may  replace  /  =  VqT.  The  same  approximations  give  for  line-1,  Vi  (0,  t)=  V  (t) 
and  Viil,t)=  V{t  -  T).  Thus,  to  hrst-order,  line-2  does  not  act  back  to  disturb  line-1. 

Example  11.2.1:  Fig.  11.2.1  shows  the  signals  Vi  (0,  f) ,  Vi  (/,  t) ,  Vz  (0,  t) ,  Vz  (/,  t)  for  a  pair  of 
coupled  lines  matched  at  both  ends.  The  uncoupled  line  impedance  was  Zq  =  50  Q. 


tIT  tIT 


Fig.  11.2.1  Near-  and  far-end  crosstalk  signals  on  lines  1  and  2. 

For  the  left  graph,  we  chose  Lm/Lo  =  0.4,  Cm/Co  =  0.3,  which  results  in  the  even  and  odd 
mode  parameters  (using  the  exact  formulas): 

Z+  =  70.71  Q,  Z_  =  33.97  Q,  v+  =  1.01Vo,  v_  =  1.13vo 

r+  =  0.17,  r_  =  -0.19,  T+  =  0.99T,  T_  =  0.88r,  Kb  =  0.l7S,  Kf  =  0.05 

The  right  graph  corresponds  to  Lm/Lo  =  0.8,  Cm! Co  =  0.7,  with  parameters: 

Z+  =  122.47  Q,  Z_  =  17.15  Q,  v+  =  1.36vo,  V-  =  1.71Vo 

r+  =  0.42 ,  r_  =  -0.49 ,  r+  =  o.73r ,  t_  =  o.58r ,  Ki,  =  0.375 ,  Kf  =  0.05 

The  generator  input  to  line-1  was  a  rising  step  with  rise-time  tr  =  T/4,  that  is, 

V{t)=  ^VGl{t)=  ^[u{t)-u{t  -tr)]  +u{t-tr) 

Z  ly 

The  weak-coupling  approximations  are  more  closely  satisfied  for  the  left  case.  Eqs.  (11.2.7) 
predict  for  Vz  (0,  f)  a  trapezoidal  pulse  of  duration  2T  and  height  Kt,  and  for  Vz  (/,  t) ,  a 
rectangular  pulse  of  width  ty  and  height  Kf/ty  =  -0.2  starting  at  t  =  T: 

V 2(10  =  Kf^^^4LzJl  = 
ciT 

These  predictions  are  approximately  correct  as  can  be  seen  in  the  figure.  The  approxima¬ 
tion  predicts  also  that  Vi  (0,  t)  =  V  (t)  and  Vi{l,t)  =  V  {t  -  T) ,  which  are  not  quite  true— 
the  effect  of  line-2  on  line-1  cannot  be  ignored  completely. 
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The  interaction  between  the  two  lines  is  seen  better  in  the  MATLAB  movie  xtal  kmovi  e .  m, 
which  plots  the  waves  Vi  (z,  t)  and  Vz  (z,  t)  as  they  propagate  to  and  get  reflected  from 
their  respective  loads,  and  compares  them  to  the  uncoupled  case  Vo  (z,  t)=  V{t  -  z/vq)  . 
The  waves  Vi,2  (z,  t)  are  computed  by  the  same  method  as  for  the  movie  pul  semovi  e .  m 
of  Example  10.15.1,  applied  separately  to  the  even  and  odd  modes.  □ 


11.3  Weakly  Coupled  Lines  with  Arbitrary  Terminations 


The  even-odd  mode  decomposition  can  be  carried  out  only  in  the  case  of  identical  lines 
both  of  which  have  the  same  load  and  generator  impedances.  The  case  of  arbitrary 
terminations  has  been  solved  in  closed  form  only  for  homogeneous  media  [887,890].  It 
has  also  been  solved  for  arbitrary  media  under  the  weak  coupling  assumption  [897]. 

Following  [897],  we  solve  the  general  equations  (11.1.7)-(1 1.1.9)  for  weakly  coupled 
lines  assuming  arbitrary  terminating  impedances  Zu,  Zqu  with  reflection  coefficients: 


(11.3.1) 


ru  =  '  '  =  c  2  (11.3.1) 

Zli  4-  Zi  Zqi  +  Zi 

Working  with  the  forward  and  backward  waves,  we  write  Eq.  (11.1.7)  as  the  4x4 
matrix  equation: 


~  ai  1 

~  Pi 

K 

0 

-X  “ 

,  M  = 

K 

Pi 

-X 

0 

bi  ’ 

0 

X 

-Pi 

-K 

J 

_  X 

0 

-K 

-P2_ 

The  weak  coupling  assumption  consists  of  ignoring  the  coupling  of  ai,bi  on  az.hz- 
This  amounts  to  approximating  the  above  linear  system  by: 


0  0 
K  P2  -X 
0  0  -Pi 

X  0  -K 


(11.3.2) 


Its  solution  is  given  by  c  (z)  =  e  (0) ,  where  the  transition  matrix  e  can  he 
expressed  in  closed  form  as  follows: 


0 

k{e 

-j^lZ  _ 

Q-j^2Z 

0 

0 

( 

Xie 

-j^lZ  _  ^j^2Z^ 

0 

The  transition  matrix  may  be  written  in  terms  of  the  z-domain  delay  variables 
^  ^  /  =  1^2,  where  T/  are  the  one-way  travel  times  along  the  lines,  that  is, 

Ti  =  I /Vi.  Then,  we  hnd: 


~  ai(I)  ~ 

a2(l) 

bid) 

Md)  _ 

k(cr'-C2“')  x(Ci-C2"') 

0  0  Cl 

x(cr'-C2)  0  (<(^1-^2) 


(11.3.3) 
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These  must  be  appended  by  the  appropriate  terminating  conditions.  Assuming  that 
only  line-1  is  driven,  we  have: 

Vi  (0)  +ZgiIi  (0)  =  Vgi  ,  Vi  (/)  =  Zii/i  (/) 

V2  (0)  +ZG2I2  (0)  =  0 ,  ^2  (/)  =  ZL2I2  (/) 


which  can  be  written  in  terms  of  the  a,  b  waves: 


ai  (0)  -rGihi  (0)  =  [/i ,  hi  (/)  =  Fiiai  (/) 

^2  (0) -rG2-^2  (0)  =  0  ,  ^2  (/)  =  ri2^22  (0 


Ui  = 


2  Vr^ 

(11.3.4) 

Zi  z 


Eqs.  (11.3.3)  and  (11.3.4)  provide  a  set  of  eight  equations  in  eight  unknowns.  Once 
these  are  solved,  the  near-  and  far-end  voltages  maybe  determined.  For  line-1,  we  hnd: 


Vi  (0)  =  . (0)  +bi  (0)  ]  =  -  ^  ^ 

V  ^  1  “  f  Gif  Ilbi 

Vi{l)=  [^[ai(l)+bAl)]  = 

V  ^  1  “  f  Gif  IISI 


(11.3.5) 


where  V  =  {1  -  Tci)  Vgi/2  =  ZiVgi!  {Zi  +  Z^i).  For  line-2,  we  have: 

(riigj-i  +ri2g,~^)+x(i  -  gr^g,~^)(i  +  rLiri2gr^g,~^) 


V2(0) 

Vid) 


(1  -rcirnCr^)  (1  -rG2ri2C2“^) 

kiG^  -  g2~^)  (1  +  ri.irG2Cr^g2~^)+x(i  -  cr^g2~^)  (nigr^  +  J^G2g2~^) 


V20 

V21 


(1  (1  -rG2ri2C2“^) 

(11.3.6) 

where  V20  =  (1  +  ^02)!^  =  (1  +  f^G2)  (1  -  f^Gi)l^Gi/2  and  V21  =  (1  +  ^12)!^,  and  we 
dehned  k,  x  by: 


K  = 


X  = 


K  =  . 


x  = 


Z2 

K 

(JO 

1 1 

-c, 

Zi  Hi 

-  p2 

Hi 

-H22' 

Izi 

% 

X 

(JO 

1 

(  7m 

+  c, 

Zi  Hi 

+  P2 

■  Hi 

+  H22 

Ui 

(11.3.7) 


In  the  case  of  identical  lines  with  Zi  =  Z2  =  Zq  and  Pi  =  P2  =  P  =  (jo/vq,  we  must 
take  the  limit: 

p-J^ll  -  p-J^2l  ^ 

lim  - ;r - ;r -  =  =  -jlC 

Pi  -  P2  dPi 

Then,  we  obtain: 

/<(^i“i  -  Ju)Kfe-JI^'  =  -jw\^  -  CmZoj 

°  (11.3.8) 


where  Kf,Ki,  were  dehned  in  (11.2.8).  Setting  =  ^2  =  C  =  we  obtain  the 

crosstalk  signals: 
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^2(0)  = 


jcvKf(rLi+rL2)^-^  +  Kbii-Z-^)ii  +  rLirL2Z-^) 
(i-rGirLir-2)(i-rG2rL2r-2) 


jcvKfd  +  rLirG2Z-^)^-^  +  Kbii  -  r")(ri.i  +rG2)r^ .. 
"  (i-rGiri.i?-2)(i-rG2ri2C-2) 


(11.3.9) 


The  corresponding  time-domain  signals  will  involve  the  double  multiple  rehections 
arising  from  the  denominators.  However,  if  we  assume  the  each  line  is  matched  in  at 
least  one  of  its  ends,  so  that  hGifii  =  Fg2Fl2  =  0,  then  the  denominators  can  be 
eliminated.  Replacing  jw  by  the  time-derivative  d/dt  and  each  factor  f  by  a  delayby 
T,  we  obtain: 


V2io,t)  =  KfirLi  +rL2+rLirG2)Vit-2T) 


+  Kb(i+rG2)  [v(f)  -y  (f  -2T)]+  KbrLirL2  [v  (f  -  2T) -v(t  -  47)  ] 
Vz {i,t)  =  Kf[(i+  rL2)v(t  -  T)  +riirG2y (f  -  37) ] 


(11.3.10) 


+  iffo  (7ii  +  7g2  +  7ii7i2 )  [y  (f  -  7)  -y  (f  -  37)  ] 


where  V(t)=  (1  -  7Gi)yGi  (f)  /2,  and  we  used  the  property  7g27i2  =  0  to  simplify  the 
expressions.  Eqs.  (11.3.10)  reduce  to  (11.2.7)  when  the  lines  are  matched  at  both  ends. 


11.4  Coupled-Mode  Theory 

In  its  simplest  form,  coupled-mode  or  coupled-wave  theory  provides  a  paradigm  for  the 
interaction  between  two  waves  and  the  exchange  of  energy  from  one  to  the  other  as 
they  propagate.  Reviews  and  earlier  literature  maybe  found  in  Refs.  [898-919],  see  also 
[747-766]  for  the  relationship  to  hber  Bragg  gratings  and  distributed  feedback  lasers. 

There  are  several  mechanical  and  electrical  analogs  of  coupled-mode  theory,  such  as 
a  pair  of  coupled  pendula,  or  two  masses  at  the  ends  of  two  springs  with  a  third  spring 
connecting  the  two,  or  two  LC  circuits  with  a  coupling  capacitor  between  them.  In  these 
examples,  the  exchange  of  energy  is  taking  place  over  time  instead  of  over  space. 

Coupled-wave  theory  is  inherently  directional.  If  two  forward-moving  waves  are 
strongly  coupled,  then  their  interactions  with  the  corresponding  backward  waves  may 
be  ignored.  Similarly,  if  a  forward-  and  a  backward-moving  wave  are  strongly  coupled, 
then  their  interactions  with  the  corresponding  oppositely  moving  waves  may  be  ignored. 
Fig.  11.4.1  depicts  these  two  cases  of  co-directional  and  contra-directional  coupling. 


I 


ai(l) 


b2(0h 


contra-directional 


Fig.  11.4.1  Directional  Couplers. 

Fqs.  (11.1.7)  form  the  basis  of  coupled-mode  theory.  In  the  co-directional  case,  if 
we  assume  that  there  are  only  forward  waves  at  z  =  0,  that  is,  a(0)  ^  0  and  b(0)  =  0, 


11.4.  Coupled-Mode  Theory 


465 


then  it  may  shown  that  the  effect  of  the  backward  waves  on  the  forward  ones  becomes 
a  second-order  effect  in  the  coupling  constants,  and  therefore,  it  may  be  ignored.  To 
see  this,  we  solve  the  second  of  Eqs.  (11.1.7)  for  b  in  terms  of  a,  assuming  zero  initial 
conditions,  and  substitute  it  in  the  hrst: 

rz  rZ 

b(z)=-j  Gdi(z')  dz  ^  —  =  -jFa+  Gdi{z)  dz 

Jo  dz  Jo 

The  second  term  is  second-order  in  G,  or  in  the  coupling  constant  X-  Ignoring  this 
term,  we  obtain  the  standard  equations  describing  a  co-directional  coupler: 


da. 

dz 


=  -jF  a 


d 

ai 

~  Hi 

K 

ai 

dz 

_a2  _ 

=  -J 

K 

H2_ 

_a2  _ 

(11.4.1) 


For  the  contra-directional  case,  a  similar  argument  that  assumes  the  initial  conditions 
rz2  (0)  =  bi  (0)  =  0  gives  the  following  approximation  that  couples  the  ai  and  bz  waves: 


d 

fli 

~  Hi 

-X 

fli 

dz 

=  -J 

X 

-H2_ 

The  conserved  powers  are  in  the  two  cases: 

P  =  \ai\^  +  |fl2l^  P  =  \ai\^  -  \b2\^ 


(11.4.2) 


(11.4.3) 


The  solution  of  Eq.  (11.4.1)  is  obtained  with  the  help  of  the  transition  matrix  e  : 

K 


.5  . 

cos  (jz  -  ]  —  sm  (jz  -  /  —  sin  crz 

.  K  .  .  5  . 

-  /  —  sm  (JZ  cos  (JZ  +  /  —  sm  az 

(j  (J 


where 


p  ^  Pi  +  p2  ^  ^  Pi  -  p2 


(J 


=  4^ 


+ 


(11.4.4) 


(11.4.5) 


Thus,  the  solution  of  (11.4.1)  is: 


ai{z) 

aziz) 


= 


.  5  . 

cos  (JZ  -  1  —  sm  (JZ 
^  cr 

.  K 

-J  —  sm  crz 


.  K  . 

-  /  —  sm  (JZ 
^  S 

cos  az  -  j  —  sin  crz 


aiiO) 

a2i0) 


(11.4.6) 


Starting  with  initial  conditions  czi  (0)  =  1  and  CZ2  (0)  =  0,  the  total  initial  power  will 
beP  =  |czi(0)|^  +  |a2(0)|^  =  1.  As  the  waves  propagate  along  the  z-direction,  power  is 
exchanged  between  lines  1  and  2  according  to: 


^2 

Pi  (z)  =  |czi  (z)  =  cos^  crz  +  —  sin^  crz 

cr^ 

P2  (z)  =  1^2  (z)  |2  =  ^  sin^  o-z  =  1  -  Pi  (z) 
cr2 


(11.4.7) 


Fig.  11.4.2  shows  the  two  cases  for  which  5/k  =  0  and  5/ k  =  0.5.  In  both  cases, 
maximum  exchange  of  power  occurs  periodically  at  distances  that  are  odd  multiples  of 
z  =  TT  12a.  Complete  power  exchange  occurs  only  in  the  case  (5  =  0,  or  equivalently, 
when  Pi  =  P2.  In  this  case,  we  have  a  =  k  and  Pi  (z)  =  cos^  kz,  P2  (z)  =  sin^  kz. 
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Co-directional  coupler,  S/k=0  Co-directional  coupler,  S/k=  0.5 


Fig.  11.4.2  Power  exchange  in  co-directional  couplers. 


11.5  Fiber  Bragg  Gratings 

As  an  example  of  contra-directional  coupling,  we  consider  the  case  of  a  fiber  Bragg 
grating  (FBG),  that  is,  a  hber  with  a  segment  that  has  a  periodically  varying  refractive 
index,  as  shown  in  Fig.  11.5.1. 


n(0)^ 

-r^ail) 

^bil) 

^  A 1^  one  period 
\< -  /  - H 


Fig.  11.5.1  Fiber  Bragg  grating. 


The  backward  wave  is  generated  by  the  reflection  of  a  forward-moving  wave  incident 
on  the  interface  from  the  left.  The  grating  behaves  very  similarly  to  a  periodic  multilayer 
structure,  such  as  a  dielectric  mirror  at  normal  incidence,  exhibiting  high-reflectance 
bands.  A  simple  model  for  an  FBG  is  as  follows  [747-766]: 


dz 


a{z) 

biz) 


=  -J 


p  Ke-j^^ 

-K^qJKz 


aiz) 

biz) 


(11.5.1) 


where  K  =  2tt/A  is  the  Bloch  wavenumber,  A  is  the  period,  and  aiz),b  iz)  represent  the 
forward  and  backward  waves.  The  following  transformation  removes  the  phase  factor 
fj-om  the  coupling  constant: 


Aiz) 

-  ^JKz/2 

0 

aiz) 

B(z) 

0 

g-JiCz/2 

_b(z)  _ 

d 

Aiz) 

—  —  7 

5 

K 

'Aiz)  ' 

dz 

Biz) 

J 

-x* 

-5 

Biz) 

(11.5.2) 


(11.5.3) 
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where  5  =  p-K/Zis  referred  to  as  a  detuning  parameter.  The  conserved  power  is  given 
by  P(z)  =  \aiz)\^  -  |h(z)  |^.  The  helds  at  z  =  0  are  related  to  those  at  z  =  /  by: 


■a(0)  ■ 

=  ej^^ 

~  Ail)  ■ 

_B{0)  _ 

Bil) 

with  F  = 


5  K 

-/<•*  -5 


The  transfer  matrix  is  given  by: 


r  ,  ^  , 

K 

cos  al  -\-j  —  sin  al 

j  —  sin  al 

~Un 

Ul2~ 

.  R*  ^  , 

-7  —  sm  al 

L  a 

f  .5  .  , 

cos  al  -  J  —  sm  al 
a  J 

(11.5.4) 


(11.5.5) 


where  a  =  If  |(5|  <  \k\,  then  a  becomes  imaginary.  In  this  case,  it  is  more 

convenient  to  express  the  transfer  matrix  in  terms  of  the  quantity  y  =  -  <5^: 


cosh  yl  +j  —  sinh  yl 
-j  —  sinhy/ 


j  ^sinhy/ 
cosh  yl-  sinh  yl 


(11.5.6) 


The  transfer  matrix  has  unit  determinant,  which  implies  that  \Uu\'^  -  =  1. 

Using  this  property,  we  may  rearrange  (1 1.5.4)  into  its  scattering  matrix  form  that  relates 
the  outgoing  helds  to  the  incoming  ones: 


~  B(0)  ■ 

-  F  J  - 

~  AiO)  ■ 

Ail)  _ 

F  F' 

_  -Sf') 

Ui2  r'  =  -^  T 
Uu  ’  Un  ’ 


1 

Thi 


(11.5.7) 


where  F,  F'  are  the  reflection  coefficients  from  the  left  and  right,  respectively,  and  F  is 
the  transmission  coefficient.  We  have  explicitly. 


F  = 


-j  —  sin  al 
cos  al  +j  —  sm  al 


F  = 


1  ■  1 
cos  al  +j  —  sm  a  I 


(11.5.8) 


If  there  is  only  an  incident  wave  from  the  left,  that  is,  A  (0)  0  and  B  (/)  =  0,  then 

(11.5.7)  implies  that  5(0)=  FA{0)  and  A(/)=  FA{0). 

A  consequence  of  power  conservation,  |A(0)|^  -  |5(0)P  =  |A(/)|^  -  |5(/)|^,  is 
the  unitarity  of  the  scattering  matrix,  which  implies  the  property  |r|^  +  |r|^  =  1.  The 
rehectance  |r|^  may  be  expressed  in  the  following  two  forms,  the  hrst  being  appropriate 
when  I (5 1  >  \k\,  and  the  second  when  | d |  <  \k\: 


ir|2  =  i-|r|2 


\k\^  sin^  al 

(j2  cos^  al  +  52  sin^  al 


\k\^  sinh^  yl 

y2  cosh^  yl  +  5^  sinh^  yl 


(11.5.9) 


Fig.  11.5.2  shows  |r|^  as  a  function  of  5.  The  high-rehectance  band  corresponds  to 
the  range  \5\  <  \k\.  The  left  graph  has  kI  =  3  and  the  right  one  kI  =  6. 

As  kI  increases,  the  reflection  band  becomes  sharper.  The  asymptotic  width  of  the 
band  is  -\k\  <  5  <  \k\.  For  any  hnite  value  of  kI,  the  maximum  reflectance  achieved 
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Fiber  Bragg  Grating,  kI  =  S  Fiber  Bragg  Grating,  kI  =  6 


Fig.  11.5.2  Reflectance  of  fiber  Bragg  gratings. 


at  the  center  of  the  band,  d  =  0,  is  given  by  ITI^^x  =  tanh^  \kI\.  The  reflectance  at  the 
asymptotic  band  edges  is  given  by: 


ir|2 


\Kl\^ 

1  +  |r/|2  ’ 


at  5 


±kl 


The  zeros  of  the  reflectance  correspond  to  sin  cr/  =  0,  or,  a  =  mn/l,  which  gives 
5  =  ±VlRp  +  {mn/l)^,  where  m  is  a  non-zero  integer. 

The  Bragg  wavelength  is  the  wavelength  at  the  center  of  the  reflecting  band,  that 
is,  corresponding  to  d  =  0,  or,  p  =  K/2,  or  \b  =  Zn/ p  =  Art  IK  =  2A. 

By  concatenating  two  identical  FBGs  separated  by  a  “spacer”  of  length  d  =  Xb! A  = 
A/ 2,  we  obtain  a  quarter-wave  phase-shifted  FBG,  which  has  a  narrow  transmission 
window  centered  at  d  =  0.  Fig.  11.5.3  depicts  such  a  compound  grating.  Within  the 
spacer,  the  A,  B  waves  propagate  with  wavenumber  p  as  though  they  are  uncoupled. 


A/4 

-  /  - H 


/  - H 


Fig.  11.5.3  Quarter-wave  phase-shifted  fiber  Bragg  grating. 

The  compound  transfer  matrix  is  obtained  by  multiplying  the  transfer  matrices  of 
the  two  FBGs  and  the  spacer:  U  =  U^bgU spacer U^bg,  or,  explicitly: 


Vii 

V12' 

'Un 

Ul2~ 

0 

'Un 

U12' 

V  12 

'^11  J 

_Ut2 

0 

Q—j^d 

_Ut2 

U*n_ 

where  the  Ug  are  given  in  Eq.  (11.5.5).  It  follows  that  the  matrix  elements  of  V  are: 

Vu  =  Uliej^‘^ +  \Ui2\^e-j^‘^ ,  Vi2  =  Ui2{JJiie^^‘^ +  (ll.S.ll) 


The  reflection  coefficient  of  the  compound  grating  will  be: 

comp  -  “  T*ej^d  +  irpre-j/^d 
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where  we  replaced  [7*2  =  F/T  and  Uu  =  1/T.  Assuming  a  quarter-wavelength  spacing 
d  =  A5/4  =  A/2,  we  have  pd  =  (d  +  tt! A)d  =  5d  +  tt/2.  Replacing  ^ 

j  we  obtain: 

t  comp  -  j^^jSd  _  l/’pT’g-jSd  Ui.S.iS) 

At  d  =  0,  we  have  T  =  T*  =  1/  cosh  |/c|/,  and  therefore,  Tcomp  =  0.  Fig.  11.5.4  depicts 
the  reflectance,  ITcompI^,  and  transmittance,  1  -  ITcompI^,  for  the  case  kI  =  2. 


Compound  Grating,  kI  =  2 


S/k 


Fig.  11.5.4  Quarter-wave  phase-shifted  fiber  Bragg  grating. 

Quarter-wave  phase-shifted  FBGs  are  similar  to  the  Fabry-Perot  resonators  discussed 
in  Sec.  6.5.  Improved  designs  having  narrow  and  flat  transmission  bands  can  be  obtained 
by  cascading  several  quarter-wave  FBGs  with  different  lengths  [747-767].  Some  appli¬ 
cations  of  FBGs  in  DWDM  systems  were  pointed  out  in  Sec.  6.7. 


11.6  Diffuse  Reflection  and  Transmission 

Another  example  of  contra-directional  coupling  is  the  two-flux  model  of  Schuster  and 
Kubelka-Munk  describing  the  absorption  and  multiple  scattering  of  light  propagating  in 
a  turbid  medium  [920-936]. 

The  model  has  a  large  number  of  applications,  such  as  radiative  transfer  in  stellar 
atmospheres,  reflectance  spectroscopy,  reflection  and  transmission  properties  of  pow¬ 
ders,  papers,  paints,  skin  tissue,  dental  materials,  and  the  sea. 

The  model  assumes  a  simplihed  parallel-plane  geometry,  as  shown  in  Fig.  11.6.1. 
Let  I±  (z)  be  the  forward  and  backward  radiation  intensities  per  unit  frequency  interval 
at  location  z  within  the  material.  The  model  is  described  by  the  two  coefficients  k,s 
of  absorption  and  scattering  per  unit  length.  For  simplicity,  we  assume  that  k,s  are 
independent  of  z. 

Within  a  layer  dz,  the  forward  intensity  7+  will  be  diminished  by  an  amount  of  I +kdz 
due  to  absorption  and  an  amount  of  I +sdz  due  to  scattering,  and  it  will  be  increased  by 
an  amount  of  I-S  dz  arising  from  the  backward-moving  intensity  that  is  getting  scattered 
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/+(0)^ 

F(z)^ 

Uz)^ 

UD^ 

- z - ► 

dz 

/ 


Fig.  11.6.1  Forward  and  backward  intensities  in  stratified  medium. 


forward.  Similarly,  the  backward  intensity,  going  from  z  -r  dz  to  z,  will  be  decreased  by 
I-  (k  +  s)  (-dz)  and  increased  by  7+5 (-dz).  Thus,  the  incremental  changes  are: 

dl+  =  -ik  +  s)I+dz  -r  sl-dz 

-dl-  =  -ik  +  s)I-dz  -r  sl+dz 


or,  written  in  matrix  form: 


d 

I+(z) 

k  +  s 

-s 

1+  (z) 

dz 

I-(z) 

s 

-k-  s 

I-{z) 

(11.6.1) 


This  is  similar  in  structure  to  Eq.  (11.5.3),  except  the  matrix  coefficients  are  real.  The 
solution  at  distance  z  =  /  is  obtained  in  terms  of  the  initial  values  7+  (0)  by: 


7+(/) 

7-(/) 


=  e 


7+(0) 

7-(0) 


The  transfer  matrix  e  ^Ms: 


with  F  = 


k  +  s  -s 

s  -k-  s 


(11.6.2) 


U  = 


e 


-FI 


coshjS/ 


s 

7 


-  ^  sinh  pi 
sinh  pi 


sinh  pi 


cosh  sinh  pi 


Un  Uu 
U21  U22 


(11.6.3) 


where  a  =  k  s  and  P  =  =  V^(^  +  25).^  The  transfer  matrix  is  unimodular, 

that  is,  det  U  =  Uu  U22  -  Uu  U21  =  1. 

Of  interest  are  the  input  reflectance  (the  albedo)  R  =  I-  (0)  /7+  (0)  of  the  length-/ 
structure  and  its  transmittance  F  =  7+(/)/7+(0),  both  expressed  in  terms  of  the  output, 
or  background,  reflectance  Rg  =  7_  (/)  /7+  (/).  Using  Eq.  (11.6.2),  we  hnd: 

-U2i  +  UuRg  s  smh  pi  +  ip  cosh  pi  -  a  sinh  pi) Rg 

U22-UuRg  P  cosh  pi (a  -  sRg)  sinh  pi 

(11.6.4) 

T= _ ^ ^ _ 

U22-UuRg  P  cosh  pi (a  -  sRg)  sinh  pi 


Qhese  are  related  to  the  normalized  Kubelka  [926]  variables  a  =  a/s,  b  =  p/s. 
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The  reflectance  and  transmittance  corresponding  to  a  black,  non-reflecting,  back¬ 
ground  are  obtained  by  setting  Rg  =  Oin  Eq.  (11.6.4): 

-U21  ssmhpl 


Ro  = 


U22  P  cosh  pi a  sinh  pi 

1  P 


U22  P  cosh  pi  +  a  sinh  pi 

The  reflectance  of  an  infinitely- thick  medium  is  obtained  in  the  limit  /  ^  00: 

55  k  {Roo  -  1)^ 


Roo  = 


a 


2R. 


(11.6.5) 


(11.6.6) 


P  k  -r  5  -r  +  25) 

For  the  special  case  of  an  absorbing  but  non-scattering  medium  (k  ^  0,5  =  0),  we 
have  a  =  P  =  k  and  the  transfer  matrix  (11.6.3)  and  Eq.  (11.6.4)  simplify  into: 

-ki  0 


U  =  = 


R  =  e-^^^R 


T  =  e 


-kl 


(11.6.7) 


These  are  in  accordance  with  our  expectations  for  exponential  attenuation  with  dis¬ 
tance.  The  intensities  are  related  by  1+  (/)  =  e~^^I+  (0)  and  7-  (/)  =  e^^I-  (0).  Thus,  the 
reflectance  corresponds  to  traversing  a  forward  and  a  reverse  path  of  length  /,  and  the 
transmittance  only  a  forward  path. 

Perhaps,  the  most  surprising  prediction  of  this  model  (first  pointed  out  by  Schuster) 
is  that,  in  the  case  of  a  non-absorbing  but  scattering  medium  (k  =  0, 5  7^  0),  the  trans¬ 
mittance  is  not  attenuating  exponentially,  but  rather,  inversely  with  distance.  Indeed, 
setting  a  =  s  and  taking  the  limit  P~^  sinh  jS/  ^  /  as  jS  ^  0,  we  find: 


U  =  e-^'  = 


1  -  sl  si 
-si  1  sl 


R  = 


5/  -r  (1  -  sl)Rg 
\  sl  —  SlRn 


T  = 


1  -r  5/  -  slRn 


In  particular,  for  the  case  of  a  non-reflecting  background,  we  have: 

sl  ^  1 


Ro  = 


1  -r  5/  ’ 


To  = 


1  +  sl 


(11.6.8) 


(11.6.9) 


11.7  Problems 

11.1  Show  that  the  coupled  telegrapher’s  equations  (11.1.4)  can  be  written  in  the  form  (11.1.7). 

11.2  Consider  the  practical  case  in  which  two  lines  are  coupled  only  over  a  middle  portion  of 
length  /,  with  their  beginning  and  ending  segments  being  uncoupled,  as  shown  below: 


Assuming  weakly  coupled  lines,  how  should  Eqs.  (11.3.6)  and  (11.3.9)  be  modified  in  this 
case?  [Hint:  Replace  the  segments  to  the  left  of  the  reference  plane  A  and  to  the  right  of 
plane  B  by  their  Thevenin  equivalents.] 
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11.3  Derive  the  transition  matrix  of  weakly  coupled  lines  described  by  Eq.  (11.3.2). 

11.4  Verify  explicitly  that  Eq.  (11.4.6)  is  the  solution  of  the  coupled-mode  equations  (11.4.1). 

11.5  Computer  Experiment— Fiber  Bragg  Gratings.  Reproduce  the  results  and  graphs  of  Figures 
11.5.2  and  11.5.3. 


12 

Impedance  Matching 


12.1  Con jugate  and  Reflectionless  Matching 


The  Thevenin  equivalent  circuits  depicted  in  Figs.  10.11.1  and  10.11.3  also  allow  us  to 
answer  the  question  of  maximum  power  transfer.  Given  a  generator  and  a  length-d 
transmission  line,  maximum  transfer  of  power  from  the  generator  to  the  load  takes 
place  when  the  load  is  conjugate  matched  to  the  generator,  that  is, 

Zl  =  (conjugate  match)  (12.1.1) 

The  proof  of  this  result  is  postponed  until  Sec.  15.4.  Writing  Zth  =  i^th  +  J^th  and 
Zi  =  Rl+  JXl,  the  condition  is  equivalent  to  Rl  =  Rth  and  Xl  =  -^th-  In  this  case,  half 
of  the  generated  power  is  delivered  to  the  load  and  half  is  dissipated  in  the  generator’s 
Thevenin  resistance.  From  the  Thevenin  circuit  shown  in  Fig.  10.11.1,  we  hnd  for  the 
current  through  the  load: 

j  _  Vth  _  _ kjh _ _  Vth 

^  Zth  +  Zl  (Rih  +  Rl)  +J  (^th  +  Xl)  2i?th 

Thus,  the  total  reactance  of  the  circuit  is  canceled.  It  follows  then  that  the  power  de¬ 
livered  by  the  Thevenin  generator  and  the  powers  dissipated  in  the  generator’s  Thevenin 
resistance  and  the  load  will  be: 


Assuming  a  lossless  line  (real-valued  Zq  and  p),  the  conjugate  match  condition  can 
also  be  written  in  terms  of  the  reflection  coefficients  corresponding  to  Zl  and  Zth: 


(conjugate  match) 


(12.1.3) 


Moving  the  phase  exponential  to  the  left,  we  note  that  the  conjugate  match  condition 
can  be  written  in  terms  of  the  same  quantities  at  the  input  side  of  the  transmission  line: 
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Fd  =  =  n 


Zd  =  Z% 


(conjugate  match) 


(12.1.4) 


Thus,  the  conjugate  match  condition  can  be  phrased  in  terms  of  the  input  quantities 
and  the  equivalent  circuit  of  Fig.  10.9.1.  More  generally,  there  is  a  conjugate  match  at 
every  point  along  the  line. 

Indeed,  the  line  can  be  cut  at  any  distance  /  from  the  load  and  its  entire  left  segment 
including  the  generator  can  be  replaced  by  a  Thevenin-equivalent  circuit.  The  conjugate 
matching  condition  is  obtained  by  propagating  Eq.  (12.1.3)  to  the  left  by  a  distance  /,  or 
equivalently,  Eq.  (12.1.4)  to  the  right  by  distance  d  -  h 


Fi  = 


(conjugate  match) 


(12.1.5) 


Conjugate  matching  is  not  the  same  as  reflectionless  matching,  which  refers  to  match¬ 
ing  the  load  to  the  line  impedance,  Zl  =  Zq,  in  order  to  prevent  reflections  from  the 
load. 

In  practice,  we  must  use  matching  networks  at  one  or  both  ends  of  the  transmission 
line  to  achieve  the  desired  type  of  matching.  Fig.  12.1.1  shows  the  two  typical  situations 
that  arise. 


d 


Fig.  12.1.1  Reflectionless  and  conjugate  matching  of  a  transmission  line. 

In  the  hrst,  referred  to  as  a  flat  line,  both  the  generator  and  the  load  are  matched 
so  that  effectively,  Zg  =  Zl  =  Zq.  There  are  no  reflected  waves  and  the  generator 
(which  is  typically  designed  to  operate  into  Zq)  transmits  maximum  power  to  the  load, 
as  compared  to  the  case  when  Zg  =  Zq  but  Zi  ^  Zq. 

In  the  second  case,  the  load  is  connected  to  the  line  without  a  matching  circuit 
and  the  generator  is  conjugate-matched  to  the  input  impedance  of  the  line,  that  is, 
Zd  =  Zq.  As  we  mentioned  above,  the  line  remains  conjugate  matched  everywhere 
along  its  length,  and  therefore,  the  matching  network  can  be  inserted  at  any  convenient 
point,  not  necessarily  at  the  line  input. 

Because  the  value  of  Zd  depends  on  Zl  and  the  frequency  w  (through  tan  Pd),  the 
conjugate  match  will  work  as  designed  only  at  a  single  frequency.  On  the  other  hand,  if 


12.2.  Multisection  Transmission  Lines 


475 


the  load  and  generator  are  purely  resistive  and  are  matched  individually  to  the  line,  the 
matching  will  remain  reflectionless  over  a  larger  frequency  bandwidth. 

Conjugate  matching  is  usually  accomplished  using  I-section  reactive  networks.  Re¬ 
flectionless  matching  is  achieved  by  essentially  the  same  methods  as  antireflection  coat¬ 
ing.  In  the  next  few  sections,  we  discuss  several  methods  for  reflectionless  and  conju¬ 
gate  matching,  such  as  (a)  quarter-wavelength  single-  and  multi-section  transformers; 
(b)  two-section  series  impedance  transformers;  (c)  single,  double,  and  triple  stub  tuners; 
and  (d)  I -section  lumped-parameter  reactive  matching  networks. 


12.2  Multisection  Transmission  Lines 


Multisection  transmission  lines  are  used  primarily  in  the  construction  of  broadband 
matching  terminations.  A  typical  multisection  line  is  shown  in  Fig.  12.2.1. 


main  line  Zq 


Zm 


Zl 


Pi  Pi  P3  Pm  Pm+i 

Zl  Z2  Z3  Zm  Zm+i 


Fig.  12.2.1  Multi-section  transmission  line. 


It  consists  of  M  segments  between  the  main  line  and  the  load.  The  zth  segment 
is  characterized  by  its  characteristic  impedance  Z/,  length  /,,  and  velocity  factor,  or 
equivalently,  refractive  index  n,.  The  speed  in  the  zth  segment  is  c,  =  Cq/zi,.  The  phase 
thicknesses  are  dehned  by; 

5;  =  ,  Z  =  1 ,  2 ,  .  .  .  ,  M  (12.2.1) 

Ci  Co 

We  may  dehne  the  electrical  lengths  (playing  the  same  role  as  the  optical  lengths  of 
dielectric  slabs)  in  units  of  some  reference  free-space  wavelength  Aq  or  corresponding 
frequency  fo  =  Cq/Aq  as  follows; 


(electrical  lengths) 


ndi  _  Ij 
Aq  A/ 


z  =  1,2,...,M 


(12.2.2) 


where  A/  =  Ao/zi,  is  the  wavelength  within  the  zth  segment.  Typically,  the  electrical 
lengths  are  quarter- wavelengths,  I,  =  1/4.  It  follows  that  the  phase  thicknesses  can  be 
expressed  in  terms  of  1/  as  d,-  =  cvniU/co  =  ZrcfniU/ ifoAo),  or. 


(phase  thicknesses) 


<5/  —  l^iU  —  27tL/  ^  —  ZuLi  ^ 


,  z  =  l,2,...,M  (12.2.3) 


where  f  is  the  operating  frequency  and  A  =  Co/f  the  corresponding  free-space  wave¬ 
length.  The  wave  impedances,  Z,,  are  continuous  across  the  M  +  1  interfaces  and  are 
related  by  the  recursions; 
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Zi  +jZ/+itand/ 


(12.2.4) 


and  initialized  by  Zm+i  =  Zl-  The  corresponding  reflection  responses  at  the  left  of  each 
interface,  T,-  =  (Z,-  -  Z/_i)  /  (Z,-  +  Z/_i),  are  obtained  from  the  recursions: 


Pi  +  Tj+ie 
1  +  PiFi+ie-y^’ 


(12.2. S) 


and  initialized  at  Tm+i  =  Fl  =  {Zl  -  Zm)  /  (Zl  +  Zm)  ,  where  pi  are  the  elementary 
reflection  coefficients  at  the  interfaces: 


Zj  Zj-i 
Zi  +  Z/_i 


/  =  1,2,...,M  +  1 


(12.2.6) 


where  Zm+i  =  Z^.  The  MATLAB  function  mul  ti  1  i  ne  calculates  the  reflection  response 
Ti  if)  at  interface-1  as  a  function  of  frequency.  Its  usage  is: 


Gammal  =  multiline(Z,L,ZL,f) ; 


%  reflection  response  of  multisection  line 


where  Z  =  [Zq,  Zi,...,  Zm\  and  I  =  ■  ■  ■  ,Lm]  are  the  main  line  and  segment 

impedances  and  the  segment  electrical  lengths. 

The  function  multiline  implements  Eq.  (12.2.6)  and  is  similar  to  mul  ti  di  el ,  except 
here  the  load  impedance  Zl  is  a  separate  input  in  order  to  allow  it  to  be  a  function  of 
frequency.  We  will  see  examples  of  its  usage  below. 


12.3  Quarter-Wavelength  Chebyshev  Transformers 

Quarter-wavelength  Chebyshev  impedance  transformers  allow  the  matching  of  real¬ 
valued  load  impedances  Zl  to  real-valued  line  impedances  Zq  and  can  be  designed  to 
achieve  desired  attenuation  and  bandwidth  specifications. 

The  design  method  has  already  been  discussed  in  Sec.  6.8.  The  results  of  that  sec¬ 
tion  translate  verbatim  to  the  present  case  by  replacing  refractive  indices  n,  by  line 
admittances  T,  =  l/Z,.  Typical  design  specifications  are  shown  in  Fig.  6.8.1. 

In  an  M-section  transformer,  all  segments  have  equal  electrical  lengths,  I,  =  /,  / A/  = 
riili/Ao  =  1/4  at  some  operating  wavelength  Aq.  The  phase  thicknesses  of  the  segments 
are  all  equal  and  are  given  by  d,  =  ZrcLif/fo,  or,  because  Li  =  1/4: 


(12.3.1) 


The  reflection  response  ILiif)  at  the  left  of  interface-1  is  expressed  in  terms  of 
the  order-M  Chebyshev  polynomials  TmM,  where  x  is  related  to  the  phase  thickness 
by  X  =  Xo  cos  5: 

1  -r  eiT^ixo  cos  6) 


where  ei  =  Cq/Tm  (xq)  and  Cq  is  given  in  terms  of  the  load  and  main  line  impedances: 
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where  A  is  in  dB  and  is  measured  from  dc,  or  equivalently,  with  respect  to  the  reflec¬ 
tion  response  ILil  of  the  unmatched  line.  The  maximum  equiripple  level  within  the 
reflectionless  band  is  given  by 

|riUax=  m  110-^/20  ^  ^  =  201ogio(C^)  (12.3.7) 

V  I J  1 1  max  / 

This  condition  can  also  be  expressed  in  terms  of  the  maximum  SWR  within  the 
desired  bandwidth.  Indeed,  setting  S^ax  =  (1  +  |Tilmax)/(l  -  lAlmax)  and  Sl  = 
(1  -r  ITi  I)  /  (1  -  ITi  I),  we  may  rewrite  (12.3.7)  as  follows: 

(12.3.8) 

where  we  must  demand  d’max  <  Sl  or  ITilmax  <  |Ti|.  The  MATLAB  functions  chebtr, 
chebtrZ,  and  chebtr3  implement  the  design  steps.  In  the  present  context,  they  have 
usage: 

[Y,a,b]  =  chebtr(Y0  ,  YL  ,  A,  DF)  ;  %  Chebyshev  multisection  transformer  design 

[Y,a,b,A]  =  chebtr2  (YO  ,  YL  ,  M  ,  DF)  ;  %  specify  order  and  bandwidth 

[Y,a,b,DF]  =  chebtr3(Y0,YL,M,A)  ;  %  specify  order  and  attenuation 

The  outputs  are  the  admittances  Y  =  [Yo,Yi,Y2,  ■  ■  ■  ,Ym,Yl]  and  the  reflection 
and  transmission  polynomials  a,b.  In  chebtrZ  and  chebtr3,  the  order  M  is  given.  The 
designed  segment  impedances  Z,,  /  =  1,  2, . . .  ,M  satisfy  the  symmetry  properties: 

Z/Zm+i-i  = 


ZqZl  ,  z  =  1,  2, . . . ,  M 


(12.3.9) 
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A/4  i 


Fig.  12.3.1  One,  two,  and  three-section  quarter-wavelength  transformers. 


Fig.  12.3.1  depicts  the  three  cases  of  M  =  1,2,3  segments.  The  case  M  =  1  is 
used  widely  and  we  discuss  it  in  more  detail.  According  to  Eq.  (12.3.9),  the  segment 
impedance  satisfies  Z\  =  ZqZi,  or, 

Zi=^/ZoZ  (12.3.10) 


This  implies  that  the  reflection  coefficients  at  interfaces  1  and  2  are  equal: 


Pi  = 


Z\  -  Zo  Zi  -  Z\ 


=  P2 


(12.3.11) 


Zi  +  Zo  Zl  +  Z\ 

Because  the  Chebyshev  polynomial  of  order-1  is  Ti  (x)  =  x,  the  reflection  response 
(12.3.2)  takes  the  form: 

^0  cos^  (5 
1  +  ^0  cos^  6 

Using  Eq.  (12.3.11),  we  can  easily  verify  that  eo  is  related  to  pi  by 


iri(ni'  =  - 


(12.3.12) 


^0  = 


4p? 


(1-P?)2 


Then,  Eq.  (12.3.12)  can  be  cast  in  the  following  equivalent  form,  which  is  recognized 
as  the  propagation  of  the  load  reflection  response  r2  =  p2  =  Pi  by  a  phase  thickness  6 
to  interface- 1: 


lA  (HI" 


Pi(i  +  z  ^) 
1  +  PiZ-i 


(12.3.13) 


where  z  =  The  reflection  response  has  a  zero  atz  =  -lor5  =  Tr/2,  which  occurs 
at  f  =  fo  and  at  odd  multiples  of  fo-  The  wave  impedance  at  interface- 1  will  be: 


Zi  +  jZ\  tan  (5 
Zo  +jZitan5 


(12.3.14) 
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Using  Eq.  (12.3.10),  we  obtain  the  matching  condition  at  f  =  fo,  or  at  5  =  Tr/2: 

Z^ 

Zi  =  =  Zo  (12.3.1S) 

Zi 

Example  12.3.1:  Single-section  quarter  wavelength  transformer.  Design  a  single-section  trans¬ 
former  that  will  match  a  200-ohm  load  to  a  50-ohm  line  at  100  MHz.  Determine  the  band¬ 
width  over  which  the  SWR  on  the  line  remains  less  than  1.5. 

Solution:  The  quarter-wavelength  section  has  impedance  Zi  =  VZiZq  =  V200  ■  50  =  100  ohm. 
The  reflection  response  lA  (f)  \  and  the  SWR  5(f)  =  (l+  ITi  (f)  |)  /  (l-  ITi  (f)  |)  are  plotted 
in  Fig.  12.3.1  versus  frequency. 

Reflection  Response  Standing  Wave  Ratio 


Fig.  12.3.2  Reflection  response  and  line  SWR  of  single-section  transformer. 


The  reflection  coefficient  of  the  unmatched  line  and  the  maximum  tolerable  reflection 
response  over  the  desired  bandwidth  are: 


Zi  -  Zq 
Zi  +  Zq) 


200  -  50 
200  +  50 


0.6,  iTilmax 


5max  1 
5max  “1“  1 


1.5  -  1 
1.5  +  1 


=  0.2 


It  follows  from  Eq.  (12.3.7)  that  the  attenuation  in  dB  over  the  desired  band  will  be: 

^  (^)  =  iS)  = 

Because  the  number  of  sections  and  the  attenuation  are  fixed,  we  may  use  the  MATLAB 
function  chebtr3.  The  following  code  segment  calculates  the  various  design  parameters: 


ZO  =  50;  ZL  =  200; 

GL  =  z2g(ZL,Z0);  Smax  =  1.5; 

fO  =  100;  f  =  linspace(0,2*f0,401)  ;  %  plot  over  [0, 200]  MHz 

A  =  20*logl0(GL*(Smax+l)/(Smax-l))  ;  %Eq.  (12.3.8) 

[Y,a,b,DF]  =  chebtr3(l/Z0,  1/ZL,  1,  A);  %note,M  =  l 


Z  =  l./Y;  Df  =  f0*DF;  L  =  1/4; 


note,  Z  =  [Zq,  Zi,  ZiJ 
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G1  =  abs(mul  till  ne(Z  (1:2)  ,  L,  ZL,  f/fO));  %  reflection  response  ITi  (f)  | 

S  =  swr(Gl);  %  calculate  SWR  versus  frequency 

plot(f,Gl);  figure;  plot(f,S); 

The  reflection  response  \r i  (f )  |  is  computed  by  mul  ti  1  i  ne  with  frequencies  normalized 
to  the  desired  operating  frequency  of  fo  =  100  MHz.  The  impedance  inputs  to  mul  ti  1  i  ne 
were  [Zq,  ZJ  and  Zl  and  the  electrical  length  of  the  segment  was  1  =  1/4.  The  resulting 
bandwidth  is  =  35.1  MHz.  The  reflection  polynomials  are: 

b=[bo,bi]=[pi,pi],  a=  [ao,ai]=  [1,P?],  Pi  =  1 

Zl  +  Zq  j 

Two  alternative  ways  to  compute  the  reflection  response  are  by  using  MATLAB’s  built-in 
function  f  reqz,  or  the  function  dtft: 

delta  =  pi  *  f/fO/2; 

G1  =  abs(f reqz(b,a,2*del  ta)) ; 

%  G1  =  abs(dtft(b,2*delta)  ./  dtft(a,2*delta)) ; 

where  26  =  nf/fo  is  the  digital  frequency,  such  that  z  =  The  bandwidth  Af  can  be 
computed  from  Eqs.  (12.3.4)  and  (12.3.5),  that  is, 

A  =  lOlogio  ^  xo  =  i/(l  +  60)10*^'^“  -eo.  = 

yi  +  eo/  IT  \xq  / 

where  we  replaced  Ti  (xq)  =  Xq.  □ 

Example  12.3.2:  Three-  and  four-section  quarter-wavelength  Chebyshev  transformers.  Design 
a  Chebyshev  transformer  that  will  match  a  200-ohm  load  to  a  50-ohm  line.  The  line  SWR 
is  required  to  remain  less  than  1.25  over  the  frequency  band  [50, 150]  MHz. 

Repeat  the  design  if  the  SWR  is  required  to  remain  less  than  1.1  over  the  same  bandwidth. 

Solution:  Here,  we  let  the  design  specifications  determine  the  number  of  sections  and  their 
characteristic  impedances.  In  both  cases,  the  unmatched  reflection  coefficient  is  the  same 
as  in  the  previous  example,  Ti  =  0.6.  Using  S’max  =  1-25,  the  required  attenuation  in  dB  is 
for  the  first  case: 

A  =  201ogio  (iPil  =  201ogio  (0.6  =  14.65  dB 

The  reflection  coefficient  corresponding  to  S’max  is  |rilmax=  (1.25-1)/(1.25  +  1)  =  1/9  = 
0.1111.  In  the  second  case,  we  use  5max  =  1-1  to  find  A  =  22.0074  dB  and  lAlniax  = 
(1.1  -  1)/(1.1  +  1)=  1/21  =  0.0476. 

In  both  cases,  the  operating  frequency  is  at  the  middle  of  the  given  bandwidth,  that  is, 
fo  =  100  MHz.  The  normalized  bandwidth  is  AF  =  Af/fo  =  (150  -  50)/100  =  1.  With 
these  values  of  A,  AF,  the  function  chebtr  calculates  the  required  number  of  sections  and 
their  impedances.  The  typical  code  is  as  follows: 
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ZO  =  50;  ZL  =  200; 

GL  =  z2g(ZL,Z0);  Smax  =  1.25; 

fl  =  50;  f2  =  150;  %  given bandedge  frequencies 

Df  =  f2-fl;  fO  =  (f2+fl)/2;  DF  =  Df/fO;  %  operating  frequency  and  bandwidth 

A  =  20*1  ogl0(GL*(Smax+l)/ (Smax-1))  ;  %  attenuation  of  reflectionless  band 

[Y,a,b]  =  chebtr(l/Z0,  1/ZL,  A,  DF)  ;  %  Chebyshev  transformer  design 

Z  =  l./Y;  rho  =  n2r(Y);  %  impedances  and  reflection  coefficients 

For  the  first  case,  the  resulting  number  of  sections  is  M  =  3,  and  the  corresponding  output 
vector  of  impedances  Z,  reflection  coefficients  at  the  interfaces,  and  reflection  polynomials 
a,  b  are: 

Z=  [Zo,Zi,Z2,Z3,Zi]=  [50,  66.4185,  100,  150.5604,  200] 

P=  [Pi,P2,P3,P4]=  [0.1410,  0.2018,  0.2018,  0.1410] 
b=  [bo,bi,b2,b3]=  [0.1410,  0.2115,  0.2115,  0.1410] 
a=  [ao,ai,a2,a3]=  [1,  0.0976,  0.0577,  0.0199] 


In  the  second  case,  we  find  M  =  4  sections  with  design  parameters: 

Z=  [Zo,Zi,Z2,Z3,Z4,Zi]=  [50,  59.1294,  81.7978,  122.2527,  169.1206,  200] 
P=  [Pi,P2,P3,P4,Ps]  =  [0.0837,  0.1609,  0.1983,  0.1609,  0.0837] 
b=  [bo,bi,b2,b3,b4]=  [0.0837,  0.1673,  0.2091,  0.1673,  0.0837] 
a=  [ao,ai,a2,a3,a4]  =  [1,  0.0907,  0.0601,  0.0274,  0.0070] 


The  reflection  responses  and  SWRs  are  plotted  versus  frequency  in  Fig.  12.3.3.  The  upper 
two  graphs  corresponds  to  the  case,  ^max  =  1-25,  and  the  bottom  two  graphs,  to  the  case 

•^max  ~  1.1. 

The  reflection  responses  ITi  (f)  |  can  be  computed  either  with  the  help  of  the  function 
multiline,  or  as  the  ratio  of  the  reflection  polynomials: 


bo  +  biz~^  +  ‘  +  bMZ~^ 

ao  +  aiz-^  +  ■  ■  ■  +  Umz-^  ’ 


z  =  e^^^,  6 


'^L 
2  fo 


The  typical  MATFAB  code  for  producing  these  graphs  uses  the  outputs  of  chebtr: 


f  =  linspace(0,2*f0,401) ; 

M  =  length(Z)-2; 

L  =  ones(l,M)/4; 

G1  =  abs(mul ti 1 i ne(Z(l:M+l) ,  L,  ZL, 
G1  =  abs(freqz(b,  a,  pi*f/f0)); 

S  =  swr(Gl) ; 

plot(f,Gl);  figure;  plot(f,S); 


%  plot  over  [0, 200]  MHz 

%  number  of  sections 
%  quarter-wave  lengths 
f  / f  0)  )  ;  %  Zl  is  a  separate  input 

%  alternative  way  of  computing  Gi 

%  SWR  on  the  line 


482 


12.  Impedance  Matching 


Reflection  Response 


Standing  Wave  Ratio 


Standing  Wave  Ratio 


Fig.  12.3.3  Three  and  four  section  transformers. 


In  both  cases,  the  section  impedances  satisfy  the  symmetry  properties  (12.3.9)  and  the 
reflection  coefficients  p  are  symmetric  about  their  middle,  as  discussed  in  Sec.  6.8. 

We  note  that  the  reflection  coefficients  p,  at  the  interfaces  agree  fairly  closely  with  the 
reflection  polynomial  b— equating  the  two  is  equivalent  to  the  so-called  small-reflection 
approximation  that  is  usually  made  in  designing  quarter-wavelength  transformers  1781]. 
The  above  values  are  exact  and  do  not  depend  on  any  approximation.  □ 


12.4  Two-Section  Dual-Band  Chebyshev  Transformers 

Recently,  a  two-section  sixth-wavelength  transformer  has  been  designed  [952,953]  that 
achieves  matching  at  a  frequency  fi  and  its  first  harmonic  2fi.  Each  section  has  length 
A/6  at  the  design  frequency  fi.  Such  dual-band  operation  is  desirable  in  certain  appli¬ 
cations,  such  as  GSM  and  PCS  systems.  The  transformer  is  depicted  in  Fig.  12.4.1. 

Here,  we  point  out  that  this  design  is  actually  equivalent  to  a  two-section  quarter- 
wavelength  Chebyshev  transformer  whose  parameters  have  been  adjusted  to  achieve 
reflectionless  notches  at  both  frequencies  fi  and  2fi. 

Using  the  results  of  the  previous  section,  a  two-section  Chebyshev  transformer  will 
have  reflection  response: 
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in  if)\^ 


e\Tl  (xq  cos^)  ^  _'^L 
1  +  e\Tlixocos5)  ’  2  fo 


(12.4.1) 


where  fo  is  the  frequency  at  which  the  sections  are  quarter-wavelength.  The  second- 
order  Chebyshev  polynomial  is  72  (x)  =  2x^  -  1  and  has  roots  at  x  =  ±1/ V2.  We  require 
that  these  two  roots  correspond  to  the  frequencies  fi  and  2fi,  that  is,  we  set: 


e  1  oe  leirfl 

Xocos5i  =  ^,  Xocos25i  =  -^,  = 


(12.4.2) 


main  line  Zq 


A- 


nyc 


Z2 


Zl 


Pi  p2 


Py 


Fig.  12.4.1  Two-section  dual-band  Chebyshev  transformer. 

These  conditions  have  the  unique  solution  (such  that  Xq  >  1): 

xo  =  V2,  =  ^  =  ^  fo  =  |fi  (12.4.3) 

Thus,  at  fi  the  phase  length  is  5 1  =  Tr/3  =  2Tr/6,  which  corresponds  to  section 
lengths  of  h  =  h  =  Ai/6,  where  Ai  =  v/fi,  and  v  is  the  propagation  speed.  Defining 
also  Aq  =  v/fo,  we  note  that  Aq  =  2Ai/3.  According  to  Sec.  6.6,  the  most  general  two- 
section  reflection  response  is  expressed  as  the  ratio  of  the  second-order  polynomials: 


Bi(z)  ^  Pi  +  P2O+  PiP-i)z  ^  +  P3Z  ^ 

Al(z)  1  +  P2(Pl  +  P3)z-1  +  P1P3Z-2 


(12.4.4) 


where 

z  =  e^jy  =  (12.4.5) 

^  to  8  Fi 

and  we  used  the  relationship  2fo  =  3fi  to  express  5  in  terms  of  fi.  The  polynomial 
Bi  (z)  must  have  zeros  at  z  =  ^  ^  g2j(25i)  ^  ^  ^-z-rrjn^  hence, 

it  must  be  (up  to  the  factor  pi): 


Ri  (z)  =  Pi  (1  -  (1  -  e  i)=p^(i+z  ^+z  ^)  (12.4.6) 


Comparing  this  with  (12.4.4),  we  arrive  at  the  conditions: 


p3=Pi,  P2  (1  +  P1P3)  =  Pi 


P2 


Pi 

1  +  P? 


(12.4.7) 


We  recall  from  the  previous  section  that  the  condition  pi  =  ps  is  equivalent  to 
Z1Z2  =  ZqZi.  Using  (12.4.7)  and  the  definition  p2  =  (Z2  -  Zi)/(Z2  +  Zi),  or  its 
inverse,  Z2  =  Zi  ( 1  +  P2 )  /  ( 1  -  P2 ) ,  we  have: 


ZlZq  =  Z1Z2  =  Zi 


1  +P2 

1  -  p2 


2  pj  +  Pi  +  1  ^  72  3Zi  +  Zq 
'  P?  -  Pi  +  1  '  Z?  +  3Z2 


(12.4.8) 
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where  in  the  last  equation,  we  replaced  pi  =  (Zi  -  Zq)  /  (Zi  +  Zq)  .  This  gives  a  quadratic 
equation  in  Z^.  Picking  the  positive  solution  of  the  quadratic  equation,  we  hnd: 

Zi  =  ^  Zl  -  Zq  +  '\|(z7^-Zo)^+36Zi^  (12.4.9) 

Once  Zi  is  known,  we  may  compute  Z2  =  ZiZq/Zi.  Eq.  (12.4.9)  is  equivalent  to  the 
expression  given  by  Monzon  [953]. 

The  sections  are  quarter-wavelength  at  fo  and  sixth-wavelength  at  fi,  that  is,  h  = 
I2  =  Ai/6  =  Ao/4.  We  note  that  the  frequency  fo  lies  exactly  in  the  middle  between  fi 
and  2fi.  Viewed  as  a  quarter-wavelength  transformer,  the  bandwidth  will  be: 

(12-4.10) 

which  spans  the  interval  [fo  -  Af/2,fo  +  Af/2]=  [0.7Sfi,2.2Sfi].  Using  T2{xo)  = 
2x1  -1  =  3  and  Eq.  (12.3.6),  we  hnd  the  attenuation  achieved  over  the  bandwidth  Af\ 

V(l  +  eg)10^/iO-eg  =  r2(A:o)=3  ^  A  =  lOlogio  (  )  (12.4.11) 

V  1  +  ^0  / 

As  an  example,  we  consider  the  matching  of  Zl  =  200  Q  to  Zq  =  50  Q.  The  section 
impedances  are  found  from  Eq.  (12.4.9)  to  be:  Zi  =  80.02  Q,  Z2  =  124.96  Q.  More 
simply,  we  can  invoke  the  function  chebtr2  with  M  =  2  and  AF  =  Af/fo  =  1. 

Eig.  12.4.2  shows  the  designed  rehection  response  normalized  to  its  dc  value,  that 
is,  ITi  (f)  1^/  ITi  (0)  1^.  The  response  has  exact  zeros  at  fi  and  2fi.  The  attenuation  was 
A  =  7.9  dB.  The  rehection  coefficients  were  pi  =  p3  =  0.2309  and  p2  =  pi!  {I  +  p\)  = 
0.2192,  and  the  rehection  polynomials: 

Bi(z)=  0.2309(1  -rz-i  -rz'^)  ,  Ai(z)=  1  -r  0.1012z-i  -r  0.0533z-2 


Z^  =  200,  Zo  =  50,  r  =  2.0 


fifl 


Fig.  12.4.2  Reflection  response  \r  1  (f )  P  normalized  to  unity  gain  at  dc. 

The  rehection  response  can  be  computed  using  Eq.  (12.4.1),  or  using  the  MATLAB 
function  mul  ti  1  i  ne,  or  the  function  f  reqz  and  the  computed  polynomial  coefficients. 
The  following  code  illustrates  the  computation  using  chebtr2: 
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ZO  =  50;  ZL  =  100;  xO  =  sqrt(2);  eOsq  =  (ZL-Z0)A2/(4"ZL*Z0) ;  elsq  =  eOsq/9; 


[Y,al,bl,A]  =  chebtr2(l/Z0,  1/ZL,  2,  1); 

Z  =  l./Y;  rho  =  n2r(Z0’'Y); 
f  =  linspace(0,3,301) ; 

delta  =  pi*f/3;  x  =  x0*cos(de1  ta)  ;  T2  =  2''x.a2-1; 

Cl  =  elsq*T2.A2  ./  (1  +  elsq*T2.A2); 

%  Cl  =  abs(mu1ti1ine(Z(l:3) ,  [l,l]/6,  ZL,  f)).A2; 
%  Cl  =  abs(freqz(bl,al,  2*de1 ta)) . A2 ; 


%ai  =  [1,  0.1012,  0.0533] 

%bi  =  [0.2309,  0.2309,  0.2309] 
%Z  =  [50,  80.02,  124.96,  200] 
%p  =  [0.2309,  0.2192,  0.2309] 
%  f  is  in  units  of  fi 


%  alternative  calculation 
%  alternative  calculation 


%  Cl  =  abs(dtft(bl,2*de1ta)  ./dtft(al,2*de1ta))  .A2;  %  alternative  calculation 

p1ot(f,  G1/G1(1)); 

The  above  design  method  is  not  restricted  to  the  hrst  and  second  harmonics.  It  can 
be  generalized  to  any  two  frequencies  fi,  f2  at  which  the  two-section  transformer  is 
required  to  be  rehectionless  [954,955]. 

Possible  applications  are  the  matching  of  dual-band  antennas  operating  in  the  cellu- 
lar/PCS,  GSM/DCS,  WLAN,  GPS,  and  ISM  bands,  and  other  dual-band  RE  applications  for 
which  the  frequency  f2  is  not  necessarily  2fi. 

We  assume  that  fi  <  f 2,  and  dehne  r  =  /’2/fi,  where  r  can  take  any  value  greater 
than  unity.  The  rehection  polynomial  Bi  (z)  is  constructed  to  have  zeros  at  fi,f2- 


Bi{z)=  pi{l  -  ^)  ,  di 


(12.4.12) 


The  requirement  that  the  segment  impedances,  and  hence  the  rehection  coefficients 
Pi,  P2,P3,  be  real-valued  implies  that  the  zeros  of  Bi  (z)  must  be  conjugate  pairs.  This 
can  be  achieved  by  choosing  the  quarter-wavelength  normalization  frequency  fo  to  lie 
half-way  between  fi,f2,  that  is,  fo  =  ifi  +  f 2)  / '2.  =  (r  +  l)fi/2.  This  implies  that: 


52  =  rSi  =  n  -  5i 


(12.4.13) 


The  phase  length  at  any  frequency  f  will  be: 


Try  ^  TT  f 

2  fo  r  +  1  f  1 


(12.4.14) 


The  section  lengths  become  quarter-wavelength  at  fo  and  2  (r  -L  l)-th  wavelength  at  fp. 


Ai 

2ir  +  l) 


(12.4.15) 


It  follows  now  from  Eq.  (12.4.13)  that  the  zeros  of  Bi  (z)  are  complex-conjugate  pairs: 


^2j62  ^  g2j(TT-(5i 


(12.4.16) 


Then,  Bi  (z)  takes  the  form: 


Biiz)=  pi{l  -  {1  -  e  ^^^^z  ^)  =  pi  (1  -  2  cos  2di  z  ^  +  z  (12.4.17) 


486 


12.  Impedance  Matching 


Comparing  with  Eq.  (12.4.4),  we  obtain  the  reflection  coefficients: 


p3  =  Pi,  P2  = 


2pi  cos  25i 


(12.4.18) 


Proceeding  as  in  (12.4.8)  and  using  the  identity  tan^  5i  =  (1  -  cos  25 1)  /  (1  +  cos  25 1) 
we  find  the  following  equation  for  the  impedance  Zi  of  the  first  section: 


ZtZq  =  Zi  Z2 


with  solution  for  Zi  and  Z2: 


^2  Pi  -  '^Pi  cos2di  +  1 
Pi  +  2pi  cos  25\  +  1 


,  Zi^  tan2  5i  +  Zl 
^Zl  +  Zl  tan2  5i 


2  tan^  5^ 


Zi-Zo  +  V(^i-^o)2+4ZiZotan4di  ,  Z2 


(12.4.19) 


(12.4.20) 


Equations  (12.4.13),  (12.4.15),  and  (12.4.20)  provide  a  complete  solution  to  the  two- 
section  transformer  design  problem.  The  design  equations  have  been  implemented  by 
the  MATLAB  function  dual  band: 


[Zl,Z2,al,bl]  =  dualband(Z0,ZL, r) ; 


%  two-section  dual-band  Chebyshev  transformer 


where  ai ,  bi  are  the  coefficients  of  Ai  (z)  and  fii  (z) .  Next,  we  show  that  fii  (z)  is  indeed 
proportional  to  the  Chebyshev  polynomial  T2M.  Setting  z  =  where  5  is  given  by 
(12.4.14),  we  find: 

Bi  (z)  =  Pi  (z  +  z“^  -  2  cos  2di)z“^  =  pi  (2  cos  25-2  cos  25i)e~^^^ 


4pi  (cos^  d  -  cos^  di)e  =  4pi  cos^  di  ( — — l)e 

cos^  Ol 

4pi  cos^  di  (2xo  cos^  5  -  =  4pi  cos^  dir2  (xq  cos  5)e~^‘^^ 


where  we  defined: 


(12.4.21) 


(12.4.22) 


V2  cos  Ol 

We  may  also  show  that  the  reflection  response  \r  1  (f)  is  given  by  Eq.  (12.4.1).  At 
zero  frequency,  d  =  0,  we  have  72  (xq)  =  2Xo  -  1  =  tan^  di.  As  discussed  in  Sec.  6.8,  the 
sum  of  the  coefficients  of  the  polynomial  fii  (z),  or  equivalently,  its  value  at  dc,  d  =  0 
or  z  =  1,  must  be  given  by  |fii  (1)  =  (J^el,  where 


0-2  =  (1  -  pI)  (1  -  p2)  (1 


(Zi  -  Zq) 
4ZiZo 


(12.4.23) 


Using  Eq.  (12.4.21),  this  condition  reads  cr^eo  =  |fii(l)l^  =  16pi  cos"^  diTf  (xq),  or, 
cr'^el  =  16pi  sin'^  di.  This  can  be  verified  with  some  tedious  algebra.  Because  el  = 
el/Tlixo),  the  same  condition  reads  a^el  =  16piCos^  di. 

It  follows  that  |Bi(z)|^  =  a^elT^ix).  On  the  other  hand,  according  to  Sec.  6.6, 
the  denominator  polynomial  Ai  (z)  in  (12.4.4)  satisfies  |Ai  (z)  -  |Bi  (z)  =  cr^,  or, 

|Ai  (z)  1^  =  cr^  +  |Bi  (z)  1^.  Therefore, 


a^elTl  (x) 


gj7|  (x) 


|Ai(z)|2  (j2  +  |7i(z)|2  (j2  +  (j2e2'p|  ^x)  l  +  eir|(x) 


2 


(12.4.24) 
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Thus,  the  reflectance  is  identical  to  that  of  a  two-section  Chebyshev  transformer. 
However,  the  interpretation  as  a  quarter-wavelength  transformer,  that  is,  a  transformer 
whose  attenuation  at  fo  is  less  than  the  attenuation  at  dc,  is  valid  only  for  a  limited 
range  of  values,  that  is,  1  <  r  <  3.  Eor  this  range,  the  parameter  Xq  defined  in  (12.4.22) 
is  Xo  >  1.  In  this  case,  the  corresponding  bandwidth  about  fo  can  be  meaningfully 
defined  through  Eq.  (12.3.4),  which  gives: 

sin(  ^  ^  -.x  ^  I  =  a/2  cos  di  =  y/2cos  ( (12.4.25) 
\2{r  +  l)  fi  J  \r  +  Ij 

Eor  1  <  r  <  3,  the  right-hand  side  is  always  less  than  unity.  On  the  other  hand,  when 
r  >  3,  the  parameter  xq  becomes  xq  <  1,  the  bandwidth  Af  loses  its  meaning,  and  the 
reflectance  at  fo  becomes  greater  than  that  at  dc,  that  is,  a  gain.  Eor  any  value  of  r,  the 
attenuation  or  gain  at  fo  can  be  calculated  from  Eq.  (12.3.5)  with  M  =  2: 


A 


lOlogio 


(  r|(xo)+eg\ 

V  1  +  eo  j 


lOlogio 


/  tan^  5i  +  fig 

\  1  +  eo  j 


(12.4.26) 


The  quantity  A  is  positive  for  1  <  r  <  3  or  tandi  >  1,  and  negative  for  r  >  3  or 
tandi  <  1.  Eor  the  special  case  of  r  =  3,  we  have  di  =  Tr/4  and  tandi  =  1,  which 
gives  A  =  0.  Also,  it  follows  from  (12.4.18)  that  p2  =  0,  which  means  that  Zi  =  Z2  and 
(12.4.19)  gives  Z\  =  Z^Zq.  The  two  sections  combine  into  a  single  section  of  double 
length  2/1  =  Ai/4  at  fi,  that  is,  a  single-section  quarter  wavelength  transformer,  which, 
as  is  well  known,  has  zeros  at  odd  multiples  of  its  fundamental  frequency. 

Eor  the  case  r  =  2,  we  have  di  =  tt/ 3  and  tandi  =  a/3.  The  design  equation  (12.4.20) 
reduces  to  that  given  in  [953]  and  the  section  lengths  become  Ai/6. 

Eig.  12.4.3  shows  two  examples,  one  with  r  =  2.5  and  one  with  r  =  3.5,  both  trans¬ 
forming  Zi  =  200  into  Zq  =  50  ohm. 


Fig.  12.4.3  Dual-band  transformers  at  frequencies  {fi,2.Sfi}  and  {fi,  3.5fi}. 


The  reflectances  are  normalized  to  unity  gain  at  dc.  Eor  r  =  2.5,  we  find  Zi  =  89.02 
and  Z2  =  112.33  ohm,  and  attenuation  A  =  2.9  dB.  The  section  lengths  at  fi  are  h  = 
h  =  Ai/  (2  (2.5  -b  1) )  =  Ai/7.  The  bandwidth  Af  calculated  from  Eq.  (12.4.25)  is  shown 
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on  the  left  graph.  For  the  case  r  =  3.5,  we  hnd  Zi  =  112.39  and  Z2  =  88.98  ohm  and 

section  lengths  h  =  h  =  Ai/9.  The  quantity  A  is  negative,  A  =  -1.7  dB,  signifying  a 

gain  at  fo.  The  polynomial  coefficients  were  in  the  two  cases: 

r  =  2.5,  ai  =  [1,  0.0650,  0.0788],  bi  =  [0.2807,  0.1249,  0.2807] 

r  =  3.5,  ai  =  [1,  -0.0893,  0.1476],  bi  =  [0.3842,  -0.1334,  0.3842] 


The  bandwidth  about  fi  and  fz  corresponding  to  any  desired  bandwidth  level  can  be 
obtained  in  closed  form.  Let  be  the  desired  bandwidth  level.  Equivalently,  F b  can  be 
determined  from  a  desired  SWR  level  Sb  through  Fb  =  (Sb -1)  /  (Sb -^l)  ■  The  bandedge 
frequencies  can  be  derived  from  Eq.  (12.4.24)  by  setting: 

\ri  (f)|2  =r| 


Solving  this  equation,  we  obtain  the  left  and  right  bandedge  frequencies: 


fiL  =  ^  asui(Vl  -  asiiiSi) ,  f2R  =  2fo  -  fn 
fiR  =  ^  asin(Vl  +  asinSi)  ,  fiL  =  2fo  -  fiR 


(12.4.27) 


where  fo  =  (fi  f 2)  / 2  and  a  is  dehned  in  terms  of  and  Fl  by: 


a  = 


1-r 


Sb  -  I  /  Sl 
Sl  -  IS 


(12.4.28) 


where  Ti  =  (Zi  - Zq)  /  (Zi  +  Zq)  and^i  =  (1  +  iTi  |)  /  (1  -  iTi |).  We  note  the  symmetry 
relations:  fn  +  f2R  =  fiR  +  f2L  =  2fo-  These  imply  that  the  bandwidths  about  fi  and  f2 
are  the  same: 

AfB  =  flR  -  flL  =  f2R  -  f2L  (12.4.29) 

The  MATLAB  function  dual  bw  implements  Eqs.  (12.4.27): 


[f  IL  ,  f  IR ,  f  2L  ,  f  2R]  =  dual  bw(ZL  ,  ZO  ,  r  ,  GB)  ;  %  bandwidths  of  dual-band  transformer 


The  bandwidth  AfB  is  shown  in  Fig.  12.4.3.  For  illustration  purposes,  it  was  com¬ 
puted  at  a  level  such  that  T|/r|  =  0.2. 


12.5  Quarter-Wavelength  Transformer  With  Series  Section 

One  limitation  of  the  Chebyshev  quarter-wavelength  transformer  is  that  it  requires  the 
load  to  be  real-valued.  The  method  can  be  modihed  to  handle  complex  loads,  but  gen¬ 
erally  the  wide  bandwidth  property  is  lost.  The  modihcation  is  to  insert  the  quarter- 
wavelength  transformer  not  at  the  load,  but  at  a  distance  from  the  load  corresponding 
to  a  voltage  minimum  or  maximum. 

For  example.  Fig.  12.5.1  shows  the  case  of  a  single  quarter-wavelength  section  in¬ 
serted  at  a  distance  Imin  from  the  load.  At  that  point,  the  wave  impedance  seen  by  the 
quarter-wave  transformer  will  be  real-valued  and  given  by  Zmin  =  Zq! Si,  where  Si  is  the 
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A/4  ^min 


Zl 


Fig.  12.5.1  Quarter-wavelength  transformer  for  matching  a  complex  load. 


SWR  of  the  unmatched  load.  Alternatively,  one  can  choose  a  point  of  voltage  maximum 
Imax  at  which  the  wave  impedance  will  be  Zmax  =  ZqSi. 

As  we  saw  in  Sec.  10.13,  the  electrical  lengths  Imin  or  Imax  are  related  to  the  phase 
angle  6i  of  the  load  reflection  coefficient  Fi  by  Eqs.  (10.13.2)  and  (10.13.3).  The  MAT- 
LAB  function  1  mi  n  can  be  called  to  calculate  these  distances  and  corresponding  wave 
impedances. 

The  calculation  of  the  segment  length,  Imin  or  Imax,  depends  on  the  desired  match¬ 
ing  frequency  fo.  Because  a  complex  impedance  can  vary  rapidly  with  frequency,  the 
segment  will  have  the  wrong  length  at  other  frequencies. 

Even  if  the  segment  is  followed  by  a  multisection  transformer,  the  presence  of  the 
segment  will  tend  to  restrict  the  overall  operating  bandwidth  to  essentially  that  of  a 
single  quarter-wavelength  section.  In  the  case  of  a  single  section,  its  impedance  can  be 
calculated  simply  as: 


Zl  —  '^ZoZmin  —  and  Zi  —  -^ZoZmax  —  'sjSl  Zq 


(12.5.1) 


Example  12.5.1:  Quarter-wavelength  matching  of  a  complex  load  impedance.  Design  a  quarter- 
wavelength  transformer  of  length  M  =  1,3,5  that  will  match  the  complex  impedance 
Zl  =  200  +  JlOO  ohm  to  a  50-ohm  line  at  fo  =  100  MHz.  Perform  the  design  assuming  the 
maximum  reflection  coefficient  level  of  IIi  Imax  =  0.1. 

Assuming  that  the  inductive  part  of  Zi  arises  from  an  inductance,  replace  the  complex  load 
by  Zl  =  200  +  jlOOf/fo  at  other  frequencies.  Plot  the  corresponding  reflection  response 
III  (f)  I  versus  frequency. 


Solution:  At  fo,  the  load  is  Zi  =  200  +  JlOO  and  its  reflection  coefficient  and  SWR  are  found  to 
be  III  I  =  0.6695  and  Si  =  5.0521.  It  follows  that  the  line  segments  corresponding  to  a 
voltage  minimum  and  maximum  will  have  parameters: 

=  0.2665,  Zndn  =  Izo  =  9.897,  =  0.0165,  =  SlZq  =  252.603 


For  either  of  these  cases,  the  effective  load  reflection  coefficient  seen  by  the  transformer 
will  be  III  =  (^i  - 1)  /  (^i  + 1)  =  0.6695.  It  follows  that  the  design  attenuation  specification 
for  the  transformer  will  be: 

^  (r^)  =  (°Sr)  = '''' 


With  the  given  number  of  sections  M  and  this  value  of  the  attenuation  A,  the  following 
MATLAB  code  will  design  the  transformer  and  calculate  the  reflection  response  of  the 
overall  structure: 
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ZO  =  50;  ZLO  =  200  +  100 j ; 

[Lmin,  Zmin]  =  Imi n(ZL0,Z0, ’mi n ’) ; 

Gmin  =  abs(z2g(Zmi n ,Z0)) ;  Glmax  =  0.1; 
A  =  20*logl0(Gmi n/Glmax) ; 


%  load  impedance  at  fo 
%  calculate  lmin 
%  design  based  on  Zmin 


M  =  3; 

Z  =  l./chebtr3(l/Z0,  1/Zmin,  M,  A); 
Ztot  =  [Z(1:M+1) ,  ZO] ; 

Ltot  =  [ones(l,M)/4,  Lmin]; 


three-section  transformer 

concatenate  all  sections 
electrical  lengths  of  all  sections 


fO  =  100;  f  =  ]inspace(0,2’'f0,  801); 

ZL  =  200  -I-  j*100*f/f0;  %  assume  inductive  load 


G1  =  abs(mul  til  i  ne  (Ztot,  Ltot,  ZL,  f/fO));  %  overall  reflection  response 


where  the  designed  impedances  and  quarter-wavelength  segments  are  concatenated  with 
the  last  segment  of  impedance  Zq  and  length  Lmin  or  Lmax-  The  corresponding  frequency 
reflection  responses  are  shown  in  Fig.  12.5.2. 


Tmin  =  0.2665,  Zjnin  =  9-897  L^^^  =  0.0165,  =  252.603 


Fig.  12.5.2  Matching  a  complex  impedance. 

The  calculated  vector  outputs  of  the  transformer  impedances  are  in  the  Lmin  case: 

Z=  [50,  SO/Sl^^,  S0/Sl]  =  [50,  22.2452,  9.897] 

Z=  [50,  36.5577,  22.2452,  13.5361,  9.897] 

Z=  [50,  40.5325,  31.0371,  22.2452,  15.9437,  12.2087,  9.897] 

and  in  the  Lmax  case: 

Z=  [50,  50SL^  50Sl]=  [50,  112.3840,  252.603] 

Z=  [50,  68.3850,  112.3840,  184.6919,  252.603] 

Z=  [50,  61.6789,  80.5486,  112.3840,  156.8015,  204.7727,  252.603] 

We  note  that  there  is  essentially  no  difference  in  bandwidth  over  the  desired  design  level 
of  I Li  lmax  =  0.1  in  the  Lmin  case,  and  very  little  difference  in  the  Lmax  case.  □ 


1 2.6.  Quarter-Wavelength  Transformer  With  Shunt  Stub 
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The  MATLAB  function  qwtl  implements  this  matching  method.  Its  inputs  are  the 
complex  load  and  line  impedances  Zl,  Zq  and  its  outputs  are  the  quarter-wavelength 
section  impedance  Zi  and  the  electrical  length  Lm  of  the  Zo-section.  It  has  usage; 

[Zl,Lm]  =  qwtl(ZL,Z0, type) ;  %  A /4-transformer  with  series  section 

where  type  is  one  of  the  strings  ’min’  or  ’  max  ’ ,  depending  on  whether  the  first  section 
gives  a  voltage  minimum  or  maximum. 


12.6  Quarter-Wavelength  Transformer  With  Shunt  Stub 


Two  Other  possible  methods  of  matching  a  complex  load  are  to  use  a  shorted  or  opened 
stub  connected  in  parallel  with  the  load  and  adjusting  its  length  or  its  line  impedance 
so  that  its  susceptance  cancels  the  load  susceptance,  resulting  in  a  real  load  that  can 
then  be  matched  by  the  quarter-wave  section. 

In  the  first  method,  the  stub  length  is  chosen  to  be  either  A/8  or  3A/8  and  its 
impedance  is  determined  in  order  to  provide  the  required  cancellation  of  susceptance. 

In  the  second  method,  the  stub’s  characteristic  impedance  is  chosen  to  have  a  conve¬ 
nient  value  and  its  length  is  determined  in  order  to  provide  the  susceptance  cancellation. 

These  methods  are  shown  in  Fig.  12.6.1.  In  practice,  they  are  mostly  used  with 
microstrip  lines  that  have  easily  adjustable  impedances.  The  methods  are  similar  to  the 
stub  matching  methods  discussed  in  Sec.  12.8  in  which  the  stub  is  not  connected  at  the 
load  but  rather  after  the  series  segment. 


main  line 


Fig.  12.6.1  Matching  with  a  quarter-wavelength  section  and  a  shunt  stub. 

Let  Yl  =  1/ Zl  =  Gl+  jBl  be  the  load  admittance.  The  admittance  of  a  shorted  stub 
of  characteristic  admittance  Y2  =  I/Z2  and  length  d  is  Tsmb  =  -jY2  cot^d  and  that  of 
an  opened  stub,  Tsmb  =  tanjSd. 

The  total  admittance  at  point  a  in  Fig.  12.6.1  is  required  to  be  real-valued,  resulting 
in  the  susceptance  cancellation  condition: 

Ya  =  Yl Ystuh  =  Gl J  {Bl  —  Y2  cot  Pd)  =  Gl  =>  Y2COtPd  =  BL  (12.6.1) 

For  an  opened  stub  the  condition  becomes  Y2  tanjSd  =  -Bl-  In  the  first  method, 
the  stub  length  is  d  =  A/8  or  3A/8  with  phase  thicknesses  pd  =  tt/4  or  3Tr/4.  The 
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corresponding  values  of  the  cotangents  and  tangents  are  cotpd  =  tdocipd  =  1  or 
cot  Pd  =  tanj^d  =  -1. 

Then,  the  susceptance  cancellation  condition  becomes  Yz  =  for  a  shorted  A/8- 
stub  or  an  opened  3  A /8-stub,  and  Yz  =  -Bl  for  a  shorted  3  A /8-stub  or  an  opened 
A /8-stub.  The  case  Yz  =  Bl  must  be  chosen  when  Bl  >  0  and  Yz  =  -Bl,  when  Bl  <  0. 

In  the  second  method,  Zz  is  chosen  and  the  length  d  is  determined  from  the  condition 
(12.6.1),  cot  Pd  =  Bl/Yz  =  ZzBl  for  a  shorted  stub,  and  tanj3d  =  -ZzBl  for  an  opened 
one.  The  resulting  d  must  be  reduced  modulo  A/2  to  a  positive  value. 

With  the  cancellation  of  the  load  susceptance,  the  impedance  looking  to  the  right 
of  point  a  will  be  real-valued,  Za  =  l/Ya  =  1/Gl-  Therefore,  the  quarter-wavelength 
section  will  have  impedance: 


The  MATLAB  functions  qwt2  and  qwt3  implement  the  two  matching  methods.  Their 
usage  is  as  follows: 

[Z1,Z2]  =  qwt2(ZL,Z0);  %  A /4-transformer  with  A /8  shunt  stub 

[Zl,d]  =  qwt3  (ZL  ,  ZO  ,  Z2  ,  type)  %  A /4-transformer  with  shunt  stub  of  given  impedance 

where  type  takes  on  the  string  values  ’s’  or  ’o’  for  shorted  or  opened  stubs. 

Example  12.6.1:  Design  quarter-wavelength  matching  circuits  to  match  the  load  impedance 
Zl  =  15  +  20/  Q  to  a  50-ohm  generator  at  5  GHz  using  series  sections  and  shunt  stubs. 
Use  microstrip  circuits  with  a  Duroid  substrate  (Cr  =  2.2)  of  height  h  =  I  mm.  Determine 
the  lengths  and  widths  of  all  required  microstrip  sections,  choosing  always  the  shortest 
possible  lengths. 

Solution:  For  the  quarter-wavelength  transformer  with  a  series  section,  it  turns  out  that  the 
shortest  length  corresponds  to  a  voltage  maximum.  The  impedance  Zi  and  section  length 
Tmax  are  computed  with  the  MATLAB  function  qwtl: 

[^i.Tmax]  =  qwtl  (Zi,  Zo, ’max’ )  ^  Zi  =  98.8809  Q,  Umax  =  0.1849 

The  widths  and  lengths  of  the  microstrip  sections  are  designed  with  the  help  of  the  func¬ 
tions  mstripr  and  mstripa.  For  the  quarter-wavelength  section  Zi,  the  corresponding 
width-to-height  ratio  Ui  =  Wi/h  is  calculated  from  mstri  pr  and  then  used  in  mstri  pa  to 
get  the  effective  permittivity,  from  which  the  wavelength  and  length  of  the  segment  can 
be  calculated: 

Ui  =  mstripr  (Cr,  Zi)  =  0.9164,  Wi  =  Uih  =  0.9164  mm 

Ceff  =  rnstripa(er,  Wi)  =  1-7659,  Ai  =  -^^  =  4.5151  cm,  /i  =  —  =  1.1288  cm 

4 

where  the  free-space  wavelength  is  Aq  =  6  cm.  Similarly,  we  find  for  the  series  segment 
with  impedance  Zz  =  Zq  and  length  Lz  =  Lmax: 

Uz  =  mstripr  {€r,  Zz)=  3.0829,  W2  =  Uzh  =  3.0829  mm 

Ceff  =  mstripa (Cr,  U2)  =  1.8813,  A2  =  =  4.3745  cm,  /2  =  L2A2  =  0.8090  cm 

V^eff 

For  the  case  of  the  A/8  shunt  stub,  we  find  from  qwt2: 
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[Zi,Z2]=  qwt2(Zi,Zo)=  [45.6435,-31.2500]  Q 


where  the  negative  Z2  means  that  we  should  use  either  a  shorted  3A/8  stub  or  an  opened 
A/8  one.  Choosing  the  latter  and  setting  Z2  =  31.25  Q,  we  can  go  on  to  calculate  the 
micro  strip  widths  and  lengths: 


Ui  =  mstripr  (Cr,  Zl)  =  3.5241, 
Ceff  =  mstripa (Cr,  Wi)  =  1-8965, 
Uz  =  mstripr  {Cr,  Zz)=  5.9067, 


Wi  =  Uih  =  3.5241  mm 
Ai  =  =  4.3569  cm, 

W2  =  Uzh  =  5.9067  mm 


4 


1.0892  cm 


Ceff  =  mstripa (Cr,  U2)=  1.9567,  A2  =  -^==  =  4.2894  cm,  h  =  ^  =  0.5362  cm 

V^eff  8 

For  the  third  matching  method,  we  use  a  shunt  stub  of  impedance  Z2  =  30  Q.  It  turns  out 
that  the  short-circuited  version  has  the  shorter  length.  We  find  with  the  help  of  qwt3: 


[Zi,d]=  qwt3(Zi,Zo,Z2, ’s’)  ^  Zi  =  45.6435  Q,  d  =  0.3718 

The  microstrip  width  and  length  of  the  quarter-wavelength  section  Zi  are  the  same  as  in 
the  previous  case,  because  the  two  cases  differ  only  in  the  way  the  load  susceptance  is 
canceled.  The  microstrip  parameters  of  the  shunt  stub  are: 

Uz  =  mstripr(er,  Z2)  =  6.2258,  W2  =  Uzh  =  6.2258  mm 

Ceff  =  mstripa (Cr,  W2)  =  1-9628,  A2  =  =  4.2826  cm,  lz  =  d\z  =  1-5921  cm 

Had  we  used  a  50  Q  shunt  segment,  its  width  and  length  would  be  W2  =  3.0829  mm  and 
lz  =  1.7983  cm.  Fig.  12.6.2  depicts  the  microstrip  matching  circuits.  □ 


Fig.  12.6.2  Microstrip  matching  circuits. 


12.7  Two-Section  Series  Impedance  Transformer 

One  disadvantage  of  the  quarter-wavelength  transformer  is  that  the  required  impedan¬ 
ces  of  the  line  segments  are  not  always  easily  realized.  In  certain  applications,  such 
as  microwave  integrated  circuits,  the  segments  are  realized  by  microstrip  lines  whose 
impedances  can  be  adjusted  easily  by  changing  the  strip  widths.  In  other  applications, 
however,  such  as  matching  antennas  to  transmitters,  we  typically  use  standard  50-  and 
7  5 -ohm  coaxial  cables  and  it  is  not  possible  to  re-adjust  their  impedances. 
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The  two-section  series  impedance  transformer,  shown  in  Fig.  12.7.1,  addresses  this 
problem  [942,943].  It  employs  two  line  segments  of  known  impedances  Z\  and  Z2  that 
have  convenient  values  and  adjusts  their  (electrical)  lengths  L\  and  1 2  to  match  a  com¬ 
plex  load  Zi  to  a  main  line  of  impedance  Zq.  Fig.  12.7.1  depicts  this  kind  of  transformer. 

The  design  method  is  identical  to  that  of  designing  two-layer  antireflection  coatings 
discussed  in  Sec.  6.2.  Here,  we  modify  that  method  slightly  in  order  to  handle  complex 
load  impedances.  We  assume  that  Zq,  Zi,  and  Z2  are  real  and  the  load  complex,  Zi  = 
Rl  +jXl. 
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Fig.  12.7.1  Two-section  series  impedance  transformer. 


Dehning  the  phase  thicknesses  of  the  two  segments  by  5i  =  2Trni/i/Ao  =  2ttLi 
and  ^2  =  277/12/2 /Ao  =  2.7x12,  the  reflection  responses  Fi  and  r2  at  interfaces  1  and  2 
are: 

^  ^  Pi  +r2e-^j^'  ^  ^  P2  + 

^  1  -r  pir2e“2j5i  ’  2  ^  p2P3e“2i52 

where  the  elementary  reflection  coefficients  are: 
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Z\  -  Zq 
Z\  -I-  Zq 
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Zi -Z2 
Zi  -r  Z2 


The  coefficients  pi,  p2  are  real,  but  ps  is  complex,  and  we  may  represent  it  in  polar 
form  P3  =  Ipsle^^h  The  reflectionless  matching  condition  is  Ti  =  0  (at  the  operating 
free-space  wavelength  Aq).  This  requires  that  pi  -r  =  0,  which  implies: 


Pi 


(12.7.1) 


Because  the  left-hand  side  has  unit  magnitude,  we  must  have  the  condition  |r2l  = 
I  Pi  I,  or,  |r2l^  =  Pi,  which  is  written  as: 


P2  +  \P3\ej^^e  ^  ^  pj  +  IPaF  +  2p2 |P3 1  cos(252  -  ^3) 

1  +  1  +  P2IP3P  +  2p2lp3l  cos(2(52  -  9^) 


Using  the  identity  cos (252  -  @3)=  2  cos^  (52  -  (?3/2)  -1,  we  find: 


_ 2/x  ^3i  _  Pl(l  -P2lP3l)^-(P2  -  IP3l)^ 

■  T)  =  “  4P2|P3|  (1-  P^)  ^  . 

.  2/<;  03  X  (P2  +  IP3l)^-Pl(l  +P2lP3l)^ 

2’  4p2lP3l(l-p?) 


(12.7.2) 
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Not  every  combination  of  pi,p2,p3  will  result  into  a  solution  for  62  because  the 
left-hand  sides  must  be  positive  and  less  than  unity.  If  a  solution  for  82  exists,  then  di 
is  determined  from  Eq.  (12.7.1).  Actually,  there  are  two  solutions  for  82  corresponding 
to  the  ±  signs  of  the  square  root  of  Eq.  (12.7.2),  that  is,  we  have: 


^2  =  -O3  +  acos 


(  pin  -P2lP3l)^-(P2  -  IP3l)^ 

V  4p2lp3l(l  -Pl) 


1/21 


(12.7.3) 


If  the  resulting  value  of  ^2  is  negative,  it  may  be  shifted  by  tt  or  2tt  to  make  it 
positive,  and  then  solve  for  the  electrical  length  I2  =  S2I2TT.  An  alternative  way  of 
writing  Eqs.  (12.7.2)  is  in  terms  of  the  segment  impedances  (see  also  Problem  6.6): 


COs2(52  -  y) 
sin2(52  -  y) 


{Zl  -  Z3Z0)  (Z3ZI  -  ZqZI) 
Zo(Z|-Z|)(Zf-Z|) 

Zi(Zo-Z3)(Z^  -Z0Z3) 

ZoTzi-  zl){zl-zl) 


(12.7.4) 


where  Z3  is  an  equivalent  “resistive”  termination  dehned  in  terms  of  the  load  impedance 
through  the  relationship: 


Z3  -  Z2  _  I  I  _  Zl  -  Z2 

Z3  +  Z2  “  ■  Zl+Zz 


(12.7.5) 


Clearly,  if  Zl  is  real  and  greater  than  Z2,  then  Z3  =  Zl,  whereas  if  it  is  less  that 
Z2,  then,  Z3  =  Z2I Zl-  Eq.  (12.7.4)  shows  more  clearly  the  conditions  for  existence 
of  solutions.  In  the  special  case  when  section-2  is  a  section  of  the  main  line,  so  that 
Z2  =  Zo,  then  (12.7.4)  simplihes  to: 


008^(52  -  y) 
Sin2(52  -  y) 


Z3Z^  -  zl 

(Z3  +  Zo)  (Z^- Z^) 

Zo(Z^-ZoZ3) 

(Z3  +  Zo)(Z^-Zg) 


(12.7.6) 


It  is  easily  verihed  from  these  expressions  that  the  condition  for  the  existence  of 
solutions  is  that  the  equivalent  load  impedance  Z3  lie  within  the  intervals: 


73  72 

4  <  Z3  <  y ,  if  Zl  >  Zo 

Zl  Zq 

72  73 

y  <  Z3  <  y ,  if  Zl  <  Zo 

Zq  Zl 


They  may  be  combined  into  the  single  condition: 


(12.7.7) 


^  <  Z3  <  ZoS2 


S  = 


max(Zi,  Zo) 
min(Zi,  Zo) 


swr(Zi,Zo) 


(12.7.8) 
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Example  12.7.1:  Matching  range  with  50-  and  75-ohm  lines.  If  Zq  =  50  and  Zi  =  7S  ohm,  then 
the  following  loads  can  be  matched  by  this  method: 

50^  75^ 

—  <Z3<  -  ^  22.22  <  Z3  <  112.50  Q 

752  50 

And,  if  Zo  =  75  and  Zi  =  50,  the  following  loads  can  be  matched: 

50^  75^ 

-  <  Z3  <  —  ^  33.33  <  Z3  <  168.75  Q 

75  502  ^ 

In  general,  the  farther  Zi  is  from  Zq,  the  wider  the  range  of  loads  that  can  be  matched. 
For  example,  with  Zq  =  75  and  Zi  =  300  ohm,  all  loads  in  the  range  from  4.5  to  1200  ohm 
can  be  matched.  □ 

The  MATLAB  function  twosect  implements  the  above  design  procedure.  Its  inputs 
are  the  impedances  Zq,  Zi,  Z2,  and  the  complex  Zl,  and  its  outputs  are  the  two  solutions 
for  Li  and  L2,  if  they  exist.  Its  usage  is  as  follows,  where  1 12  is  a  2x2  matrix  whose 
rows  are  the  two  possible  sets  of  values  of  Ii,l2- 

L12  =  twosect  (ZO  ,  Zl ,  Z2  ,  ZL)  ;  %  two-section  series  impedance  transformer 


The  essential  code  in  this  function  is  as  follows: 

rl  =  (Zl-Z0)/(Zl-tZ0)  ; 
r2  =  (Z2-Zl)/(Z2-tZl)  ; 
r3  =  abs((ZL-Z2)/(ZL-tZ2)); 
th3  =  angle((ZL-Z2)/(ZL-tZ2)); 

s  =  ((r2-tr3)A2  -  rlA2*(l-tr2’'r3)A2)  /  (4*r2’' r3’' (l-rlA2))  ; 
if  (s<0) I (s>l) ,  fprintfC’no  solution  exists’);  return;  end 

de2  =  th3/2  -1-  asi  n(sqrt(s))  *  [1;-1];  %  construct  two  solutions 

G2  =  (r2  -I-  r3*exp(j*th3-2*j*de2))  ./  (1  -1-  r2''r3*exp(j*th3-2*j ''de2))  ; 

del  =  angl e(-G2/rl)/2 ; 

LI  =  del/2/pi ;  L2  =  de2/2/pi ; 

L12  =  mod( [LI ,  L2]  ,  0.5);  %  reduce  modulo  A /2 

Example  12.7.2:  Matching  an  antenna  with  coaxial  cables.  A  29-MHz  amateur  radio  antenna 
with  input  impedance  of  38  ohm  is  to  be  fed  by  a  50-ohm  RG-58AJ  cable.  Design  a  two- 
section  series  impedance  transformer  consisting  of  a  length  of  RG-59/U  75-ohm  cable 
inserted  into  the  main  line  at  an  appropriate  distance  from  the  antenna  [943].  The  velocity 
factor  of  both  cables  is  0.79. 


Solution:  Here,  we  have  Zq  =  50,  Zi  =  75,  Z2  =  Zq,  and  Zl  =  38  ohm.  The  call  to  the  function 
twosect  results  in  the  MATLAB  output  for  the  electrical  lengths  of  the  segments: 


Li2 


0.0536  0.3462  “ 

0.4464  0.1538 


Li  =  0.0536,  L2  =  0.3462 
=  0.4464,  L2  =  0.1538 


\rdf)\ 
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Using  the  given  velocity  factor,  the  operating  wavelength  is  A  =  0.79Ao  =  0.79co/fo  = 
8.1724  m,  where  fo  =  29  MHz.  Therefore,  the  actual  physical  lengths  for  the  segments  are, 
for  the  first  possible  solution: 

h  =  0.0536A  =  0.4379  m  =  1.4367  ft,  h  =  0.3462A  =  2.8290  m  =  9.2813  ft 
and  for  the  second  solution: 

=  0.4464A  =  3.6483  m  =  11.9695  ft,  h  =  0.1538A  =  1.2573  m  =  4.1248  ft 

Fig.  12.7.2  depicts  the  corresponding  reflection  responses  at  interface-1,  \r  1  (f )  |,  as  a  func¬ 
tion  of  frequency.  The  standing  wave  ratio  on  the  main  line  is  also  shown,  that  is,  the 
quantity  5i(f)=  (l  +  |ri(f)|)/(l  -  |ri(f)|). 


Reflection  Response  Standing  Wave  Ratio 


f/fo  f/fo 


Fig.  12.7.2  Reflection  response  of  two-section  series  transformer. 

The  reflection  response  was  computed  with  the  help  of  mul  ti  1  i  ne.  The  typical  MATLAB 
code  for  this  example  was: 

ZO  =  50;  Zl  =  75;  ZL  =  38; 
cO  =  3e8;  fO  =  29e6;  vf  =  0.79; 
laO  =  cO/fO;  la  =  1a0*vf; 

L12  =  twosect (Z0,Z1,Z0,ZL); 

f  =  1  i  nspace(0 , 2 , 401)  ;  %  in  units  of  fo 

G1  =  abs  (mul  ti  1  i  ne(  [ZO ,  Zl  ,Z0]  ,  L12  (1,  : )  ,  ZL ,  f))  ;  %  reflection  response  1 

G2  =  abs  (mul  ti  1  i  ne(  [ZO ,  Zl  ,Z0]  ,  L12  (2  ,  : )  ,  ZL ,  f))  ;  %  reflection  response  2 

Sl=(l-tGl)  ./(1-Gl)  ;  S2=(l-tG2)  ./(1-G2)  ;  %  SWRs 

We  note  that  the  two  solutions  have  unequal  bandwidths.  □ 

Example  12.7.3:  Matching  a  complex  load.  Design  a  75-ohm  series  section  to  be  inserted  into 
a  300-ohm  line  that  feeds  the  load  600  +  900J  ohm  [943]. 


Solution:  The  MATLAB  call 
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L12  =  twosect(300,  75,  300,  600+900j); 

produces  the  solutions:  Li  =  [0.3983,  0.1017]  andLz  =  [0.2420,  0.3318].  □ 


One-section  series  impedance  transformer 

We  mention  briefly  also  the  case  of  the  one-section  series  impedance  transformer,  shown 
in  Fig.  12.7.3.  This  is  one  of  the  earliest  impedance  transformers  [937-941].  It  has 
limited  use  in  that  not  all  complex  loads  can  be  matched,  although  its  applicability  can 
be  extended  somewhat  [941]. 


main  line  Zq 


Pi  Pi 


Fig.  12.7.3  One-section  series  impedance  transformer. 

Both  the  section  impedance  Zi  and  length  Li  are  treated  as  unknowns  to  be  fixed 
by  requiring  the  matching  condition  Fi  =  0  at  the  operating  frequency.  It  is  left  as  an 
exercise  (see  Problem  12.9)  to  show  that  the  solution  is  given  by: 

provided  that  either  of  the  following  conditions  is  satisfied: 

Zq  <  Rl  Of  Zq  >  Rl  +  (12.7.10) 

In  particular,  there  is  always  a  solution  if  Zi  is  real.  The  MATLAB  function  onesect 
implements  this  method.  It  has  usage: 

[ZI ,  Ll]  =  onesect  (ZL  ,  ZO)  ;  %  one-section  series  impedance  transformer 

where  Li  is  the  normalized  length  Li  =  /i/Ai,  with  /i  and  Ai  the  physical  length  and 
wavelength  of  the  Z\  section.  The  routine  outputs  the  smallest  positive  L\. 


12.8  Single  Stub  Matching 

Stub  tuners  are  widely  used  to  match  any  complex  load^  to  a  main  line.  They  consist  of 
shorted  or  opened  segments  of  the  line,  connected  in  parallel  or  in  series  with  the  line 
at  a  appropriate  distances  from  the  load. 

Ixhe  resistive  part  of  the  load  must  be  non-zero.  Purely  reactive  loads  cannot  be  matched  to  a  real  line 
impedance  by  this  method  nor  by  any  of  the  other  methods  discussed  in  this  chapter.  This  so  because  the 
transformation  of  a  reactive  load  through  the  matching  circuits  remains  reactive. 
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In  coaxial  cable  or  two-wire  line  applications,  the  stubs  are  obtained  by  cutting  ap¬ 
propriate  lengths  of  the  main  line.  Shorted  stubs  are  usually  preferred  because  opened 
stubs  may  radiate  from  their  opened  ends.  However,  in  microwave  integrated  circuits 
employing  microstrip  lines,  radiation  is  not  as  a  major  concern  because  of  their  smaller 
size,  and  either  opened  or  shorted  stubs  may  be  used. 

The  single  stub  tuner  is  perhaps  the  most  widely  used  matching  circuit  and  can 
match  any  load.  However,  it  is  sometimes  inconvenient  to  connect  to  the  main  line  if 
different  loads  are  to  be  matched.  In  such  cases,  double  stubs  may  be  used,  but  they 
cannot  match  all  loads.  Triple  stubs  can  match  any  load.  A  single  stub  tuner  is  shown 
in  Figs.  12.8.1  and  12.8.2,  connected  in  parallel  and  in  series. 


Fig.  12.8.1  Parallel  connection  of  single  stub  tuner. 


main  line  Zq 
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Z« 


^  if' 


Zo 

short/open 


Zl 


Fig.  12.8.2  Series  connection  of  single  stub  tuner. 

In  the  parallel  case,  the  admittance  =  1/Z^j  at  the  stub  location  a  is  the  sum  of 
the  admittances  of  the  length-r/  stub  and  the  wave  admittance  at  distance  /  from  the 
load,  that  is, 

Ya  =  Y,  +  Ystub  =  +  Ystub 

where  T/  =  The  admittance  of  a  short-circuited  stub  is  Tsmb  =  -jYocot  Pd, 

and  of  an  open-circuited  one,  Tsmb  =  jYq  tanj^d.  The  matching  condition  is  that  Ya  = 
To-  Assuming  a  short-circuited  stub,  we  have: 
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Yo^-^  -JYocotpd  =  Yo  ^  J-^-Jcot^d  =  l 
i  +  i  /  t  J  / 

which  can  be  rearranged  into  the  form: 

2jtan^d  =  l  +  :f  (12.8.1) 

ii 

Inserting  T/  =  =  ITi  where  Fl  =  ITi  is  the  polar  form  of  the 

load  reflection  coefficient,  we  may  write  (12.8.1)  as: 

pim-oi) 

2jtanM  =  1  +  _  ,  (12.8.2) 

|1  il 

Equating  real  and  imaginary  parts,  we  obtain  the  equivalent  conditions: 

cos(2)S/-0l)= -iril,  tan)Sd=  = -ttan(2)S/-0L)  (12.8.3) 

2\1  l\  2 

The  hrst  of  (12.8.3)  may  be  solved  resulting  in  two  solutions  for  /;  then,  the  second 
equation  may  be  solved  for  the  corresponding  values  of  d: 

^/ =  ±  t  acos(-iril)  ,  =  atan(-t  tan(2^/ -  01.))  (12.8.4) 

The  resulting  values  of  l,d  must  be  made  positive  by  reducing  them  modulo  A/ 2. 
In  the  case  of  an  open-circuited  shunt  stub,  the  hrst  equation  in  (12.8.3)  remains  the 
same,  and  in  the  second  we  must  replace  tan  Pd  by  -  cot  Pd.  In  the  series  connection 
of  a  shorted  stub,  the  impedances  are  additive  at  point  a,  resulting  in  the  condition: 

Za  =  Zi  +  Zstub  =  y  1“  j Zq  t3ii  13d  =  Zq  =>  “  ~  1311 13d  =  1 

l-Fj  1-T/ 

This  may  be  solved  in  a  similar  fashion  as  Eq.  (12.8.1).  We  summarize  below  the 
solutions  in  the  four  cases  of  parallel  or  series  connections  with  shorted  or  opened 
stubs: 

jS/ =  ^  [^i  ±  acos(-iril)],  =  atan(-i  tan(2j3/ -  0i) ) ,  parallel/shorted 

=  “  [^i  ±  acos(-iril)],  =  acot(^  tan(2j3/ -  0i) ) ,  parallel/opened 

=  “  [^i  ±  acosdTi I) ] ,  =  acot(i  tan(2j3/ -  0i) ) ,  series/shorted 

131  =  ^[Ol  ±  3cos{\rL\)],  =  atan(-i  tan(2j3/ -  0i) ) ,  series/opened 

The  MATLAB  function  stubl  implements  these  equations.  Its  input  is  the  normal¬ 
ized  load  impedance,  zl  =  ZiIZq^,  and  the  desired  type  of  stub.  Its  outputs  are  the  dual 
solutions  for  the  lengths  d,  /,  arranged  in  the  rows  of  a  2x2  matrix  dl .  Its  usage  is  as 
follows: 
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dl  =  stubl(zL, type) ; 


%  single  stub  tuner 


The  parameter  type  takes  on  the  string  values  ’ps’,  ’po’,  ’ss’,  ’so’,  for  parallel/short, 
parallel/open,  series/short,  series/open  stubs. 

Example  12.8.1:  The  load  impedance  Zi  =  10  -  5J  ohm  is  to  be  matched  to  a  50-ohm  line.  The 
normalized  load  is  Zi  =  Zi/Zq  =  0.2  -  O.IJ.  The  MATLAB  calls,  dl=stubl(zL,  type),  re¬ 
sult  into  the  following  solutions  for  the  cases  of  parallel/short,  parallel/open,  series/short, 
series/open  stubs: 


"  0.0806 

0.4499  ' 

"  0.3306 

0.4499  ' 

"  0.1694 

0.3331  ' 

"  0.4194 

0.3331  ' 

0.4194 

0.0831  ’ 

0.1694 

0.0831  ’ 

0.3306 

0.1999  J  ’ 

0.0806 

0.1999 

Each  row  represents  a  possible  solution  for  the  electrical  lengths  d/ A  and  /  /A.  We  illustrate 
below  the  solution  details  for  the  parallel/short  case. 

Given  the  load  impedance  =  0.2  -  O.IJ,  we  calculate  the  reflection  coefficient  and  put 
it  in  polar  form: 


Fl  =  ^  ^  ^  =  -0.6552  -  0.1379J 
Then,  the  solution  of  Eq.  (12.8.4)  is: 


\Fl  I  =  0.6695  ,  Ol  =  -2.9341  rad 


^1=  ±acos(-|ri|)]  =  i  [-2.9341  ±acos (-0.6695)]  =  i  [-2.9341  ±  2.3044) ] 

which  gives  the  two  solutions: 

2nl  [-0.3149  rad  1  ,  A  [-0.3149  1  [ -0.0501A  1 


"  -0.3149  rad" 

1  ^  \ 

-0.3149  ' 

"  -0.0501A  ' 

-2.6192  rad 

=> 

-2.6192 

-0.4169A 

These  may  be  brought  into  the  interval  [0,  A/2]  by  adding  enough  multiples  of  A/2.  The 
built-in  MATLAB  function  mod  does  just  that.  In  this  case,  a  single  multiple  of  A/2  suffices, 
resulting  in: 


-0.0501A  +  0.5A 
-0.4169A  +  0.5A 


"  0.4499A  1  [  2.8267  rad  ' 

0.0831A  J  ^  P‘  -  ^  0.5224  rad 


With  these  values  of  j3/,  we  calculate  the  stub  length  d\ 


^d  =  atan(--  tan(2j3/  -  6 l)) 


0.5064  rad 

=>  (X  — 

0.0806A  ' 

-0.5064  rad 

-0.0806A 

Shifting  the  second  d  by  A/ 2,  we  finally  find: 


0.0806A 

[  0.0806A  ' 

0.5064  rad 

-0.0806A  +  0.5A 

“  [  0.4194A  ’ 

’  ^  [  2.6351  rad 

Next,  we  verify  the  matching  condition.  The  load  admittance  is  yi  =  1/zi  =  4  +  2J. 
Propagating  it  to  the  left  of  the  load  by  a  distance  /,  we  find  for  the  two  values  of  /  and  for 
the  corresponding  values  of  d: 


502 


12.  Impedance  Matching 


yi  +jtanig/ 
1  +Jyi  tan  jS/ 


1.0000  +  1.8028J 
1.0000-  1.8028J 


ystub  —  j  cot  — 


-1.8028J  1 

1.8028J  J 


For  both  solutions,  the  susceptance  of  y/  is  canceled  by  the  susceptance  of  the  stub,  re¬ 
sulting  in  the  matched  total  normalized  admittance  Ya  =  Yi  +  ystub  =  1-  □ 

Example  12.8.2:  Match  the  antenna  and  feed  line  of  Example  12.7.2  using  a  single  shorted  or 
opened  stub.  Plot  the  corresponding  matched  reflection  responses. 

Solution:  The  normalized  load  impedance  is  Zi  =  38/50  =  0.76.  The  MATLAB  function  to 
stubl  yields  the  following  solutions  for  the  lengths  d,l,  in  the  cases  of  parallel/short, 
parallel/open,  series/short,  series/open  stubs: 


0.2072 

0.2928 


0.3859 

0.1141 


0.4572 

0.0428 


0.3859 

0.1141 


0.0428 

0.4572 


0.3641 

0.1359 


0.2928  0.3641  1 

0.2072  0.1359  J  ’ 


These  numbers  must  be  multiplied  by  Aq,  the  free-space  wavelength  corresponding  to 
the  operating  frequency  of  fo  =  29  MHz.  The  resulting  reflection  responses  IFa  if)  I  at 
the  connection  point  a  of  the  stub,  corresponding  to  all  the  pairs  of  d,  I  are  shown  in 
Fig.  12.8.3.  For  example,  in  the  parallel/short  case.  Fa  is  calculated  by 


Ta 


1  -yg 
1  +yg  ’ 


yg  = 


l+Fie-y^^ 


-jcot^d, 


^1  =  2tt 


L_L 

fo  Ao  ’ 


Pd  =  2n 


LA_ 

fo  ^0 


We  note  that  different  solutions  can  have  very  different  bandwidths. 


□ 


Parallel  Stubs  Series  Stubs 


Fig.  12.8.3  Reflection  response  of  single  stub  matching  solutions. 


12.9  Balanced  Stubs 

In  microstrip  realizations  of  single-stub  tuners,  balanced  stubs  are  often  used  to  reduce 
the  transitions  between  the  series  and  shunt  segments.  Fig.  12.9.1  depicts  two  identical 
balanced  stubs  connected  at  opposite  sides  of  the  main  line. 


12.9.  Balanced  Stubs 
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Fig.  12.9.1  Balanced  stubs. 


Because  of  the  parallel  connection,  the  total  admittance  of  the  stubs  will  be  dou¬ 
ble  that  of  each  leg,  that  is,  Wbai  =  2ystub-  A  single  unbalanced  stub  of  length  d  can 
be  converted  into  an  equivalent  balanced  stub  of  length  dt  hy  requiring  that  the  two 
configurations  provide  the  same  admittance.  Depending  on  whether  shorted  or  opened 
stubs  are  used,  we  obtain  the  relationships  between  db  and  d\ 

2  cot  =  cot  ^  ^  acot(0.5  cot  (shorted) 

(12.9.1) 

2tanPdb  =  tanPd  ^  db  =  — atan(0.5  tanj^d)  (opened) 

27T 

The  microstrip  realization  of  such  a  balanced  stub  is  shown  in  Fig.  12.9.2.  The  figure 
also  shows  the  use  of  balanced  stubs  for  quarter-wavelength  transformers  with  a  shunt 
stub  as  discussed  in  Sec.  12.6. 


Fig.  12.9.2  Balanced  microstrip  single-stub  and  quarter-wavelength  transformers. 

If  the  shunt  stub  has  length  A/8  or  3A/8,  then  the  impedance  Z2  of  each  leg  must 
be  double  that  of  the  single-stub  case.  On  the  other  hand,  if  the  impedance  Z2  is  fixed, 
then  the  stub  length  db  of  each  leg  may  be  calculated  by  Eq.  (12.9.1). 
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12.10  Double  and  Triple  Stub  Matching 

Because  the  stub  distance  /  from  the  load  depends  on  the  load  impedance  to  be  matched, 
the  single-stub  tuner  is  inconvenient  if  several  different  load  impedances  are  to  be 
matched,  each  requiring  a  different  value  for  /. 

The  double-stub  tuner,  shown  in  Fig.  12.10.1,  provides  an  alternative  matching  method 
in  which  two  stubs  are  used,  one  at  the  load  and  another  at  a  fixed  distance  /  from  the 
load,  where  typically,  /  =  A  /8.  Only  the  stub  lengths  di,  d2  need  to  be  adjusted  to  match 
the  load  impedance. 


Fig.  12.10.1  Double  stub  tuner. 


The  two  stubs  are  connected  in  parallel  to  the  main  line  and  can  be  short-  or  open- 
circuited.  We  discuss  the  matching  conditions  for  the  case  of  shorted  stubs. 

Let  Yl  =  1/Zl  =  +  jBl  be  the  load  admittance,  and  dehne  its  normalized  ver¬ 
sion  yi  =  Yl/Yq  =  Ql  +  jbi,  where  are  the  normalized  load  conductance  and 

susceptance.  At  the  connection  points  a,b,  the  total  admittance  is  the  sum  of  the  wave 
admittance  of  the  line  and  the  stub  admittance: 


ya=yi+  Tstub,! 


Yb  +jtanjg/ 
1  +Jyb  tan  lil 


-Jcot  Pdi 


Yb  =  Yl  +ystub,2  =  gi  +J(bL  -  C0t^d2) 


The  matching  condition  is  =  1,  which  gives  rise  to  two  equations  that  can  be 
solved  for  the  unknown  lengths  di,d2-  It  is  left  as  an  exercise  (see  Problem  12.10)  to 
show  that  the  solutions  are  given  by: 

cot^d2  =bL-b,  cotjSdi  = -!— (12.IO.I) 

gi  tan  pi 

where 

b  =  cot  ±  J0L  idmax  ~  Ql)  >  ^max  =  1  +  COt^  ^  2  01  (12.10.2) 

^  Sim  p/ 


Evidently,  the  condition  for  the  existence  of  a  real-valued  b  is  that  the  load  conduc¬ 
tance  gi  be  less  than  ^max,  that  is,  gi  <  gmax-  If  this  condition  is  not  satished,  the 
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load  cannot  be  matched  with  any  stub  lengths  di,d2.  Stub  separations  near  A/2,  or 
near  zero,  result  in  ^max  =  but  are  not  recommended  because  they  have  very  narrow 
bandwidths  [846]. 

Assuming  /  <  A/4,  the  condition  gi  <  gmax  can  be  turned  around  into  a  condition 
for  the  maximum  length  /  that  will  admit  a  matching  solution  for  the  given  load: 

/  ^  /max  =  7^  asin ( )  (maximum  stub  separation)  (12.10.3) 

2Tr 

If  the  existence  condition  is  satished,  then  Eq.  (12.10.2)  results  in  two  solutions  for 
b  and,  hence  for,  di,d2.  The  lengths  di ,  d2  must  be  reduced  modulo  A /  2  to  bring  them 
within  the  minimum  interval  [0,  A/2] . 

If  any  of  the  stubs  are  open-circuited,  the  corresponding  quantity  cot  Pdi  must  be 
replaced  by  -tanjSd,  =  cot(jSd,  -  n/ 2). 

The  MATLAB  function  stub2  implements  the  above  design  procedure.  Its  inputs  are 
the  normalized  load  impedance  zl  =  the  stub  separation  /,  and  the  stub  types, 

and  its  outputs  are  the  two  possible  solutions  for  the  di,d2.  Its  usage  is  as  follows: 

dl2  =  Stub2  (zL  ,  1  ,  type)  ;  %  double  stub  tuner 

dl2  =  Stub2(zL,l);  %  equivalent  to  type=’ss’ 

dl2  =  Stub2  (zL)  ;  %  equivalent  to  /  =  1/8  and  type=’ss’ 

The  parameter  type  takes  on  the  strings  values:  ’ss’,  ’so’,  ’os’,  ’oo’,  for  short/short, 
short/open,  open/short,  open/open  stubs.  If  the  existence  condition  fails,  the  function 
outputs  the  maximum  separation  /max  that  will  admit  a  solution. 

A  triple  stub  tuner,  shown  in  Fig.  12.10.2,  can  match  any  load.  The  distances  /i,  /2 
between  the  stubs  are  hxed  and  only  the  stub  lengths  di,d2,d3  are  adjustable. 

The  hrst  two  stubs  (from  the  left)  can  be  thought  of  as  a  double-stub  tuner.  The 
purpose  of  the  third  stub  at  the  load  is  to  ensure  that  the  wave  impedance  seen  by  the 
double-stub  tuner  satishes  the  existence  condition  gi  <  gmax- 


Fig.  12.10.2  Triple  stub  tuner. 

The  total  admittance  at  the  load  point  c,  and  its  propagated  version  by  distance  I2 
to  point  b  are  given  by: 

Yc  +JtanPl2 
'  l+jYctanph’ 


Yc  =  Yl+  ystub,3  =  01  +jbL  -J  cot  pds  =  gi  +jb 


(12.10.4) 
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where  h  =  hi  -  cot  The  corresponding  conductance  is: 


gi  =  Re(y/)  = 


^i  (  l  +  tan^  g/2  ) 

{b  tanplz  -  l)'^+gl  tan^  plz 


(12.10.5) 


The  hr  St  two  stubs  see  the  effective  load  y/.  The  double-stub  problem  will  have  a 
solution  provided  gi  <  gmax,i  =  1/  sin^  ph.  The  length  ^3  of  the  third  stub  is  adjusted  to 
ensure  this  condition.  To  parametrize  the  possible  solutions,  we  introduce  a  “smallness” 
parameter  e  <  1  such  that  gi  =  e^max,i-  This  gives  the  existence  condition: 


0i(l  +  tan^  jS/2) 

9l  ~  /I  ^  m  ^  0  m  ~  ^ymax,l 

(b  tanj5/2  -  l)2+^i  tarn  PI2 


which  can  be  rewritten  in  the  form: 


{b  COt^/2)  —  giig  max, 2  ^  g  max, I  g  l)  —  gig  max, I  i^max 

where  we  defined  gniax,2  =  I  +  cot.^  Ph  =  l/sin2^/2  and  Cmax  =  0max,2/(0L0max,i)-  If 
6max  <  I,  we  may  replace  e  by  the  minimum  of  the  chosen  e  and  e^ax-  But  if  e^ax  >  I, 
we  just  use  the  chosen  e.  In  other  words,  we  replace  the  above  condition  with: 

(h  —  cot  ^/2 )  ^  =  ^l^^max,!  (^max  “  ^min)  )  ^min  =  rnin(^i^max)  (12.10.6) 

It  corresponds  to  setting  gi  =  emin^max,!-  Solving  Eq.  (12.10.6)  for  cotpd^  gives  the 
two  solutions: 

cot  l^d^  =  bi  —  b  ,  b  =  cot  ^/2  ±  (12.10.7) 

For  each  of  the  two  values  of  ^3,  there  will  be  a  feasible  solution  to  the  double-stub 
problem,  which  will  generate  two  possible  solutions  for  di,d2-  Thus,  there  will  be  a 
total  of  four  triples  di,d2,d3  that  will  satisfy  the  matching  conditions.  Each  stub  can 
be  shorted  or  opened,  resulting  into  eight  possible  choices  for  the  stub  triples. 

The  MATLAB  function  stubS  implements  the  above  design  procedure.  It  generates 
a  4x3  matrix  of  solutions  and  its  usage  is: 


dl23  =  stub3(zL,ll,l2,type,e) ; 
dl23  =  stub3(zL,ll,l2,type) ; 
dl23  =  stub3(zL,ll,l2); 
dl23  =  stub3(zL) ; 


%  triple  stub  tuner 
%  equivalent  to  e  =  0.9 
%  equivalent  to  e  =  0.9,  type=’sss’ 

%  equivalent  to  e  =  0.9,  type=’sss’,  /i  =  Iz  =  1/8 


where  type  takes  on  one  of  the  eight  possible  string  values,  dehning  whether  the  hrst, 
second,  or  third  stubs  are  short-  or  open-circuited:  ’sss’,  ’sso’,  ’sos’,  ’soo’,  ’oss’,  ’oso’, 
’oos’,  ’ooo’. 


12.11  L-Section  Lumped  Reactive  Matching  Networks 

Impedance  matching  by  stubs  or  series  transmission  line  segments  is  appropriate  at 
higher  frequencies,  such  as  microwave  frequencies.  At  lower  RE  frequencies,  lumped- 
parameter  circuit  elements  may  be  used  to  construct  a  matching  network.  Here,  we 
discuss  L -section,  IT-section,  and  T-section  matching  networks. 


12.1 1.  L-Section  Lumped  Reactive  Matching  Networks 
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The  L-section  matching  network  shown  in  Fig.  12.11.1  uses  only  reactive  elements 
(inductors  or  capacitors)  to  conjugately  match  any  load  impedance  Zi  to  any  generator 
impedance  Zg-  The  use  of  reactive  elements  minimizes  power  losses  in  the  matching 
network. 


normal  L-section  (Rq  >  Ri)  reversed  L-section  (Rq  <  Ri) 


Fig.  12.11.1  I-section  reactive  conjugate  matching  network. 


I -section  networks  are  used  to  match  the  input  and  output  impedances  of  ampliher 
circuits  [982-990]  and  also  to  match  transmitters  to  feed  lines  [43,44,944-951]. 

An  arbitrary  load  impedance  may  be  matched  by  a  normal  L-section,  or  if  that  is 
not  possible,  by  a  reversed  L-section.  Sometimes  both  normal  and  reversed  types  are 
possible.  We  derive  below  the  conditions  for  the  existence  of  a  matching  solution  of  a 
particular  type. 

The  inputs  to  the  design  procedure  are  the  complex  load  and  generator  impedances 
Zl  =  Rl  +  jXi  and  Zg  =  Rg  +  jXg-  The  outputs  are  the  reactances  Xi,X2-  For 
either  type,  the  matching  network  transforms  the  load  impedance  Zi  into  the  complex 
conjugate  of  the  generator  impedance,  that  is. 


(conjugate  match) 


where  Z^in  is  the  input  impedance  looking  into  the  L-section: 

,  Zi{Z2  +  Zl) 

Zin  =  -  '  (normal) 

Zl  -t-  Z2  -t-  Zl 

Zin  =  Z2+  (reversed) 

Zl  -b  Zl 


(12.11.1) 


(12.11.2) 


with  Zl  =  jXi  and  Z2  =  jX2.  Inserting  Eqs.  (12.11.2)  into  the  condition  (12.11.1)  and 
equating  the  real  and  imaginary  parts  of  the  two  sides,  we  obtain  a  system  of  equations 
for  Xi,X2  with  solutions  for  the  two  types: 


(normal) , 


(reversed)  (12.11.3) 
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If  the  load  and  generator  impedances  are  both  resistive,  so  that  Xl  =  0  and  Xg  =  0, 
the  above  solutions  take  the  particularly  simple  forms: 


Rg 

Rt 

II 

1+ 

X2  =  +RlQ 

(normal) , 

^2  =  +RgQ 

(reversed) 


(12.11.4) 


We  note  that  the  reversed  solution  is  obtained  from  the  normal  one  by  exchanging 
Zl  with  Zg-  Both  solution  types  assume  that  Rg  ^  Rl-  If  then  for  either  type, 

we  have  the  solution: 

^1  =  00,  X2  =  -{Xl+Xg)  (12.11.5) 


Thus,  Xl  is  open-circuited  and  X2  is  such  that  X2  +  Xi  =  -Xg-  The  Q  quantities 
play  the  role  of  series  impedance  Q-factors.  Indeed,  the  X2  equations  in  all  cases  imply 
that  Q  is  equal  to  the  ratio  of  the  total  series  reactance  by  the  corresponding  series 
resistance,  that  is,  {X2  +  Xi)  IRl  or  {X2  +  Xg)  /Rg- 

The  conditions  for  real-valued  solutions  for  Xi,X2  are  that  the  Q  factors  in  (12.11.3) 
and  (12.11.4)  be  real-valued  or  that  the  quantities  under  their  square  roots  be  non¬ 
negative.  When Rl  ^  Rg,  h  is  straightforward  to  verify  that  this  happens  in  the  following 
four  mutually  exclusive  cases: 


existence  conditions 

L-section  types 

Rg>Rl,  \XL\>^RLiRG-RL) 

Rg>Rl,  \Xl\ <  ^/RiiRc  -  Rl) 

Rg<Rl,  \XG\>^RGiRL-RG) 

Rg<Rl,  \Xg\  <  ^/RGiRL  -  Rg) 

normal  and  reversed 

normal  only 

normal  and  reversed 

reversed  only 

It  is  evident  that  a  solution  of  one  or  the  other  type  always  exists.  When  Rg  >  Rl 
a  normal  section  always  exists,  and  when  Rg  <  Rl  reversed  one  exists.  The  MATLAB 
function  1  match  implements  Eqs.  (12.11.3).  Its  usage  is  as  follows: 

X12  =  1  match  (ZG  ,  ZL  ,  type)  ;  %  I-section  matching 


where  type  takes  on  the  string  values  ’  n  ’  or  ’  r  ’  for  a  normal  or  reversed  L-section. 
The  two  possible  solutions  for  Xi,X2  are  returned  in  the  rows  of  the  2x2  matrix  X12- 

Example  12.11.1:  Design  an  L-section  matching  network  for  the  conjugate  match  of  the  load 
impedance  Zl  =  100  +  50/ ohm  to  the  generator  Zg  =  50+10J  ohmat  500MHz.  Determine 
the  capacitance  or  inductance  values  for  the  matching  network. 


Solution:  The  given  impedances  satisfy  the  last  of  the  four  conditions  of  Eq.  (12.11.6).  Therefore, 
only  a  reversed  L-section  will  exist.  Its  two  solutions  are: 


X12  =  lmatch(50  +  lOJ,  100  +  50J,  ’  r’  )  = 


172.4745  -71.2372 

-72.4745  51.2372 
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The  first  solution  has  a  capacitive  A2  =  -71.2372  and  an  inductive  Ai  =  172.4745.  Setting 
X2  =  l/jcjoC  and  Xi  =  juoL,  where  co  =  Zirf  =  2tt500  ■  10®  rad/sec,  we  determine  the 
corresponding  values  of  C  and  L  to  be  C  =  4.47  pF  and  L  =  54.90  nH. 

The  second  solution  has  an  inductive  X2  =  51.2372  and  a  capacitive  Xi  =  -72.4745. 
Setting  X2  =  jcoL  and  Xi  =  1/jcoC,  we  find  in  this  case,  L  =  16.3  nH  and  C  =  4.39  pF.  Of 
the  two  solutions,  the  one  with  the  smaller  values  is  generally  preferred.  □ 


12.12  Pi-Section  Lumped  Reactive  Matching  Networks 

Although  the  L-section  network  can  match  an  arbitrary  load  to  an  arbitrary  source, 
its  bandwidth  and  Q-factor  are  hxed  uniquely  by  the  values  of  the  load  and  source 
impedances  through  Eqs.  (12.11.3). 

The  LT-section  network,  shown  together  with  its  T-section  equivalent  in  Eig.  12.12.1, 
has  an  extra  degree  of  freedom  that  allows  one  to  control  the  bandwidth  of  the  match. 
In  particular,  the  bandwidth  can  be  made  as  narrow  as  desired. 


LT-section 


L-section 


Fig.  12.12.1  11-  and  L-section  matching  networks. 


The  n,  T  networks  (also  called  A,  Y  networks)  can  be  transformed  into  each  other 
by  the  following  standard  impedance  transformations,  which  are  cyclic  permutations  of 
each  other: 


= 


Z2Z3 

U 


Zb  = 


Z3ZI 

u 


Zc  = 


ZIZ2 

u 


U  —  Zl  +  Z2  +  Z3 


Zl  =  — ,  Z2  =  —  ,  Z3  =  —  , 

Zfl  Z^b  Zq 


V  —  ZaZb  +  ZbZc  +  ZqZq 


(12.12.1) 


Because  Zi,Z2,Z3  are  purely  reactive,  Zi  =  jXi,  Z2  =  jX2,  Z3  =  jX^,  so  will  be 
Za,  Zb,  Zc,  with  Za  =  jXa,  Zb  =  jXb,  Zq  =  jXc- 

The  MATLAB  functions  pi  2t  and  t2pi  transform  between  the  two  parameter  sets. 
The  function  pi 2t  takes  in  the  array  of  three  values  Z123  =  [Zi,  Z2,  Z3]  and  outputs 
Zabc  =  [Za,  Zb,  Zc],  and  t2pi  does  the  reverse.  Their  usage  is: 
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Zabc  =  pi  2t(Z123)  ;  %/7  to  r  transformation 

Z123  =  t2pi  (Zabc)  ;  %  r  to /7  transformation 

One  of  the  advantages  of  T  networks  is  that  often  they  result  in  more  practical  values 
for  the  circuit  elements;  however,  they  tend  to  be  more  lossy  [43,44]. 

Here  we  discuss  only  the  design  of  the  17  matching  network.  It  can  be  transformed 
into  a  T  network  if  so  desired.  Fig.  12.12.2  shows  the  design  procedure,  in  which  the 
17  network  can  be  thought  of  as  two  7 -sections  arranged  back  to  back,  by  splitting  the 
series  reactance  X2  into  two  parts,  X2  =  X4  Xs. 


7- section  L- section 


effective  load 


Fig.  12.12.2  Equivalent  7-section  networks. 

An  additional  degree  of  freedom  is  introduced  into  the  design  by  an  intermediate 
reference  impedance,  say  Z  =  R  jX,  such  that  looking  into  the  right  7 -section  the 
input  impedance  is  Z,  and  looking  into  the  left  7-section,  it  is  Z*. 

Denoting  the  7 -section  impedances  by  Zi  =  jXi,  Z4  =  JA4  and  Z3  =  jX^,  Z5  =  jXs, 
we  have  the  conditions: 


ZiZr  Z^Zr 

Zief,  =  Z4  +  „  ;  =  Z*  ,  Zrigh,  =  Zs  +  „  =  Z  (12.12.2) 

Zi  Zg  Z3  -h  Zl 

As  shown  in  Fig.  12.12.2,  the  right  7 -section  and  the  load  can  be  replaced  by  the 
effective  load  impedance  Z^ght  =  Z.  Because  Zi  and  Z4  are  purely  reactive,  their  con¬ 
jugates  will  be  Z*  =  -Zl  and  Z4  =  -Z4.  It  then  follows  that  the  hrst  of  Eqs.  (12.12.2) 
can  be  rewritten  as  the  equivalent  condition: 


_  Zl  (Z4  -r  Z)  _ 

Zl  -|-  Z4  -h  Z  ^ 


(12.12.3) 


This  is  precisely  the  desired  conjugate  matching  condition  that  must  be  satished  by 
the  network  (as  terminated  by  the  effective  load  Z.) 

Eq.  (12.12.3)  can  be  interpreted  as  the  result  of  matching  the  source  Zg  to  the  load 
Z  with  a  normal  7 -section.  An  equivalent  point  of  view  is  to  interpreted  the  hrst  of 
Eqs.  (12.12.2)  as  the  result  of  matching  the  source  Z  to  the  load  Zg  using  a  reversed 
7-section. 
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Similarly,  the  second  of  Eqs.  (12.12.2)  is  the  result  of  matching  the  source  Z*  to  the 
load  Zl  (because  the  input  impedance  looking  into  the  right  section  is  then  (Z* )  *  =  Z.) 
Thus,  the  reactances  of  the  two  7-sections  can  be  obtained  by  the  two  successive  calls 
to  1  match: 

Ai4  =  [Ai, A4]  =  lmatch(ZG, Z,  ’ n ’ )  =  lmatch(Z, Zg,  ’r’) 

(12.12.4) 

^35  =  [A3,A5]=lmatch(Z*,Zi,  ’r’) 

In  order  for  Eqs.  (12.12.4)  to  always  have  a  solution,  the  resistive  part  of  Z  must 
satisfy  the  conditions  (12.11.6).  Thus,  we  must  choose  R  <  Rg  and  R  <  Rl,  or  equiva¬ 
lently: 

R<Rmm,  Rmm  =  rmn{RG,RL)  (12.12.5) 

Otherwise,  Z  is  arbitrary.  For  design  purposes,  the  nominal  Q  factors  of  the  left  and 
right  sections  can  be  taken  to  be  the  quantities: 

The  maximum  of  the  two  is  the  one  with  the  maximum  value  of  Rg  or  Rl,  that  is. 


i^max  =  max{RG,RL) 


(12.12.7) 


This  Q-factor  can  be  thought  of  as  a  parameter  that  controls  the  bandwidth.  Given 
a  value  of  Q,  the  corresponding  R  is  obtained  by: 


R  = 


Rmsx 
Q}  +  1 


(12.12.8) 


For  later  reference,  we  may  express  (Jg.  Ql  in  terms  of  Q  as  follows: 

Qg  =  ,/^(Q^  +  l)-l,  Qi  =  j/^(Q^  +  i)-i  (12.12.9) 

V  ^max  V  ^max 

Clearly,  one  or  the  other  of  Qi,  (Jg  is  equal  to  Q.  We  note  also  that  Q  may  not  be 
less  than  the  value  Gmin  achievable  by  a  single  7 -section  match.  This  follows  from  the 
equivalent  conditions: 


Q.  ^  Qmin  R  <  Rmm 


(12.12.10) 


The  MATLAB  function  pmatch  implements  the  design  equations  (12.12.4)  and  then 
constructs  X2  =  X4  -r  A5.  Because  there  are  two  solutions  for  X4  and  two  for  A5,  we  can 
add  them  in  four  different  ways,  leading  to  four  possible  solutions  for  the  reactances  of 
the  n  network. 

The  inputs  to  pmatch  are  the  impedances  Zg,Zl  and  the  reference  impedance  Z, 
which  must  satisfy  the  condition  (12.12.10).  The  output  is  a  4x3  matrix  A123  whose 
rows  are  the  different  solutions  for  Ai,  A2,  A3: 
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X123  =  pmatch  (ZG  ,  ZL  ,  Z)  ;  %  77  matching  network  design 

The  analytical  form  of  the  solutions  can  be  obtained  easily  by  applying  Eqs.  (12.11.3) 
to  the  two  cases  of  Eq.  (12.12.4).  In  particular,  if  the  load  and  generator  impedances  are 
real-valued,  we  obtain  from  (12.11.4)  the  following  simple  analytical  expressions: 


Rg  ^  _  Rmax  (ggQg  +  GiQi)  Rl 


(12.12.11) 


where  Gg,  Gl  are  ±1,  Qg,  Ql  are  given  in  terms  of  Q  by  Eq.  (12.12.9),  and  either  Q  is 
given  or  it  can  be  computed  from  Eq.  (12.12.7).  The  choice  Gg  =  Gi  =  1  is  made  often, 
corresponding  to  capacitive  Xi,X3  and  inductive  X2  [43,949]. 

As  emphasized  by  Wingheld  [43,949],  the  dehnition  of  Q  as  the  maximum  of  Ql  and 
Qg  underestimates  the  total  Q-factor  of  the  network.  A  more  appropriate  dehnition  is 
the  sum  Qo  =  Qi  +  Qg- 

An  alternative  set  of  design  equations,  whose  input  is  Qo,  is  obtained  as  follows. 
Given  Qo,  we  solve  for  the  reference  resistance  R  by  requiring: 
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All  values  are  in  ohms  and  the  positive  ones  are  inductive  while  the  negatives  ones,  capac¬ 
itive.  To  see  how  these  numbers  arise,  we  consider  the  solutions  of  the  two  L-sections  of 
Fig.  12.12.2: 

^  1  ^  r  48.8304  -65.2982  1 

W4  =  lmatch(ZG,Z,  n  )=  -14.7018 


48  8" 

Xi4  =  lmatch(ZG,  Z,  ’  n  ’ )  = 

69  7 

A35  =lmatch(Z*,Zi,  ’r’)= 


69.7822  -5.8258 

44.7822  85.825 


where  X4  and  Xs  are  the  second  columns.  The  four  possible  ways  of  adding  the  entries 
of  X4  and  As  give  rise  to  the  four  values  of  A2.  It  is  easily  verihed  that  each  of  the  four 
solutions  satisfy  Eqs.  (12.12.2)  and  (12.12.3).  □ 

Example  12.12.2:  It  is  desired  to  match  a  200  ohm  load  to  a  50  ohm  source  at  500  MHz.  Design 
L-section  and  /7-section  matching  networks  and  compare  their  bandwidths. 

Solution:  Because  Rg  <  Rl  and  Xg  =  0,  only  a  reversed  7-section  will  exist.  Its  reactances  are 
computed  from: 


Ai2  =  [Ai,  A2]  =  lmatch(50,  200,  ’r’ 


115.4701 

-115.4701 


-86.6025 

86.6025 


The  corresponding  minimum  Q  factor  is  Qmin  =  V200/50  -  1  =  1.73.  Next,  we  design  a 
n  section  with  a  Q  factor  of  5.  The  required  reference  resistance  R  can  be  calculated  from 
Eq.  (12.12.8): 


52  +  1 

The  reactances  of  the  7/  matching  section  are  then 


=  7.6923  ohm 


Ai23  =  [Ai,A2,A3]=  pmatch(50,  200,  7.6923)  = 


21.3201 

-56.5016 

40 

21.3201 

56.5016 

-40 

21.3201 

20.4215 

-40 

21.3201 

-20.4215 

40 

The  n  to  T  transformation  gives  the  reactances  of  the  7-network: 


Xabc=  [Xa,Xb,Xc]=pi2t{Xu3)-- 


469.0416 

176.9861 

-250 

469.0416 

-176.9861 

250 

469.0416 

-489.6805 

250 

469.0416 

489.6805 

-250 

If  we  increase,  the  Q  to  15,  the  resulting  reference  resistance  becomes  R  =  0.885  ohm, 
resulting  in  the  reactances: 


Ai23  =  [Ai,A2,A3]=  pmatch(50,  200, 0.885)  = 


6.7116 

-19.8671 

13.3333 

6.7116 

19.8671 

-13.3333 

6.7116 

6.6816 

-13.3333 

6.7116 

-6.6816 

13.3333 
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Q  =  5  Q  =  15 


Fig.  12.12.3  Comparison  of  L-section  and  /7-section  matching. 


Fig.  12.12.3  shows  the  plot  of  the  input  reflection  coefficient,  that  is,  the  quantity  fm  = 
(Zin-  Zq)  I  (Zin  +  Zg)  versus  frequency. 

If  a  reactance  Xj  is  positive,  it  represents  an  inductance  with  a  frequency  dependence  of 
Zj  =  jXif  /fo,  where  fo  =  500  MHz  is  the  frequency  of  the  match.  If  Xt  is  negative,  it 
represents  a  capacitance  with  a  frequency  dependence  of  Z,  =  jXtfo/f. 

The  graphs  display  the  two  solutions  of  the  7-match,  but  only  the  first  two  solutions  of 
the  n  match.  The  narrowing  of  the  bandwidth  with  increasing  Q  is  evident.  □ 

The  n  network  achieves  a  narrower  bandwidth  over  a  single  7 -section  network.  In 
order  to  achieve  a  wider  bandwidth,  one  may  use  a  double  7-section  network  [982],  as 
shown  in  Fig.  12.12.4. 


Rg  <  R  <  Rl 


Rg>R>Rl 


Fig.  12.12.4  Double  7-section  networks. 

The  two  7 -sections  are  either  both  reversed  or  both  normal.  The  design  is  similar  to 
Eq.  (12.12.4).  In  particular,  if  Rq  <  R  <  Rl,  we  have: 

Xi4=  [Xi,X4]  =  lmatch(ZG,Z,  ’r’) 

(12.12.14) 

^35  =  [X3,X5]  =  lmatch(Z*,Zi,  ’r’) 
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and  if  Rg  >  R  >  Rl- 


Xu  =  [Xi,X4]=lmatch(ZG,Z,  ’n’) 

(12.12.15) 

^35  =  [X3,X5]=lmatch(Z*,Zi,  -n-) 

The  widest  bandwidth  (corresponding  to  the  smallest  Q)  is  obtained  by  selecting 
R  =  ^RgRl-  For  example,  consider  the  case  Rg  <  R  <  Rl-  Then,  the  corresponding 
left  and  right  Q  factors  will  be: 


Both  satisfy  Qg  <  Qmin  and  Ql  <  Qmin-  Because  we  always  choose  Q  to  be  the 
maximum  of  Qg,Ql,  the  optimum  Q  will  correspond  to  that  R  that  results  in  Qopt  = 
min  (max  (Qg,  Ql))  -  h  can  be  verified  easily  that  i^opt  =  ^/RgRl  and 


Qopt  —  Qi.opt  —  Qc.opt 


-  1 


These  results  follow  from  the  inequalities: 


Qg  ^  Qopt  ^  Ql,  if  Rg  <  R  ^  Ropt 
Ql  ^  Qopt  —  Qg  ,  if  f^opt  —  R<Rl 


Example  12.12.3:  Use  a  double  7-section  to  widen  the  bandwidth  of  the  single  7-section  of 
Example  12.12.2. 

Solution:  The  Q-factor  of  the  single  section  is  Qmin  =  V200/500  -  1  =  1.73.  The  optimum  ref¬ 
erence  resistor  is  i?opt  =  V50-200  =  100  ohm  and  the  corresponding  minimized  optimum 
Qopt  =  1- 


Fig.  12.12.5  Comparison  of  single  and  double  7-section  networks. 

The  reactances  of  the  single  7-section  were  given  in  Example  12.12.2.  The  reactances  of 
the  two  sections  of  the  double  7-sections  are  calculated  by  the  two  calls  to  1  match: 
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Xi4  =  [Xi,X4]=  lmatch(50,100, ’r’)  = 

X35  =  [X^,Xs]=  lmatch(100, 200,  ’  r’ )  = 

The  corresponding  input  reflection  coefficients  are  plotted  in  Fig.  12.12.5.  As  in  the  design 
of  the  n  network,  the  dual  solutions  of  each  L-section  can  be  paired  in  four  different  ways. 
But,  for  the  above  optimum  value  of  R,  the  four  solutions  have  virtually  identical  responses. 
There  is  some  widening  of  the  bandwidth,  but  not  by  much.  □ 


100  -50  1 

100  50  J 

200  -100  1 
-200  100  J 


12.13  Reversed  Matching  Networks 

The  types  of  lossless  matching  networks  that  we  considered  in  this  chapter  satisfy  the 
property  that  if  a  network  is  designed  to  transform  a  load  impedance  into  an  input 
impedance  Z^,  then  the  reversed  (i.e.,  flipped  left-right)  network  will  transform  the  load 
Z*  into  the  input  Z^.  This  is  illustrated  in  Fig.  12.13.1. 


Fig.  12.13.1  Forward  and  reversed  matching  networks. 

The  losslessness  assumption  is  essential.  This  property  is  satisfied  only  by  matching 
networks  built  from  segments  of  lossless  transmission  lines,  such  as  stub  matching  or 
quarter-wave  transformers,  and  by  the  L-,  TI-,  and  T-section  reactive  networks.  Some 
examples  are  shown  in  Fig.  12.13.2. 

alb  b  I  a 


Fig.  12.13.2  Examples  of  reversed  matching  networks. 
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Working  with  admittances,  we  find  for  the  stub  example  that  the  input  and  load 
admittances  must  be  related  as  follows  for  the  forward  and  reverse  networks: 


^stub  + 


Yh+jYi  tang/ 
Yi  ^jYttanpi 


(y^  +  ystub)+jTi  tang/ 
+  Zstub)taniS/ 


(12.13.1) 


where  Zsmb  =  -jYz  cot  pd  for  a  shorted  parallel  stub,  and  Ysmb  =  jYz  tan pd  for  an 
opened  one.  The  equivalence  of  the  two  equations  in  (12.13.1)  is  a  direct  consequence 
of  the  fact  that  Ysmb  is  purely  reactive  and  therefore  satisfies  Y^^^^  =  -Fstub-  Indeed, 
solving  the  left  equation  for  Y^  and  conjugating  the  answer  gives: 

^  ^  ^  (Ya-Y,^^)-jY,  tan^/  ^  (^  -  ^stub) +^^1  tan/?/ 

^  -J(y«-ystub)tan^/  X,  +J(YS  -Y*^0^npi 

which  is  equivalent  to  the  right  equation  (12.13.1)  because  y*tub  =  -^stub-  Similarly,  for 
the  L-section  example  we  find  the  conditions  for  the  forward  and  reversed  networks: 


Zl{Z2  +  Zb)  ^  7*^7  ^  ^1^.* 

Zi  -H  Z2  -I-  Zb  ^  Zi+ZS 


(12.13.2) 


where  Zi  =  jXi  and  Z2  =  JX2.  The  equivalence  of  Eqs.  (12.13.2)  follows  again  from  the 
reactive  conditions  Zf  =  -Zi  and  Zj  =  -Z2. 

As  we  will  see  in  Chap.  13,  the  reversing  property  is  useful  in  designing  the  input 
and  output  matching  networks  of  two-port  networks,  such  as  microwave  amplifiers, 
connected  to  a  generator  and  load  with  standardized  impedance  values  such  as  Zq  =  50 
ohm.  This  is  shown  in  Fig.  12.13.3. 


Fig.  12.13.3  Designing  input  and  output  matching  networks  for  a  two-port. 

To  maximize  the  two-port’s  gain  or  to  minimize  its  noise  figure,  the  two-port  is  re¬ 
quired  to  be  connected  to  certain  optimum  values  of  the  generator  and  load  impedances 
Zg,  Zi.  The  output  matching  network  must  transform  the  actual  load  Zq  into  the  de¬ 
sired  value  Zi.  Similarly,  the  input  matching  network  must  transform  Zq  into  Zg  so 
that  the  two-port  sees  Zg  as  the  effective  generator  impedance. 

In  order  to  use  the  matching  methods  of  the  present  chapter,  it  is  more  convenient 
first  to  design  the  reversed  matching  networks  transforming  a  load  Z^  (or  Zq)  into 
the  standardized  impedance  Zq,  as  shown  in  Fig.  12.13.3.  Then  the  designed  reversed 
networks  may  be  reversed  to  obtain  the  actual  matching  networks.  Several  such  design 
examples  will  be  presented  in  Chap.  13. 
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12.14  Problems 


12.1  A  one-section  quarter-wavelength  transformer  matching  a  resistive  load  Zl  to  a  line  Zq  must 
have  characteristic  impedance  Zi  =  ^ZqZl-  Show  that  the  reflection  response  Fi  into  the 
main  line  (see  Fig.  12.3.1)  is  given  as  a  function  of  frequency  by: 

_  p{l  +  e-y^)  yfZl-^fZo 

l+p2e-2j5  ■  P  +  2fo 

where  fo  is  the  frequency  at  which  the  transformer  length  is  a  quarter  wavelength.  Show 
that  the  magnitude-squared  of  Ti  is  given  by: 

2_  e^cos^S  2\p\ 

'  l  +  e2 COSTS’  l-p2 


Show  that  the  bandwidth  (about  fo)  over  which  the  voltage  standing-wave  ratio  on  the  line 
remains  less  than  S  is  given  by: 


sin 


(S-DU-p^) 

MplVs 


12.2  Design  a  one-section  quarter-wavelength  transformer  that  will  match  a  200-ohm  load  to  a 
50-ohm  line  at  100  MHz.  Determine  the  impedance  Zi  and  the  bandwidth  Af  over  which 
the  SWR  on  the  line  remains  less  than  S  =  1.2. 

12.3  A  transmission  line  with  characteristic  impedance  Zq  =  100  Q  is  terminated  at  a  load 
impedance  Zl  =  150  +  J50  Q.  What  percentage  of  the  incident  power  is  reflected  back 
into  the  line? 

In  order  to  make  the  load  reflectionless,  a  short-circuited  stub  of  length  /i  and  impedance 
also  equal  to  Zq  is  inserted  in  parallel  at  a  distance  1 2  from  the  load.  What  are  the  smallest 
values  of  the  lengths  /i  and  I2  in  units  of  the  wavelength  A  that  make  the  load  reflectionless? 

12.4  A  loss-free  line  of  impedance  Zq  is  terminated  at  a  load  Z^  =  Zq  +  jX,  whose  resistive  part  is 
matched  to  the  line.  To  properly  match  the  line,  a  short-circuited  stub  is  connected  across 
the  main  line  at  a  distance  of  A/4  from  the  load,  as  shown  below.  The  stub  has  characteristic 
impedance  Zq. 

Find  an  equation  that  determines  the  length  /  of  the  stub  in  order  that  there  be  no  reflected 
waves  into  the  main  line.  What  is  the  length  /  (in  wavelengths  A)  when  X  =  Zq?  When 
A  =  Z0/V3? 

Zq  h  A/4  h 


12.5  A  transmission  line  with  characteristic  impedance  Zq  must  be  matched  to  a  purely  resistive 
load  Zl-  A  segment  of  length  /i  of  another  line  of  characteristic  impedance  Zi  is  inserted  at 
a  distance  /q  from  the  load,  as  shown  in  Fig.  12.7.1  (with  Z2  =  Zq  and  h  =  h-) 

Take  Zq  =  50,  Zi  =  100,  Zi  =  80  Q  and  let  j3o  and  be  the  wavenumbers  within  the 
segments  /q  and  h.  Determine  the  values  of  the  quantities  cot()3i/i)  and  cot()3o/o)  that 
would  guarantee  matching.  Show  that  the  widest  range  of  resistive  loads  Zl  that  can  be 
matched  using  the  given  values  of  Zq  and  Zi  is:  12.5  Fl  <  Zl  <  200  Q. 
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12.6  A  transmission  line  with  resistive  impedance  Zq  is  terminated  at  a  load  impedance  Zl  = 
R  +  jX.  Derive  an  expression,  in  terms  of  Zq,  R,  X,  for  the  proportion  of  the  incident  power 
that  is  reflected  back  into  the  line. 

In  order  to  make  the  load  reflectionless,  a  short-circuited  stub  of  length  /i  and  impedance  Zq 
is  inserted  at  a  distance  h  from  the  load.  Derive  expressions  for  the  smallest  values  of  the 
lengths  1 1  and  I2  in  terms  of  the  wavelength  A  and  Zo,R,X,  that  make  the  load  reflectionless. 

12.7  It  is  required  to  match  a  lossless  transmission  line  Zq  to  a  load  Zl-  To  this  end,  a  quarter- 
wavelength  transformer  is  connected  at  a  distance  Iq  from  the  load,  as  shown  below.  Let  Aq 
and  A  be  the  operating  wavelengths  of  the  line  and  the  transformer  segment. 


Assume  Zq  =  50  Q.  Verify  that  the  required  length  Iq  that  will  match  the  complex  load 
Zl  =  40  +  30>/  Q  is  /o  =  A/8.  What  is  the  value  of  Zi  in  this  case? 

12.8  It  is  required  to  match  a  lossless  transmission  line  of  impedance  Zq  =  75  Q  to  the  complex 
load  Zl  =  60  +  45j  Q.  To  this  end,  a  quarter-wavelength  transformer  is  connected  at  a 
distance  /q  from  the  load,  as  shown  in  the  previous  problem.  Let  Aq  and  A  be  the  operating 
wavelengths  of  the  line  and  the  transformer  segment. 

What  is  the  required  length  Iq  in  units  of  Aq?  What  is  the  characteristic  impedance  Zi  of  the 
transformer  segment? 

12.9  Show  that  the  solution  of  the  one-section  series  impedance  transformer  shown  in  Fig.  12.7.3 
is  given  by  Eq.  (12.7.9),  provided  that  either  of  the  inequalities  (12.7.10)  is  satisfied. 

12.10  Show  that  the  solution  to  the  double-stub  tuner  is  given  by  Eq.  (12.10.1)  and  (12.10.2). 

12.11  Match  load  impedance  Zi  =  10  -  5J  ohm  of  Example  12.8.1  to  a  50-ohm  line  using  a  double¬ 
stub  tuner  with  stub  separation  of  /  =  A/16.  Show  that  a  double-stub  tuner  with  separation 
of  /  =  A  /  8  cannot  match  this  load. 

12.12  Match  the  antenna  and  feed  line  of  Example  12.7.2  using  a  double  stub  tuner  with  stub 
separation  of  /  =  A/8.  Plot  the  corresponding  matched  reflection  responses.  Repeat  when  / 
is  near  A/2,  say,  /  =  0.495  A,  and  compare  the  resulting  notch  bandwidths. 

12.13  Show  that  the  load  impedance  of  Problem  12.11  can  be  matched  with  a  triple-stub  tuner 
using  shorted  stubs  with  separations  of  /i  =  h  =  A/ 8,  shorted  stubs.  Use  the  smallness 
parameter  values  of  e  =  0.9  and  e  =  0.1. 

12.14  Match  the  antenna  and  feed  line  of  Example  12.7.2  using  a  stub  tuner  and  plot  the  corre¬ 
sponding  matched  reflection  responses.  Use  shorted  stubs  with  separations  /i  =  h  =  A/8, 
and  the  two  smallness  parameters  e  =  0.9  and  e  =  0.7. 

12.15  Design  an  L-section  matching  network  that  matches  the  complex  load  impedance  Zl  = 
30  +  40J  ohm  to  a  50-ohm  transmission  line.  Verify  that  both  a  normal  and  a  reversed 
I-section  can  be  used. 

12.16  It  is  desired  to  match  a  line  with  characteristic  impedance  Zq  to  a  complex  load  Zl  =  Rl  + 
JXl.  In  order  to  make  the  load  reflectionless,  a  quarter-wavelength  section  of  impedance  Zi 
is  inserted  between  the  main  line  and  the  load,  and  a  A/8  or  3A/8  short-circuited  stub  of 
impedance  Z2  is  inserted  in  parallel  at  the  end  of  the  line,  as  shown  below. 
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12.  Impedance  Matching 


A/4 


a.  Show  that  the  section  characteristic  impedances  must  be  chosen  as: 

Zi=^lz^L,  Z2  =  Zo||^ 

Such  segments  are  easily  implemented  with  microstrip  lines. 

b.  Depending  on  the  sign  of  Xl,  decide  when  one  should  use  aA/8ora3A/8  stub. 

c.  The  above  scheme  works  if  both  Rl  and  Xl  are  non-zero.  What  should  we  do  if  Rl  ^  0 
and  Xl  =  0?  What  should  we  do  if  Rl  =  0  and  Xl  ^  0? 

d.  Repeat  the  above  questions  if  an  open-circuited  stub  is  used. 

12.17  A  50-ohm  transmission  line  is  terminated  at  the  load  impedance: 

Zi  =  40  +  80J  Q 

a.  In  order  to  make  the  load  reflectionless,  a  quarter-wavelength  transformer  section  of 
impedance  Zi  is  inserted  between  the  line  and  the  load,  as  show  below,  and  a  A/8  or 
3A/8  short-circuited  stub  of  impedance  Z2  is  inserted  in  parallel  with  the  load. 


A/4 


Determine  the  characteristic  impedances  Zi  and  Z2  and  whether  the  parallel  stub 
should  have  length  A/8  or  3A/8. 

b.  In  the  general  case  of  a  shorted  stub,  show  that  the  matching  conditions  are  equivalent 
to  the  following  relationship  among  the  quantities  Zq,  Z^,  Zi,  Z2: 


ZqZ^ZI  ±jZ2Zt 
zlzl  +  Zt 


where  Zq,  Zi,  Z2  are  assumed  to  be  lossless.  Determine  which  ±  sign  corresponds  to 
A/8or3A/8  stub  length. 


12.14.  Problems 
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12.18  An  FM  antenna  operating  at  a  carrier  frequency  of  fo  =  100  MHz  has  input  impedance  of 
Zl  =  112.5  ohm.  The  antenna  is  to  be  matched  to  a  Zq  =  50  ohm  feed  line  with  a  quarter- 
wavelength  transformer  inserted  as  shown  below. 


feed  line  Zq 


A/4  : 


Zl 


antenna 


a.  Determine  the  quarter-wavelength  segment’s  impedance  Zi. 

b.  Show  that  the  reflection  response  back  into  the  feed  line  at  the  left  end  of  the  quarter- 
wavelength  transformer  is  given  as  a  function  of  frequency  by: 


Rl  (n= 


p{l  + 

1  +  ’ 


6 


TTf  ^  Zi-Zq 
2fo  ’  ^  Zl  +  Zo 


c.  Plot  \r  1  if)  I  versus  f  in  the  range  0  <f  <  200  MHz. 

d.  Using  part  (b),  show  that  the  bandwidth  Afa  about  the  carrier  frequency  fo  that  corre¬ 
sponds  to  a  prescribed  value  IT^  P  of  the  reflection  response  is  given  by: 


^fa  = 


2fo, 


2p'-  |rj2(i  +  p4)\ 
2p2(i-|rj2)  ) 


e.  Calculate  this  bandwidth  for  the  value  IFal  =  0.1  and  determine  the  left  and  right 
bandedge  frequencies  in  MHz,  and  place  them  on  the  above  graph  of  \r  1  (f )  |. 

f.  The  FCC  stipulates  that  FM  radio  stations  operate  within  a  200  kHz  bandwidth  about 
their  carrier  frequency.  What  is  the  maximum  value  of  the  reflection  response  IFa  I  for 
such  a  bandwidth? 


12.19  The  same  FM  antenna  is  to  be  matched  using  a  single-stub  tuner  as  shown  below,  using  an 
open-ended  stub. 


a.  Determine  the  segment  lengths  d,  I  (in  cm)  assuming  the  segments  have  chacteristic 
impedance  of  Zq  =  50  ohm  and  that  the  velocity  factor  on  all  the  lines  is  0.8. 

b.  Calculate  and  plot  versus  frequency  the  reflection  response  \Fa  if)  I  into  the  feed  line, 
at  the  terminals  a  shown  in  the  figure. 
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S-Parameters 


13.1  Scattering  Parameters 

Linear  two-port  (and  multi-port)  networks  are  characterized  by  a  number  of  equivalent 
circuit  parameters,  such  as  their  transfer  matrix,  impedance  matrix,  admittance  matrix, 
and  scattering  matrix.  Fig.  13.1.1  shows  a  typical  two-port  network. 


^1 


two-port 

network 


-H 

^2 


‘  ^2 
-  ^2 


Fig.  13.1.1  Two-port  network. 


The  transfer  matrix,  also  known  as  the  ABCD  matrix,  relates  the  voltage  and  current 
at  port  1  to  those  at  port  2,  whereas  the  impedance  matrix  relates  the  two  voltages 
Vi,V2  to  the  two  currents 


= 

“a  b  ' 

C  D 

1 _ 1 

Vi  ■ 
C2 

= 

^11  ^12 

Z21  Z22 

1 - 1 

h  ■ 
-h 

(transfer  matrix) 


(impedance  matrix) 


(13.1.1) 


Thus,  the  transfer  and  impedance  matrices  are  the  2x2  matrices: 


T  = 


A 

C 


B 

D 


Z  = 


^11  ^12 
Z21  Z22 


(13.1.2) 


The  admittance  matrix  is  simply  the  inverse  of  the  impedance  matrix,  Y  =  Z~^.  The 
scattering  matrix  relates  the  outgoing  waves  bi,b2  to  the  incoming  waves  ai,a2  that 
are  incident  on  the  two-port: 

hn  the  figure,  I2  flows  out  of  port  2,  and  hence  -I2  flows  into  it.  In  the  usual  convention,  both  currents 
Ii,l2  are  taken  to  flow  into  their  respective  ports. 


13.1.  Scattering  Parameters 


523 


~bi' 

•Sii 

5i2 

ai 

c  _ 

5ii 

5i2' 

521 

522 

_Cl2  _ 

,  0  — 

521 

S22 

(scattering  matrix) 


(13.1.3) 


The  matrix  elements  Sii,Si2,S2i,S22  are  referred  to  as  the  scattering  parameters  or 
the  S-parameters.  The  parameters  ^n,  S22  have  the  meaning  of  reflection  coefficients, 
and  521,  5i2,  the  meaning  of  transmission  coefficients. 

The  many  properties  and  uses  of  the  5-parameters  in  applications  are  discussed  in 
[956-995].  One  particularly  nice  overview  is  the  HP  application  note  AN-95-1  by  Ander¬ 
son  [971]  and  is  available  on  the  web  [1323]. 

We  have  already  seen  several  examples  of  transfer,  impedance,  and  scattering  ma¬ 
trices.  Eq.  (10.7.6)  or  (10.7.7)  is  an  example  of  a  transfer  matrix  and  (10.8.1)  is  the 
corresponding  impedance  matrix.  The  transfer  and  scattering  matrices  of  multilayer 
structures,  Eqs.  (6.6.23)  and  (6.6.37),  are  more  complicated  examples. 

The  traveling  wave  variables  ai,bi  at  port  1  and  ^2 ,  ^2  at  port  2  are  dehned  in  terms 
of  ViJi  and  ¥2,12  and  a  real-valued  positive  reference  impedance  Zq  as  follows: 


ai  = 


hi  = 


Vi  +  ZqJi 

2V^ 
Vi  -  Zq/i 
2VZ^ 


(traveling  waves) 


(13.1.4) 


The  dehnitions  at  port  2  appear  different  from  those  at  port  1,  but  they  are  really 
the  same  if  expressed  in  terms  of  the  incoming  current  -I2'. 


a2  = 


b2  = 


V2-Z0I2  V2^Zoi-l2) 


2VZ^ 
V2  +  Z0I2 

2V^ 


V2-Zoi-l2) 

^  2VZ^ 


The  term  traveling  waves  is  justihed  below.  Eqs.  (13.1.4)  maybe  inverted  to  express 
the  voltages  and  currents  in  terms  of  the  wave  variables: 


(13.1.5) 


In  practice,  the  reference  impedance  is  chosen  to  be  Zq  =  50  ohm.  At  lower  fre¬ 
quencies  the  transfer  and  impedance  matrices  are  commonly  used,  but  at  microwave 
frequencies  they  become  difficult  to  measure  and  therefore,  the  scattering  matrix  de¬ 
scription  is  preferred. 

The  5-parameters  can  be  measured  by  embedding  the  two-port  network  (the  device- 
under-test,  or,  DUT)  in  a  transmission  line  whose  ends  are  connected  to  a  network  ana¬ 
lyzer.  Eig.  13.1.2  shows  the  experimental  setup. 

A  typical  network  analyzer  can  measure  5-parameters  over  a  large  frequency  range, 
for  example,  the  HP  8720D  vector  network  analyzer  covers  the  range  from  50  MHz  to 


¥1  —  ^Zq  (ai  bi) 

h  =  (cii  -  bi) 
yZo 


¥2  =  +  b2) 

I2  =  ib2  -  a2) 
yZo 
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40  GHz.  Erequency  resolution  is  typically  1  Hz  and  the  results  can  be  displayed  either 
on  a  Smith  chart  or  as  a  conventional  gain  versus  frequency  graph. 


Network  Analyzer 


Fig.  13.1.2  Device  under  test  connected  to  network  analyzer. 

Eig.  13.1.3  shows  more  details  of  the  connection.  The  generator  and  load  impedances 
are  conhgured  by  the  network  analyzer.  The  connections  can  be  reversed,  with  the 
generator  connected  to  port  2  and  the  load  to  port  1. 


h* -  h - H  h* -  h - H 


Fig.  13.1.3  Two-port  network  under  test. 


The  two  line  segments  of  lengths  li,l2  are  assumed  to  have  characteristic  impedance 
equal  to  the  reference  impedance  Zq.  Then,  the  wave  variables  ai,bi  and  ^2,^2  are 
recognized  as  normalized  versions  of  forward  and  backward  traveling  waves.  Indeed, 
according  to  Eq.  (10.7.8),  we  have: 


ai  = 


bi  = 


¥i  -F  Zq/i 
2^0 
¥i  -  Zoh 


1 

7^ 

1 


fl2  = 


Vi-  b2  = 


¥2  -  Z0I2 

2V^ 

¥2  +  Z0/2 


1 

7^ 

1 


V2- 


(13.1.6) 


V24 


2^JZQ  ^JZq  2^/Zo  ^JZq 

Thus,  fli  is  essentially  the  incident  wave  at  port  1  and  bi  the  corresponding  reflected 
wave.  Similarly,  a2  is  incident  from  the  right  onto  port  2  and  ^2  is  the  reflected  wave 
from  port  2. 

The  network  analyzer  measures  the  waves  a'i,b'i  and  ^2,^2  at  the  generator  and 
load  ends  of  the  line  segments,  as  shown  in  Eig.  13.1.3.  Erom  these,  the  waves  at  the 
inputs  of  the  two-port  can  be  determined.  Assuming  lossless  segments  and  using  the 
propagation  matrices  (10.7.7),  we  have: 
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di 
hi 

where  5i  =  PU  and  ^2  =  Ph  are  the  phase  lengths  of  the  segments.  Eqs.  (13.1.7)  can  be 
rearranged  into  the  forms: 


~bi~ 

=  D 

~K~ 

~  a'l  ■ 

=  D 

ai 

,  D  = 

b2 

^2 

_a'2  _ 

_a2  _ 

The  network  analyzer  measures  the  corresponding  S-parameters  of  the  primed  vari¬ 
ables,  that  is, 


0 

■fl'i  ■ 

a2 

0 

^2 

0 

eJSi 

_^i_ 

’ 

0 

'K' 

•^11 

Sn~ 

dl 

C'  — 

‘5n 

S12 

_  *^21 

S'22_ 

^2  _ 

,  0  — 

_S21 

S'22  _ 

(measured  S-matrix) 


(13.1.8) 


The  S-matrix  of  the  two-port  can  be  obtained  then  from: 


'b,' 

=  D 

'K' 

=  DS' 

di 

=  DS'D 

ai 

b2 

_^2  _ 

_a'2  _ 

_a2  _ 

or,  more  explicitly. 


5  =  DS'D 


Sii 

S12 

0 

‘5'n 

S[2~ 

■  el5i 

0 

S21 

S22 

0 

eJSi 

A21 

522  _ 

0 

ej52 

5''i2eJ‘'5i+'52) 

5^ieJ(<5i+52) 


Thus,  changing  the  points  along  the  transmission  lines  at  which  the  S-parameters 
are  measured  introduces  only  phase  changes  in  the  parameters. 

Without  loss  of  generality,  we  may  replace  the  extended  circuit  of  Fig.  13.1.3  with  the 
one  shown  in  Fig.  13.1.4  with  the  understanding  that  either  we  are  using  the  extended 
two-port  parameters  S',  or,  equivalently,  the  generator  and  segment  h  have  been  re¬ 
placed  by  their  Thevenin  equivalents,  and  the  load  impedance  has  been  replaced  by  its 
propagated  version  to  distance  I2. 


bi  M —  ◄ —  a2 


Fig.  13.1.4  Two-port  network  connected  to  generator  and  load. 
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The  actual  measurements  of  the  S-parameters  are  made  by  connecting  to  a  matched 
load,  Zl  =  Zq.  Then,  there  will  be  no  reflected  waves  from  the  load,  ^2  =  0,  and  the 
S’-matrix  equations  will  give: 


hi  —  SiiCii  S12CI2  —  SiiCii 


h2  =  S21CI1  5*22^2  =  S21CI1 


•^11 


hi 

ai 


=  reflection  coefficient 

Zl=Zo 


=  transmission  coefficient 

Zl=Zq 


Reversing  the  roles  of  the  generator  and  load,  one  can  measure  in  the  same  way  the 
parameters  S12  and  822- 


1 3.2  Power  Flow 


Power  flow  into  and  out  of  the  two-port  is  expressed  very  simply  in  terms  of  the  traveling 
wave  amplitudes.  Using  the  inverse  relationships  (13.1.5),  we  hnd: 


tRe[y*/i]  =  t|ai|2-t|bi|2 

-^Re[V2*/2]  = 


(13.2.1) 


The  left-hand  sides  represent  the  power  flow  into  ports  1  and  2.  The  right-hand  sides 
represent  the  difference  between  the  power  incident  on  a  port  and  the  power  reflected 
from  it.  The  quantity  Re[y2  ^2]  /2  represents  the  power  transferred  to  the  load. 

Another  way  of  phrasing  these  is  to  say  that  part  of  the  incident  power  on  a  port 
gets  reflected  and  part  enters  the  port: 


l\ai\^  =  hbi\^  +  ^mvth] 

(13.2.2) 

=  ^|fa2l'  +  ^Re[V2*(-^2)] 

One  of  the  reasons  for  normalizing  the  traveling  wave  amplitudes  by  ^fZo  in  the 
dehnitions  (13.1.4)  was  precisely  this  simple  way  of  expressing  the  incident  and  reflected 
powers  from  a  port. 

If  the  two-port  is  lossy,  the  power  lost  in  it  will  be  the  difference  between  the  power 
entering  port  1  and  the  power  leaving  port  2,  that  is, 

Pioss  =  ^Re[Vi*/i]-tRe[V2*/2]=  +  \\a2\^  - -  t|b2p 

Noting  that  a^a  =  \ai\^  +  |rz2 and  b^b  =  \hi\^  +  1^2 1^,  and  writing  b^b  =  a^S’^S’a, 
we  may  express  this  relationship  in  terms  of  the  scattering  matrix: 


i’loss  =  -  tb+b  =  -  ta+^+Sa  =  ^a^  {I  -  V5)a 


(13.2.3) 


1  3.3.  Parameter  Conversions 
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For  a  lossy  two-port,  the  power  loss  is  positive,  which  implies  that  the  matrix  I  -S^S 
must  be  positive  dehnite.  If  the  two-port  is  lossless,  Pioss  =  0,  the  S’-matrix  will  be 
unitary,  that  is,  5  =  I. 

We  already  saw  examples  of  such  unitary  scattering  matrices  in  the  cases  of  the  equal 
travel-time  multilayer  dielectric  structures  and  their  equivalent  quarter  wavelength  mul¬ 
tisection  transformers. 


13.3  Parameter  Conversions 

It  is  Straightforward  to  derive  the  relationships  that  allow  one  to  pass  from  one  param¬ 
eter  set  to  another.  For  example,  starting  with  the  transfer  matrix,  we  have: 


1  . 


Vi  =AV2  +BI2  -  ^h)  +BI2  =  -h 


AD-BC^ 


h  =  CV2  +  DI2 


.  "  C 

V2  =  -  |/2 


The  coefficients  of  7i ,  /2  are  the  impedance  matrix  elements.  The  steps  are  reversible, 
and  we  summarize  the  hnal  relationships  below: 


Zii  Zi 


Z21  Z22  C  l 


1\  A  AD-BC 


1  Zii  Z11Z22  -  Z12Z21 


CD  Z21  1 


(13.3.1) 


We  note  the  determinants  det(r)=  AD  -  BC  and  det(Z)=  Z11Z22  -  Z12Z21.  The 
relationship  between  the  scattering  and  impedance  matrices  is  also  straightforward  to 
derive.  We  dehne  the  2x1  vectors: 


(13.3.2) 


Then,  the  dehnitions  (13.1.4)  can  be  written  compactly  as: 

(13.3.3) 

where  we  used  the  impedance  matrix  relationship  V  =  ZI  and  dehned  the  2x2  unit 
matrix  I .  It  follows  then, 


=1=  (Z  +  Zo/)“'a 


=  (Z-Zo/)/=  (Z-Zo/)(Z  +  Zo/)-'a 


Thus,  the  scattering  matrix  S  will  be  related  to  the  impedance  matrix  Z  by 


5=  (Z-Zo/)(Z-r  Zo/)“^  ^  Z=  {I  -S)-Hl  ^S)Zo 


(13.3.4) 
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Explicitly,  we  have: 


Zii  -  Zn 


Zii  Zo  Z12 


1_  Z21  Z22  “  Zo  J  |_  Z21  Z22  +  Zo  J 

_  Zii  -  Zo  Z12  J_  Z22  +  Zo  -Z12 

Z21  Z22  -Zq  Dz  -Z21  Zii  Zo  _ 

where  Dz  =  det(Z  -r  ZqI)=  (Zn  -r  Zo)  (Z22  +  Zq)  -Z12Z21.  Multiplying  the  matrix 
factors,  we  obtain: 


^  _  J_  (Zn  -  Zo)  (Z22  +  Zo)  -Z12Z21 

Dz  2Z21Z0 

Similarly,  the  inverse  relationship  gives: 


(Zn  -r  Zo)  (Z22  -  Zo)-Zi2Z2i 


(13.3.5) 


(1 -r  ^n)  (1  -  522) +-S’i2-S’2i  25’i2 

Ds  2521  (1  -  5n)  (1 -r  522) +5i252i 


(13.3.6) 


where  Ds  =  det(7  -  S)=  (1  -  5n)  (1  -  ^22)  -5i252i.  Expressing  the  impedance  param¬ 
eters  in  terms  of  the  transfer  matrix  parameters,  we  also  hnd: 


.  A  +  —  -CZo-D  2  {AD  -  BC) 

_  Zo 

2  -A  +  ^  -CZq+D 

L  Zo 


(13.3.7) 


where  Da  =  A  +  —  +  CZq  +  D. 
Zo 


1 3.4  Input  and  Output  Reflection  Coefficients 

When  the  two-port  is  connected  to  a  generator  and  load  as  in  Fig.  13.1.4,  the  impedance 
and  scattering  matrix  equations  take  the  simpler  forms: 


(13.4.1) 


where  Zn  is  the  input  impedance  at  port  1,  and  Tn,  Fl  are  the  reflection  coefficients  at 
port  1  and  at  the  load: 


N 

II 

'J 

II 

V2  =  Zih 

a2  =  Tih2 

The  input  impedance  and  input  reflection  coefficient  can  be  expressed  in  terms  of 
the  Z-  and  5-parameters,  as  follows: 


Zin  =  Zii-/i^^  «  On  =  5ii  +  (13.4.3) 

Z22  +  Zi  1  -  5221  L 


1  3.4.  Input  and  Output  Reflection  Coefficients 
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The  equivalence  of  these  two  expressions  can  be  shown  by  using  the  parameter 
conversion  formulas  of  Eqs.  (13.3.5)  and  (13.3.6),  or  they  can  be  shown  indirectly,  as 
follows.  Starting  with  Vz  =  Zih  and  using  the  second  impedance  matrix  equation,  we 
can  solve  for  72  in  terms  of  7i: 


V2  =  Z21I1  -  Z22I2  =  Zih  ^  l2  =  (13.4.4) 

Then,  the  hrst  impedance  matrix  equation  implies: 

Vl  =  Zii/i  -  Z12/2  =  (zii  -  =  Zinh 

Starting  again  with  V2  =  Zih  we  hnd  for  the  traveling  waves  at  port  2: 

_  Vz  -  ZqIz  _  Zl  -  Zq 

“  2V^  “  2^0  ' 

=>  Clz 

,  V2  +  Z0/2  Zi  +  Zo , 

Using  Vl  =  Zin7i,  a  similar  argument  implies  for  the 
_  Vl  +  Zq/i  _  Zin  +  Zo 

■  2VZ0  ■  2VZ0  ' 

hi 

7  _  Vl  -  Zq/i  _  Zin  ~  ^0  J 

'  “  2^0  ~  24T, 

It  follows  then  from  the  scattering  matrix  equations  that: 


Zl  -  Zq 
Zl  +  Zo 


hz  =  rLbz 


waves  at  port  1: 


Zjn  Zq 
Zin  +  Zq 


CLl  —  Tin^l 


hz  =  SziCii  +  Szz^2  —  Szz^i  +  SzzrLhz 


hz 


Szi 


(13.4.5) 


which  implies  for  hi\ 

hi  =  Siiai  +  SizCLz  =  Siiai  +  SufLhz  =  ^  ^  ^  cii  =  Tin^Ji 

Reversing  the  roles  of  generator  and  load,  we  obtain  the  impedance  and  reflection 
coefficients  from  the  output  side  of  the  two-port: 


ry  ry  Z U  Z Zl 

■^OUt  —  ^22  ry  ry 

p  ,  SizSziFg 

^  out  —  •J22  +  7- 

Zii  Zg 

1  -  5iirG 

where 


(13.4.6) 


r 


out  ~ 


Zput  Zq 
Zput  +  Zq 


Tg 


Zg  -  Zq 
Zg  +  Zq 


(13.4.7) 


The  input  and  output  impedances  allow  one  to  replace  the  original  two-port  circuit 
of  Fig.  13.1.4  by  simpler  equivalent  circuits.  For  example,  the  two-port  and  the  load  can 
be  replaced  by  the  input  impedance  Z^  connected  at  port  1,  as  shown  in  Fig.  13.4.1. 
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Fig.  13.4.1  Input  and  output  equivalent  circuits. 


Similarly,  the  generator  and  the  two-port  can  be  replaced  by  a  Thevenin  equivalent 
circuit  connected  at  port  2.  By  determining  the  open-circuit  voltage  and  short-circuit 
current  at  port  2,  we  hnd  the  corresponding  Thevenin  parameters  in  terms  of  the  impe¬ 
dance  parameters: 


Vth  = 


Z21VG 
Zii  Zg  ’ 


Zth  —  Zput  —  Zzz 


ZizZzi 
Zii  Zg 


(13.4.8) 


13.5  Stability  Circles 

In  discussing  the  stability  conditions  of  a  two-port  in  terms  of  S’-parameters,  the  follow¬ 
ing  dehnitions  of  constants  are  often  used: 


K 

hi 

h2 

Bi 

Bz 

Cl 

Cz 


det(S’)  =  S’iiS’22  -  SizSzi 


1  -  \Sn\^  -  \S22\^  +  \^\^ 

2|5i252iI 

l-\Su\^ 

|S22-2i5;*ir+  1512521  I 


(Rollett  stability  factor) 
(Edwards-Sinsky  stability  parameter) 


_ _ 1  -  1522^ _ _ 

1511-452*21  +  1512521  I  ■ 

l  +  |5ll|2-|S22p-|4|2 

1  + 15221"  -|5ii|2-|4|2 
5ii- 452*2,  Ui  =  |5ii|2- |4|2 
522  -45i*i,  D2  =  15221"-  |4|2 


(13.5.1) 


The  quantity  K  is  the  Rollett  stability  factor  [967],  and  iJi,iJz,  the  Edwards-Sinsky 
stability  parameters  [970].  The  following  identities  hold  among  these  constants: 


Bl-4\Ci\^=Bl-4\Cz\^=4\SizSzi\HK^-l) 

\Ci\^  =  |S’i2S’2ll^  +  (1  -  l•S’22l^)f^l 
1^2!^  =  |S’i2S’2ll^  +  (1  “  \Sii\^)Dz 


(13.5.2) 
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For  example,  noting  that  5’i25’2i  =  SuSzz  -  the  last  of  Eqs.  (13.5.2)  is  a  direct 
consequence  of  the  identity: 


\a-bc\ 


|£-AC*h  =  (1-  |C|' 


(13.5.3) 


We  dehne  also  the  following  parameters,  which  will  be  recognized  as  the  centers  and 
radii  of  the  source  and  load  stability  circles: 


(source  stability  circle) 


(13.5.4) 


(load  stability  circle) 


(13.5.5) 


They  satisfy  the  following  relationships,  which  are  consequences  of  the  last  two  of 
Eqs.  (13.5.2)  and  the  dehnitions  (13.5.4)  and  (13.5.5): 

1  -  |5ii|^  =  (kiP  -  rl)D2 

(13.S.6) 


We  note  also  that  using  Eqs.  (13.5.6),  the  stability  parameters  pi,  iL/2  can  be  written  as: 


For  example,  we  have: 

l-|5ll|2 


=  (kil  -  ri)sign(D2) 

=  (kcl  -  rG)sign(Di) 

£>2(kLp-r|)  _D2(kiP-r|) 


IC2I  +  |5i252iI  \D2\\Cl\  +  IDiln  |r>2l(kLl +rL) 


(13. S. 7) 


(IclI  -  n) 


We  hnally  note  that  the  input  and  output  reflection  coefficients  can  be  written  in  the 
alternative  forms: 


■S’i2-S’2if"i  _  .Sii  -  AFi 

1  -  S22rL  1  -  S22rL 
Si2S2irG  _  S22  -  afg 
1  -  S22rG  1  -  SiiFg 


(13.5.8) 


Next,  we  discuss  the  stability  conditions.  The  two-port  is  unconditionally  stable  if 
any  generator  and  load  impedances  with  positive  resistive  parts  Rg,Rl,  will  always  lead 
to  input  and  output  impedances  with  positive  resistive  parts  Rm,Roui- 

Equivalently,  unconditional  stability  requires  that  any  load  and  generator  with  IT^  |  < 
1  and  ITgI  <  1  will  result  into  ITinl  <  1  and  IToutl  <  1- 

The  two-port  is  termed  potentially  or  conditionally  unstable  if  there  are  ITi  |  <  1  and 
ITgI  <  1  resulting  into  ITinl  >  1  and/or  |  Tout  I  ^  1- 

The  load  stability  region  is  the  set  of  all  Fl  that  result  into  ITinl  <  1,  and  the  source 
stability  region,  the  set  of  all  Tg  that  result  into  |  Tout  I  <  1- 

In  the  unconditionally  stable  case,  the  load  and  source  stability  regions  contain  the 
entire  unit-circles  \Fl\  <  lor  \Fg\  <  1-  However,  in  the  potentially  unstable  case,  only 
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portions  of  the  unit-circles  may  lie  within  the  stability  regions  and  such  Tg,  Fl  will  lead 
to  a  stable  input  and  output  impedances. 

The  connection  of  the  stability  regions  to  the  stability  circles  is  brought  about  by  the 
following  identities,  which  can  be  proved  easily  using  Eqs.  (13.5.1)-(13.5.8): 


11-522^112 


(13.5.9) 


'  |i-5iirG|2  ^ 

For  example,  the  hrst  can  be  shown  starting  with  Eq.  (13.5.8)  and  using  the  dehnitions 
(13.5.5)  and  the  relationship  (13.5.6): 


^11  -  AFl  2  ^  \Sn-Ari\^ -\\-S22rL\^ 

1  -  S22rL  |1  -  522/’iP 

(l^22p  -  l/\P)irLp  -  (S22-^st,)rL  -  (s^2-^*Sn)rt  + 1  -  iSnk 

U-WlP 

P2iriF-C2ri.-c|rj;  +  i-|5iik 
|l-522ri|2 

D2{\rL\^  -  cIFl  -  clrl  +  \cl\^  -  rl)  ^  Diiiri  -  Cl\^  -  rj) 

ll-WlP  |l-522ri.|2 


It  follows  from  Eq.  (13.5.9)  that  the  load  stability  region  is  dehned  by  the  conditions: 


l-|rin|2>0  «  (|ri-Ci|2-rf)D2>0 

Depending  on  the  sign  of  D2,  these  are  equivalent  to  the  outside  or  the  inside  of  the 
load  stability  circle  of  center  Cl  and  radius 


(load  stability  region)  (13.5.10) 

The  boundary  of  the  circle  \Fl-Cl\  =  Vl  corresponds  to  ITinl  =  1.  The  complement 
of  these  regions  corresponds  to  the  unstable  region  with  ITinl  >  1.  Similarly,  we  hnd 
for  the  source  stability  region: 

(source  stability  region)  (13.5.11) 

In  order  to  have  unconditional  stability,  the  stability  regions  must  contain  the  unit- 
circle  in  its  entirety.  If  D2  >  0,  the  unit-circle  and  load  stability  circle  must  not  overlap 
at  all,  as  shown  in  Fig.  13.5.1.  Geometrically,  the  distance  between  the  points  O  and  A  in 
the  hgure  is  {OA)  =  \ci\-ri.  The  non-overlapping  of  the  circles  requires  the  condition 
{OA)>  1,  or,  |ci|  -  ri  >  1. 

If  D2  <  0,  the  stability  region  is  the  inside  of  the  stability  circle,  and  therefore,  the 
unit-circle  must  lie  within  that  circle.  This  requires  that  (OA)  =  -  |ci  |  >  1,  as  shown 

in  Fig.  13.5.1. 
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Fig.  13.5.1  Load  stability  regions  in  the  unconditionally  stable  case. 


These  two  conditions  can  be  combined  into  sign(D2)  (\cl  \  -  ^l)  >  1.  But,  that  is 
equivalent  to  qi  >  1  according  to  Eq.  (13.5.7).  Geometrically,  the  parameter  pi  repre¬ 
sents  the  distance  (OA) .  Thus,  the  condition  for  the  unconditional  stability  of  the  input 
is  equivalent  to: 


Pi  >  1 


(unconditional  stability  condition) 


(13.5.12) 


It  has  been  shown  by  Edwards  and  Sinsky  [970]  that  this  single  condition  (or,  alter¬ 
natively,  the  single  condition  p2  >  1)  is  necessary  and  sufficient  for  the  unconditional 
stability  of  both  the  input  and  output  impedances  of  the  two-port.  Clearly,  the  source 
stability  regions  will  be  similar  to  those  of  Eig.  13.5.1. 

If  the  stability  condition  is  not  satisfied,  that  is,  pi  <  1,  then  only  that  portion  of  the 
unit-circle  that  lies  within  the  stability  region  will  be  stable  and  will  lead  to  stable  input 
and  output  impedances.  Eig.  13.5.2  illustrates  such  a  potentially  unstable  case. 


Fig.  13.5.2  Load  stability  regions  in  potentially  unstable  case. 

If  D2  >  0,  then  Pi  <  1  is  equivalent  to  \cl  \  -  <  1,  and  if  D2  <  0,  it  is  equivalent 

to  -  I  Cl  I  <  1.  In  either  case,  the  unit-circle  is  partially  overlapping  with  the  stability 
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circle,  as  shown  in  Fig.  13.5.2.  The  portion  of  the  unit-circle  that  does  not  lie  within  the 
stability  region  will  correspond  to  an  unstable  Zin. 

There  exist  several  other  unconditional  stability  criteria  that  are  equivalent  to  the 
single  criterion  pi  >  1.  They  all  require  that  the  Rollett  stability  factor  K  be  greater 
than  unity,  K  >  1,  as  well  as  one  other  condition.  Any  one  of  the  following  criteria  are 
necessary  and  sufficient  for  unconditional  stability  [968]: 


K  >  1 

and 

i/ii  <  1 

K  >  1 

and 

Si  >  0 

K  >  1 

and 

B2  >  0 

(stability  conditions) 

(13.5.13) 

K  >  1 

and 

5i2521  <  1  - 

ISiiP 

K  >  1 

and 

|5i2521  I  <  1  - 

l■522l^ 

Their  equivalence 

to  Pi  >  1  has  been  shown  in  [970].  In  particular,  it  follows  from 

the  last  two  conditions  that  unconditional  stability  requires  \Sii\  <  1  and  1522 1  <  1- 
These  are  necessary  but  not  sufficient  for  stability. 

A  very  common  circumstance  in  practice  is  to  have  a  potentially  unstable  two-port, 
but  with  |5ii  I  <1  and  1^22 1  <  1-  In  such  cases,  Eq.  (13.5.6)  implies  D2  (|ci  -  f|)  >  0, 
and  the  lack  of  stability  requires  pi  =  sign(D2)  (|ci|^  -  ^1)  <  1- 

Therefore,  if  D2  >  0,  then  we  must  have  |ci|^  -  r|  >  0  and  \cl  \  -  <  1,  which 

combine  into  the  inequality  <  \ci\  <  Vl  +  1.  This  is  depicted  in  the  left  picture  of 
Eig.  13.5.2.  The  geometrical  distance  (OA)=  \cl  \  -  ri  satisfies  0  <  (OA)<  1,  so  that 
stability  circle  partially  overlaps  with  the  unit-circle  but  does  not  enclose  its  center. 

On  the  other  hand,  if  D2  <  0,  the  two  conditions  require  I  Ci  |  ^  -  r|  <  0  and  ri  - 1  Ci  |  < 
1,  which  imply  \cl\  <  Vl  <  |cil  1.  This  is  depicted  in  the  right  Eig.  13.5.2.  The 
geometrical  distance  {OA)  =  Vl  -  \cl  \  again  satisfies  0  <  {OA)  <  1,  but  now  the  center 
of  the  unit-circle  lies  within  the  stability  circle,  which  is  also  the  stability  region. 

We  have  written  a  number  of  MATLAB  functions  that  facilitate  working  with  S- 
parameters.  They  are  described  in  detail  later  on: 


smat 
sparam 
sgai  n 
smatch 
gi n ,gout 
smi  th 
smi thci r 
sgci rc 
nfci rc 
nfig 


reshape  ^-parameters  into  ^-matrix 
calculate  stability  parameters 

calculate  transducer,  available,  operating,  and  unilateral  power  gains 

calculate  simultaneous  conjugate  match  for  generator  and  load 

calculate  input  and  output  reflection  coefficients 

draw  a  basic  Smith  chart 

draw  a  stability  or  gain  circle  on  Smith  chart 

determine  stability  and  gain  circles 

determine  noise  figure  circles 

calculate  noise  figure 


The  MATLAB  function  sparam  calculates  the  stability  parameters  pi,  K,  |A|,  Bi,  B2, 
as  well  as  the  parameters  Ci,  C2,Di,D2.  It  has  usage: 


[K ,  mu  ,  D ,  Bl ,  B2  ,  Cl ,  C2  ,  D1 ,  D2]  =  sparam(S)  ;  %  stability  parameters 


The  function  sgci  rc  calculates  the  centers  and  radii  of  the  source  and  load  stability 
circles.  It  also  calculates  gain  circles  to  be  discussed  later  on.  Its  usage  is: 
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[cL,rL]  =  sgci  rc(S  ,  ’  1  ’  )  ;  %  load  or  Zjn  stability  circle 

[cG  ,  rC]  =  sgci  re  (S  ,  ’  S  ’  )  ;  %  source  or  Zout  stability  circle 

The  MATLAB  function  smi  th  draws  a  basic  Smith  chart,  and  the  function  smi  thei  r 
draws  the  stability  circles: 

smi th(n) ; 
smi th ; 

smithei r(c, r, max, width) ; 
smi thei r(c, r,max) ; 
smi thei r(c, r) ; 


%  draw  four  basic  types  of  Smith  charts,  n  =  1,  2,  3, 4 
%  default  Smith  chart  corresponding  to  n  =  3 

%  draw  circle  of  center  c  and  radius  r 
%  equivalent  to  linewidth  wi  dth=l 
%  draw  full  circle  with  linewidth  width=l 


The  parameter  max  controls  the  portion  of  the  stability  circle  that  is  visible  outside 
the  Smith  chart.  For  example,  max  =  1.1  will  display  only  that  portion  of  the  circle  that 
has  \r\  <  1.1. 

Example  13.5.1:  The  Hewlett-Packard  AT-41511  NPN  bipolar  transistor  has  the  following  S- 
parameters  at  1  GHz  and  2  GHz  [1324]: 


5ii  =  0.48^-149^^ ,  ^21  =  S.189Z89^  ,  5i2  =  0.073Z43°  ,  ^22  =  0.49Z-39° 
5ii  =  0.46Z162”  ,  521  =  2.774Z59°  ,  5i2  =  0.103Z45'' ,  522  =  0.42Z-47° 


Determine  the  stability  parameters,  stability  circles,  and  stability  regions. 

Solution:  The  transistor  is  potentially  unstable  at  1  GHz,  but  unconditionally  stable  at  2  GHz. 
The  source  and  load  stability  circles  at  1  GHz  are  shown  in  Fig.  13.5.3. 


source 

stability 

circle 


load 

stability 

circle 


Fig.  13.5.3  Load  and  source  stability  circles  at  1  GHz. 

The  MATLAB  code  used  to  generate  this  graph  was: 

S  =  smat([0.48  -149  5.189  89  0.073  43  0.49  -39]);  %  form  5-matrix 

[K,mu ,  D,  Bl,  B2  ,C1,  C2  ,  D1,D2]  =  sparam(S)  ;  %  stability  parameters 

[cL,rL]  =  sgci  rc(S ,  ’  1  ’ )  ;  %  stability  circles 

[cG,rG]  =  sgeireCS, ’s’) ; 


smi th ; 

smithcirCcL,  rL,  1.1,  1.5); 
smithcir(cG,  rC,  1.1,  1.5); 


%  draw  basic  Smith  chart 
%  draw  stability  circles 
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The  computed  stability  parameters  at  1  GHz  were: 

\A\,Bi,B2,Di,D2]=  [0.781,  0.847,  0.250,  0.928,  0.947,  0.168,  0.178] 

The  transistor  is  potentially  unstable  because  K  <  1  even  though  |A|  <  1,  >  0,  and 

B2  >  0.  The  load  and  source  stability  circle  centers  and  radii  were: 

Cl  =  2.978Z51.75^ ,  n  =  2.131 
Cg  =  3.098Z162.24° ,  Vg  =  2.254 

Because  both  Di  and  D2  are  positive,  both  stability  regions  will  be  the  portion  of  the  Smith 
chart  that  lies  outside  the  stability  circles.  For  2  GHz,  we  find: 

\A\,Bi,B2,Di,D2]=  [1.089,  1.056,  0.103,  1.025,  0.954,  0.201,  0.166] 

Cl  =  2.779Z50.12° ,  Vl  =  1.723 
Cg  =  2.473Z-159.36°  ,  Vg  =  1.421 

The  transistor  is  stable  at  2  GHz,  with  both  load  and  source  stability  circles  being  com¬ 
pletely  outside  the  unit-circle.  □ 

Problem  13.2  presents  an  example  for  which  the  D2  parameter  is  negative,  so  that 
the  stability  regions  will  be  the  insides  of  the  stability  circles.  At  one  frequency,  the 
unit-circle  is  partially  overlapping  with  the  stability  circle,  while  at  another  frequency, 
it  lies  entirely  within  the  stability  circle. 


13.6  Power  Gains 

The  ampliheation  (or  attenuation)  properties  of  the  two-port  can  be  deduced  by  com¬ 
paring  the  power  Pin  going  into  the  two-port  to  the  power  Pl  coming  out  of  the  two-port 
and  going  into  the  load.  These  were  given  in  Eq.  (13.2.1)  and  we  rewrite  them  as: 


1^1  9 

i^in  =  -  Re[yf  h]=  -Pin Iff  I  (power  into  two-port) 

^  ^  (13.6.1) 

Pl  =  -  Re  [yj  ^2  ]  =  -Rl  (power  out  of  two-port  and  into  load) 

where  we  used  Vi  =  Zm/i,  V2  =  Zih,  and  dehned  the  real  parts  of  the  input  and 
load  impedances  by  Pin  =  Re(Zin)  and  Rl  =  Re(ZL).  Using  the  equivalent  circuits  of 
Fig.  13.4.1,  we  may  write  h,  h  in  terms  of  the  generator  voltage  Vg  and  obtain: 

1  Wcl^Rin 
2|Zi„  +  ZGP 

p  1  IVthPi^L  1  \Vg\^Rl\Z2i\^ 

^  2|Zout  +  ZiP  2  |(Zn+ZG)(Zou,  +  Zi.)|" 


(13.6.2) 
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Using  the  identities  of  Problem  13.1,  Pl  can  also  be  written  in  the  alternative  forms: 


\Vg\^Rl\Z2i\ 


\Vg\^Rl\Z2i\ 


2  |(Z22+Zi)(Zin  +  ZG)r  2  |(Zn+ZG)(Z22+Zi)-Zi2Z2i 


(13.6.3) 


The  maximum  power  that  can  be  delivered  by  the  generator  to  a  connected  load 
is  called  the  available  power  of  the  generator,  Pavc,  and  is  obtained  when  the  load  is 
conjugate-matched  to  the  generator,  that  is,  Pavc  =  when  Zin  =  Zq. 

Similarly,  the  available  power  from  the  two-port  network,  PavN,  is  the  maximum 
power  that  can  be  delivered  by  the  Thevenin-equivalent  circuit  of  Fig.  13.4.1  to  a  con¬ 


nected  load,  that  is,  PavN  =  Pl  when  Zl 
that  the  available  powers  will  be: 


Z*y^.  It  follows  then  from  Eq.  (13.6.2) 


PavG  =  max  Pin  =  (avallabl 

oKg 

PavN  =  max  Pi  =  (avallabl 

oPout 

Using  Eq.  (13.4.8),  PavN  can  also  be  written  as: 


(available  power  from  generator) 
(available  power  from  network) 


(13.6.4) 


P  -  ^21  " 

SRont  Zn  +  Zc  ^  ’ 

The  powers  can  be  expressed  completely  in  terms  of  the  S-parameters  of  the  two- 
port  and  the  input  and  output  reflection  coefficients.  With  the  help  of  the  identities  of 
Problem  13.1,  we  hnd  the  alternative  expressions  for  Pm  and  Pl' 


D.  _ 

IVgP 

(1-  ir,n|2)|i-rG|2 

1  II 

S  ’-1 

H  ^ 

8Z0 

IVgP 

li-rmrGp 

(1-  irL|2)|i-rG|2|52i|2 

8Z0 

|(i-rinrG)(i-522ri)|" 

IVgP 

(1-  iri|2)|i-rG|2|52i|2 

8Z0 

|(i-routrL)(i-5iirG)|" 

IVgP 

(1-  |ri|2)|i-rG|2|S2iP 

8Z0 

1  (1  -  SuRc)  (1  -  Wi)  -^izSzirGG  1  ^ 

(13.6.6) 


Similarly,  we  have  for  Pavc  and  PavN^ 


IVcr  li-rcr 

8Zo  1-|PgP 

8Zo  (l-|Pout|2)|l-5iiPG|2 


(13.6.7) 


It  is  evident  that  Pavc,  PavN  are  obtained  from  Pm,  Pi  by  setting  Pm  =  Pt  and  Pl 
PJut,  which  are  equivalent  to  the  conjugate-match  conditions. 
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Three  widely  used  dehnitions  for  the  power  gain  of  the  two-port  network  are  the 
transducer  power  gain  Gj,  the  available  power  gain  Ga,  and  the  power  gain  Gp,  also 
called  the  operating  gain.  They  are  dehned  as  follows: 


power  out  of  network  Pl 
maximum  power  in  Pavc 
maximum  power  out  _  PavN 
maximum  power  in  Pavc 
power  out  of  network  Pi 
power  into  network  Pm 


(transducer  power  gain) 
(available  power  gain) 
(operating  power  gain) 


(13.6.8) 


Each  gain  is  expressible  either  in  terms  of  the  Z-parameters  of  the  two-port,  or  in 
terms  of  its  S-parameters.  In  terms  of  Z-parameters,  the  transducer  gain  is  given  by  the 
following  forms,  obtained  from  the  three  forms  of  Pi  in  Eqs.  (13.6.2)  and  (13.6.3): 


^  4Pg^i|Z2i  1^ _ 

|(Z22+Zi)(Zm-FZG)|' 

^  _ 4Pg^i|Z21  1^ _ 

“  |(Zn-rZG)(Zout  +  Zi)|' 

_  _ 4Pg^iIZ2iI^ _ 

I  (Zii  Zg)  (Z22  +  Zl)  -Z12Z21 

And,  in  terms  of  the  S-parameters: 


(13.6.9) 


(13.6.11) 


The  transducer  gain  Gj  is,  perhaps,  the  most  representative  measure  of  gain  for 
the  two-port  because  it  incorporates  the  effects  of  both  the  load  and  generator  impe¬ 
dances,  whereas  Ga  depends  only  on  the  generator  impedance  and  Gp  only  on  the  load 
impedance. 

If  the  generator  and  load  impedances  are  matched  to  the  reference  impedance  Zq, 
so  that  Zg  =  Zl  =  Zq  and  Pg  =  Pl  =0,  and  Pm  =  Sn,  Pout  =  S22,  then  the  power  gains 
reduce  to: 
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Gt  =  \S21  I 


^  1^21^ 


(13.6.12) 


1-|522|2’  l-|5n|2  — 

A  unilateral  two-port  has  by  definition  zero  reverse  transmission  coefficient,  that  is, 
512  =  0.  In  this  case,  the  input  and  output  reflection  coefficients  simplify  into: 


An  =  5ii ,  Tout  =  522  (unilateral  two-port) 
The  expressions  of  the  power  gains  simplify  somewhat  in  this  case: 

„  i-ircp  ,,  ,2  i-iriF 

|i-522rL|2 

^  i-I-TgP  ,2  1 


(13.6.13) 


|l-5lirG|2'""^'  l-|522p  ° 

r  1  in  ,2  1-lnP 

l-|5ii|2'  ll-WiP 

For  both  the  bilateral  and  unilateral  cases,  the  gains  Ga,  Gp  are  obtainable  from  Gt 
by  setting  Ft  =  An  =  Tq,  respectively,  as  was  the  case  for  PavN  and  Pavc- 

The  relative  power  ratios  Pm/Pavc  and  Pi /PavN  measure  the  mismatching  between 
the  generator  and  the  two-port  and  between  the  load  and  the  two-port.  Using  the  deh- 
nitions  for  the  power  gains,  we  obtain  the  input  and  output  mismatch  factors: 


(unilateral  gains) 


(13.6.14) 


(13.6.15) 


Pin 

Gt 

4Pin^G 

(i-irM|2)(i-|rG|2) 

PavG 

Gp 

IZin  +  ZcP  “ 

li-InrcP 

Pl 

Gt 

1 

0 

(i-iroutP)(i-IGP) 

P  acvN 

IZout  +  ZlP 

Ii-Gulip 

(13.6.16) 


The  mismatch  factors  are  always  less  than  or  equal  to  unity  (for  positive  Pm  and 
Pout-)  Clearly,  Mm  =  1  under  the  conjugate-match  condition  Zm  =  or  Pm  =  Fq,  and 
Mout  =  1  if  Zi  =  Z*yt  or  Pi  =  PJ^^.  The  mismatch  factors  can  also  be  written  in  the 
following  forms,  which  show  more  explicitly  the  mismatch  properties: 


ll-AnPc 

These  follow  from  the  identity: 


^  out  I 
1  “  -Cout-Cl 


IAl')(l-IAI') 


(13.6.17) 


(13.6.18) 


The  transducer  gain  is  maximized  when  the  two-port  is  simultaneously  conjugate 
matched,  that  is,  when  Pm  =  P^  and  Pi  =  PJ^^.  Then,  Mm  =  Mout  =  1  and  the  three 
gains  become  equal.  The  common  maximum  gain  achieved  by  simultaneous  matching 
is  called  the  maximum  available  gain  (MAG): 


^r,max  ~  er^^max  ~  erp^max  ~  erjyiAG 


(13.6.19) 
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Simultaneous  matching  is  discussed  in  Sec.  13.8.  The  necessary  and  sufficient  con¬ 
dition  for  simultaneous  matching  is  P  >  1,  where  K  is  the  Rollett  stability  factor.  It  can 
be  shown  that  the  MAG  can  be  expressed  as: 

(maximum  available  gain)  (13.6.20) 

The  maximum  stable  gain  (MSG)  is  the  maximum  value  Gmag  can  have,  which  is 
achievable  when  P  =  1: 

(maximum  stable  gain)  (13.6.21) 

In  the  unilateral  case,  the  MAG  is  obtained  either  by  setting  Fg  =  Pin  =  and 
Pi  =  PJut  =  *^22  inEq.  (13.6.14),  or  by  a  careful  limiting  process  in  Eq.  (13.6.20),  in  which 
P  ^  00  so  that  both  the  numerator  factor  P  -  VP^  -  1  and  the  denominator  factor  |5i2 1 
tend  to  zero.  With  either  method,  we  hnd  the  unilateral  MAG: 


Gmag.u  =  (1  _  |5ii|2)^(i  -  |522p)  ^  l•^2l I^G2  (unilateral  MAG)  (13.6.22) 

The  maximum  unilateral  input  and  output  gain  factors  are: 


l-|5ii|2 


(13.6.23) 


They  are  the  maxima  of  the  input  and  output  gain  factors  in  Eq.  (13.6.14)  realized 
with  conjugate  matching,  that  is,  with  Pg  =  5*^  and  Pi  =  522-  For  any  other  values 
of  the  reflection  coefficients  (such  that  |PgI  <  1  and  Pi|  <  1),  we  have  the  following 
inequalities,  which  follow  from  the  identity  (13.6.18): 


|l-5nPGl 


II-522P1I 


(13.6.24) 


Often  two-ports,  such  as  most  microwave  transistor  amplihers,  are  approximately 
unilateral,  that  is,  the  measured  5-parameters  satisfy  |5i2 1  ^  |52i  |.  To  decide  whether 
the  two-port  should  be  treated  as  unilateral,  a  hgure  of  merit  is  used,  which  is  essentially 
the  comparison  of  the  maximum  unilateral  gain  to  the  transducer  gain  of  the  actual 
device  under  the  same  matching  conditions,  that  is,  Pg  =  5*^  and  Pi  =  522- 

For  these  matched  values  of  Pg,  Pi,  the  ratio  of  the  bilateral  and  unilateral  transducer 
gains  can  be  shown  to  have  the  form: 


Gr  ^  1  ^  5i252i5*i52*2 

Gr„  |1-G|2’  (l-|5ii|2)(l-|522|2) 


(13.6.25) 


The  quantity  |  G|  is  known  as  the  unilateral  figure  of  merit  If  the  relative  gain  ratio 
gu  is  near  unity  (typically,  within  10  percent  of  unity),  the  two-port  may  be  treated  as 
unilateral. 

The  MATLAB  function  sgain  computes  the  transducer,  available,  and  operating 
power  gains,  given  the  5-parameters  and  the  reflection  coefficients  Fg,Fl.  In  addition. 


13.6.  Power  Gains 


541 


it  computes  the  unilateral  gains,  the  maximum  available  gain,  and  the  maximum  stable 
gain.  It  also  computes  the  unilateral  hgure  of  merit  ratio  (13.6.25).  It  has  usage: 

Gt  =  sgain(S,gG,gL)  ;  transducer  power  gain  at  given 

Ga  =  sgai  n  (S ,  gG ,  ’  a  ’ )  ;  available  power  gain  at  given  r q  with  Fi  =  Fq^^ 

Gp  =  sgai  n  (S ,  gL ,  ’  p  ’ )  ;  operating  power  gain  at  given  Fi  with  Fq  =  F^ 

Gmag  =  sgai  n  (S)  ;  maximum  available  gain  (MAG) 

Gmsg  =  sgai  n  (S ,  ’  msg  ’ )  ;  maximum  stable  gain  (MSG) 

Gu  =  sgai  n  (S ,  ’  u  ’  )  ;  maximum  unilateral  gain,  Eq.  (13.6.22) 

G1  =  sgai  n  (S ,  ’  ui  ’  )  ;  maximum  unilateral  input  gain,  Eq.  (13.6.23) 

G2  =  sgai  n  (S ,  ’  uo  ’  )  ;  maximum  unilateral  output  gain,  Eq.  (13.6.23) 

gu  =  sgai  n  (S ,  ’  ufm  ’  )  ;  unilateral  figure  of  merit  gain  ratio,  Eq.  (13.6.25) 

The  MATLAB  functions  gin  and  gout  compute  the  input  and  output  reflection  coef- 
hcients  from  S  and  T^,  T^.  They  have  usage: 

Gin  =  gin(S,gL);  inputreflectioncoefficient,Eq.(  13.4.3) 

Gout  =  gOUt(S,gG);  output  reflection  coefficient,  Eq.  ( 1 3 .4 . 6) 

Example  13.6.1:  A  microwave  transistor  amplifier  uses  the  Hewlett-Packard  AT-41410  NPN 
bipolar  transistor  with  the  following  ^-parameters  at  2  GHz  [1324]: 

5ii  =  0.61Z165°  ,  ^21  =  3.72Z59°  ,  5i2  =  0.05Z42”  ,  S22  =  0.45Z-48° 

Calculate  the  input  and  output  reflection  coefficients  and  the  various  power  gains,  if  the 
amplifier  is  connected  to  a  generator  and  load  with  impedances  Zg  =  10  -  20j  and  Zl  = 
30  +  40j  ohm. 

Solution:  The  following  MATLAB  code  will  calculate  all  the  required  gains: 

ZO  =  50;  %  normalization  impedance 

ZG  =  10-h20j;  gG  =  z2g(ZG,Z0);  %Fg  =  -0.50  +  0.50J  =  O.71Z1350 

ZL  =  30-40j;  gL  =  z2g(ZL,Z0);  %Fl  =  -0.41-0.43J  =  0.59Z-133.15O 

S  =  smat([0.61  165  3.72  59  0.05  42  0.45  -48]);  %  reshape  S’ into  matrix 

Gin  =  gin(S,gL);  %rin  =  0.54Zl62.30o 

Gout  =  gout(S,gG);  %Fout  =  0A5Z-67A6^ 

Gt  =  sgain(S,gG,gL)  ;  %Gt  =  4.71,  or,  6.73  dB 

Ga  =  sgain(S,gG, ’a’)  ;  %Ga  =  11.44,  or,  10.58  dB 

Gp  =  sgain(S,gL, ’p’)  ;  %Gp  =  10.51,  or,  10.22  dB 

Gu  =  sgainCS, ’u’)  ;  %Gu  =  27.64,  or,  14.41  dB 

G1  =  sgain(S, ’ui ’)  ;  %Gi  =  1.59,  or,  2.02  dB 

G2  =  sgainCS, ’uo’)  ;  %G2  =  1.25,  or,  0.98  dB 

gu  =  sgainCS, ’ufm’)  ;  %gu  =  1.23,  or,  0.89  dB 


Gmag  =  sgainCS); 

Gmsg  =  sgainCS, ’msg’) ; 


%Gmag  =  41.50,  or,  16.18  dB 
%  Gmsg  =  74.40,  or,  18.72  dB 


542 


1  3.  S-Parameters 


The  amplifier  cannot  be  considered  to  be  unilateral  as  the  unilateral  figure  of  merit  ratio 
gu  =  1.23  is  fairly  large  (larger  than  10  percent  from  unity.) 

The  amplifier  is  operating  at  a  gain  of  Gt  =  6.73  dB,  which  is  far  from  the  maximum  value 
of  Gmag  =  16.18  dB.  This  is  because  it  is  mismatched  with  the  given  generator  and  load 
impedances. 

To  realize  the  optimum  gain  Gmag  the  amplifier  must  ‘see’  certain  optimum  generator 
and  load  impedances  or  reflection  coefficients.  These  can  be  calculated  by  the  MATLAB 
function  smatch  and  are  found  to  be: 

Tg  =  0.82Z-162.67°  ^  Zg  =  g2z(ZG,Zo)=  5.12  -  7.54j  Q 
Ft  =  0.75Z52.57°  ^  Zi  =  g2z(Zi,Zo)=  33.66  +  91.48j  Q 

The  design  of  such  optimum  matching  terminations  and  the  function  smatch  are  discussed 
in  Sec.  13.8.  The  functions  g2z  and  z2g  were  discussed  in  Sec.  10.7  .  □ 
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The  practical  usefulness  of  the  S’-parameters  lies  in  the  fact  that  the  dehnitions  (13.1.4) 
represent  forward  and  backward  traveling  waves,  which  can  be  measured  remotely  by 
connecting  a  network  analyzer  to  the  two-port  with  transmission  lines  of  characteristic 
impedance  equal  to  the  normalization  impedance  Zq.  This  was  depicted  in  Fig.  13.1.3. 

A  generalized  dehnition  of  S’-parameters  and  wave  variables  can  be  given  by  using 
in  Eq.  (13.1.4)  two  different  normalization  impedances  for  the  input  and  output  ports. 

Anticipating  that  the  two-port  will  be  connected  to  a  generator  and  load  of  impedan¬ 
ces  Zg  and  Zl,  a  particularly  convenient  choice  is  to  use  Zg  for  the  input  normalization 
impedance  and  Zl  for  the  output  one,  leading  to  the  dehnition  of  the  power  waves  (as 
opposed  to  traveling  waves)  [958-960,962]: 


We  note  that  the  h-waves  involve  the  complex-conjugates  of  the  impedances.  The 
quantities  Rg,Rl  are  the  resistive  parts  of  Zg,  Zl  and  are  assumed  to  be  positive.  These 
dehnitions  reduce  to  the  conventional  traveling  ones  if  Zg  =  Zl  =  Zq. 

These  “wave”  variables  can  no  longer  be  interpreted  as  incoming  and  outgoing  waves 
from  the  two  sides  of  the  two-port.  However,  as  we  see  below,  they  have  a  nice  interpre¬ 
tation  in  terms  of  power  transfer  to  and  from  the  two-port  and  simplify  the  expressions 
for  the  power  gains.  Inverting  Eqs.  (13.7.1),  we  have: 
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Tg 

0  ' 

F  = 

;i-  |rG|2 

0 

\  Fg 

0  " 

0 

0 

eJ(l>L 

L  ^ 

(13.7.9) 


L  Vi-  J 

Using  these  matrices,  it  follows  from  Eqs.  (13.7.4)  and  (13.7.6): 


a'l  =  Fg  (cii  -  Fcbi) 
ci2  =  Fiiaz  -Fibz) 

b[=F^ibi-r^ai) 

b'2=Fl{b2-Fla2) 


a  =F(a-rb) 


b'  =F*  (b-r*a) 


(13.7.10) 


(13.7.11) 


Using  b  =  ^a,  we  find 

a'  =F(a-rb)=F(7-r5)a  ^  a=  {I  -  FS)-^F-^3i' 

b'  =F*(5’-r*)a  =  F*  iS  -F^){I  -FS)-^F-^a'  =  S'a' 

where  I  is  the  2x2  unit  matrix.  Thus,  the  generalized  S’-matrix  is: 

V  =  F*  (5  -  r* )  (7  -  FS) -^F-^ 


(13.7.12) 


We  note  that  S'  =  S  when  Zg  =  Zl  =  Zq,  that  is,  when  Fg  =  Fi  =  0.  The  explicit 
expressions  for  the  matrix  elements  of  S'  can  be  derived  as  follows: 


,  iSn-n)il-S22rL)^S2lSurL 

(1  -  Sure)  (1  -  S22rL)-Si2S2irGrL  ^ 

,  {S22-rt){i-SnrG)+S2iSi2rG  .2j<i>, 

22  (1  -  Sure)  (1  -  S22rL)-Si2S2irGrL 


yi- ircPSziVi- |ri.|2 
21  (i-5iirG)(i-522rL)-5i252irGri. 


-j{4>G  +  4>L) 


(13.7.13a) 


(13.7.13b) 


12  (i-5iirG)(i-522rL)-5i252irGrL 

The  S'li ,  S'22  parameters  can  be  rewritten  in  terms  of  the  input  and  output  reflection 
coefficients  by  using  Eq.  (13.13.2)  and  the  following  factorization  identities: 

(5ll  -  W  (1  -  ^22^1)  +S2lSurL  =  (An  "  F*  )  (1  -  S22FL) 
(S22-rt){i-SurG)+S2iSi2rG  =  {r^ut  -  rD  (i  -  SiiFg) 


It  then  follows  from  Eq.  (13.7.13)  that: 

11  l-TinrG  22  i_rou,ri 

Therefore,  the  mismatch  factors  (13.6.17)  are  recognized  to  be: 


(13.7.14) 
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Mg  =  l-|5'nl^  Ml  =  1-\S'22 


(13.7.1S) 


The  power  flow  relations  (13.2.1)  into  and  out  of  the  two-port  are  also  valid  in  terms 
of  the  power  wave  variables.  Using  Eq.  (13.7.2),  it  can  be  shown  that: 


Pm=lmvtli]=  ^la'iP- fib'll' 

Pl  =  ^Re[V^l2]=  ^\b'2\^  -  ^\a2\^ 


(13.7.16) 


In  the  definitions  (13.7.1),  the  impedances  Zg,  Zl  are  arbitrary  normalization  param¬ 
eters.  However,  if  the  two-port  is  actually  connected  to  a  generator  Vq  with  impedance 
Zg  and  a  load  Zl,  then  the  power  waves  take  particularly  simple  forms. 

It  follows  from  Fig.  13.1.4  that  Ug  =  Vi  +  ZgIi  and  V2  =  Zih-  Therefore,  definitions 
Eq.  (13.7.1)  give: 

Ui  -r  ZgIi  _  Vg 

2V^  2V^ 


V2  -  Zih 


(13.7.17) 


V2  Z*/2  Zl  -r  Z* 


I2  =  ^Rl  h 


It  follows  that  the  available  power  from  the  generator  and  the  power  delivered  to 
the  load  are  given  simply  by: 


8i?G  2' 


(13.7.18) 


Pl  =  -Rilhl 


Because  rz2  =  0,  the  generalized  scattering  matrix  gives,  b'l  =  S'na'i  and  ^2  = 
The  power  expressions  (13.7.16)  then  become: 


Pin  =  ^ la'll'  -  ^Ifa'il'  =  (1  -  |5ii|2)i|a;|2  =  (1  -  |5;i|2)P„g 
Pl  =  ^1^2!'  -  ^1^21'  =  ^1^2 1'  =  1^21  I' ^  la'll'  =  |5^ll'PavG 


It  follows  that  the  transducer  and  operating  power  gains  are: 


(13.7.19) 


i‘^2ir 
1-15'  |2 


(13.7.20) 


These  also  follow  from  the  explicit  expressions  (13.7.13)  and  Eqs.  (13.6.10)  and 
(13.6.11).  We  can  also  express  the  available  power  gain  in  terms  of  the  generalized 
5-parameters,  that  is,  Ga  =  |52il^/(l  -  15^2 1^)-  Thus,  we  summarize: 
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(13.7.21) 

When  the  load  and  generator  are  matched  to  the  network,  that  is.  Tin  =  Pq  and 
Pl  =  P^uv  Itie  generalized  reflections  coefficients  vanish,  5^^  =  5^2  =  0,  making  all  the 
gains  equal  to  each  other. 


13.8  Simultaneous  Conjugate  Matching 

We  saw  that  the  transducer,  available,  and  operating  power  gains  become  equal  to  the 
maximum  available  gain  Gmag  when  both  the  generator  and  the  load  are  conjugately 
matched  to  the  two-port,  that  is.  Tin  =  Fq  and  Fl  =  Using  Eq.  (13.5.8),  these 

conditions  read  explicitly: 


Pg  =  Sn 
r*L  =  S22 


S12S21FL 
1  -  S22FL 
S12S21FG 
1  -  S22FG 


Sn  -  AFl 
1  -  S22FL 
S22  -  ^Fg 
1  -  5iirG 


(13.8.1) 


Assuming  a  bilateral  two-port,  Eqs.  (13.8.1)  can  be  solved  in  the  two  unknowns  Fg,Fl 
(eliminating  one  of  the  unknowns  gives  a  quadratic  equation  for  the  other.)  The  resulting 
solutions  can  be  expressed  in  terms  of  the  parameters  (13.5.1): 


(simultaneous  conjugate  match)  (13.8.2) 


where  the  minus  signs  are  used  when  fli  >  0  and  B2  >  0,  and  the  plus  signs,  otherwise. 

A  necessary  and  sufficient  condition  for  these  solutions  to  have  magnitudes  ITg  I  <  1 
and  I  Til  <  1  is  that  the  Rollett  stability  factor  be  greater  than  unity,  K  >  1.  This  is 
satisfied  when  the  two-port  is  unconditionally  stable,  which  implies  that  K  >  1  and 
Bi  >  0,  B2  >  0. 

A  conjugate  match  exists  also  when  the  two-port  is  potentially  unstable,  but  with 
K  >  1.  Necessarily,  this  means  that  Bi  <  0,  B2  <  0,  and  also  |A|  >  1.  Such  cases  are 
rare  in  practice.  For  example,  most  microwave  transistors  have  either  K  >  1  and  are 
stable,  or,  they  are  potentially  unstable  with  K  <  1  and  |  A  |  <  1. 

If  the  two-port  is  unilateral,  5i2  =  0,  then  the  two  equations  (13.8.1)  decouple,  so 
that  the  optimum  conjugately  matched  terminations  are: 


Fg  =  S II ,  Fl  =  S22  (unilateral  conjugate  match)  (13.8.3) 

The  MATLAB  function  smatch  implements  Eqs.  (13.8.2).  It  works  only  if  >  1.  Its 
usage  is  as  follows: 
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[gG,gL]  =  smatch(S);  %  conjugate  matched  terminations 

To  realize  such  optimum  conjugately  matched  terminations,  matching  networks 
must  be  used  at  the  input  and  output  of  the  two-port  as  shown  in  Fig.  13.8.1. 

The  input  matching  network  can  be  thought  as  being  effectively  connected  to  the 
impedance  Zin  =  Zq  at  its  output  terminals.  It  must  transform  Z^in  into  the  actual 
impedance  of  the  connected  generator,  typically,  Zq  =  50  ohm. 

The  output  matching  network  must  transform  the  actual  load  impedance,  here  Zq, 
into  the  optimum  load  impedance  Zl  =  Z*^^. 


Fig.  13.8.1  Input  and  output  matching  networks. 

The  matching  networks  may  be  realized  in  several  possible  ways,  as  discussed  in 
Chap.  12.  Stub  matching,  quarter-wavelength  matching,  or  lumped  L-section  or  IJ- 
section networks  maybe  used.  In  designing  the  matching  networks,  it  proves  convenient 
to  hr  St  design  the  reverse  network  as  mentioned  in  Sec.  12.13. 

Fig.  13.8.2  shows  the  procedure  for  designing  the  output  matching  network  using 
a  reversed  stub  matching  transformer  or  a  reversed  quarter-wave  transformer  with  a 
parallel  stub.  In  both  cases  the  reversed  network  is  designed  to  transform  the  load 
impedance  Z^  into  Zq. 


Fig.  13.8.2  Two  types  of  output  matching  networks  and  their  reversed  networks.. 


Example  13.8.1:  A  microwave  transistor  ampliher  uses  the  Hewlett-Packard  AT-41410  NPN 
bipolar  transistor  having  ^-parameters  at  2  GHz  [1324]: 
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5ii  =  0.61Z165°  ,  ^21  =  3.72Z59°  ,  5i2  =  0.05Z42°  ,  ^22  =  0.45Z-48° 

Determine  the  optimum  conjugately  matched  source  and  load  terminations,  and  design 
appropriate  input  and  output  matching  networks. 

Solution:  This  is  the  continuation  of  Example  13.6.1.  The  transistor  is  stable  with  K  =  1.1752 
and  |A|  =  0.1086.  The  function  smatch  gives: 

[Tg,Ti]=  smatch(5)  ^  Tg  =  0.8179Z-162.6697° ,  Ti  =  0.7495Z52.5658° 

The  corresponding  source,  load,  input,  and  output  impedances  are  (with  Zq  =  50): 


Zg  =  Z*  =  5.1241  -  7.5417J  Q,  Zi  =  Z*^^  =  33.6758  +  91.4816JQ 


The  locations  of  the  optimum  reflection  coefficients  on  the  Smith  chart  are  shown  in 
Fig.  13.8.3.  For  comparison,  the  unilateral  solutions  of  Eq.  (13.8.3)  are  also  shown. 


Fig.  13.8.3  Optimum  load  and  source  reflection  coefficients. 

We  consider  three  types  of  matching  networks:  (a)  microstrip  single-stub  matching  net¬ 
works  with  open  shunt  stubs,  shown  in  Fig.  13.8.4,  (b)  microstrip  quarter-wavelength 
matching  networks  with  open  A/8  or  3A/8  stubs,  shown  in  Fig.  13.8.5,  and  (c)  L-section 
matching  networks,  shown  in  13.8.6. 


Fig.  13.8.4  Input  and  output  stub  matching  networks. 

In  Fig.  13.8.4,  the  input  stub  must  transform  Zm  to  Zq.  It  can  be  designed  with  the  help  of 
the  function  stubl,  which  gives  the  two  solutions: 
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dl  =  stubl (Zin/Zo,  ’po’)  = 


0.3038  0.4271 

0.1962  0.0247 


We  choose  the  lower  one,  which  has  the  shortest  lengths.  Thus,  the  stub  length  is  d  = 
0.1962 A  and  the  segment  length  /  =  0.0247A.  Both  segments  can  be  realized  with  mi¬ 
crostrips  of  characteristic  impedance  Zq  =  50  ohm.  Similarly,  the  output  matching  net¬ 
work  can  be  designed  by: 


dl  =  stubl  (Zout/^o,  ’po’  )  = 


0.3162  0.1194 

0.1838  0.2346 


Again,  we  choose  the  lower  solutions,  d  =  0.1838A  and  /  =  0.2346A.  The  solutions  using 
shorted  shunt  stubs  are: 


stubl  (Zin/Zo)  = 


0.0538 

0.4462 


0.4271  1 
0.0247  J  ’ 


stubl  (Zout/^o)  = 


0.0662  0.1194 

0.4338  0.2346 


Using  microstrip  lines  with  alumina  substrate  {Cr  =  9.8),  we  obtain  the  following  values 
for  the  width-to-height  ratio,  effective  permittivity,  and  wavelength: 


u  =  —  =  mstripr(er, -^o)  =  0.9711 
n 

Ceff  =  mstripa(er,  u)  =  6.5630 
A  =  =  5.8552  cm 

where  Aq  =  15  cm  is  the  free-space  wavelength  at  2  GHz.  it  follows  that  the  actual  segment 
lengths  are  d  =  1.1486  cm,  /  =  0.1447  cm  for  the  input  network,  and  d  =  1.0763  cm, 
/  =  1.3734  cm  for  the  output  network. 

in  the  quarter-wavelength  method  shown  in  Fig.  13.8.5,  we  use  the  function  qwt2  to  carry 
out  the  design  of  the  required  impedances  of  the  microstrip  segments.  We  have  for  the 
input  and  output  networks: 


[Zi,Z2]=  qwt2(Zin,Zo)=  [28.4817,-11.0232]  Q 
[Zi,Z2]=  qwt2(Zout,^o)=  [118.7832,103.8782]  Q 


For  the  input  case,  we  find  Z2  =  -11.0232  Q,  which  means  that  we  should  use  either  a 
3A/8-shorted  stub  or  a  A/8-opened  one.  We  choose  the  latter.  Similarly,  for  the  output 
case,  we  have  Z2  =  103.8782  Q,  and  we  choose  a  3A/8-opened  stub.  The  parameters  of 
each  microstrip  segment  are: 


Zi  =  28.4817  Q, 
Z2  =  11.0232  Q, 
Zi  =  118.7832  Q, 
Z2  =  103.8782  Q, 


u  =  2.5832, 
u  =  8.9424, 
u  =  0.0656, 
u  =  0.1169, 


Ceff  =  7.2325, 
Ceff  =  8.2974, 
£eff  =  5.8790, 
Ceff  =  7.9503, 


A  =  5.578  cm, 
A  =  5.207  cm, 
A  =  6.186  cm, 
A  =  6.149  cm. 


A/4  =  1.394  cm 
A/8  =  0.651  cm 
A/4  =  1.547  cm 
3A/8  =  2.306  cm 


Finally,  the  designs  using  L-sections  shown  in  Fig.  13.8.6,  can  be  carried  out  with  the  help 
of  the  function  1  match.  We  have  the  dual  solutions  for  the  input  and  output  networks: 
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50  a 


50  Q 


Fig.  13.8.5  Quarter-wavelength  matching  networks  with  A /8-stubs. 


Fig.  13.8.6  input  and  output  matching  with  I-sections. 


[Xi,X2]  =  lmatch(Zo, Zm,  ’ n ’ )  = 


16.8955  -22.7058  1 

-16.8955  7.6223  J 


[Xi,X2]  =  lmatch(Zout,-^o,  ’n’)  = 


57.9268 

502.4796 


-107.7472  1 
7.6223  J 


According  to  the  usage  of  1  match,  the  output  network  transforms  Zq  into  Z*^^,  but  that  is 
equal  to  Zl  as  required. 

Choosing  the  first  rows  as  the  solutions  in  both  cases,  the  shunt  part  Xi  will  be  inductive 
and  the  series  part  X2,  capacitive.  At  2  GHz,  we  find  the  element  values: 


Li 

L2 


CO 

CO 


1.3445  nH, 
4.6097  nH, 


Cl  = 

C0X2 

C2  = 

C0X2 


3.5047  pF 
0.7386  pF 


The  output  network,  but  not  the  input  one,  also  admits  a  reversed  L-section  solution: 


[A:i,A:2]=  lmatch(Zout,-^o,  ’  r’)  = 


71.8148  68.0353 

-71.8148  114.9280 


The  essential  MATLAB  code  used  to  generate  the  above  results  was  as  follows: 


ZO  =  50;  f  =  2;  w=2’>pi*f;  laO  =  30/f;  er  =  9.8;  %finGHz 
S  =  smat([0.61  165  3.72  59  0.05  42  0.45  -48]);  %  5-matrix 


[gG,gL]  =  smatch(S) ; 
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smi  th ;  %  draw  Fig.  13.8.3 

plotCgG,  plotCconj (S(l, 1)) ,  ’o’); 

plotCgL,  plot(conj(S(2,2)) ,  ’o’); 

ZG  =  g2z(gG,Z0);  Zin  =  con j (ZG) ; 

ZL  =  g2z(gL,Z0);  Zout  =  conj(ZL); 

dl  =  stubl(Zi  n/ZO ,  ’  po  ’ )  ;  %  single-stub  design 

dl  =  stubl(Zout/ZO,  ’po’); 

u  =  mstri  pr(er ,  ZO)  ;  %  micro  strip  w/h  ratio 

eff  =  mstri  pa(er ,  u)  ;  %  effective  permittivity 

la  =  laO/sqrt(eff)  ;  %  wavelength  within  microstrip 

[Z1 ,  Z2]  =  qwt2  (Zi  n  ,  ZO)  ;  %  quarter-wavelength  with  A/8  stub 

[Z1,Z2]  =  qwt2(Zout,  ZO) ; 

X12  =  lmatch(ZO,Zin, ’n’) ;  LI  =  X12(l,l)/w;  Cl  =  -l/(w  *  X12(l,2))*le3; 

X12  =  lmatch(Zout,ZO, ’n’) ;  L2  =  X12(l,l)/w;  C2  =  -l/(w  *  X12(l,2))*le3; 

X12  =  lmatch(Zout,ZO,  ’  r’)  ;  %I,  C  inunits  of  nH  and  pF 

One  could  replace  the  stubs  with  balanced  stubs,  as  discussed  in  Sec.  12.9,  or  use  11-  or 

T-sections  instead  of  L-sections.  □ 

1 3.9  Power  Gain  Circles 

For  a  stable  two-port,  the  maximum  transducer  gain  is  achieved  at  single  pair  of  points 
Fg,  Fl-  When  the  gain  G  is  required  to  be  less  than  Gmag,  there  will  be  many  possible 
pairs  Fg,Fl  at  which  the  gain  G  is  realized.  The  locus  of  such  points  Fg  and  Ti  on  the 
r-plane  is  typically  a  circle  of  the  form: 

\F-c\=r  (13.9.1) 

where  c,  r  are  the  center  and  radius  of  the  circle  and  depend  on  the  desired  value  of  the 
gain  G. 

In  practice,  several  types  of  such  circles  are  used,  such  as  unilateral,  operating,  and 
available  power  gain  circles,  as  well  as  constant  noise  figure  circles,  constant  SWR  circles, 
and  others. 

The  gain  circles  allow  one  to  select  appropriate  values  for  Fg,Fl  that,  in  addition  to 
providing  the  desired  gain,  also  satisfy  other  requirements,  such  as  striking  a  balance 
between  minimizing  the  noise  figure  and  maximizing  the  gain. 

The  MATLAB  function  sgci  rc  calculates  the  stability  circles  as  well  as  the  operating, 
available,  and  unilateral  gain  circles.  Its  complete  usage  is: 

[c  ,  r]  =  sgci  rc  (S  ,  ’  S  ’  )  ;  %  source  stability  circle 

[c  ,  r]  =  sgci  rc  (S  ,  ’  1  ’  )  ;  %  load  stability  circle 

[c  ,  r]  =  sgci  rc  (S  ,  ’  P  ’  ,  G)  ;  %  operating  power  gain  circle 

[c  ,  r]  =  sgci  rc  (S  ,  ’  a  ’  ,  G)  ;  %  available  power  gain  circle 

[c  ,  r]  =  sgci  rc  (S  ,  ’  ui  ’  ,  G)  ;  %  unilateral  input  gain  circle 

[c  ,  r]  =  sgci  rc  (S  ,  ’  UO  ’  ,  G)  ;  %  unilateral  output  gain  circle 
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where  in  the  last  four  cases  G  is  the  desired  gain  in  dB. 

13.10  Unilateral  Gain  Circles 

We  consider  only  the  unconditionally  stable  unilateral  case,  which  has  \Su\  <  1  and 
1 522 1  <  1-  The  dependence  of  the  transducer  power  gain  on  Tg  and  Fl  decouples  and 
the  value  of  the  gain  may  be  adjusted  by  separately  choosing  Fg  and  Ti.  We  have  from 
Eq.  (13.6.14): 


The  input  and  output  gain  factors  Gg,  Gl  satisfy  the  inequalities  (13.6.24).  Concen¬ 
trating  on  the  output  gain  factor,  the  corresponding  gain  circle  is  obtained  as  the  locus 
of  points  Fl  that  will  lead  to  a  fixed  value,  say  Gl  =  G,  which  necessarily  must  be  less 
than  the  maximum  G2  given  in  Eq.  (13.6.23),  that  is. 


1  -  1^22  P 


(13.10.2) 


Normalizing  the  gain  G  to  its  maximum  value  g  =  G/G2  =  G(l  -  1^22 1 ^),  we  may 
rewrite  (13.10.2)  in  the  form: 


(i-iri|2)(i-|522|2) 


=  g  <1 


(13.10.3) 


This  equation  can  easily  be  rearranged  into  the  equation  of  a  circle  \Fl-c\  =  r,  with 
center  and  radius  given  by: 


I  -  {I  -  g)  1^22  P  ’ 


Vr^(i- 15221^) 
I  -  (i  -  g)  1^22  P 


(13.10.4) 


When  ^  =  1  or  G  =  G2,  the  gain  circle  collapses  onto  a  single  point,  that  is,  the 
optimum  point  Fl  =  Similarly,  we  find  for  the  constant  gain  circles  of  the  input 
gain  factor: 


^^1*1 

1-  (l-^)|5ii|2 


1-  (l-0)|5iiP 


(13.10.S) 


where  here,  g  =  GIG\  =  G(l-|5iiP)  and  the  circles  are  \rc  -  c\  =  r. 

Both  sets  of  c,  r  satisfy  the  conditions  |c|  <  1  and  |c|  +  r  <  1,  the  latter  implying 
that  the  circles  lie  entirely  within  the  unit  circle  \F\  <  1,  that  is,  within  the  Smith  chart. 

Example  13.10.1:  A  unilateral  microwave  transistor  has  5-parameters: 


5ii  =  0.8Z120°,  52i=4Z60°,  5i2  =  0,  522  =  0.2Z-30” 


The  unilateral  MAG  and  the  maximum  input  and  output  gains  are  obtained  as  follows: 
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Gmag,u  =  sgain(5,  ’  u  ’ )  =  16.66  dB 
Gi  =  sgain(5,  ’  ui  ’ )  =  4.44  dB 
G2  =  sgain(5,  ’ uo’ )  =  0.18  dB 

Most  of  the  gain  is  accounted  for  by  the  factor  |5’2i  P,  which  is  12.04  dB.  The  constant  input 
gain  circles  for  Gg  =  1, 2,  3  dB  are  shown  in  Fig.  13.10.1.  Their  centers  lie  along  the  ray  to 
For  example,  the  center  and  radius  of  the  3-dB  case  were  computed  by 

[C3,r3]  =  sgcirc(5,  ’ui  ’,3)  ^  C3  =  0.701Z-120°,  rs  =  0.233 


Fig.  13.10.1  Unilateral  input  gain  circles. 

Because  the  output  does  not  provide  much  gain,  we  may  choose  the  optimum  value  Fi  = 
S22  =  0.2 Z 30°.  Then,  with  any  point  Fg  along  the  3-dB  input  gain  circle  the  total  trans¬ 
ducer  gain  will  be  in  dB: 

Gt  =  Gg  +  1^21  +  Gi  =  3  +  12.04  +  0.18  =  15.22  dB 

Points  along  the  3-dB  circle  are  parametrized  as  Tg  =  C3  +  r3ej^,  where  (p  is  any  angle. 
Choosing  p  =  arg  (5*i )  -tt  will  correspond  to  the  point  on  the  circle  that  lies  closest  to  the 
origin,  that  is,  Fg  =  0.468Z-120°,  as  shown  in  Fig.  13.10.1.  The  corresponding  generator 
and  load  impedances  will  be: 

Zg  =  69.21  +  14.42J  Q,  Zi  =  23.15  -  24.02J  Q 

The  MATLAB  code  used  to  generate  these  circles  was: 

S  =  smat([0.8,  120,  4,  60,  0,  0,  0.2,  -30]); 

[cl,rl]  =  sgci rc(S, ’ui ’ ,1) ; 

[c2,r2]  =  sgci rc(S, ’ui ’ ,2) ; 

[c3,r3]  =  sgci rc(S, ’ui ’ , 3) ; 

smith;  smi thci r(cl, rl) ;  smi thci r(c2 , r2) ;  smi thci r(c3 , r3) ; 
c  =  exp(-j*ang1 e(S(l, 1))) ;  ]ine([0, real (c)] ,  [0,imag(c)]) ; 
gC  =  c3  -  r3*exp(j*ang]e(c3)) ; 

plotCconj (S(l, 1)) , ’ . ’ ) ;  pi ot(con j (S(2 , 2)) , ’ . ’ ) ;  p1ot(gG, ’ . ’) ; 
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The  input  and  output  matching  networks  can  be  designed  using  open  shunt  stubs  as  in 
Fig.  13.8.4.  The  stub  lengths  are  found  to  be  (with  Zq  =  50  Q): 


dl  =  stubl(Zg/Zo,  ’po’)  = 


dl  =  stubl(Z^/Zo,  ’po’)  = 


0.3704  0.3304 

0.1296  0.0029 

0.4383  0.0994 

0.0617  0.3173 


Choosing  the  shortest  lengths,  we  have  for  the  input  network  d  =  0.1296A,  /  =  0.0029A, 
and  for  the  output  network,  d  =  0.0617A,  /  =  0.3173A.  Fig.  13.10.2  depicts  the  complete 
matching  circuit.  □ 


Fig.  13.10.2  Input  and  output  stub  matching  networks. 


13.11  Operating  and  Available  Power  Gain  Circles 

Because  the  transducer  power  gain  Gt  depends  on  two  independent  parameters— the 
source  and  load  reflection  coefficients— it  is  difficult  to  find  the  simultaneous  locus  of 
points  for  Fg,  Ft  that  will  result  in  a  given  value  for  the  gain. 

If  the  generator  is  matched,  An  =  Fq,  then  the  transducer  gain  becomes  equal  to 
the  operating  gain  Gt  =  Gp  and  depends  only  on  the  load  reflection  coefficient  Ft- 
The  locus  of  points  Ft  that  result  in  fixed  values  of  Gp  are  the  operating  power  gain 
circles.  Similarly,  the  available  power  gain  circles  are  obtained  by  matching  the  load 
end,  Ft  =  F*^^,  and  varying  Tg  to  achieve  fixed  values  of  the  available  power  gain. 

Using  Eqs.  (13.6.11)  and  (13.5.8),  the  conditions  for  achieving  a  constant  value,  say 
G,  for  the  operating  or  the  available  power  gains  are: 


1  ,2  l-IUF 

|2  1 

ll-^iircP'  l-IFoutl 


=  G, 


=  G, 


n  =  Ar 


^11  -  AFt 
1  -  S22FL 


S22  -  ^Fg 
1  -  SuFg 


(13.11.1) 


We  consider  the  operating  gain  first.  Defining  the  normalized  gain  g  =  G/|5’2il^, 
substituting  An,  and  using  the  definitions  (13.5.1),  we  obtain  the  condition: 


1  3.1 1 .  Operating  and  Available  Power  Gain  Circles 


555 


1-  irip _ 

U-WLp-lSii-Arip 

_ 1-  iriF _ 

(IS22I2  -  |4|2)|ri|2  -  (S22-ASt,)rL  -  {s^2-^*Su)rl  + 1  -  iSnP 

_ 1-  irip _ 

r>2iri|2  -  CiFi  -c^rl  +  i-\Sn\^ 


This  can  be  rearranged  into  the  form: 


I  |2  0C2  _  gc*2  ,  ^  i-g(i-ISiiP) 

'  1+002  ^  1+002^  I+0O2 

and  then  into  the  circle  form: 


get 

l+gD2 


1-^(1  ~ 

(1+^D2)2  1+^D2 


Using  the  identities  (13.5.2)  and  1  -  l^n  |^  =  2i^|5’i25’2i  I  +  II2,  which  follows  from 
(13.5.1),  the  right-hand  side  of  the  above  circle  form  can  be  written  as: 


g^\C2\^  l-g{l-\Sii\^)  _g^\Si2S2i\^ -2gK\Si2S2i\  +  l 

(l-r^D2)^  1 -r  ^D2  (l-r^D2)^ 

Thus,  the  operating  power  gain  circle  will  be  IT^  -  c|^  =  with  center  and  radius: 


gCt  ^  ^Jg^\Sl2S2l\^  -  2gK\Si2S2i  \  +  1  ^  ^ 

^"l-r^D2’  . ~~~Jl+~gD2\ 

The  points  Fl  on  this  circle  result  into  the  value  Gp  =  G  for  the  operating  gain. 
Such  points  can  be  parametrized  as  Ti  =  c  +  re^^,  where  0  <  <p  <  Zn.  As  Fl  traces 
this  circle,  the  conjugately  matched  source  coefficient  Fg  =  An  ^Iso  trace  a  circle 
because  Tin  is  related  to  Fl  by  the  bilinear  transformation  (13.5.8). 

In  a  similar  fashion,  we  hnd  the  available  power  gain  circles  to  be  \Fg  -  c\^  =  r^, 
where  g  =  G/|5’2il^  and: 


gCt  V0^|.S'i252i|2-20X|5i25'2i|  +  1  (111141 

i+0or  ~  11+0O1I _ I  (  ■  ■ ) 

We  recall  from  Sec.  13.5  that  the  centers  of  the  load  and  source  stability  circles  were 
Cl  =  Ct  ID2  and  Cg  =  C* IDi.  It  follows  that  the  centers  of  the  operating  power  gain 
circles  are  along  the  same  ray  as  Ci,  and  the  centers  of  the  available  gain  circles  are 
along  the  same  ray  as  Cg- 

For  an  unconditionally  stable  two-port,  the  gain  G  must  be  0  <  G  <  Gmag,  with 
Gmag  given  by  Eq.  (13.6.20).  It  can  be  shown  easily  that  the  quantities  under  the  square 
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roots  in  the  dehnitions  of  the  radii  r  in  Eqs.  (13.11.3)  and  (13.11.4)  are  non-negative. 
The  gain  circles  lie  inside  the  unit  circle  for  all  such  values  of  G.  The  radii  r  vanish 
when  G  =  Gmag,  that  is,  the  circles  collapse  into  single  points  corresponding  to  the 
simultaneous  conjugate  matched  solutions  of  Eq.  (13.8.2). 

The  MATLAB  function  sgei  rc  calculates  the  center  and  radii  c,  r  of  the  operating 
and  available  power  gain  circles.  It  has  usage,  where  G  must  be  entered  in  dB: 

[C  ,  r]  =  Sgei  rc  (S  ,  ’  P  ’  ,  G)  ;  operating  power  gain  circle 

[c  ,  r]  =  sgei  rc  (S  ,  ’  a  ’  ,  G)  ;  available  power  gain  circle 

Example  13.11.1:  A  microwave  transistor  amplifier  uses  the  Hewlett-Packard  AT-41410  NPN 
bipolar  transistor  with  the  following  5-parameters  at  2  GHz  [1324]: 


5ii  =  0.61^165^" ,  521  =  3.72Z59”  ,  5i2  =  0.05Z42”  ,  522  =  0.45Z-48° 


Calculate  Gmag  and  plot  the  operating  and  available  power  gain  circles  for  G  =  13, 14, 15 
dB.  Then,  design  source  and  load  matching  circuits  for  the  case  G  =  15  dB  by  choosing 
the  reflection  coefficient  that  has  the  smallest  magnitude. 

Solution:  The  MAG  was  calculated  in  Example  13.6.1,  Gmag  =  16.18  dB.  The  gain  circles  and  the 
corresponding  load  and  source  stability  circles  are  shown  in  Fig.  13.11.1.  The  operating 
gain  and  load  stability  circles  were  computed  and  plotted  by  the  MATLAB  statements: 


[cl,rl]  =  sgei rc(S, ’p’ ,13) ; 
[c2,r2]  =  sgei rc(S, ’p’ ,14) ; 
[e3,r3]  =  sgei re(S, ’p’ ,15) ; 
[eL,rL]  =  sgei re(S , ’ 1 ’ ) ; 

smith;  smithei r(eL, rL, 1. 7) ; 
smithei r(el, rl) ;  smithei r(e2 , r2) ; 


%Ci=  0.4443Z52.56^,  n  =  0.5212 
%C2  =  0.5297Z52.56«,  r2  =  0.4205 
%C3  =  0.6253Z52.56O,  =  0.2968 

%CL=  2.0600Z52.56'^,  =  0.9753 

%  display  portion  of  circle  with  Tl  I  <  1.7 
smithei r(e3 , r3) ; 


Fig.  13.11.1  Operating  and  available  power  gain  circles. 

The  gain  circles  lie  entirely  within  the  unit  circle,  for  example,  we  have  r^  +  lc^l  =  0.9221  < 
1,  and  their  centers  lie  along  the  ray  of  Ci.  As  Fl  traces  the  15-dB  circle,  the  corresponding 
Fg  =  An  traces  its  own  circle,  also  lying  within  the  unit  circle.  The  following  MATLAB  code 
computes  and  adds  that  circle  to  the  above  Smith  chart  plots: 
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phi  =  1  i  nspace(0 , 2*pi  ,  361)  ;  %  equally  spaced  angles  at  1°  intervals 

gammaL  =  c3  +  r3  *  exp(j''phi);  %  points  on  15-dB  operating  gain  circle 

gammaC  =  con  j  (gi  n  (S ,  gammaL)  )  ;  %  circle  of  conjugate  matched  source  points 

plot(gammaG) ; 

In  particular,  the  point  Ti  on  the  15-dB  circle  that  lies  closest  to  the  origin  is  Ti  = 
C3  -  =  0.3285 Z 52.56”.  The  corresponding  matched  load  will  be  Tg  =  Tj*  = 

0.6805 Z- 163.88”.  These  and  the  corresponding  source  and  load  impedances  were  com¬ 
puted  by  the  MATLAB  statements: 

gL  =  c3  -  r3*exp(j''angle(c3))  ;  zL  =  g2z(gL); 

gC  =  conj (gi  n(S,gL)) ;  zG  =  g2z(gG); 


The  source  and  load  impedances  normalized  to  Zq  =  50  ohm  are: 

Zg  =  ^  =  0.1938  -  0.1363J,  Zi  =  |^  =  1.2590  +  0.736U 
Zo  Zq 

The  matching  circuits  can  be  designed  in  a  variety  of  ways  as  in  Example  13.8.1.  Using 
open  shunt  stubs,  we  can  determine  the  stub  and  line  segment  lengths  with  the  help  of 
the  function  stubl: 


dl  =  stubl (Zg,  ’ po’ )  = 


0.3286  0.4122  ' 

0.1714  0.0431 


dl  =  stubl {zl,  ’ po’ )  = 


0.4033  0.0786  ' 

0.0967  0.2754 


In  both  cases,  we  may  choose  the  lower  solutions  as  they  have  shorter  total  length  d  +  1. 
The  available  power  gain  circles  can  be  determined  in  a  similar  fashion  with  the  help  of 
the  MATLAB  statements: 


[cl,rl]  =  sgci rc(S, ’a’ ,13) 
[c2,r2]  =  sgci rc(S, ’a’ ,14) 
[c3,r3]  =  sgci rc(S, ’a’ ,15) 
[cG,rG]  =  sgci rc(S, ’s’)  ; 


%Ci  =  0.5384Z-162.67‘^,  n  =  0.4373 
%C2  =  0.6227Z-162.67‘^,  rz  =  0.3422 
%C3  =  0.7111Z-162.67O,  r3  =  0.2337 
%Cg  =  1.5748Z-162.670,  Vq  =  0.5162 


smi  th ;  smi  thci  r  (cG ,  rG)  ;  %  plot  entire  source  stability  circle 

smi thci r(cl, rl) ;  smi thci r(c2 , r2) ;  smi thci r(c3 , r3) ; 


Again,  the  circles  lie  entirely  within  the  unit  circle.  As  Tg  traces  the  15-dB  circle,  the 
corresponding  matched  load  Fl  =  traces  its  own  circle  on  the  T-plane.  It  can  be 
plotted  with: 

phi  =  linspace(0,2*pi ,361) ; 
gammaG  =  c3  -i-  r3  *  exp(j*phi); 
gammaL  =  con j (gout (S , gammaG)) ; 
plot (gammaL)  ; 


%  equally  spaced  angles  at  1°  intervals 
%  points  on  15-dB  available  gain  circle 
%  circle  of  conjugate  matched  loads 
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In  particular,  the  point  Fq  =  C3  -  =  0.4774Z- 162.67”  lies  closest  to  the  origin. 

The  corresponding  matched  load  will  have  Fi  =  F*^^  =  0. 5 728 Z 50. 76”.  The  resulting 
normalized  impedances  are: 

Zg  =  =  0.3609  -  0.1329J,  zl  =  ^  =  1.1135  +  1.4704J 

Zo  Zo 

and  the  corresponding  stub  matching  networks  will  have  lengths: 

1  [0-3684  0.3905  1  [  0.3488  0.1030  1 

stubl  (Zg,  po  )-  niqic:  ’  stubl  (z^,  po  )-  n 


The  lower  solutions  have  the  shortest  lengths.  For  both  the  operating  and  available  gain 
cases,  the  stub  matching  circuits  will  be  similar  to  those  in  Fig.  13.8.4.  □ 

When  the  two-port  is  potentially  unstable  (but  with  \Su\  <  1  and  1522 1  <  1,)  the 
stability  circles  intersect  with  the  unit-circle,  as  shown  in  Fig.  13.5.2.  In  this  case,  the 
operating  and  available  power  gain  circles  also  intersect  the  unit-circle  and  at  the  same 
points  as  the  stability  circles. 

We  demonstrate  this  in  the  specific  case  of  <  1,  |5ii|  <  1,  1^22 1  <  1,  but  with 
D2  >  0,  an  example  of  which  is  shown  in  Fig.  13.11.2.  The  intersection  of  an  operating 
gain  circle  with  the  unit-circle  is  obtained  by  setting  \Fl\  =  1  in  the  circle  equation 
\Fl  -  c\  =  r.  Writing  Fl  =  and  c  =  we  have: 


lu  -  c|2  =  1  -  2|c|  cos(0i  -  0c)  +  kl 


cos (01  -  9c)  = 


kr  - 
2kl 


Similarly,  the  intersection  of  the  load  stability  circle  with  the  unit-circle  leads  to  the 
relationship: 


rl  =  lU-Cik  =  l-2kilcos(0i-0Ci)  +  kil 


cos  (01  -  0Ci) 


i  +  kik 
2\Cl\ 


Because  c  =  gC^ /  (1  +  gD2),  Cl  =  Cj /D2,  and  D2  >  0,  it  follows  that  the  phase 
angles  of  c  and  Cl  will  be  equal,  6c  =  Ocl-  Therefore,  in  order  for  the  load  stability 
circle  and  the  gain  circle  to  intersect  the  unit-circle  at  the  same  Fl  =  the  following 
condition  must  be  satisfied: 


(13.11.5) 


.n  nx  l+|c|2-r2  1  +  \Cl\^  -  rl  o 

COS(0,  -  0,)=  -  (13.11.5) 

Using  the  identities  1  -  |5ii|^  =  B2  -  D2  and  1  -  ISnk  =  (kil^  -  ^1)^2,  which 
follow  from  Eqs.  (13.5.1)  and  (13.5.6),  we  obtain: 

i  +  kik^t"!  ^  1  +  {B2  —  D2 ) / D2  _  B2 

2kri  ■  21C21/1U21  “  21^ 

where  we  used  D2  >  0.  Similarly,  Eq.  (13.1 1.2)  can  be  written  in  the  form: 


1-0(1-I^i 
1  +0U2 


0(1  -  |5iik)  -  1  _  g{B2  -D2)-1 


1  +0D2 


1  +0U2 
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Therefore,  we  have: 

1  +  Icp  -  ^  1  +  {g{B2  -D2)-1)/(1  +  gPi)  ^  £2 

2|c|  “  20IC2I/II+0D2I  ■2IC2I 

Thus,  Eq.  (13.11.5)  is  satished.  This  condition  has  two  solutions  for  6l  that  cor¬ 
respond  to  the  two  points  of  intersection  with  the  unit-circle.  When  D2  >  0,  we  have 
arg  c  =  arg  Cj  =  -  arg  C2.  Therefore,  the  two  solutions  for  Ti  =  will  be: 

Fl  =  ,  9l  =  -arg(C2)±acos  (13.11.6) 

Similarly,  the  points  of  intersection  of  the  unit-circle  and  the  available  gain  circles 
and  source  stability  circle  are: 

=  0G  = -arg(Ci)±acos  (13.11.7) 

Actually,  these  expressions  work  also  when  D2  <  0  or  Di  <0. 

Example  13.11.2:  The  microwave  transistor  Hewlett-Packard  AT-41410  NPN  is  potentially  un¬ 
stable  at  1  GHz  with  the  following  S’-parameters  [1324]: 


5ii  =  0.6Z-163°  ,  ^21  =  7.12Z86^  ,  ^12  =  0.039Z35”  ,  ^22  =  0.50Z-38° 

Calculate  Gmsg  and  plot  the  operating  and  available  power  gain  circles  for  G  =  20, 21, 22 
dB.  Then,  design  source  and  load  matching  circuits  for  the  22-dB  case  by  choosing  the 
reflection  coefficients  that  have  the  smallest  magnitudes. 

Solution:  The  MSG  computed  from  Eq.  (13.6.21)  is  Gmsg  =  22.61  dB.  Fig.  13.11.2  depicts  the 
operating  and  available  power  gain  circles  as  well  as  the  load  and  source  stability  circles. 
The  stability  parameters  are:  K  =  0.7667, pi  =  0.8643,  |A|  =  0.1893, Di  =  0.3242,^2  = 
0.2142.  The  computations  and  plots  are  done  with  the  following  MATLAB  code:^ 


S  =  smat([0.60,  -163,  7.12,  86,  0.039,  35,  0.50,  -38]);  %  5-parameters 

[K,  mu ,  D ,  B1 ,  B2  ,  Cl ,  C2  ,  Dl ,  D2]  =  sparam(S)  ;  %  stability  parameters 


Gmsg  =  db(sgain(S, ’msg’)) ; 

[cl,rl]  =  sgci rc(S, ’ p’ ,20) 
[c2,r2]  =  sgci rc(S, ’ p’ ,21) 
[c3,r3]  =  sgci rc(S, ’ p’ ,22) 

[cL,rL]  =  sgci rc(S, ’] ’) ; 
[cG,rG]  =  sgci rc(S, ’s’) ; 


gL  =  c3  -  r3*exp(j*ang1e(c3)) ; 
gG  =  conj (gi n(S,gL)) ; 
plotCgL, ’ . ’) ;  plotCgG, ’ . ’) ; 


%Gmsg  =  22.61  dB 
%  operating  power  gain  circles: 

%Ci  =  0.6418Z50.80O,  n  =  0.4768 
%C2  =  0.7502Z50.80O,  rz  =  0.4221 
%C3  =  0.8666Z50.80O,  =  0.3893 

%  load  and  source  stability  circles: 

%CL  =  2.1608Z50.80O,  =  1.2965 

%Cg  =  1.7456Z171.690,  Vq  =  0.8566 

%  plot  Smith  charts 
%  plot  gain  circles 

%  of  smallest  magnitude 
%  corresponding  matched  T q 


smith;  smi thci r(cL , rL , 1. 5) ;  smithci r(cG, rG, 1. 5) ; 
smi thci r(cl, rl) ;  smi thci r(c2 , r2) ;  smi thci r(c3 , r3) ; 


Ixhe  function  db  converts  absolute  scales  to  dB.  The  function  ab  converts  from  dB  to  absolute  units. 
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Fig.  13.11.2  Operating  and  available  power  gain  circles. 


%  available  power  gain  circles: 

[cl,rl]  =  sgci  rc(S, ’a’ ,20)  ;  %  ci  =  0.6809Zl7l.69o,  ri  =  0.4137 

[c2,r2]  =  sgci  rc(S, ’a’ ,21)  ;  % C2  =  0.7786Zl7l.69o,  r2  =  0.3582 

[c3,r3]  =  sgci  rc(S, ’a’ ,22)  ;  % C3  =  0.8787^171.69°,  rs  =  0.3228 

figure; 

smith;  smithci r(cL, rL, 1. 5) ;  smi thci r(cG , rG , 1. 5) ; 
smi thci r(cl, rl) ;  smi thci r(c2 , r2) ;  smi thci r(c3 , r3) ; 

gG  =  c3  -  r3*exp(j*ang1  e(c3))  ;  %  of  smallest  magnitude 

gL  =  conj  (gout (S,gG))  ;  %  corresponding  matched  T/, 

plotCgL, ’ . ’) ;  plotCgG, ’ . ’ ) ; 

Because  Di  >  0  and  D2  >  0,  the  stability  regions  are  the  portions  of  the  unit-circle  that 
lie  outside  the  source  and  load  stability  circles.  We  note  that  the  operating  gain  circles 
intersect  the  unit-circle  at  exactly  the  same  points  as  the  load  stability  circle,  and  the 
available  gain  circles  intersect  it  at  the  same  points  as  the  source  stability  circle. 

The  value  of  on  the  22-dB  operating  gain  circle  that  lies  closest  to  the  origin  is  Fl  = 
C3  -  =  0.4773 Z 50.80°  and  the  corresponding  matched  source  is  Tg  =  A*  = 

0. 7632 Z  167.69°.  We  note  that  both  Fl  and  Fg  lie  in  their  respective  stability  regions. 

For  the  22-dB  available  gain  circle  (also  denoted  by  C3,  rs),  the  closest  Tg  to  the  origin  will 
be  Tg  =  C3  -  =  0.5559Z171.69°  with  a  corresponding  matched  load  Fl  =  = 

0.7147Z45.81°.  Again,  bothri,rG  lie  in  their  stable  regions. 

Once  the  Fg,Fl  have  been  determined,  the  corresponding  matching  input  and  output 
networks  can  be  designed  with  the  methods  of  Example  13.8.1.  □ 


13.12  Noise  Figure  Circles 

Every  device  is  a  source  of  internally  generated  noise.  The  noise  entering  the  device  and 
the  internal  noise  must  be  added  to  obtain  the  total  input  system  noise.  If  the  device  is 
an  ampliher,  the  total  system  noise  power  will  be  amplihed  at  the  output  by  the  gain  of 
the  device.  If  the  output  load  is  matched,  this  gain  will  be  the  available  gain. 


13.12.  Noise  Figure  Circles 
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The  internally  generated  noise  is  quantified  in  practice  either  by  the  effective  noise 
temperature  Te,  or  by  the  noise  figure  F  of  the  device.  The  internal  noise  power  is  given 
by  Pn  =  kTeB,  where  k  is  the  Boltzmann  constant  and  B  the  bandwidth  in  Hz.  These 
concepts  are  discussed  further  in  Sec.  15.8.  The  relationship  between  T e  and  F  is  dehned 
in  terms  of  a  standard  reference  temperature  Fq  =  290  K  (degrees  Kelvin): 

f=l  +  ^  (13.12.1) 

1  0 

The  noise  hgure  is  usually  quoted  in  dB,  PdB  =  lOlogio  F.  Because  the  available  gain 
of  a  two-port  depends  on  the  source  impedance  Zg,  or  the  source  reflection  coefficient 
Fg,  so  will  the  noise  hgure. 

The  optimum  source  impedance  Z^opt  corresponds  to  the  minimum  noise  hgure 
Fmin  that  can  be  achieved  by  the  two-port.  For  other  values  of  Zg,  the  noise  hgure  F  is 
greater  than  Fmin  and  is  given  by  [94-97]: 

f  =  fmin  +  ~  (13.12.2) 

where  Rg  =  ReCZc)  and  Rn  is  an  equivalent  noise  resistance.  We  note  that  F  =  Fmin 
when  Zg  =  Z^opt-  Dehning  the  normalized  noise  resistance  =  Rn/Zo,  where  Zq  = 
50  ohm,  we  may  write  Eq.  (13.12.2)  in  terms  of  the  corresponding  source  rehection 
coefficients: 


F  —  Tmin  +  4rn 


IBg  -f^Goptl^ _ ^ 

|l  +rGopt|2(l  -  I^gP) 


(13.12.3) 


The  parameters  Fmin,  rn,  and  Tcopt  characterize  the  noise  properties  of  the  two-port 
and  are  usually  known. 

In  designing  low-noise  microwave  amplihers,  one  would  want  to  achieve  the  mini¬ 
mum  noise  hgure  and  the  maximum  gain.  Unfortunately,  the  optimum  source  rehection 
coefficient  Tcopt  does  not  necessarily  correspond  to  the  maximum  available  gain. 

The  noise  hgure  circles  and  the  available  gain  circles  are  useful  tools  that  allow  one 
to  obtain  a  balance  between  low  noise  and  high  gain  designs.  The  noise  hgure  circles 
are  the  locus  of  points  Fg  that  correspond  to  hxed  values  of  F.  They  are  obtained  by 
rewriting  Eq.  (13.12.3)  as  the  equation  of  a  circle  \Fg  -  c\^  =  r^.  We  write  Eq.  (13.12.3) 
in  the  form: 


IBg  r Gopt I ^ 


=  N ,  where  N  = 


(F^  F min)  1 1_  +  -^Gopt  I ^ 


l-ircP  4rn 

which  can  be  rearranged  into  the  circle  equation: 

Tcopt  "  _  JV^+iv(i-|rGoptF) 


rc- 


N  +  l 


(N  +  1)2 


(13.12.4) 


Thus,  the  center  and  radius  of  the  noise  hgure  circle  are: 


Tcopt  >2+JV(l-|rGoptP) 

N  -r  1  ’  ^  N  +  1 


(13.12.5) 
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The  MATLAB  function  nfci  rc  implements  Eq.  (13.12.5).  Its  inputs  are  the  noise 
parameters  Fmin,  rn,  Tcopt,  and  the  desired  value  of  F  in  dB,  and  its  outputs  are  c,  r: 

[c,r]  =  nfci  rc(F,  Fmin ,  rn  ,gGopt)  ;  %  noise  figure  circles 

The  function  nfig  implements  Eq.  (13.12.3).  Its  inputs  are  Fmin,  t'n,  F^opt,  and  a 
vector  of  values  of  Fg,  and  its  output  is  the  corresponding  vector  of  values  of  F: 

F  =  nf  i  g  (Fmi  n  ,  rn  ,  gGopt ,  gG)  ;  %  calculate  noise  figure  F  in  dB 

Example  13.12.1:  The  microwave  transistor  of  Example  13.11.1  has  the  following  noise  param¬ 
eters  at  2  GHz  [1324]:  F^m  =  1-6  dB,  =  0.16,  and  Fcopt  =  0.26Z172°. 

Determine  the  matched  load  Fiopt  corresponding  to  Fcopt  and  calculate  the  available  gain. 
Then,  plot  the  noise  hgure  circles  for  F  =  1.7, 1.8, 1.9, 2.0  dB. 

For  the  1.8-dB  noise  hgure  circle,  determine  Fg,Fl  that  correspond  to  the  maximum  pos¬ 
sible  available  gain  and  design  appropriate  input  and  output  matching  networks. 

Solution:  The  conjugate  matched  load  corresponding  to  F copt  is: 


Fiopt 


=  F 


* 

out 


S22  -  AFcopt 

1  ~  SiiF Gopt 


0.4927Z52.50° 


The  value  of  the  available  gain  at  F copt  is  U^^opt  =  13.66  dB.  This  is  to  be  compared  with  the 
MAG  of  16.18  dB  determined  in  Example  13.11.1.  To  increase  the  available  gain,  we  must 
also  increase  the  noise  hgure.  Eig.  13.12.1  shows  the  locations  of  the  optimum  reflection 
coefficients,  as  well  as  several  noise  hgure  circles. 

The  MATEAB  code  for  generating  this  graph  was:^ 


Fig.  13.12.1  Noise  hgure  circles. 


S  =  smat([0.61,  165,  3.72,  59,  0.05,  42,  0.45,  -48]); 

Fmin  =  1.6;  rn  =  0.16;  gGopt  =  p2c(0.26,  172); 

ixhe  function  p2c  converts  from  phasor  form  to  cartesian  complex  form,  and  the  function  c2p,  from 
cartesian  to  phasor  form. 
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Gmag  =  clb(sgain(S, ’mag’))  ; 

Gaopt  =  dbCsgai n(S,gGopt , ’a’)) 

gLopt  =  conj (gout(S,gGopt)) ; 

[cl,rl]  =  nfci rc(l. 7 , Fmi n , rn , gGopt) ; 

[c2,r2]  =  nfci rc(l. 8 , Fmi n , rn , gGopt) ; 

[c3,r3]  =  nfci rc(l. 9, Fmi n , rn , gGopt) ; 

[c4,r4]  =  nfci rc(2 .0 , Fmi n , rn , gGopt) ; 

smith;  plot ([gGopt,  gLopt],’.’); 
smithci r(cl, rl) ;  smi thci r(c2 , r2) ;  smithci r(c3 , r3) ;  smi thci r(c4 , r4) ; 

The  larger  the  noise  figure  F,  the  larger  the  radius  of  its  circle.  As  F  increases,  so  does 
the  available  gain.  But  as  the  gain  increases,  the  radius  of  its  circle  decreases.  Thus,  for  a 
fixed  value  of  F,  there  will  be  a  maximum  value  of  the  available  gain  corresponding  to  that 
gain  circle  that  has  the  smallest  radius  and  is  tangent  to  the  noise  figure  circle. 

In  the  extreme  case  of  the  maximum  available  gain,  the  available  gain  circle  collapses 
to  a  point— the  simultaneous  conjugate  matched  point  Fq  =  0.8179Z-162.67°—  with  a 
corresponding  noise  figure  of  F  =  4.28  dB.  These  results  can  be  calculated  by  the  MATLAB 
statements: 

gG  =  smatch(S); 

F  =  nfigCFmin,  rn,  gopt,  gG) ; 


%  maximum  available  gain 
%  available  gain  at  T (jopt 

%  matched  load 

%  noise  figure  circles 


Thus,  we  see  that  increasing  the  gain  comes  at  the  price  of  increasing  the  noise  figure. 
As  Fg  traces  the  F  =  1.8  dB  circle,  the  available  gain  Ga  varies  as  shown  in  Fig.  13.12.2. 
Points  around  this  circle  can  be  parametrized  as  Tg  =  C2  +  with  0  <  (p  <  2n. 

Fig.  13.12.2  plots  Ga  versus  the  angle  (p.  We  note  that  the  gain  varies  between  the  limits 
12.22  <Ga<  14.81  dB. 


Available  Gain  forF=  1.8  dB 


Fig.  13.12.2  Variation  of  available  gain  around  the  noise  figure  circle  F  =  1.8  dB. 

The  maximum  value,  Ga  =  14.81  dB,  is  reached  when  Fg  =  0.4478Z- 169.73”,  with  a 
resulting  matched  load  Fl  =  =  0.5574Z52.50”.  The  two  points  Fg,  Fl,  as  well  as  the 
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Fig.  13.12.3  Maximum  available  gain  for  given  noise  figure. 


Ga  =  14.81  dB  gain  circle,  which  is  tangential  to  the  1.8-dB  noise  figure  circle,  are  shown 
in  Fig.  13.12.3. 

The  following  MATLAB  code  performs  these  calculations  and  plots: 


phi  =  1inspace(0,2*pi ,721) ; 
gG  =  c2  +  r2*exp(j*phi) ; 

G  =  db(sgain(S,gG, ’a’)) ; 
plot (phi *180/pi ,  G) ; 


%  angle  in  1/2^^  increments 
XoFg  around  the  C2 ,  ^2  circle 
%  available  gain  in  dB 


[Ga,i]  =  max(G) ; 


%  maximum  available  gain 


gammaG  =  gG(i);  %  Fg  for  maximum  gain 

gammaL  =  conj  (gout (S, gammaG) )  ;  %  matched  load T/, 


[ca,ra]  =  sgci rc(S, ’a’ ,Ga) ; 


%  available  gain  circle 


smith;  smi thci r(c2 , r2) ;  smi thci r(ca, ra) ; 
pi ot ( [gammaG , gammaL] ,’.’); 


The  maximum  gain  and  the  point  of  tangency  with  the  noise  figure  circle  are  determined  by 
direct  search,  that  is,  evaluating  the  gain  around  the  1.8-dB  noise  figure  circle  and  finding 
where  it  reaches  a  maximum. 

The  input  and  output  stub  matching  networks  can  be  designed  with  the  help  of  the  function 
stubl.  The  normalized  source  and  load  impedances  are: 


Zg 


=  0.3840  -  0.0767J ,  Zl 

1  -  i  G 


l+Ti 

l-Ti 


1.0904  +  1.3993J 


The  stub  matching  networks  have  lengths: 


stubl {Zq,  ’ po’ )  = 


0.3749  0.3977 

0.1251  0.0738 


stubl {zi,  ’ po’ )  = 


0.3519  0.0991 

0.1481  0.2250 


The  lower  solutions  have  shorter  total  lengths  d  +  l.  The  implementation  of  the  matching 
networks  with  microstrip  lines  will  be  similar  to  that  in  Fig.  13.8.4.  □ 
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If  the  two-port  is  potentially  unstable,  one  must  be  check  that  the  resulting  solutions 
for  both  lie  in  their  respective  stability  regions.  Problems  13.6  and  13.7  illustrate 

the  design  of  such  potentially  unstable  low  noise  microwave  amplihers. 


13.13  Problems 


13.1  Using  the  relationships  (13.4.3)  and  (13.4.6),  derive  the  following  identities: 


(Zii  +  Zg)  (Z22  +  Zl)  -Z12Z21  = 

(Z22  +  Zl)  (Zin  -I-  Zg)  =  (Zn  -I-  Zg)  (Zout  +  Zl) 

(1  -  SiiFg)  (1  -  •S’22Pl)  -5’l2-S’2irGPl  = 

(1  -  S22FL)  (1  -  PinPc)  =  (1  “  •^’iiTg)  (1  -  UoutPl) 
Using  Eqs.  (13.4.4)  and  (13.4.5),  show  that: 


(13.13.1) 


(13.13.2) 


Z21  _  S21  1  -  Pi 

Z22  +  Zl  1  -  S22FL  1  -  Pin  ’ 

2Zo  ^  (i-rin)(i-rG) 

Zin  Zq  1  —  PinPc 

Finally,  for  the  real  part  Rl  =  Re(Zi),  show  that: 

Zi=Zo\^  ^  Rl=Zo]~  (13.13.5) 

t-il  \1  -  1  l\^ 

13.2  Computer  Experiment  The  Hewlett-Packard  ATF-10136  GaAs  FET  transistor  has  the  follow¬ 
ing  5" -parameters  at  4  GHz  and  8  GHz  [1324]: 

5ii  =  0.54Z-120°  ,  ^21  =  3.60Z61°  ,  ^12  =  0.137Z31^  ,  ^22  =  0.22Z-49‘' 

5ii  =  0.60Z87°  ,  521  =  2.09Z-32°  ,  5i2  =  0.21Z-36”  ,  522  =  0.32Z-48‘' 


Z21 


521 


1-Pg 


Zii  +  Zg  1  -  5iirG  1  -  Poi 


2Zo 


t  +  Zl 


(i-rout)(i-Pi) 

1  “  PoutPl 


(13.13.3) 

(13.13.4) 


Determine  the  stability  parameters,  stability  circles,  and  stability  regions  at  the  two  frequen¬ 
cies. 

13.3  Derive  the  following  relationships,  where  Rg  =  Re  (Zg)  : 

Zq  +  Zg  _  1  |1  -  PgI  Zq  -  Zg  _ _ Eg  |1  -  PgI 

2^R^  ~  Vl-  IPgP  1  -  Pg  ’  2VR^  “  Vl-  IPgP  1  -  Pg 

13.4  Derive  Eqs.  (13.7.13)  relating  the  generalized  5-parameters  of  power  waves  to  the  conven¬ 
tional  5-parameters. 

13.5  Derive  the  expression  Eq.  (13.6.20)  for  the  maximum  available  gain  Gmag.  and  show  that  it 
is  the  maximum  of  all  three  gains,  that  is,  transducer,  available,  and  operating  gains. 

13.6  Computer  Experiment  The  microwave  transistor  of  Example  13.11.2  has  the  following  noise 
parameters  at  a  frequency  of  1  GHz  [1324]:  Emin  =  1-3  dB,  =  0.16,  andUGopt  =  0.06Z49°. 
Determine  the  matched  load  Piopt  corresponding  to  Pgopi  and  calculate  the  available  gain. 
Then,  plot  the  noise  figure  circles  for  E  =  1.4, 1.5, 1.6  dB. 

For  the  1.5-dB  noise  figure  circle,  determine  the  values  of  Eg, El  that  correspond  to  the 
maximum  possible  available  gain. 

Design  microstrip  stub  matching  circuits  for  the  computed  values  of  Eg,  El- 


13.7  Computer  Experiment  The  Hewlett-Packard  ATF-36163  pseudomorphic  high  electron  mo¬ 
bility  transistor  (PHEMT)  has  the  following  5-  and  noise  parameters  at  6  GHz  [1324]: 

5ii  =  0.75Z-131^  521  =  3.95Z55^  5i2  =  0.13Z-12^  522  =  0.27Z-116” 

Pmin  =  0.66  dB,  Vn  =  0.15,  Pgopi  =  0.55Z88° 

Plot  the  E  =  0.7, 0.8, 0.9  dB  noise  figure  circles.  On  the  0.7-dB  circle,  determine  the  source 
reflection  coefficient  E g  that  corresponds  to  maximum  available  gain,  and  then  determine 
the  corresponding  matched  load  coefficient  El- 

Design  microstrip  stub  matching  circuits  for  the  computed  values  of  Eg,  El- 

13.8  Computer  Experiment  In  this  experiment,  you  will  carry  out  two  low-noise  microwave  am¬ 
plifier  designs,  including  the  corresponding  input  and  output  matching  networks.  The  first 
design  fixes  the  noise  figure  and  finds  the  maximum  gain  that  can  be  used.  The  second 
design  fixes  the  desired  gain  and  finds  the  minimum  noise  figure  that  may  be  achieved. 

The  Hewlett-Packard  Agilent  ATF-34143  PHEMT  transistor  is  suitable  for  low-noise  ampli¬ 
fiers  in  cellular/PCS  base  stations,  low-earth-orbit  and  multipoint  microwave  distribution 
systems,  and  other  low-noise  applications. 

At  2  GHz,  its  5-parameters  and  noise-figure  data  are  as  follows,  for  biasing  conditions  of 
Yds  =  4  V  and  Ids  =  40  mA: 


5ii  =  0.700Z-150°  ,  5i2  =  0.081Z19'' 

521  =  6.002Z73°  ,  522  =  0.210Z-150° 

Emin  =  0.22  dB,  Vn  =  0.09,  Tgopi  =  0.66Z67° 

a.  At  2  GHz,  the  transistor  is  potentially  unstable.  Calculate  the  stability  parameters 
K,  p,A,Di,D2.  Calculate  the  MSG  in  dB. 

Draw  a  basic  Smith  chart  and  place  on  it  the  source  and  load  stability  circles  (display 
only  a  small  portion  of  each  circle  outside  the  Smith  chart.) 

Then,  determine  the  parts  of  the  Smith  chart  that  correspond  to  the  source  and  load 
stability  regions. 

b.  For  the  given  optimum  reflection  coefficient  Tgopi,  calculate  the  corresponding  load 
reflection  coefficient  Tiopt  assuming  a  matched  load. 

Place  the  two  points  F Gopt,  Piopt  on  the  above  Smith  chart  and  determine  whether  they 
lie  in  their  respective  stability  regions. 

c.  Calculate  the  available  gain  Ga, opt  in  dB  that  corresponds  to  PGopt- 

Add  the  corresponding  available  gain  circle  to  the  above  Smith  chart.  (Note  that  the 
source  stability  circle  and  the  available  gain  circles  intersect  the  Smith  chart  at  the 
same  points.) 

d.  Add  to  your  Smith  chart  the  noise  figure  circles  corresponding  to  the  noise  figure 
values  of  E  =  0.25, 0.30, 0.35  dB. 

For  the  case  E  =  0.35  dB,  calculate  and  plot  the  available  gain  Ga  in  dB  as  Tg  traces 
the  noise-figure  circle.  Determine  the  maximum  value  of  Ga  and  the  corresponding 
value  of  Tg- 

Place  on  your  Smith  chart  the  available  gain  circle  corresponding  to  this  maximum  Ga- 
Place  also  the  corresponding  point  Eg,  which  should  be  the  point  of  tangency  between 
the  gain  and  noise  figure  circles. 
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Calculate  and  place  on  the  Smith  chart  the  corresponding  load  reflection  coefficient 
Fl  =  rjuf  Verify  that  the  two  points  rG,FL  lie  in  their  respective  stability  regions. 

In  addition,  for  comparison  purposes,  place  on  your  Smith  chart  the  available  gain 
circles  corresponding  to  the  values  =  15  and  16  dB. 

e.  The  points  F q  and  Fl  determined  in  the  previous  question  achieve  the  maximum  gain 
for  the  given  noise  figure  of  f  =  0.35  dB. 

Design  input  and  output  stub  matching  networks  that  match  the  amplifier  to  a  50-ohm 
generator  and  a  50-ohm  load.  Use  “parallel/open”  microstrip  stubs  having  50-ohm 
characteristic  impedance  and  alumina  substrate  of  relative  permittivity  of  €r  =  9.8. 
Determine  the  stub  lengths  d,  I  in  units  of  A,  the  wavelength  inside  the  microstrip  lines. 
Choose  always  the  solution  with  the  shortest  total  length  d  +  1. 

Determine  the  effective  permittivity  Cgff  of  the  stubs,  the  stub  wavelength  A  in  cm,  and 
the  width/height  ratio,  w/h.  Then,  determine  the  stub  lengths  d,  I  in  cm. 

Finally,  make  a  schematic  of  your  final  design  that  shows  both  the  input  and  output 
matching  networks  (as  in  Fig.10.8.3.) 

f.  The  above  design  sets  F  =  0.35  dB  and  finds  the  maximum  achievable  gain.  Carry  out 
an  alternative  design  as  follows.  Start  with  a  desired  available  gain  of  G^  =  16  dB  and 
draw  the  corresponding  available  gain  circle  on  your  Smith  chart. 

As  Fg  traces  the  portion  of  this  circle  that  lies  inside  the  Smith  chart,  compute  the 
corresponding  noise  figure  F.  (Points  on  the  circle  can  be  parametrized  by  Tg  =  c  + 
rej^,  but  you  must  keep  only  those  that  have  \Fg\  <  1.) 

Find  the  minimum  among  these  values  of  F  in  dB  and  calculate  the  corresponding 
value  of  Tg.  Calculate  the  corresponding  matched  Fl- 

Add  to  your  Smith  chart  the  corresponding  noise  figure  circle  and  place  on  it  the  points 
Fg  and  Ti. 

g.  Design  the  appropriate  stub  matching  networks  as  in  part  13.8. 
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Radiation  Fields 


14.1  Currents  and  Charges  as  Sources  of  Fields 

Here  we  discuss  how  a  given  distribution  of  currents  and  charges  can  generate  and 
radiate  electromagnetic  waves.  Typically,  the  current  distribution  is  localized  in  some 
region  of  space  (for  example,  currents  on  a  wire  antenna.)  The  current  source  generates 
electromagnetic  helds,  which  can  propagate  to  far  distances  from  the  source  location. 

It  proves  convenient  to  work  with  the  electric  and  magnetic  potentials  rather  than  the 
E  and  H  helds  themselves.  Basically,  two  of  Maxwell’s  equations  allow  us  to  introduce 
these  potentials;  then,  the  other  two,  written  in  terms  of  these  potentials,  take  a  simple 
wave-equation  form.  The  two  Maxwell  equations, 

dB 

V-B=0,  VxE=-—  (14.1.1) 

ot 

imply  the  existence  of  the  magnetic  and  electric  potentials  A(r,  t)  and  qp  (r,  t) ,  such  that 
the  helds  E  and  B  are  obtainable  by 


E  =  -Vcp  - 


dA 

at 


B=VxA 


(14.1.2) 


Indeed,  the  divergenceless  of  B  implies  the  existence  of  A,  such  that  B  =  V  x  A. 
Then,  Faraday’s  law  can  be  written  as 


VxE--^--Vx^ 


Vx(£+|5).0 


Thus,  the  quantity  E  +  dA/dt  is  curl-less  and  can  be  represented  as  the  gradient  of 
a  scalar  potential,  that  is,  E  dA/dt  =  -Vcp. 

The  potentials  A  and  qp  are  not  uniquely  dehned.  For  example,  they  may  be  changed 
by  adding  constants  to  them.  Even  more  freedom  is  possible,  known  as  gauge  invariance 
of  Maxwell’s  equations.  Indeed,  for  any  scalar  function  fir,t),  the  following  gauge 
transformation  leaves  E  and  B  invariant: 
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1  3  ^ 

Vx  (VxA)-V(V  ■A)  +  -  — 
c2  at2 


where  we  used  the  identity  V  x  ( V  xA)  =  V  (V  -  A)  -  V^A.  Therefore,  Maxwell’s  equations 
(14.1.5)  take  the  equivalent  wave-equation  forms  for  the  potentials: 


1  d^cp 


(wave  equations) 


(14.1.7) 


V^A  =  m 


To  summarize,  the  densities  p,  Jmay  be  thought  of  as  the  sources  that  generate  the 
potentials  cp.  A,  from  which  the  helds  E,  B  may  be  computed  via  Eqs.  (14.1.2). 

The  Lorenz  condition  is  compatible  with  Eqs.  (14.1.7)  and  implies  charge  conserva¬ 
tion.  Indeed,  we  have  from  (14.1.7) 


pV  ■  J- 


1  dp 
ec2  dt 


'J- 


where  we  used  pe  =  1/c^.  Thus,  the  Lorenz  condition  (14.1.4)  implies  the  charge  con¬ 
servation  law; 

V -7+^=0  (14.1.8) 


14.2  Retarded  Potentials 


The  main  result  that  we  would  like  to  show  here  is  that  if  the  source  densities  p,J  are 
known,  the  causal  solutions  of  the  wave  equations  (14.1.7)  are  given  by: 


where  =  |r  -  r'  |  is  the  distance  from  the  held  (observation)  point  r  to  the  source  point 
r',  as  shown  in  Eig.  14.2.1.  The  integrations  are  over  the  localized  volume  V  in  which 
the  source  densities  p,J  are  non-zero. 

In  words,  the  potential  qp  (r,  t)  at  a  held  point  r  at  time  t  is  obtainable  by  superimpos¬ 
ing  the  helds  due  to  the  inhnitesimal  charge  p  (r',  t')d^r'  that  resided  within  the  volume 
element  d^r'  at  time  instant  t' ,  which  is  R/c  seconds  earlier  than  t,  that  is,  t'  =  t  -R/c. 

Thus,  in  accordance  with  our  intuitive  notions  of  causality,  a  change  at  the  source 
point  r'  is  not  felt  instantaneously  at  the  held  point  r,  but  takes  R/c  seconds  to  get 
there,  that  is,  it  propagates  with  the  speed  of  light.  Equations  (14.2.1)  are  referred  to 


14.2.  Retarded  Potentials 


571 


(p(r,  0,  A(r,  t) 


Fig.  14.2.1  Retarded  potentials  generated  by  a  localized  current/charge  distribution. 


as  the  retarded  potentials  because  the  sources  inside  the  integrals  are  evaluated  at  the 
retarded  time  f  =  t  -  R/c. 

To  prove  (14.2.1),  we  consider  hrst  the  solution  to  the  following  scalar  wave  equation 
driven  by  a  time-dependent  point  source  located  at  the  origin: 

4^- V2w  =  f(t)5<3)(r)  (14.2.2) 

where  f  (t)  is  an  arbitrary  function  of  time  and  (r)  is  the  3-dimensional  delta  func¬ 
tion.  We  show  below  that  the  causal  solution  of  Eq.  (14.2.2)  is;^ 


w(r,t)  = 


fit') 

4nr 


fit--) 


4Trr 


fit-  '^)gi'r). 


where  g  (r) 


1 

4nr 


(14.2.3) 


with  f  =  t  -  ric  and  r  =  |r|.  The  function  ^(r)  is  recognized  as  the  Green’s  function 
for  the  electrostatic  Coulomb  problem  and  satishes: 


^g 


.  1 
^  4Trr2 


V^g  =  -5^^^  (r) 


(14.2.4) 


where  f  =  r/r  is  the  radial  unit  vector.  We  note  also  that  because  f  it  -  r/c)  depends 
on  r  only  through  its  t-dependence,  we  have: 


Tf  (f  -  r/c)=  r/c)=  --f 

Sr  cdt  c 


It  follows  that  Vf  =  -rf/c  and 


=  -(V  ■  f)-  -  if  ■ 
c  c 


f  1 

Vf  =  -(V  ■  f)^  -  -f  ■ 
c  c 


(-f4  =  --  +  4i’ 

c  cr 


(14.2.5) 


where  we  used  the  result  V  ■  r  =  2/r.^  Using  Eqs.  (14.2.3)-(14.2.5)  into  the  identity: 


=  V2  ifg)  =  2Vf  ■  S/g  -r  gV^f  -r  fV^g 


ixhe  anticausal,  or  time-advanced,  solution  is  u{r,  t)  =  f  {t  +  r / c) g (r) . 
Undeed,  V  ■  f  =  V  ■  (r/r)  =  (V  ■  r) /r  +  r  ■  (-f/r^)  =  3/r  -  1/r  =  2/r. 
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we  obtain, 


V^u  =  2{-d-)  ■  i-i^)  -  '^g+  (r) 

c  r  cr  c2  c 

The  hrst  two  terms  cancel  and  the  fourth  term  can  be  written  as  fit)  (r)  because 
the  delta  function  forces  r  =  0.  Recognizing  that  the  third  term  is 

1  d^u  _ 
c2  at2  “ 

we  have, 

V2w=  4|4-f(f)5‘3)(r) 

c2  dt2 

which  shows  Eq.  (14.2.2).  Next,  we  shift  the  point  source  to  location  r',  and  hnd  the 
solution  to  the  wave  equation: 


=  f  (r',f)5<^>  (r  -r') 

C‘^  ot^ 


u{r,t)  = 


f{i',t-R/c) 
477  R 


(14.2.6) 


where  R  =  |r  -  r'  |  and  we  have  allowed  the  function  f  to  also  depend  on  r'.  Note  that 
here  r'  is  hxed  and  the  held  point  r  is  variable. 

Using  linearity,  we  may  form  now  the  linear  combination  of  several  such  point 
sources  located  at  various  values  of  r'  and  get  the  corresponding  linear  combination 
of  solutions.  Eor  example,  the  sum  of  two  sources  will  result  in  the  sum  of  solutions: 


f  (r'l,  f)5<3)  (r  _  r[)+f{r'2,  (r  -  r^) 


f{r[,t  -Rilc)  f{i'2,t-R2/c) 
4ttRi  4ttR2 


where  Ri  =  \r  R2  =  Ir-r^l.  More  generally,  integrating  over  the  whole  volume  V 
over  which  f  ir'  ,t)  is  nonzero,  we  have  for  the  sum  of  sources: 


fir,t)=  fir',t)5^^Hr-r')d^r' 
Jv 

and  the  corresponding  sum  of  solutions: 


w(r,t)  = 


L 


477  R 


(14.2.7) 


where  R  =  |r  -  r'  |.  Thus,  this  is  the  causal  solution  to  the  general  wave  equation: 


1  d^u 


-  =  fir,  t) 


(14.2.8) 


The  retarded  potentials  (14.2.1)  are  special  cases  of  Eq.  (14.2.7),  applied  for  f  (r,  t)  = 
pir,t)/€  and/’(r,  t)=  iJjir,t). 
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Since  we  are  primarily  interested  in  single-frequency  waves,  we  will  Fourier  transform 
all  previous  results.  This  is  equivalent  to  assuming  a  sinusoidal  time  dependence 
for  all  quantities.  For  example, 

qpir,t)=  qp{r)e^^^ ,  p(r,  t)  =  etc. 

Then,  the  retarded  solutions  (14.2.1)  become: 


Canceling  a  common  factor  from  both  sides,  we  obtain  for  the  phasor  part  of  the 
retarded  potentials,  where  R  =  |r  -  r'  |: 


p(rOej^  3  , 
V  4TTeR 


where  k 


(14.3.1) 


The  quantity  k  represents  the  free-space  wavenumber  and  is  related  to  the  wave¬ 
length  via  k  =  277/ A.  An  alternative  way  to  obtain  Eqs.  (14.3.1)  is  to  start  with  the  wave 
equations  and  replace  the  time  derivatives  by  0f  ^  jcv.  Equations  (14.1.7)  become  then 
the  Helmholtz  equations: 

I  1  I 


V^cp  -r  k^qp  ^  ~ 

V^A  -r  k^A  =  -jjJ 

Their  solutions  may  be  written  in  the  convolutional  form:^ 


(14.3.2) 


(p(r)  = 

-p{T')G(T-r')dh' 

J 

V  e 

A(r)  = 

\  iJjir')G{r  -r')  d^r 

J 

(14.3.3) 


where  G  (r)  is  the  Green’s  function  for  the  Helmholtz  equation: 

V^G  +  k'^G  = (r)  ,  G(r)=^2![ 

4777 

Replacing  0/0t  byjco,  the  Lorenz  condition  (14.1.4)  takes  the  form: 

V  ■  A  -r  jcjojjeqp  =  0 


(14.3.4) 


(14.3.5) 


^The  integrals  in  (14.3.1)  or  (14.3.3)  are  principal-value  integrals,  that  is,  the  limits  as  5  ^  0  of  the 
integrals  over  V  -  ^5(1),  where  ^5(1)  is  an  excluded  small  sphere  of  radius  6  centered  about  r.  See 
Appendix  D  and  Refs.  [1153,460,472,598]  and  [106-110]  for  the  properties  of  such  principal  value  integrals. 
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Similarly,  the  electric  and  magnetic  fields  (14.1.2)  become: 


(14.3.6) 

With  the  help  of  the  Lorenz  condition  the  T’-field  can  be  expressed  completely  in 
terms  of  the  vector  potential.  Solving  (14.3.5)  for  the  scalar  potential,  qp  =  -V  -  A/ jcope, 
and  substituting  in  (14.3.6),  we  find 

E  =  V  (V  •  A)  -JcoA  =  [V  (V  ■  A)  +k^A] 

jivue  jwije 

where  we  used  CO =  w^/c^  =  k^.  To  summarize,  with  A  (r)  computed  from  Eq.  (14.3.1), 
the  E,  H  fields  are  obtained  from: 


(14.3.7) 


An  alternative  way  of  expressing  the  electric  field  is: 

(14.3.8) 

This  is  Ampere’s  law  solved  for  E.  When  applied  to  a  source-free  region  of  space, 
such  as  in  the  radiation  zone,  (14.3.8)  simplifies  into: 

(14.3.9) 

The  fields  E,H  can  also  be  expressed  directly  in  terms  of  the  sources  p,J.  Indeed, 
replacing  the  solutions  (14.3.3)  into  Eqs.  (14.3.6)  or  (14.3.7),  we  obtain: 


(14.3.10) 


Here,  p,J  stand  for  p(r') ,  J(r').  The  gradient  operator  V  acts  inside  the  integrands 
only  on  G  and  because  that  depends  on  the  difference  r  -  r',  we  can  replace  the  gradient 
with  VG(r  -  r')  =  -V'G(r  -  r').  Also,  we  denoted  d^r'  by  dV'. 

In  obtaining  (14.3.10),  we  had  to  interchange  the  operator  V  and  the  integrals  over 
V.  When  r  is  outside  the  volume  V— as  is  the  case  for  most  of  our  applications— then, 
such  interchanges  are  valid.  When  r  lies  within  V,  then,  interchanging  single  V’s  is  still 
valid,  as  in  the  first  expression  for  E  and  for  H.  However,  in  interchanging  double  V’s, 


1 4.4.  Fields  of  a  Linear  Wire  Antenna 
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additional  source  terms  arise.  For  example,  using  Eq.  (D.8)  of  Appendix  D,  we  find  by 
interchanging  the  operator  V  x  V  x  with  the  integral  for  A  in  Eq.  (14.3.8): 

£=  4-[VxVx  [  JGdV'-j]  =  4-[h+Pvf  VxVx  {JG)dV'  -j] 
jcoe  Jv  jcoe  3  Jv 

where  “PV”  stands  for  “principal  value.”  Because  V  does  not  act  on  J(r'),  we  have: 

VxVx  (JG)=  Vx  (VGxJ)=  (J- V)VG- JV^G  =  U  ■  ^')V' G  +  k^JG 


where  in  the  last  step,  we  replaced  V  by  -V'  and  V^G  =  -k^  G.  It  follows  that: 


E=—\vw{  [U-V')V'G  +  k^JG]dV'  - 
jcjoel  Jv  ^ 


3  J 


(r  lies  in  V) 


(14.3.11) 


In  Sec.  17.10,  we  consider  Eqs.  (14.3.10)  further  in  connection  with  Huygens’s  prin¬ 
ciple  and  vector  diffraction  theory. 

Next,  we  present  three  illustrative  applications  of  the  techniques  discussed  in  this 
section:  (a)  Determining  the  helds  of  linear  wire  antennas,  (b)  The  helds  produced  by 
electric  and  magnetic  dipoles,  and  (c)  the  Ewald-Oseen  extinction  theorem  and  the  mi¬ 
croscopic  origin  of  the  refractive  index.  Then,  we  go  on  in  Sec.  14.7  to  discuss  the 
simplihcation  of  the  retarded  potentials  (14.3.3)  for  radiation  problems. 


14.4  Fields  of  a  Linear  Wire  Antenna 

Eqs.  (14.3.7)  simplify  considerably  in  the  special  practical  case  of  a  linear  wire  antenna, 
that  is,  a  thin  cylindrical  antenna.  Figure  14.4.1  shows  the  geometry  in  the  case  of  a 
z-directed  antenna  of  hnite  length  with  a  current  I  (z')  flowing  on  it. 

The  assumption  that  the  radius  of  the  wire  is  much  smaller  than  its  length  means  ef¬ 
fectively  that  the  current  density  J(r')  will  be  z-directed  and  conhned  to  zero  transverse 
dimensions,  that  is, 

J{r')=  zliz')5ix')5iy')  (current  on  thin  wire  antenna)  (14.4.1) 

In  the  more  realistic  case  of  an  antenna  of  hnite  radius  a,  the  current  density  will 
be  conhned  to  how  on  the  cylindrical  surface  of  the  antenna,  that  is,  at  radial  distance 
p  =  a.  Assuming  cylindrical  symmetry,  the  current  density  will  be: 

J(r')=  z7(z')5(p' -  fl)  (14.4.2) 

Zna 

This  case  is  discussed  in  more  detail  in  Chap.  21.  In  both  cases,  integrating  the 
current  density  over  the  transverse  dimensions  of  the  antenna  gives  the  current: 

J  J{x',y',z')dx'dy'  =  J  J{p' ,4)' ,z')  p'dp'dtp'  =  zl{z') 

Because  of  the  cylindrical  symmetry  of  the  problem,  the  use  of  cylindrical  coordi¬ 
nates  is  appropriate,  especially  in  determining  the  helds  near  the  antenna  (cylindrical 
coordinates  are  reviewed  in  Sec.  14.8.)  On  the  other  hand,  that  the  radiated  helds  at 
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Fig.  14.4.1  Thin  wire  antenna. 


far  distances  from  the  antenna  are  best  described  in  spherical  coordinates.  This  is  so 
because  any  hnite  current  source  appears  as  a  point  from  far  distances. 

Inserting  Eq.  (14.4.1)  into  Eq.  (14.3.1),  it  follows  that  the  vector  potential  will  be  z- 
directed  and  cylindrically  symmetric.  We  have. 


A(r)  = 


IJj{r')e 

4ttR 


dh'  =  z 


4n  Jv 


e-j^R 

Hz')  5  {x'  )5{y')  — —  dx'dy'dz' 


477 


lHz')  —  dz’ 


where  R  =  |r  -  r'  |  =  ^p^  (z  -  z')^,  as  shown  in  Fig.  14.4.1.  The  z' -integration  is  over 
the  hnite  length  of  the  antenna.  Thus,  A(r)  =  z  A^  ip,  z) ,  with 


R  =  +  (z-z')2  (14.4.3) 


This  is  the  solution  of  the  z-component  of  the  Helmholtz  equation  (14.3.2): 

Az  +  VAz  =  -pi  (z)  5(x)5  (y) 

Because  of  the  cylindrical  symmetry,  we  can  set  0/00  =  0.  Therefore,  the  gradient 
and  Laplacian  operators  are  V  =  pd p  +  zdz  and  =  p~^dpipdp)+d\.  Thus,  the 
Helmholtz  equation  can  be  written  in  the  form: 

t  dp  (pdpAz)+d].Az  +  VAz  =  -pi (z)  5 (x)  5  (y) 

Away  from  the  antenna,  we  obtain  the  homogeneous  equation: 

^0^  ipd  pAz)  +  d\Az  +  k^Az  =  0 
Noting  that  V  ■  A  =  0zAz,  we  have  from  the  Lorenz  condition: 


AAp,zV^ 


r  p-jkR 

J^/(Z')  — dz' 


(14.4.4) 
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09  =  — dyAz  (scalar  potential  of  wire  antenna)  (14.4.5) 

jwiAe 

The  z-component  of  the  electric  held  is  from  Eq.  (14.3.7); 

jcjoiJeEz  =  0z(V  ■  A)-\-k^Az  =  dlAz  +  k^Az 
and  the  radial  component: 


jcviueEp  =  dp{V  ■A)=  dpdzAz 

Using  B  =  V  X  A  =  {pdp +  zdz)x{^Az)=  (p  X  z)  dpAz  =  dpAz,  it  follows  that 
the  magnetic  held  has  only  a  0-component  given  by  =  -dpAz.  To  summarize,  the 
non-zero  held  components  are  all  expressible  in  terms  of  Az  as  follows: 


(helds  of  a  wire  antenna)  (14.4.6) 


Using  Eq.  (14.4.4),  we  may  re-express  Ez  in  the  form: 


jcvpeEz 


ipdpAz) 


dp 


(14.4.7) 


This  is,  of  course,  equivalent  to  the  z-component  of  Ampere’s  law.  In  fact,  an  even 
more  convenient  way  to  construct  the  helds  is  to  use  the  hrst  of  Eqs.  (14.4.6)  to  construct 
Ez  and  then  integrate  Eq.  (14.4.7)  to  get  Hcf)  and  then  use  the  p-component  of  Ampere’s 
law  to  get  Ep.  The  resulting  system  of  equations  is: 


(14.4.8) 


In  Chap.  21,  we  use  (14.4.6)  to  obtain  the  Hallen  and  Pocklington  integral  equations 
for  determining  the  current  7  (z)  on  a  linear  antenna,  and  solve  them  numerically.  In 
Chap.  22,  we  use  (14.4.8)  under  the  assumption  that  the  current  I (z)  is  sinusoidal  to 
determine  the  near  helds,  and  use  them  to  compute  the  self  and  mutual  impedances 
between  linear  antennas.  The  sinusoidal  assumption  for  the  current  allows  us  to  hnd 
Ez,  and  hence  the  rest  of  the  helds,  without  having  to  hnd  Az  hrst! 


14.5  Fields  of  Electric  and  Magnetic  Dipoles 

Einding  the  helds  produced  by  time-varying  electric  dipoles  has  been  historically  impor¬ 
tant  and  has  served  as  a  prototypical  example  for  radiation  problems. 
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We  consider  a  point  dipole  located  at  the  origin,  in  vacuum,  with  electric  dipole 
moment  p.  Assuming  harmonic  time  dependence  the  corresponding  polarization 
(dipole  moment  per  unit  volume)  will  be:  P(r)  =  p  (r) .  We  saw  in  Eq.  (1.3.18)  that 
the  corresponding  polarization  current  and  charge  densities  are: 

J  =  =  JcoP,  p  =  -V  -P  (14.5.1) 

Therefore, 

J(r)  =  jcopd^^^  (r)  ,  p(r)  = -p  ■  (r)  (14.5.2) 

Because  of  the  presence  of  the  delta  functions,  the  integrals  in  Eq.  (14.3.3)  can  be 
done  trivially,  resulting  in  the  vector  and  scalar  potentials: 


A(r)  =  /L/o|icop5<^*  (r')G(r  -r')  dV'  =  Jco/L/opG(r) 

(p(r)  =-—  f[p- V'5<3*(r')]G(r-r')dy'  =  -  — p- VG(r) 
^0  j  ^0 


(14.5.3) 


where  the  integral  for  cp  was  done  by  parts.  Alternatively,  op  could  have  been  determined 
from  the  Lorenz-gauge  condition  V  ■  A  -r  jcjopoeoqp  =  0. 

The  E,H  helds  are  computed  from  Eq.  (14.3.6),  or  from  (14.3.7),  or  away  from  the 
origin  from  (14.3.9).  We  hnd,  where  k^  =  cjo^/Cq  =  co^po^o : 


E{r)  =  —  V  X  [VG(r)xp]  =  —[k^p^  (p  ■  V)V]G(r) 

^0  ^0  (14.5.4) 

H{i)  =  jo)  VG(r)xp 

for  r  0.  The  Green’s  function  G  (r)  and  its  gradient  are: 

p-jkr  1  1  p-jkr 

Gir)=- - ,  VG(r)=  -r{jk  ^ -)Gir)=  -r{Jk^-)- - 

4Trr  r  r  Anr 

where  r  =  |r|  and  f  is  the  radial  unit  vector  f  =  r/r.  Inserting  these  into  Eq.  (14.5.4),  we 
obtain  the  more  explicit  expressions: 


nr)  .  J-0/1  +  1)  ["^”'‘"-'’1  0(r)+  hj,  ipxHClrt 

eo  r '  L  r  \  eo 

H(r)  =  j(vljk  + ip  xr)G(r) 


(14.5.5) 


If  the  dipole  is  moved  to  location  ro,  so  that  P(r)  =  p  d^^^r  -  ro) ,  then  the  helds  are 
still  given  by  Eqs.  (14.5.4)  and  (14.5.5),  with  the  replacement  G(r)  ^  G(R)  and  f  ^  R, 
where  R  =  r  -  tq. 

Eqs.  (14.5.5)  describe  both  the  near  helds  and  the  radiated  helds.  The  limit  co  =  0  (or 
k  =  0)  gives  rise  to  the  usual  electrostatic  dipole  electric  held,  decreasing  like  1/r^.  On 
the  other  hand,  as  we  discuss  in  Sec.  14.7,  the  radiated  helds  correspond  to  the  terms 
decreasing  like  1/r.  These  are  (with  r/o  =  Vpo/^o): 
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Era^d  (r)  =  —  f  X  (p  X  f )  G  (r)  =  —  f  X  (p  X  f )  - - 

€o  Go  AtTV 

(14.5.6) 

j^2  g-Jkr 

Hrad  (r)  =  jcvjk  (p  X  f )  G  (r)  = - (f  x  p)  - - 

r/o^o  4Trr 


They  are  related  by  r/oHrad  =  f  x  Erad,  which  is  a  general  relationship  for  radia¬ 
tion  helds.  The  same  expressions  can  also  be  obtained  quickly  from  Eq.  (14.5.4)  by  the 
substitution  rule  V  ^  -jkr,  discussed  in  Sec.  14.10. 

The  near-held,  non-radiating,  terms  in  (14.5.5)  that  drop  faster  than  1/r  are  im¬ 
portant  in  the  new  area  of  near-field  optics  [494-514].  Nanometer-sized  dielectric  tips 
(constructed  from  a  tapered  hber)  act  as  tiny  dipoles  that  can  probe  the  evanescent 
helds  from  objects,  resulting  in  a  dramatic  increase  (by  factors  of  ten)  of  the  resolution 
of  optical  microscopy  beyond  the  Rayleigh  diffraction  limit  and  down  to  atomic  scales. 

A  magnetic  dipole  at  the  origin,  with  magnetic  dipole  moment  m,  will  be  described 
by  the  magnetization  vector  M  =  (r).  According  to  Sec.  1.3,  the  corresponding 

magnetization  current  will  be  J  =  V  x  M  =  (r)  x  m.  Because  V  ■  J  =  0,  there  is  no 

magnetic  charge  density,  and  hence,  no  scalar  potential  qp.  The  vector  potential  will  be: 


A(r)=  po  J  Vd^^^  {r)xmG{r-r')dV'  =  poVG(r)xm 
It  then  follows  from  Eq.  (14.3.6)  that: 


which  become  explicitly. 


(14.5.7) 


(14.5.8) 


£(r)  =jwpo{Jk  -r  i)  (f  X  m)G(r) 

rr/  X  /  -7  1  X  f  3f  (f  ■  m)  -ml  ,  ,  ,2-  /  X 

H{r)  =  (jk-\--)  -  G(r)-rk^rx  (mxr)G(r) 

r  I  r  \ 

The  corresponding  radiation  helds  are: 


EradM 


=  jcvpojk  (f  X  m)  G  (r)  =  pok^  (m  x  f ) 


4Trr 


Hrad(r) 


k^rx  (m  X  f)G(r) 


k^rx  (m  X  f) 


4TTr 


(14.5.9) 


(14.5.10) 


We  note  that  the  helds  of  the  magnetic  dipole  are  obtained  from  those  of  the  electric 
dipole  by  the  duality  transformations  E  ^  -E,eo  Po,  Po  Go,po  l/po,  and 

p  ^  Pom,  that  latter  following  by  comparing  the  terms  P  and  poM in  the  constitutive 
relations  (1.3.16).  Duality  is  discussed  in  more  detail  in  Sec.  17.2. 

The  electric  and  magnetic  dipoles  are  essentially  equivalent  to  the  linear  and  loop 
Hertzian  dipole  antennas,  respectively,  which  are  discussed  in  sections  16.2  and  16.8. 
Problem  14.4  establishes  the  usual  results  p  =  Qd  for  a  pair  of  charges  ±Q  separated 
by  a  distance  d,  and  m  =  z/S’  for  a  current  loop  of  area  S. 
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Example  14.5.1:  We  derive  explicit  expressions  for  the  real-valued  electric  and  magnetic  helds 
of  an  oscillating  z-directed  dipole  p(t)  =  pz  cos  cot.  And  also  derive  and  plot  the  electric 
held  lines  at  several  time  instants.  This  problem  has  an  important  history,  having  been 
considered  hrst  by  Hertz  in  1889  in  a  paper  reprinted  in  [56]. 

Restoring  the  e^^^  factor  in  Eq.  (14.5.5)  and  taking  real  parts,  we  obtain  the  helds: 


lE(r)  =  p[ksm{kr  -  cot)  + 


cos(kr  -  cot) 3f  (f  ■  z) -z  pk^fx(zxf) 


J-C{r)  =  pco[-k  cos  {kr  -  cot)  + 


r  4neor^  4neor 

sin(kr  -  cot)  f  z  x  f  1 


cos(kr  -  cot) 


-]  [  —  1 
^  L  4TTr  J 


In  spherical  coordinates,  we  have  z  =  f  cos  6  -0  sin  6.  This  gives  3f(f-z)-z  =  2f  cos  6  + 
d  sin  d,  f  X  (z  X  f )  =  -6  sin  6,  and  z  x  f  =  cjf)  sin  d.  Therefore,  the  non-zero  components 
of  E  and  J-C  are  Er,  ^0  and  J-Ctj) : 


Er  (r)  =  p[k  sinikr  -  cot)  + 


Ee  (r)  =  p[k  sinikr  -  cot)  + 


cosikr  -  cot)  1  r  2  cos  d 


r  2  cos  d  1 
[4neor^  \ 


cosikr  -  cot) .  I  Sind  1  pk^  sin 


r  sin  d  1 
l4neor^  \ 


cosikr  -  cot) 


EC(i)ir)  =  p  CO  [-k  cosikr  -  cot) -\- 


sinikr  -  cot)  f  sind 


r  sin  d  1 
[  4nr  \ 


By  dehnition,  the  electric  held  is  tangential  to  its  held  lines.  A  small  displacement  dr  along 
the  tangent  to  a  line  will  be  parallel  to  E  at  that  point.  This  implies  that  drxE  =  0,  which 
can  be  used  to  determine  the  lines.  Because  of  the  azimuthal  symmetry  in  the  <p  variable, 
we  may  look  at  the  held  lines  that  lie  on  the  xz-plane  (that  is,  <p  =  0).  Then,  we  have: 


drxE  =  irdr  6  rd6)xirEr  +  0  E0)=  (pidrEe  -  rdO  Er)  =  0 


^  _  r^ 
dO  ~  Ee 


This  determines  r  as  a  function  of  d,  giving  the  polar  representation  of  the  line  curve.  To 
solve  this  equation,  we  rewrite  the  electric  held  in  terms  of  the  dimensionless  variables 
u  =  kr  and  6  =  cot,  dehning  Eq  =  pk^/4neo'. 


cosiu  -  6) 


vi-S)l 
u  \ 


Ee  =  -E( 


sin  d  f  , 

-  cosiu  - 

u  L 


cosiu  -  5)  siniu  -  6) 


^-d)1 
u  \ 


We  note  that  the  factors  within  the  square  brackets  are  related  by  differentiation: 


Qiu)  =  siniu  -  d)  + 


cosiu  -  6) 


,  dQiu)  .  cosiu -6)  siniu -6) 

Q  iu)  =  — - =  cosiu  -  6) - ^ - 

du  u^  u 


rherefore,  the  helds  are: 


Tr  =  Eo  Q(u) ,  Eff  = -Eo  ^  Q' (u) 


Fig.  14.5.1  Electric  field  lines  of  oscillating  dipole  at  successive  time  instants. 

Ideally,  one  should  solve  for  r  in  terms  of  6.  Because  this  is  not  possible  in  closed  form, 
we  prefer  to  think  of  the  lines  as  a  contour  plot  at  different  values  of  the  constant  C.  The 
resulting  graphs  are  shown  in  Fig.  14.5.1.  They  were  generated  at  the  four  time  instants 
t  =  0,  r/8,  r/4,  and  3T/8,  where  T  is  the  period  of  oscillation,  T  =  2n/cjo.  The  x,z 
distances  are  in  units  of  A  and  extend  to  1.5 A.  The  dipole  is  depicted  as  a  tiny  z-directed 
line  at  the  origin.  The  following  MATLAB  code  illustrates  the  generation  of  these  plots: 

rmi  n  =  1/8;  rmax  =  1.6;  %  plot  limits  in  wavelengths  A 

Nr  =  61;  Nth  =  61;  N  =  6;  %  meshpoints  and  number  of  contour  levels 

t  =  1/8;  d  =  2*pi''t;  %  time  instant  f  =  r/8 

[r,th]  =  meshgrid(linspace(rmin , rmax,Nr) ,  1 i nspace(0 , pi , Nth)) ; 
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u  =  2*pi  *  r ;  %  r  is  in  units  of  A 

z  =  r.''cos(th);  x  =  r.*sin(th);  %  cartesian  coordinates  in  units  of  A 

C  =  (cos(u-d)./u  +  sin(u-d))  .*  sin(th).A2;  %  contour  levels 

contour([-x;  x]  ,  [z;  z]  ,  [C;  C]  ,  N)  ;  %  right  and  left-reflected  contours  with  iV  levels 

We  observe  how  the  lines  form  closed  loops  originating  at  the  dipole.  The  loops  eventually 
escape  the  vicinity  of  the  dipole  and  move  outwards,  pushing  away  the  loops  that  are  ahead 
of  them.  In  this  fashion,  the  field  gets  radiated  away  from  its  source.  The  MATLAB  file 
di  pmovi  e .  m  generates  a  movie  of  the  evolving  field  lines  lasting  from  t  =  0  to  t  =  8T.  □ 


14.6  Ewald-Oseen  Extinction  Theorem 


The  reflected  and  transmitted  fields  of  a  plane  wave  incident  on  a  dielectric  were  deter¬ 
mined  in  Chapters  5  and  7  by  solving  the  wave  equations  in  each  medium  and  matching 
the  solutions  at  the  interface  by  imposing  the  boundary  conditions. 

Although  this  approach  yields  the  correct  solutions,  it  hides  the  physics.  From  the 
microscopic  point  of  view,  the  dielectric  consists  of  polarizable  atoms  or  molecules, 
each  of  which  is  radiating  in  vacuum  in  response  to  the  incident  field  and  in  response 
to  the  fields  radiated  by  the  other  atoms.  The  total  radiated  field  must  combine  with 
the  incident  field  so  as  to  generate  the  correct  transmitted  field.  This  is  the  essence 
of  the  Ewald-Oseen  extinction  theorem  [458-493].  The  word  “extinction”  refers  to  the 
cancellation  of  the  incident  field  inside  the  dielectric. 

Let  £(r)  be  the  incident  field,  £’rad(r)  the  total  radiated  field,  and  E'  (r)  the  trans¬ 
mitted  field  in  the  dielectric.  Then,  the  theorem  states  that  (for  r  inside  the  dielectric): 


E'ir)-Eir) 


£(r)+£’rad(r) 


(14.6.1) 


We  will  follow  a  simplified  approach  to  the  extinction  theorem  as  in  Refs.  [479-493] 
and  in  particular  [493].  We  assume  that  the  incident  field  is  a  uniform  plane  wave,  with 
TE  or  TM  polarization,  incident  obliquely  on  a  planar  dielectric  interface,  as  shown  in 
Fig.  14.6.1.  The  incident  and  transmitted  fields  will  have  the  form: 


£(r)=  foe E'  {t)=  (14.6.2) 

The  expected  relationships  between  the  transmitted  and  incident  waves  were  sum¬ 
marized  in  Eqs.  (7.7.1)-(7.7.5).  We  will  derive  the  same  results  from  the  present  ap¬ 
proach.  The  incident  wave  vector  is  k  =  kxZ  3-  kzZ  with  k  =  w/cq  =  (jo^CqIJo,  and 
satisfies  k-  Eq  =  0.  For  the  transmitted  wave,  we  will  find  that  k'  =  kxZ  +  k'^±  satisfies 
k'  ■  Eq  =  0  and  k'  =  co/c  =  co^/eqo  =  kn,  so  that  c  =  Co/n,  where  n  is  the  refractive 
index  of  the  dielectric,  n  = 

The  radiated  field  is  given  by  Eq.  (14.3.10),  where  J  is  the  current  due  to  the  polariza¬ 
tion  P,  that  is,  J  =  P  =  jcoP.  Although  there  is  no  volume  polarization  charge  density,^ 
there  may  be  a  surface  polarization  density  =  n  ■  P  on  the  planar  dielectric  interface. 
Because  n  =  -z,  we  will  have  ps  =  -z  ■  P  =  -Pz-  Such  density  is  present  only  in  the  TM 

^ p  =  -S/  ■  P  vanishes  for  the  type  of  plane-wave  solutions  that  we  consider  here. 
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Fig.  14.6.1  Elementary  dipole  at  r'  contributes  to  the  local  field  at  r. 


case  [493].  The  corresponding  volume  term  in  Eq.  (14.3.10)  will  collapse  into  a  surface 
integral.  Thus,  the  field  generated  by  the  densities  J,  ps  will  be: 

Endir)=  -jwiJo  \  J{t')G{t  -  t')  dV  +  —  \  Ps(r')  V'G(r  -  r')  dS' 

JV  Co  JS 

where  G(r)  =  IAtty  is  the  vacuum  Green’s  function  having  k  =  co/cq,  and  V  is  the 
right  half-space  z  >  0,  and  S,  the  xy-plane.  Replacing  J,  ps  in  terms  of  the  polarization 
and  writing  V'G  =  -VG,  and  moving  V  outside  the  surface  integral,  we  have; 

£rad(r)=  [  Pir')G{r  -  r')  dV'  + —V  {  Pz{r')G{r  -  t')  dS'  (14.6.3) 

Jv  £o  Js 

We  assume  that  the  polarization  P(r')  is  induced  by  the  total  field  inside  the  di¬ 
electric,  that  is,  we  set  P(r')  =  CqX  E'  (r'),  where  x  is  the  electric  susceptibility.  Setting 
=  co^poeo,  Eq.  (14.6.3)  becomes: 

Prad  (r)  = X  f  E'  {r')G{r  -  r')  dV'  x^  \  Ezir')Gir  -  r)  dS'  (14.6.4) 
Jv  Js 

Evaluated  at  points  r  on  the  left  of  the  interface  (z  <  0),  Prad  (r)  should  generate 

the  reflected  fleld.  Evaluated  within  the  dielectric  (z  >  0),  it  should  give  Eq.  (14.6.1), 

resulting  in  the  self-consistency  condition: 

k^  X  \  E' {r')Gir -r')  dV'  x^  \  E'2ir')G{r -r)  dS'  =  E' ir)-E{r)  (14.6.5) 
Jv  Js 

Inserting  Eq.  (14.6.2),  we  obtain  the  condition: 


VxEo  {  e-J'‘'-'^'G{r-T')dV'+xE'zoV  \  -r')  d5' =  e--'''’-' - £o 

Jv  Js 

The  vector  k'  =  k'^x-\-  k'^z  may  be  assumed  to  have  k'^  =  kx,  which  is  equivalent 
to  Snel’s  law.  This  follows  easily  from  the  phase  matching  of  the  eJ^^^  factors  in  the 
above  equation.  Then,  the  integrals  over  S  and  V  can  be  done  easily  using  Eqs.  (D.14) 
and  (D.16)  of  Appendix  D,  with  (D.14)  being  evaluated  at  z'  =  0  and  z  >  0: 


1, 


e-j'‘''^'G{T-r')dV' 
e^j’^'  -'^'Gii-r')  dS' 


■  2kz(k'z-kz) 

^  V  f  e-j'^'-^'G{r-r’)dS’ 
2jkz  Js 


(14.6.6) 

ke~j^-^ 


2K 
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The  self-consistency  condition  reads  now: 


VxEo 


k'^-k^  2kz(k'z-kz) 


-XE'zo^j^  =Ke-J'‘-'^-Eoe-J'<-^ 


Equating  the  coefficients  of  like  exponentials,  we  obtain  the  two  conditions: 


Vx 

k'2  -  k^ 


Eo 


=  Eo 


Vx 

k'2  -jk2 


=  1 


=V{l+X)=Vn^ 


(14.6.7) 


VX  r'  17'  -  r 

2kz{k'z-kz)  °  “ 


(14.6.8) 


The  first  condition  implies  that  k'  =  kn,  where  n  =  +  X  =  V^/^o-  Thus,  the  phase 

velocity  within  the  dielectric  is  c  =  Cq/yi.  Replacing  x  =  (k''^  -  k^)  Ik^  =  {k'^  -  kl) /k^, 
we  may  rewrite  Eq.  (14.6.8)  as: 


k'z  -  kl 

2kz  (kz  ~  kz) 


Eq  + 


ik'z^-kl)k 

2kzk^ 


PzO  Eq  , 


or. 


k  2k 

E'  +  -  ik',  -  kz)E',Q  =  Eq  (14.6.9) 

This  implies  immediately  the  transversality  condition  for  the  transmitted  field,  that 
is,  k'  ■  Eq  =  0.  Indeed,  using  k-  Eq  =  0  for  the  incident  field,  we  find: 

k  ■  k  2k 

k-E'  +  —ik',-  kz)E',Q  =  k  ■  Po  =  0  ^  k  ■  P'  -r  (k;  -  kz)E',Q  =  0 

or,  explicitly,  k^P^o  +  ^zPio  +  (K  -  ^z)Pio  =  ^xE'xq  +  k^P^o  =  k'  ■  Pq  =  0.  Replacing 
(k^  -  kz)p20  =  -k  ■  pQ  in  Eq.  (14.6.9)  and  using  the  BAC-CAB  rule,  we  obtain: 


F'  -  —(k  F')  - 

Eo  Eo)- 


k  X  (Pq  X  k) 

P 


2kz 

k'z  +  kz 


Po 


(14.6.10) 


It  can  be  shown  that  Eq.  (14.6.10)  is  equivalent  to  the  transmission  coefficient  results 
summarized  in  Eqs.  (7.7.1)-(7.7.5),  for  both  the  TE  and  TM  cases  (see  also  Problem  7.6 
and  the  identities  in  Problem  7.5.)  The  transmitted  magnetic  field  H'  (r)  =  Hq  e^J^ 
may  be  found  from  Faraday’s  law  V  x  E'  =  -jcjopqH',  which  reads  cjopqHq  =  k'  x  Eq. 

Next,  we  look  at  the  reflected  field.  For  points  r  lying  to  the  left  of  the  interface 
(z  <  0),  the  evaluation  of  the  integrals  (14.6.6)  gives  according  to  Eqs.  (D.14)  and  (D.16), 
where  (D.14)  is  evaluated  at  z'  =  0  and  z  <  0: 


L 

L 


e-j'‘'-^'G(i-i')dV' 

e-J'''>''G(r-r')d5' 


2kz {kz  +  kz ) 

^  V  G{r-r')dS' 

2jkz  Js 


k-  ■■ 

2kz 


where  k-  denotes  the  reflected  wave  vector,  k_  =  kxX  -  kz z.  It  follows  that  the  total 
radiated  fleld  will  be: 


^rad  (r)  —  X  Eq 


Q-jk-v 
2kz{k'z  +  kz) 


k  X  Ezo  j  .J 
2kz 


=  E-qC 


-Jk-r 
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where  the  overall  coefficient  E^o  can  be  written  in  the  form: 


2k.z  (^z  +  ^z) 


X  ^zO 
2kz 


kz-K 

2kz 


where  we  set  x  =  {k'^  -k\)  Ik^.  Noting  the  identity  k- 
and  k-  ■  k-  =  k^,  we  hnally  hnd: 


k.ik'z  +  kz)E',o 

k^ 


(kz  +  kz)E^Q  —  k  •  Eq 


k-ik--E') 

k^ 


k-  X  {Eq  X  k-) 

P 


(14.6.11) 


It  can  be  verihed  that  (14.6.11)  is  equivalent  to  the  reflected  helds  as  given  by 
Eqs.  (7.7.1)-(7.7.5)  for  the  TE  and  TM  cases.  We  note  also  that  k-  ■  E-q  =  0. 

The  conventional  boundary  conditions  are  a  consequence  of  this  approach.  Eor  ex¬ 
ample,  Eqs.  (14.6.10)  and  (14.6.11)  imply  the  continuity  of  the  tangential  components  of 
the  E’-held.  Indeed,  we  hnd  by  adding: 


which  implies  that  z  x  {Eq  +  E-q)  =  zx  Eq. 

In  summary,  the  radiated  helds  from  the  polarizable  atoms  cause  the  cancellation  of 
the  incident  vacuum  held  throughout  the  dielectric  and  conspire  to  generate  the  correct 
transmitted  held  that  has  phase  velocity  c  =  Co/n.  The  rehected  wave  does  not  originate 
just  at  the  interface  but  rather  it  is  the  held  radiated  backwards  by  the  atoms  within  the 
entire  body  of  the  dielectric. 

Next,  we  discuss  another  simplihed  approach  based  on  radiating  dipoles  [484].  It 
has  the  additional  advantage  that  it  leads  to  the  Lorentz-Lorenz  or  Clausius-Mossotti 
relationship  between  refractive  index  and  polarizability.  General  proofs  of  the  extinction 
theorem  may  be  found  in  [458-478]  and  [598]. 

The  dielectric  is  viewed  as  a  collection  of  dipoles  p,  at  locations  r,.  The  dipole  mo¬ 
ments  are  assumed  to  be  induced  by  a  local  (or  effective)  electric  held  Eioc  (r)  through 
P/  =  acoEiociri) ,  where  a  is  the  polarizability.^  The  held  radiated  by  the  jth  dipole  pj 
is  given  by  Eq.  (14.5.4),  where  G  (r)  is  the  vacuum  Green’s  function: 


Ej{r)=  -Vx  Vx  [p,G(r-rj)] 

^0 

The  held  at  the  location  of  the  zth  dipole  due  to  all  the  other  dipoles  will  be: 
£rad(ri)=  ^£j(r,)=  —  ^  Vi  X  Vi  x  [pjG(ri  -Tj)] 


(14.6.12) 


where  V,  is  with  respect  to  r,.  Passing  to  a  continuous  description,  we  assume  N  dipoles 
per  unit  volume,  so  that  the  polarization  density  will  be  P{r'  )  =  Np{r')  =  N  ozeo^ioc  (r' )  - 
Then,  Eq.  (14.6.12)  is  replaced  by  the  (principal-value)  integral: 

£’rad(r)=  —  f  Tv  X  V  X  [P(r')G(r  -  r')]  dV'  (14.6.13) 

^0  jvl  JY'^r 


^Normally,  the  polarizability  is  defined  as  the  quantity  a'  =  aeo- 
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Using  Eq.  (D.7)  of  Appendix  D,  we  rewrite: 

£raci(r)=  —V  X  V  X  [  P(r')G(r  -r')  dV  -  ^  P(r) 
€o  Jv  aeo 

and  in  terms  of  the  local  held  (N a  is  dimensionless): 


(14.6.14) 


£rad(r)=  JV«  V  X  V  X  £ioc(r')G(r-r')  dy' - -JVa£ioc(r)  (14.6.15) 

Jv  3 

According  to  the  Ewald-Oseen  extinction  requirement,  the  radiated  held  must  can¬ 
cel  the  incident  held  E(r)  while  generating  the  local  held  £ioc(r),  that  is,  E’rad(r)  = 
£’ioc(r)  -E{r).  This  leads  to  the  self-consistency  condition: 

JVaVxVxf  £ioc(r')G(r-r')  dV' -  ^iVa£ioc(r)=  £ioc(r)-.E(r)  (14.6.16) 

Jv  3 

Assuming  a  plane-wave  solution  £ioc  (r)  =  E[  e~j^  we  obtain: 

Not  V  X  V  X  £i'  [  G  (r  -  r')  dV  -  ^Na  £(  =  £.'  -  Eq 

Jv  3 


'  r 

Q-Jkr 

2.kz  {kz  —  kz) 

-jk'r 

e-Jk-’T 

Eor  r  within  the  dielectric,  we  hnd  as  before: 


NaW  X  V  X 


Performing  the  V  operations,  we  have: 


-  |iV«  £,'  =  £{  e-jk  ':  -  Eq  e-Jk^ 

-  =  {l  +  ^N(x)E[e-jk-’^ -Eoe-jk’^ 


\T  k  X  {E^  X  k  )  kX  {E^  X  k)  /1  ^  m  \  r'  -ik'-r  r 

‘  2kAki-k,)‘  \  ■  (1  + 


Equating  the  coefficients  of  the  exponentials,  we  obtain  the  two  conditions: 

^  ^  =  (1  +  lNa)E{  (14.6.17) 

The  hr  St  condition  implies  immediately  that  k'  ■E{  =0,  therefore,  using  the  BAC-CAB 
rule,  the  condition  reads: 


iV«k'2  .  ,  2^, 

Ii'2  _  ~  h  +  ^N0()Ei 


Nak'^  .  2.r 

k'2_k2  3^" 


Setting  k'  =  kn,  Eq.  (14.6.19)  implies  the  Lorentz-Lorenz  formula: 

Na  n^  ^  2  _  I  - 1  1  _  I 


Nan^  ^  2^^ 

^7 - =  1  -r  -Na 

-  1  3 


+  2  3 


(14.6.19) 


(14.6.20) 
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We  must  distinguish  between  the  local  held  fioc  (r)  and  the  measured  or  observed 
held  E'  (r) ,  the  latter  being  a  “screened”  version  of  the  former.  To  hnd  their  relationship, 
we  dehne  the  susceptibility  by  x  =  -  1  and  require  that  the  polarization  P(r)  be 

related  to  the  observed  held  by  the  usual  relationship  P  =  eoxE'.  Using  the  Lorentz- 
Lorenz  formula  and  P  =  Na€o  Pioc,  we  hnd  the  well-known  relationship  [598]: 


Eioc  —  E  + 


3co 


(14.6.21) 


From  NaEioc  =  P/^o  =  XE',  we  have  NaE[  =  xEq.  Then,  the  second  condition 
(14.6.18)  may  be  expressed  in  terms  of  Eq: 


X  k  X  (pQ  X  k)  k  X  (pQ  X  k)  _  2kz 

2kAkz-k^)  “  0  ^  ~  k'z  +  kz 


(14.6.22) 


which  is  identical  to  Eq.  (14.6.10).  Thus,  the  self-consistent  solution  for  E'  (r)  is  identical 
to  that  found  previously. 

Finally,  we  obtain  the  rehected  held  by  evaluating  Eq.  (14.6.13)  at  points  r  to  the  left 
of  the  interface.  In  this  case,  there  is  no  2P/3eo  term  in  (14.6.14)  and  we  have: 


£’rad (r)  =  Ntx  V  X  V  X  f  Eiocir  ) G {r  -  Y  )  dV' =  x^  X X  \  E' {r')G{r  -  r)  dV' 
Jv  Jv 

=  X  V  X  V  X  Pn  f  ■*’  G(r  -  r')  dV'  =  x^  xV  x  Eq 
Jv 

_  X  k-  X  {Eq  X  k_)  -jk-  Y  _  ~  E-  X  {Eq  X  k- )  -jk-  Y 

2kzik'z  +  kz)  ^  ~~ikz  P 


e-jk-r 

2k.[k.z  +  k.z) 


which  agrees  with  Eq.  (14.6.11). 


14.7  Radiation  Fields 

The  retarded  solutions  (14.3.3)  for  the  potentials  are  quite  general  and  apply  to  any 
current  and  charge  distribution.  Here,  we  begin  making  a  number  of  approximations 
that  are  relevant  for  radiation  problems.  We  are  interested  in  helds  that  have  radiated 
away  from  their  current  sources  and  are  capable  of  carrying  power  to  large  distances 
from  the  sources. 

The  far-field  approximation  assumes  that  the  held  point  r  is  very  far  from  the  current 
source.  Here,  “far”  means  much  farther  than  the  typical  spatial  extent  of  the  current 
distribution,  that  is,  r  »  r'.  Because  r'  varies  only  over  the  current  source  we  can  state 
this  condition  as  r  »  /,  where  /  is  the  typical  extent  of  the  current  distribution  (for 
example,  for  a  linear  antenna,  /  is  its  length.)  Fig.  14.7.1  shows  this  approximation. 

As  shown  in  Fig.  14.7.1,  at  far  distances  the  sides  PP'  and  PQof  the  triangle  PQP'  are 
almost  equal.  But  the  side  PQ is  the  difference  OP- OQ.  Thus,  P  ^  r-r  r'  =  r-r'  cos  ip, 
where  ip  is  the  angle  between  the  vectors  r  and  r'. 

A  better  approximation  may  be  obtained  with  the  help  of  the  small-x  Taylor  series 
expansion  x  ^  1  -r  x/2  -  x^/8.  Expanding  R  in  powers  of  r'  /r,  and  keeping  terms 
up  to  second  order,  we  obtain: 
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far-field  point 


Fig.  14.7.1  Far-held  approximation. 


R  =  |r  -  r'  I  =  ^r^  -  2rr'  cos  ip  +  =  r  J 1  -  2 — 


cos  ip  + 


r  r  1  , 

1 - cos  ip  H - ^ - (-2—  cos  ip 

r  2r2  8  ^  r 


r2  ^ 


y'  y'^ 

-  r(l  -  -  COS ^  ^  cos2  ip)) 


or,  combining  the  last  two  terms: 


r  T 

R  =  r  -  r  cos  ip  -v  —  sin  ip  , 


for  r  r' 


(14.7.2) 


Thus,  the  hrst-order  approximation  is  P  =  r  -  r'  cos  ip  =  r-rr'.  Using  this 
approximation  in  the  integrands  of  Eqs.  (14.3.1),  we  have: 


qp{r)- 


r  p(r^)g-J^(r-f-F) 

Jv  4Tre(r  -  r-  r') 


dh' 


Replacing  R  =  r-  r-r'^rm  the  denominator,  but  not  in  the  exponent,  we  obtain 
the  far-held  approximation  to  the  solution: 


(p(r)=  -  p{r  d^r 

Aner  Jv 


Because  P  is  approximated  differently  in  the  denominator  and  the  exponent,  it  might 
be  argued  that  we  are  not  making  a  consistent  approximation.  Indeed,  for  multipole 
expansions,  it  is  not  correct  to  ignore  the  f  ■  r'  term  from  the  denominator.  However,  the 
procedure  is  correct  for  radiation  problems,  and  generates  those  terms  that  correspond 
to  propagating  waves. 

What  about  the  second-order  approximation  terms?  We  have  dropped  them  from 
both  the  exponent  and  the  denominator.  Because  in  the  exponent  they  are  multiplied 
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by  k,  in  order  to  justify  dropping  them,  we  must  require  in  addition  to  r  »  r'  that 
kr'^ /r  ^  1,  or  in  terms  of  the  wavelength:  r  »  2Trr'^ /\.  Replacing  2r'  by  the  typical 
size  /  of  the  current  source,^  we  have  r  »  nf  /2\.  By  convention  [92],  we  replace  this 
with  r  »  2/^ /A.  Thus,  we  may  state  the  far-held  conditions  as: 

2f 

r »  /  and  r »  —  (far-held  conditions)  (14.7.3) 

A 

These  conditions  dehne  the  so-called  far-held  or  Fraunhofer  radiation  region.  They 
are  easily  satished  for  many  practical  antennas  (such  as  the  half-wave  dipole)  because  / 
is  typically  of  the  same  order  of  magnitude  as  A,  in  which  case  the  second  condition  is 
essentially  equivalent  to  the  hrst.  This  happens  also  when  /  >  A.  When  /  ^  A,  the  hrst 
condition  implies  the  second. 

The  distance  r  =  2/^/A  is  by  convention  [92]  the  dividing  line  between  the  far-held 
(Fraunhofer)  region,  and  the  near-held  (Fresnel)  region,  as  shown  in  Fig.  14.7.2.  The  far- 
held  region  is  characterized  by  the  property  that  the  angular  distribution  of  radiation 
is  independent  of  the  distance  r. 


Fig.  14.7.2  Far-held  and  near-held  radiation  zones. 

Can  the  hrst-order  term  ki  ■  r'  also  be  ignored  from  the  exponent?  This  would 
require  that  kr'  ^  1,  or  that  r'  A.  Thus,  it  can  be  ignored  for  electrically  “short” 
antennas,  that  is,  /  ^  A,  or  equivalently  in  the  long  wavelength  or  low-frequency  limit. 
The  Hertzian  dipole  is  such  an  antenna  example. 

Dehning  the  wavenumber  vector  k  to  be  in  the  direction  of  the  held  vector  r  and 
having  magnitude  k,  that  is,  k  =  kr,  we  may  summarize  the  far- field  approximation  to 
the  retarded  single-frequency  potentials  as  follows: 


(p(r)  =  —  {  p{r)e‘^^'^  d^r' 

4ner  Jv 

A(r)  =  \  d^r' 

Artr  Jv 


k  =  kr 


(14.7.4) 


^We  envision  a  sphere  of  diameter  2r'  =  I  enclosing  the  antenna  structure. 
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In  these  expressions,  the  radial  dependence  on  r  has  been  separated  from  the  angular 
(6,  0) -dependence,  which  is  given  by  the  integral  factors.  Since  these  factors,  play  an 
important  role  in  determining  the  directional  properties  of  the  radiated  helds,  we  will 
denote  them  by  the  special  notation: 


Q{k)  =  p{r')e‘^^'^'  d^r 

Jv 

Fik)  =  J{r)e‘^^'^'d^r'  (radiation  vector) 

Jv 


(14.7.5) 


The  hrst  is  also  called  the  charge  form-factor,  and  the  second,  the  radiation  vector. 
They  are  recognized  to  be  the  3-dimensional  spatial  Fourier  transforms  of  the  charge 
and  current  densities.  These  quantities  depend  on  co  or  k  and  the  directional  unit  vector 
f  which  is  completely  dehned  by  the  spherical  coordinate  angles  6,  <p.  Therefore,  when¬ 
ever  appropriate,  we  will  indicate  only  the  angular  dependence  in  these  quantities  by 
writing  them  as  Q{6 ,  <p) ,  FiO ,  <p) .  In  terms  of  this  new  notation,  the  far-held  radiation 
potentials  are: 


p-JK-r 

A(r)  = 

Artr 


(radiation  potentials) 


(14.7.6) 


14.8  Radial  Coordinates 

The  far-held  solutions  of  Maxwell’s  equations  and  the  directional  patterns  of  antenna 
systems  are  best  described  in  spherical  coordinates. 

The  dehnitions  of  cartesian,  cylindrical,  and  spherical  coordinate  systems  are  re¬ 
viewed  in  Fig.  14.8.1  and  are  discussed  further  in  Appendix  E.  The  coordinates  rep¬ 
resenting  the  vector  r  are,  respectively,  (x,y,z),  {p,<p,z),  and  ir,6,(f>)  and  dehne 
orthogonal  unit  vectors  in  the  corresponding  directions,  as  shown  in  the  hgure. 

The  relationships  between  coordinate  systems  can  be  obtained  by  viewing  the  xy- 
plane  and  zp-plane,  as  shown  in  Fig.  14.8.2.  The  relationships  between  cartesian  and 
cylindrical  coordinates  are: 


X  =  p  cos  (p 

p  =  X  cos  <p  -\-Y  sin  <p 

y  =  p  sin  0 

<^  =  -X  sin  0  -r  y  cos  p 

Similarly,  the  relationships  of  cylindrical  to  spherical  coordinates  are: 


p  =  r  sin  6 

f  =  z  cos  6  p  sin  6 

z  =  f  cos  0  -  0  sin  0 

z  =  r  cos  6 

9  =  -zsinO  pcos  6 

p  =  rsin 6  9  cos  6 

(14.8.2) 
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Fig.  14.8.2  Spherical  coordinates  viewed  from  xy-plane  and  zp-plane. 


The  relationships  between  cartesian  and  spherical  coordinates  are  obtained  from 
(14.8.2)  by  replacing  p  and  p  in  terms  of  Eq.  (14.8.1),  for  example, 

X  =  pcos<p  =  {r  sm6)cos<p  =  r  sin0  cos0 

f  =  p  sin  0  +  z  cos  6  =  {x  cos  (/>  +  y  sin  (/>)  sin  0  +  z  cos  0 

The  resulting  relationships  are: 


(14.8.3) 


Note  again  that  the  radial  unit  vector  f  is  completely  determined  by  the  polar  and 
azimuthal  angles  0,0.  Infinitesimal  length  increments  in  each  of  the  spherical  unit- 
vector  directions  are  defined  by: 

dir  =  dr,  die  =  rdO  ,  dl^  =  rsm6d<p  (spherical  lengths)  (14.8.4) 


X  =  r  sin  0  cos  0 
y  =  r  sin  0  sin  0 
z  =  r  cos  0 


f  =  X  cos  0  sin  0  +  y  sin  0  sin  0  +  z  cos  0 
0  =  X  cos  0  cos  0  +  y  sin  0  cos  0  -  z  sin  0 
0  =  -X  sin  0  +  y  cos  0 
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The  gradient  operator  V  in  spherical  coordinates  is: 


V  =f 


dir 


a  0  j,  0  .0 

0 - h  cb - =  r — 

die  ^d^  dr 


0 


1  0 


0 


1 


r  dO  r  sin0  00 


(14.8.5) 


The  lengths  die  and  dlcf)  correspond  to  infinitesimal  displacements  in  the  0  and  0 
directions  on  the  surface  of  a  sphere  of  radius  r,  as  shown  in  Fig.  14.8.3.  The  surface 
element  dS  =  rdS  on  the  sphere  is  defined  by  dS  =  die  dlcf),  or, 

dS  =  r^  sinO  dO  d<p  (14.8.6) 

The  corresponding  infinitesimal  solid  angle  dQ  subtended  by  the  d6,d<p  cone  is: 


dS 

dS  =  r^dO 

dQ=^  =  smOdedcf 

r2 

(14.8.7) 


The  solid  angle  subtended  by  the  whole  sphere  is  in  units  of  steradians: 

f'Zn 

■^sphere 


rlT  r2TT 

sin  6  dO  \  dcj)  =  4tt 
Jo  Jo 


14.9  Radiation  Field  Approximation 


In  deriving  the  field  intensities  E  and  H  from  the  far-held  potentials  (14.7.6),  we  must 
make  one  hnal  approximation  and  keep  only  the  terms  that  depend  on  r  like  1/r,  and 
ignore  terms  that  fall  off  faster,  e.g.,  like  1  / .  We  will  refer  to  helds  with  1/r  dependence 
as  radiation  fields. 

The  justihcation  for  this  approximation  is  shown  in  Fig.  14.9.1.  The  power  radiated 
into  a  solid  angle  dQ  will  how  through  the  surface  area  dS  and  will  be  given  by  dP  = 
TrdS,  where  Tr  is  the  radial  component  of  the  Poynting  vector.  Replacing  dS  in  terms 
of  the  solid  angle  and  Tr  in  terms  of  the  squared  electric  held,  we  have: 


dP  =  TrdS 


(r^dl^) 
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dP  =  VrdS  =  Vrr^dQ 


Fig.  14.9.1  Power  radiated  into  solid  angle  dO. 


Thus,  if  the  amount  of  power  in  the  solid  angle  dO  is  to  propagate  away  without 
attenuation  with  distance  r,  then  the  electric  held  must  be  such  that  ~  const,  or 

that  \E\  ~  1/r;  similarly,  \H\  ~  1/r.  Any  terms  mE,H  that  fall  off  faster  than  1/r  will 
not  be  capable  of  radiating  power  to  large  distances  from  their  current  sources. 


14.10  Computing  the  Radiation  Fields 


At  far  distances  from  the  localized  current  J,  the  radiation  helds  can  be  obtained  from 
Eqs.  (14.3.9)  by  using  the  radiation  vector  potential  A  of  Eq.  (14.7.6).  In  computing  the 
curl  of  A,  we  may  ignore  any  terms  that  fall  off  faster  than  1/r: 

/ \  f  d  \  f 

V  X  A  =  V  X  - F\  =  f  — h  angular  derivatives  x  - F 

\  Anr  )  \  dr  J  \  Anr 


The  “angular  derivatives”  arise  from  the  0,(t)  derivatives  in  the  gradient  as  per 
Eq.  (14.8.5).  These  derivatives  act  on  F{6,<p),  but  because  they  already  have  a  1/r 
factor  in  them  and  the  rest  of  A  has  another  1/r  factor,  these  terms  will  go  down  like 
1/r^.  Similarly,  when  we  compute  the  derivative  /r]  we  may  keep  only  the 

derivative  of  the  numerator  because  the  rest  goes  down  like  1/r^. 

Thus,  we  arrive  at  the  useful  rule  that  to  order  1/r,  the  gradient  operator  V ,  whenever 
it  acts  on  a  function  of  the  form  f  (9,  (p)  e~j^^ Ir,  can  be  replaced  by: 


V  ^  -jk=  -jkr 


(14.10.1) 


Applying  the  rule  again,  we  have: 

V  X  (V  X  A)  =  -J  k  X  {-j  kx  A)=  {kx  A)xk  =  {r  X  A)  xf  =  co^jL/e(f  x  A)  xf 
Noting  that  cop  =  ckjj  =  k^J\Ale  =  kr]  and  using  Eq.  (14.3.9),  we  hnally  hnd: 


e-J^r 

E=  -jkri - (f  X  F)  xf 

^  '  Anr 

e-J^r 

H  =  -jk - rxF 

Anr 


(radiation  helds) 


(14.10.2) 
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Moreover,  we  recognize  that: 


E  =  rjHx  f. 


H=  -rxE 

n 


and 


(14.10.3) 


We  note  the  similarity  to  uniform  plane  waves  and  emphasize  the  following  properties: 


1.  {E,  H,  f}  form  a  right-handed  vector  system. 

2.  £■  is  always  parallel  to  the  transverse  part  F^  of  the  radiation  vector  F. 

3.  H  is  always  perpendicular  to  the  radiation  vector  F. 

4.  dc  current  sources  (co  =  k  =  0)  will  not  radiate. 


E 


Fig.  14.10.1  Electric  and  magnetic  helds  radiated  by  a  current  source. 


Eigure  14.10.1  illustrates  some  of  these  remarks.  The  radiation  vector  may  be  de¬ 
composed  in  general  into  a  radial  part  Fr  =  rFr  and  a  transverse  part  F^.  In  fact,  this 
decomposition  is  obtained  from  the  identity: 

F  =  f  (f  ■  F)  -r  (f  X  F)  xf  =  f  Fr  + 

Resolving  F  along  the  spherical  coordinate  unit  vectors,  we  have: 

F=  fFr  9F0  -r  ^Fcj) 
f  X  F  =  j>F0  -  OFcj) 

Fj.  =  (f  X  F)  xf  =  6F0  -r  ^Fcj) 

Thus,  only  F0  and  F(^  contribute  to  the  helds: 


(radiation  helds) 


Recognizing  that  f  x  F  =  f  x  F^,  we  can  also  write  compactly: 


e-J^r 

F  = 

Anr 

e-J^r 

H  = 

-  jk - f  X  Fj. 

^  Anr 

(14.10.4) 


(radiation  helds) 


(14.10.5) 
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In  general,  the  radiation  vector  will  have  both  Fg  and  components,  depending  on 
the  nature  of  the  current  distribution  J.  However,  in  practice  there  are  three  important 
cases  that  stand  out: 

1.  Only  Fq  is  present.  This  includes  all  linear  antennas  and  arrays.  The  z-axis  is 
oriented  in  the  direction  of  the  antenna,  so  that  the  radiation  vector  only  has  r 
and  6  components. 

2.  Only  Fcf)  is  present.  This  includes  loop  antennas  with  the  xy-plane  chosen  as  the 
plane  of  the  loop. 

3.  Both  Fe  and  are  present,  but  they  are  carefully  chosen  to  have  the  phase  rela¬ 
tionship  F(^  =  ± JFe,  so  that  the  resulting  electric  held  will  be  circularly  polarized. 
This  includes  helical  antennas  used  in  space  communications. 

14.11  Problems 

14.1  First,  prove  the  differential  identity: 

V'  ■  =  j  k  ■  J{r')e'^^'^'  -  jcjop{r')e^^'^' 

Then,  prove  the  integral  identity: 


Assume  that  the  charge  and  current  densities  are  localized  within  the  finite  volume  V.  Fi¬ 
nally,  show  that  the  charge  form-factor  Q  and  radiation  vector  F  are  related  by: 

f  ■  F  =  cQ 

14.2  Using  similar  techniques  as  in  the  previous  problem,  prove  the  following  general  property, 
valid  for  any  scalar  function  g{r),  where  V  is  the  volume  over  which  J,  p  are  non- zero: 

\  =jco  \  g (r) p{r')  d^r 

Jv  Jv 

14.3  It  is  possible  to  obtain  the  fields  generated  by  the  source  densities  p,J  by  working  directly 
with  Maxwell’s  equations  without  introducing  the  scalar  and  vector  potentials  (p,A.  Start 
with  the  monochromatic  Maxwell’s  equations 

VxE=-jcopH,  VxH=J  +  jcoeE,  V-F=ip,  V-H=0 

Show  that  E,  H  satisfy  the  following  Helmholtz  equations: 

+  k^)  E  =  jcopJ+  (V^  +  k^)H=-VxJ 

Show  that  their  solutions  are  obtained  with  the  help  of  the  Green’s  function  (14.3.4): 

E=  \  [-jcvpjG  -  -{V'p)G]dV' 

Jv  c 

H=  \  [V'  xj]GdV' 

Jv 

Although  these  expressions  and  Eqs.  (14.3.10)  look  slightly  different,  they  are  equivalent. 
Explain  in  what  sense  this  is  true. 
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14.4  The  electric  and  magnetic  dipole  moments  of  charge  and  current  volume  distributions  p,J 
are  defined  by: 

p  =  f  rpir)dV,  m  =  i  f  rxJir)dV 
Jv  2  Jv 

Using  these  definitions  and  the  integral  property  of  Eq.  (C.41)  of  Appendix  C,  show  that  for 
two  charges  ±Q  separated  by  distance  d,  and  for  a  current  I  flowing  on  a  closed  planar  loop 
of  arbitrary  shape  and  area  S  lying  on  the  xy-plane,  the  quantities  p,  m  are  given  by: 


X 


p  =  Qd  Q 

m  =  zl  S 


-Q 


14.5  By  performing  an  inverse  Fourier  time  transform  on  Eq.  (14.5.5),  show  that  the  fields  pro¬ 
duced  by  an  arbitrary  time-varying  dipole  at  the  origin,  P(r,  t)  =  pit)  5^^^  (r) ,  are  given  by: 


Eir,t) 


eo 


Id  1, 

Codt  r’ 


3r(r  ■  .P(tr)j.- P(U), 

r 


1 

4Trr 


1 

eocl 


f  X 


(p(U)xf) 


1 

Airr 


Hir,t) 


Af  A 

dt  Co  dt 


i)(p(fOxr) 


1 

4nr 


where  tr  =  t  -  r/co  is  the  retarded  time  and  the  time-derivatives  act  only  on  p(tr).  Show 
also  that  the  radiated  fields  are  (with  r/o  =  ^fPoTco): 


Eradirj)  =  Porx  (rx  p(tr))7^  =  /7oHrad(r,t)xf 
4TTr 

Hrad(r,f)  =  J(p(fr)xr)^ 

14.6  Assume  that  the  dipole  of  the  previous  problem  is  along  the  z-direction,  p(t)=  zp{t).  In¬ 
tegrating  the  Poynting  vector  T  =  Trad  x  H^ad  over  a  sphere  of  radius  r,  show  that  the  total 
radiated  power  from  the  dipole  is  given  by: 

Prad(f',f)= 

67TCS 


14.7 


Define  a  3x3  matrix  J  (a)  such  that  the  operation  J  (a)b  represents  the  cross-product  a  x  b. 
Show  that: 


/(a)  = 


0  a^  Uy 

Uz  0  ~ax 

Uy  Ux  0 


Show  that  J  (a)  is  a  rank-2  matrix  with  eigenvalues  A  =  0  and  A  =  ±j  |  a  | ,  where  a  is  assumed 
to  be  real-valued.  Show  that  the  eigenvectors  corresponding  to  the  non-zero  eigenvalues  are 
given  by  e  =  f  +  J  g,  where  f ,  g  are  real-valued  unit  vectors  such  that  jf ,  g,  a}  is  a  right-handed 
vector  system  (like  {x,y,  z}),  here,  a  =  a/  |a|.  Show  that  e  ■  e  =  0  and  e*  -6  =  2. 

A  radiator  consists  of  electric  and  magnetic  dipoles  p,  m  placed  at  the  origin.  Assuming 
harmonic  time  dependence  and  adding  the  radiation  fields  of  Eqs.  (14.5.6)  and  (14.5.10), 
show  that  the  total  radiated  fields  can  be  expressed  in  terms  of  the  6x6  matrix  operation: 


Eir) 

rioHir) 


-nok^ 


e-j^r 

Anr 


A(r) 

-Jir) 


Jir) 

A(f) 


CoP 

m 


14.11.  Problems 
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Show  that  J  (f )  satisfies  the  matrix  equation  p  (f )  +J  (f )  =  0.  Moreover,  show  that  its  eigen¬ 
values  are  A  =  0  and  A  =  ±j  and  that  the  eigenvectors  belonging  to  the  two  nonzero  eigen¬ 
values  are  given  in  terms  of  the  polar  unit  vectors  by  e  =  6  +  j 

Because  the  matrix  /(f)  is  rank-defective,  so  is  the  above  6x6  matrix,  reflecting  the  fact 
that  the  radiation  fields  can  only  have  two  polarization  states.  However,  it  has  been  shown 
recently  [1003]  that  in  a  multiple- scattering  environment,  such  as  wireless  propagation  in 
cities,  the  corresponding  6x6  matrix  becomes  a  full-rank  matrix  (rank  6)  allowing  the  tripling 
of  the  channel  capacity  over  the  standard  dual-polarization  transmission. 
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Transmitting  and  Receiving  Antennas 


15.1  Energy  Flux  and  Radiation  Intensity 

The  flux  of  electromagnetic  energy  radiated  from  a  current  source  at  far  distances  is 
given  by  the  time-averaged  Poynting  vector,  calculated  in  terms  of  the  radiation  fields 
(14.10.4): 

1  1  /  p-J^r  \  (  pjkr  \  ^  .  . 

T  =  -Re{ExH*)=  -\^-jkri  —j  —  j  Re[(0F0  +  <#.F^)x(<#.F,*  - 
Noting  that  0  x  <^  =  f ,  we  have: 

(0Fg+^F4,)x(^Fl  -  0F;)=  f(|F(,|2  +  |F0|2)  =  f  | F_,  (0,  0)  | " 

Therefore,  the  energy  flux  vector  will  be: 

y  =  =  |Fx(0, </.)!'  (IS.1.1) 

Thus,  the  radiated  energy  flows  radially  away  from  the  current  source  and  attenu¬ 
ates  with  the  square  of  the  distance.  The  angular  distribution  of  the  radiated  energy  is 
described  by  the  radiation  pattern  factor: 

|Fj_(0,</>)|^  =  |Fe(0, </>)!"+  |F0(0, </>)!"  (IS.1.2) 

With  reference  to  Fig.  14.9.1,  the  power  dP  intercepting  the  area  element  dS  =  r^dO 
defines  the  power  per  unit  area,  or  the  power  density  of  the  radiation: 


dS 


dP 

r^dO 


=  Pr 


32Tr^r^ 


\FAe,cP) 


2 


(power  density) 


(15.1.3) 


The  radiation  intensity  1/(0,  </>)  is  defined  to  be  the  power  radiated  per  unit  solid 
angle,  that  is,  the  quantity  dP/dQ  =  r^dP/dS  =  r^Tr: 


32Tr2 


|Fx(0,<^)  1^ 


(radiation  intensity)  (15.1.4) 
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The  total  radiated  power  is  obtained  by  integrating  Eq.  (15.1.4)  over  all  solid  angles 
dQ  =  sin  6  d6d(p,  that  is,  over  0  <  6  <  n  and  0  <  </)  <  2tt  : 


r  TT  rZn 

Prad=  U{e,(t>)dQ 

Jo  Jo 


(total  radiated  power) 


(15.1.5) 


A  useful  concept  is  that  of  an  isotropic  radiator— ei  radiator  whose  intensity  is  the 
same  in  all  directions.  In  this  case,  the  total  radiated  power  Prad  will  be  equally  dis¬ 
tributed  over  all  solid  angles,  that  is,  over  the  total  solid  angle  of  a  sphere  f^sphere  =  4Tr 
steradians,  and  therefore,  the  isotropic  radiation  intensity  will  be: 


V  d^2  J I  sphere  47T  47tJo  Jo 


(15.1.6) 


Thus,  Ui  is  the  average  of  the  radiation  intensity  over  all  solid  angles.  The  corre¬ 
sponding  power  density  of  such  an  isotropic  radiator  will  be: 


^dP\  _  Ui  _  Prad 
KdSJi  r^  4nr^ 


(isotropic  power  density) 


(15.1.7) 


1 5.2  Directivity,  Gain,  and  Beamwidth 

The  directive  gain  of  an  antenna  system  towards  a  given  direction  (0,0)  is  the  radiation 
intensity  normalized  by  the  corresponding  isotropic  intensity,  that  is. 


D(0,0)  = 


f/(0,0) 

Ui 


17(0,0)  47T  dP 
^rad/47T  Prad  dfJ 


(directive  gain) 


(15.2.1) 


It  measures  the  ability  of  the  antenna  to  direct  its  power  towards  a  given  direction. 
The  maximum  value  of  the  directive  gain,  Dmax,  is  called  the  directivity  of  the  antenna 
and  will  be  realized  towards  some  particular  direction,  say  (0o,0o)-  The  radiation 
intensity  will  be  maximum  towards  that  direction,  Umax  =  U(0o,  0o) ,  so  that 


Umax 


(directivity) 


(15.2.2) 


The  directivity  is  often  expressed  in  dB,i  that  is,  DdB  =  lOlog^o  T)max-  Re-expressing 
the  radiation  intensity  in  terms  of  the  directive  gain,  we  have: 


dQ 


U(0,0)  =  D(0,0)U/ 


P radP  (  0 »  0  ) 

477 


(15.2.3) 


and  for  the  power  density  in  the  direction  of  (0,0): 


dP  ^  dP  ^  PradT>(0,0) 
dS  r^dQ  4Trr2 


(power  density) 


(15.2.4) 


^The  term  “dBi”  is  often  used  as  a  reminder  that  the  directivity  is  with  respect  to  the  isotropic  case. 
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Comparing  with  Eq.  (15.1.7),  we  note  that  if  the  amount  of  power  PradT^  (0.  0)  were 
emitted  isotropically,  then  Eq.  (15.2.4)  would  be  the  corresponding  isotropic  power  den¬ 
sity.  Therefore,  we  will  refer  to  Pradf^(0,0)  as  the  effective  isotropic  power,  or  the 
effective  radiated  power  (ERP)  towards  the  (0, 0) -direction. 

In  the  direction  of  maximum  gain,  the  quantity  PradT^max  will  be  referred  to  as  the 
effective  isotropic  radiated  power  (EIRP).  It  dehnes  the  maximum  power  density  achieved 
by  the  antenna: 


fdP^ 

\  _  T^eirp 

[dS^ 

'max  4TTr2 

where  PeIRP  —  Prad  max 


(15.2.5) 


Usually,  communicating  antennas— especially  highly  directive  ones  such  as  dish 
antennas— are  oriented  to  point  towards  the  maximum  directive  gain  of  each  other. 

A  related  concept  is  that  of  the  power  gain,  or  simply  the  gain  of  an  antenna.  It  is 
dehned  as  in  Eq.  (15.2.1),  but  instead  of  being  normalized  by  the  total  radiated  power,  it 
is  normalized  to  the  total  power  Pj  accepted  by  the  antenna  terminals  from  a  connected 
transmitter,  as  shown  in  Eig.  15.2.1: 


U(0,0)  = 


U(0,0) 

PtI^tx 


477  dP 
Pj  dQ 


(power  gain) 


(15.2.6) 


We  will  see  in  Sec.  15.4  that  the  power  Pj  delivered  to  the  antenna  terminals  is  at 
most  half  the  power  produced  by  the  generator— the  other  half  being  dissipated  as  heat 
in  the  generator’s  internal  resistance. 

Moreover,  the  power  Pj  may  differ  from  the  power  radiated,  Prad,  because  of  several 
loss  mechanisms,  such  as  ohmic  losses  of  the  currents  flowing  on  the  antenna  wires  or 
losses  in  the  dielectric  surrounding  the  antenna. 


antenna 


transmission  line  < 

transmitter 

Pt  ► 

Fig.  15.2.1  Power  delivered  to  an  antenna  versus  power  radiated. 


The  dehnition  of  power  gain  does  not  include  any  reflection  losses  arising  from 
improper  matching  of  the  transmission  line  to  the  antenna  input  impedance  [92].  The 
efficiency  factor  of  the  antenna  is  dehned  by: 


e  = 


Prad 

Pt 


Prad  =  ePr 


(15.2.7) 


In  general,  0  <  e  <  1.  Eor  a  lossless  antenna  the  efficiency  factor  will  be  unity  and 
T^rad  =  Pt-  In  such  an  ideal  case,  there  is  no  distinction  between  directive  and  power 
gain.  Using  Eq.  (15.2.7)  in  (15.2.1),  we  hnd  G  =  ArtU I Pj  =  e477U/Prad.  or. 
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(15.2.8) 


The  maximum  gain  is  related  to  the  directivity  by  Gmax  =  eDmax-  It  follows  that 
the  effective  radiated  power  can  be  written  as  PradDiO,  0)  =  PrG  (0,  0) ,  and  the  EIRP, 
f^EIRP  =  f^radf^max  =  f^rGmax- 

The  angular  distribution  functions  we  dehned  thus  far,  that  is,  G(0,  (/>),  D(0,  (/>), 
U (6,  (p)  are  all  proportional  to  each  other.  Each  brings  out  a  different  aspect  of  the 
radiating  system.  In  describing  the  angular  distribution  of  radiation,  it  proves  conve¬ 
nient  to  consider  it  relative  to  its  maximal  value.  Thus,  we  dehne  the  normalized  power 
pattern,  or  normalized  gain  by: 


gi0,P)  = 


G{e,cp) 

Gmax 


(normalized  gain) 


(15.2.9) 


Because  of  the  proportionality  of  the  various  angular  functions,  we  have; 


.n  Gie,p)  D{0,P)  Uie,p) 
g{e,(p)=  — - =  — - =  — - 

U  mav 


\FA0,<t>) 


Gmax 

Writing  P^G  (0,  0)  =  PrGmax p  (0,  </>) ,  we  have  for  the  power  density; 
dP  PrGmax  _//i  \  f^EIRP 


dS 


(15.2.10) 


(15.2.11) 


This  form  is  useful  for  describing  communicating  antennas  and  radar.  The  normal¬ 
ized  gain  is  usually  displayed  in  a  polar  plot  with  polar  coordinates  (p,  0)  such  that 
P  =  gi0),  as  shown  in  Eig.  15.2.2.  (This  hgure  depicts  the  gain  of  a  half-wave  dipole 
antenna  given  by  gi0)=  cos^  (0.5Tr  cos  0)  /  sin^  0.)  The  3-dB,  or  half-power,  beamwidth 
is  dehned  as  the  difference  A0b  =  02  -  0i  of  the  3-dB  angles  at  which  the  normalized 
gain  is  equal  to  1/2,  or,  -3  dB. 


Fig.  15.2.2  Polar  and  regular  plots  of  normalized  gain  versus  angle. 

The  MATLAB  functions  dbp,  abp,  dbz,  abz  given  in  Appendix  I  allow  the  plotting  of 
the  gain  in  dB  or  in  absolute  units  versus  the  polar  angle  0  or  the  azimuthal  angle  p. 
Their  typical  usage  is  as  follows: 


dbpCtheta,  g,  rays,  Rm,  width); 
abpCtheta,  g,  rays,  width); 
dbz (phi,  g,  rays,  Rm,  width); 
abz (phi,  g,  rays,  width); 


%  polar  gain  plot  in  dB 
%  polar  gain  plot  in  absolute  units 
%  azimuthal  gain  plot  in  dB 
%  azimuthal  gain  plot  in  absolute  units 
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Example  15.2.1:  A  TV  station  is  transmitting  10  kW  of  power  with  a  gain  of  15  dB  towards  a 
particular  direction.  Determine  the  peak  and  rms  value  of  the  electric  held  £  at  a  distance 
of  5  km  from  the  station. 

Solution:  The  gain  in  absolute  units  will  be  G  =  =  31.62.  It  follows  that  the 

radiated  EIRP  will  be  Peirp  =  PjG  =  10  x  31.62  =  316.2  kW.  The  electric  held  at  distance 
r  =  5  km  is  obtained  from  Eq.  (15.2.5): 


dP  _  Peirp  _  ^2  ^  £_l/  ^^eirp 

dS  4nr^  2g  ^  r  V  2tt 

This  gives  E  =  0.87  V/m.  The  rms  value  is  Prms  =  El ■\/2  =  0.62  V/m.  □ 

Another  useful  concept  is  that  of  the  beam  solid  angle  of  an  antenna.  The  dehnition 
is  motivated  by  the  case  of  a  highly  directive  antenna,  which  concentrates  all  of  its 
radiated  power  Prad  into  a  small  solid  angle  AO,  as  illustrated  in  Eig.  15.2.3. 


direction  of 
maximum  gain 

directive  antenna  beam  solid  angle 


beamwidth  A0b 


Fig.  15.2.3  Beam  solid  angle  and  beamwidth  of  a  highly  directive  antenna. 


The  radiation  intensity  in  the  direction  of  the  solid  angle  will  be: 

TT  —  —  ^rad 

~  AO  ~  AO 


(15.2.12) 


where  AP  =  Prad  by  assumption.  It  follows  that:  D^ax  =  4TrG/Prad  =  ^tt/AO,  or. 


Dn 


4tt 

AO 


(15.2.13) 


Thus,  the  more  concentrated  the  beam,  the  higher  the  directivity.  Although  (15.2.13) 
was  derived  under  the  assumption  of  a  highly  directive  antenna,  it  may  be  used  as  the 
definition  of  the  beam  solid  angle  for  any  antenna,  that  is. 


AO 


4tt 

f^max 


(beam  solid  angle) 


(15.2.14) 


Using  Dmax  =  Gmax/G/  and  Eq.  (15.1.6),  we  have 


AO 


4ttUi 

Gmax 


1  rIT  r2TT 

- —  U(0,4>)dO, 

U max  Jo  Jo 


or. 


AO  = 


rTT  r2TT 

g(0,p)dO 

Jo  Jo 


(beam  solid  angle) 


(15.2.15) 
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where  giO,  (p)  is  the  normalized  gain  of  Eq.  (15.2.10).  Writing  Prad  =  we  have: 


AQ 


Prad 

t^max 


Umax 


Prad 

AO 


This  is  the  general  case  of  Eq.  (15.2.12).  We  can  also  write: 


(15.2.16) 


-Prad  ~  Umax^P^ 


(15.2.17) 


This  is  convenient  for  the  numerical  evaluation  of  Prad-  To  get  a  measure  of  the 
beamwidth  of  a  highly  directive  antenna,  we  assume  that  the  directive  gain  is  equal  to 
its  maximum  uniformly  over  the  entire  solid  angle  AO  in  Eig.  15.2.3,  that  is,  D  (6 ,  <p)  = 
Umax,  for  0  <  6  <  A6b/ 2.  This  implies  that  the  normalized  gain  will  be: 


gie,p)  = 


1,  if  0  <  0  <  A0b/2 
0,  if  A0b/2  <0  <tt 


Then,  it  follows  from  the  dehnition  (15.2.15)  that: 


AO  = 


rA9B/2  rZn  r/\UB/2  r  ITT  /  A  0  R  \ 

Jo  =  (15.2.18) 


rAeBl2  r2TT 


Using  the  approximation  cosx  ^  1  -  x^/2,  we  obtain  for  small  beamwidths: 


An=-iA0BV 


and  therefore  the  directivity  can  be  expressed  in  terms  of  the  beamwidth: 


Umax  ~ 


16 


(15.2.19) 


(15.2.20) 


Example  15.2.2:  Find  the  beamwidth  in  degrees  of  a  lossless  dish  antenna  with  gain  of  15 
dB.  The  directivity  and  gain  are  equal  in  this  case,  therefore,  Eq.  (15.2.20)  can  be  used 
to  calculate  the  beamwidth:  A0b  =  a/T6AD,  where  D  =  G  =  =  31.62.  We  find 

A0b  =  0.71  rads,  or  A0b  =  40.76°. 

For  an  antenna  with  40  dB  gain/directivity,  we  would  have  D  =  10^  and  find  A0b  = 
0.04  rads  =  2.29°.  □ 


Example  15.2.3:  A  satellite  in  a  geosynchronous  orbit  of  36,000  km  is  required  to  have  com¬ 
plete  earth  coverage.  What  is  its  antenna  gain  in  dB  and  its  beamwidth?  Repeat  if  the 
satellite  is  required  to  have  coverage  of  an  area  equal  the  size  of  continental  US. 


Solution:  The  radius  of  the  earth  is  P  =  6400  km.  Looking  down  from  the  satellite  the  earth 
appears  as  a  fiat  disk  of  area  AS  =  ttR^.  It  follows  that  the  subtended  solid  angle  and  the 
corresponding  directivity/gain  will  be: 


^  _  TT^ 


D  = 


4tt 

AD 


4r^ 


With  r  =  36,000  km  and  R  =  6400  km,  we  find  D  =  126.56  and  in  dB,  DdB  =  lOlog^oU 
=  21.02  dB.  The  corresponding  beamwidth  will  be  A0b  =  VlUjD  =  0.36  rad  =  20.37°. 
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For  the  continental  US,  the  coast-to-coast  distance  of  3000  mi,  or  4800  km,  translates  to  an 
area  of  radius  R  =  2400  km,  which  leads  to  D  =  900  and  DdB  =  29.54  dB.  The  beamwidth 
is  in  this  case  A0b  =  7.64°. 

Viewing  the  earth  as  a  fiat  disk  overestimates  the  required  angle  A0b  for  earth  coverage. 
Looking  down  from  a  satellite  at  a  height  r,  the  angle  between  the  vertical  and  the  tangent 
to  the  earth’s  surface  is  given  by  sind  =  R/ {r  +  R),  which  gives  for  r  =  36,000  km, 
0  =  8.68°.  The  subtended  angle  will  be  then  A0b  =  20  =  0.303  rad  =  17.36°.  It  follows 
that  the  required  antenna  gain  should  be  G  =  16/Ad|  =  174.22  =  22.41  dB.  The  flat-disk 
approximation  is  more  accurate  for  smaller  areas  on  the  earth’s  surface  that  lie  directly 
under  the  satellite.  □ 

Example  15.2.4:  The  radial  distance  of  a  geosynchronous  orbit  can  be  calculated  by  equating 
centripetal  and  gravitational  accelerations,  and  requiring  that  the  angular  velocity  of  the 
satellite  corresponds  to  the  period  of  1  day,  that  is,  co  =  2tt/T,  where  T  =  24  hr  =  86  400 
sec.  Let  m  be  the  mass  of  the  satellite  and  M®  the  mass  of  the  earth  (see  Appendix  A): 

GmMe  2  /'27T\2 

—^  =  mw^r  =  mi^  —  )r  ^  r  =  j 

The  distance  r  is  measured  from  the  Earth’s  center.  The  corresponding  height  from  the 
surface  of  the  Earth  is  h  =  r-R.  For  the  more  precise  value  of  P  =  6378  km,  the  calculated 
values  are: 

r  =  42  237  km  =  26  399  mi 
h  =  35  860  km  =  22  414  mi 


15.3  Effective  Area 

When  an  antenna  is  operating  as  a  receiving  antenna,  it  extracts  a  certain  amount  of 
power  from  an  incident  electromagnetic  wave.  As  shown  in  Fig.  15.3.1,  an  incident  wave 
coming  from  a  far  distance  may  be  thought  of  as  a  uniform  plane  wave  being  intercepted 
by  the  antenna. 


linear  antenna 


Fig.  15.3.1  Effective  area  of  an  antenna. 


The  incident  electric  held  sets  up  currents  on  the  antenna.  Such  currents  may  be 
represented  by  a  Thevenin-equivalent  generator,  which  delivers  power  to  any  connected 
receiving  load  impedance. 

The  induced  currents  also  re-radiate  an  electric  held  (referred  to  as  the  scattered 
held),  which  interferes  with  the  incident  held  causing  a  shadow  region  behind  the  an¬ 
tenna,  as  shown  in  Fig.  15.3.1. 
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The  total  electric  field  outside  the  antenna  will  be  the  sum  of  the  incident  and  re¬ 
radiated  helds.  For  a  perfectly  conducting  antenna,  the  boundary  conditions  are  that  the 
tangential  part  of  the  total  electric  held  vanish  on  the  antenna  surface.  In  Chap.  21,  we 
apply  these  boundary  conditions  to  obtain  and  solve  Hallen’s  and  Pocklington’s  integral 
equations  satished  by  the  induced  current. 

The  power  density  of  the  incident  wave  at  the  location  of  the  receiving  antenna  can 
be  expressed  in  terms  of  the  electric  held  of  the  wave.  Tine  =  E^/Zrj. 

The  effective  area  or  effective  aperture  A  of  the  antenna  is  dehned  to  be  that  area 
which  when  intercepted  by  the  incident  power  density  Tine  gives  the  amount  of  received 
power  Pr  available  at  the  antenna  output  terminals  [92]: 

Pr  =  ATine  I  (15.3.1) 

For  a  lossy  antenna,  the  available  power  at  the  terminals  will  be  somewhat  less  than 
the  extracted  radiated  power  Prad,  by  the  efficiency  factor  Pr  =  ePrad-  Thus,  we  may 
also  dehne  the  maximum  effective  aperture  as  the  area  which  extracts  the  power 
Prad  from  the  incident  wave,  that  is,  Prad  =  AmTine-  It  follows  that: 


A  —  eAf] 


(15.3.2) 


The  effective  area  depends  on  the  direction  of  arrival  (0,  </>)  of  the  incident  wave. 
For  all  antennas,  it  can  be  shown  that  the  effective  area  Ai6,(f>)  is  related  to  the  power 
gain  Gi6,<p)  and  the  wavelength  A  =  c/f  as  follows: 


(15.3.3) 


Similarly,  because  G(0,(/))  =  eDi0,<p),  the  maximum  effective  aperture  will  be  re¬ 
lated  to  the  directive  gain  by: 


Die,cf)- 


4TTAmiO,(l)) 


(15.3.4) 


In  practice,  the  quoted  effective  area  A  of  an  antenna  is  the  value  corresponding  to 
the  direction  of  maximal  gain  Gmax-  We  write  in  this  case: 

Gmax  =  ^  (15.3.5) 

Similarly,  we  have  for  the  directivity  Dmax  =  4TrA^/A^.  Because  Dmax  is  related  to 
the  beam  solid  angle  by  Dmax  =  4n/AO,  it  follows  that 


477  4TrA„ 
AQ  ^  A2 


AmAQ  =  A^ 


Writing  A  =  c/f,  we  may  express  Eq.  (15.3.5)  in  terms  of  frequency: 


Gmax  ~ 


4'nf^A 


(15.3.6) 


(15.3.7) 
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The  effective  area  is  not  equal  to  the  physical  area  of  an  antenna.  For  example,  linear 
antennas  do  not  even  have  any  characteristic  physical  area.  For  dish  or  horn  antennas, 
on  the  other  hand,  the  effective  area  is  typically  a  fraction  of  the  physical  area  (about 
55-65  percent  for  dishes  and  60-80  percent  for  horns.)  For  example,  if  the  dish  has  a 
diameter  of  d  meters,  then  we  have: 


(effective  area  of  dish  antenna) 


(15.3.8) 


where  Ca  is  the  aperture  efficiency  factor,  typically  Ca  =  0.55-0.65.  Combining  Eqs. 
(15.3.5)  and  (15.3.8),  we  obtain: 


Antennas  fall  into  two  classes:  fixed-area  antennas,  such  as  dish  antennas,  for 
which  A  is  independent  of  frequency,  and  fixed-gain  antennas,  such  as  linear  antennas, 
for  which  G  is  independent  of  frequency.  For  hxed-area  antennas,  the  gain  increases 
quadratically  with  f.  For  hxed-gain  antennas,  A  decreases  quadratically  with  f. 


Example  15.3.1:  Linear  antennas  are  fixed-gain  antennas.  For  example,  we  will  see  in  Sec.  16.1 
that  the  gains  of  a  (lossless)  Hertzian  dipole,  a  halfwave  dipole,  and  a  monopole  antenna 
are  the  constants: 


Ghertz  ~  1.5, 


1.64,  Gn 


Eq.  (15.3.5)  gives  the  effective  areas  A  =  G\^/4n\ 

Ahertz  ~  0.1194A  ,  Adipole  =  0.1305A  ,  Anionopole  ~  0.2610A 


In  all  cases  the  effective  area  is  proportional  to  A^  and  decreases  with  f^.  In  the  case  of  the 
commonly  used  monopole  antenna,  the  effective  area  is  approximately  equal  to  a  rectangle 
of  sides  A  and  A/4,  the  latter  being  the  physical  length  of  the  monopole.  □ 

Example  15.3.2:  Determine  the  gain  in  dB  of  a  dish  antenna  of  diameter  of  0.5  m  operating  at 
a  satellite  downlink  frequency  of  4  GHz  and  having  60%  aperture  efficiency.  Repeat  if  the 
downlink  frequency  is  11  GHz.  Repeat  if  the  diameter  is  doubled  to  1  m. 


Solution:  The  effective  area  and  gain  of  a  dish  antenna  with  diameter  d  is: 


nd^ 


G 


4ttA 


=  ea 


The  calculated  gains  G  in  absolute  and  dB  units  are  in  the  four  cases: 


f  =  4  GHz  263  =  24  dB  1052  =  30  dB 

f=llGHz  1990  =  33  dB  7960  =  39  dB 


Doubling  the  diameter  (or  the  frequency)  increases  the  gain  by  6  dB,  or  a  factor  of  4. 
Conversely,  if  a  dish  antenna  is  to  have  a  desired  gain  G  (for  example,  to  achieve  a  desired 
beamwidth),  the  above  equation  can  be  solved  for  the  required  diameter  d  in  terms  of  G 
and  f.  □ 
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The  beamwidth  of  a  dish  antenna  can  be  estimated  by  combining  the  approximate  ex¬ 
pression  (15.2.20)  with  (15.3.5)  and  (15.3.8).  Assuming  a  lossless  antenna  with  diameter 
d  and  100%  aperture  efficiency,  and  taking  Eq.  (15.2.20)  literally,  we  have: 


Gmax  ~ 


_  477 A  _(Trd\^_  _  16 

—  —  I  1  —  Uniax  ~  ^ 


A2 


V  A  y 


AOl 


(15.3.10) 


Solving  for  A 05,  we  obtain  the  expression  in  radians  and  in  degrees: 

A0b  =  -  ^  =  1.27^,  A0b  =  73A 

TT  d  d  d 

Thus,  the  beamwidth  depends  inversely  on  the  antenna  diameter.  In  practice,  quick 

estimates  of  the  3-dB  beamwidth  in  degrees  are  obtained  by  replacing  Eq.  (15.3.10)  by 

the  formula  [1174]: 


AOb  =  1.22  -  =  70''  - 


(3-dB  beamwidth  of  dish  antenna) 


(15.3.11) 


The  constant  70"  represents  only  a  rough  approximation  (other  choices  are  in  the 
range  65-75".)  Solving  for  the  ratio  d/\  =  1.22/ A6b  (here,  A6b  is  in  radians),  we  may 
express  the  maximal  gain  inversely  with  A0|  as  follows: 

^  ^  (TTd\^  efl7T2(1.22)2 

CrmQV  -  C/7  I  I  -  r-» 


A0i 


Eor  a  typical  aperture  efficiency  of  60%,  this  expression  can  be  written  in  the  following 
approximate  form,  with  A  0^  given  in  degrees: 


^max  ~ 


30  000 
AOl 


(15.3.12) 


Equations  (15.3.11)  and  (15.3.12)  must  be  viewed  as  approximate  design  guidelines, 
or  rules  of  thumb  [1174],  for  the  beamwidth  and  gain  of  a  dish  antenna. 

Example  15.3.3:  For  the  0.5-m  antenna  of  the  previous  example,  estimate  its  beamwidth  for 
the  two  downlink  frequencies  of  4  GHz  and  11  GHz. 

The  operating  wavelengths  are  in  the  two  cases:  A  =  7.5  cm  and  A  =  2.73  cm.  Using 
Eq.  (15.3.11),  we  find  A6b  =  10.5“  and  A6b  =  3.8“.  □ 

Example  1 5.3.4:  A  geostationary  satellite  at  height  of  36,000  km  is  required  to  have  earth  cov¬ 
erage.  Using  the  approximate  design  equations,  determine  the  gain  in  dB  and  the  diameter 
of  the  satellite  antenna  for  a  downlink  frequency  of  4  GHz.  Repeat  for  11  GHz. 

Solution:  This  problem  was  considered  in  Example  15.2.3.  The  beamwidth  angle  for  earth  cov¬ 
erage  was  found  to  be  A6b  =  17.36“.  From  Eq.  (15.3.11),  we  find: 

70“ 


70“ 

^  ~A^b  ~  17.36“ 


=  30  cm 


From  Eq.  (15.3.12),  we  find: 


G  = 


30  000  30  000 


=  100  =  20  dB 


For  11  GHz,  we  find  d  =  11  cm,  and  G  remains  the  same. 
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In  Eqs.  (15.2.20)  and  (15.3.12),  we  implicitly  assumed  that  the  radiation  pattern  was 
independent  of  the  azimuthal  angle  cf).  When  the  pattern  is  not  azimuthally  symmetric, 
we  may  dehne  two  orthogonal  polar  directions  parametrized,  say,  by  angles  0i  and  02, 
as  shown  in  Fig.  15.3.2. 


Fig.  15.3.2  Half-power  beamwidths  in  two  principal  polar  directions. 


In  this  case  dO  =  dOidOz  and  we  may  approximate  the  beam  solid  angle  by  the 
product  of  the  corresponding  3-dB  beamwidths  in  these  two  directions,  Afl  =  A0i  A02. 
Then,  the  directivity  takes  the  form  (with  the  angles  in  radians  and  in  degrees): 


4tt  4tt  41253 

AQ  “  A01  A02  “  A0?A0^ 


(15.3.13) 


Equations  (15.3.12)  and  (15.3.13)  are  examples  of  a  more  general  expression  that 
relates  directivity  or  gain  to  the  3-dB  beamwidths  for  aperture  antennas  [1052,1064]: 


P 

A01  A02 


(15.3.14) 


where  p  is  a  gain-beamwidth  constant  whose  value  depends  on  the  particular  aperture 
antenna.  We  will  see  several  examples  of  this  relationship  in  Chapters  17  and  18.  Prac¬ 
tical  values  of  p  fall  in  the  range  25  000-35  000  (with  the  beamwidth  angles  in  degrees.) 


1 5.4  Antenna  Equivalent  Circuits 

To  a  generator  feeding  a  transmitting  antenna  as  in  Fig.  15.2.1,  the  antenna  appears  as 
a  load.  Similarly,  a  receiver  connected  to  a  receiving  antenna’s  output  terminals  will  ap¬ 
pear  to  the  antenna  as  a  load  impedance.  Such  simple  equivalent  circuit  representations 
of  transmitting  and  receiving  antennas  are  shown  in  Fig.  15.4.1,  where  in  both  cases  V 
is  the  equivalent  open-circuit  Thevenin  voltage. 

In  the  transmitting  antenna  case,  the  antenna  is  represented  by  a  load  impedance 
Za,  which  in  general  will  have  both  a  resistive  and  a  reactive  part,  Za  =  Ra  j^A- 
The  reactive  part  represents  energy  stored  in  the  helds  near  the  antenna,  whereas  the 
resistive  part  represents  the  power  losses  which  arise  because  (a)  power  is  radiated 
away  from  the  antenna  and  (b)  power  is  lost  into  heat  in  the  antenna  circuits  and  in  the 
medium  surrounding  the  antenna. 

The  generator  has  its  own  internal  impedance  Zg  =  Rg  +  jXg-  The  current  at  the 
antenna  input  terminals  will  be  /in  =  V /  {Zg  +  Za)  ,  which  allows  us  to  determine  (a)  the 
total  power  Ptot  produced  by  the  generator,  (b)  the  power  Pj  delivered  to  the  antenna 
terminals,  and  (c)  the  power  Pg  lost  in  the  generator’s  internal  resistance  Rg-  These  are: 
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transmitting  receiving 

transmitter  antenna  receiver  antenna 


Fig.  15.4.1  Circuit  equivalents  of  transmitting  and  receiving  antennas. 


i’tot  =  ^Re(V7rn)  = 


1  \V\HRg+Ra) 

2  |Zg  +  Za|2 


PT=^\Im\^RA 


1  WI^Ra 

2  |Zg  +  Za|2  ’ 


1 

2 


Uml^Rc  = 


1  WI^Rg 

2  |Zg  +  Za|2 


(IS.4.1) 


It  is  evident  that  Ptot  =  Pr  +  Pg-  A  portion  of  the  power  Pj  delivered  to  the  antenna 
is  radiated  away,  say  an  amount  Prad,  and  the  rest  is  dissipated  as  ohmic  losses,  say 
Pohm-  Thus,  Pt  =  Prad  +  Pohm-  These  two  parts  can  be  represented  conveniently  by 
equivalent  resistances  by  writing  Ra  =  Prad  +  Pohm,  where  Prad  is  referred  to  as  the 
radiation  resistance.  Thus,  we  have, 

Pt  —  ^Ihnl^PA  =  ^Ihnl^Prad  +  ^Ihnl^Pohm  =  Prad  +  Pohm  (15.4.2) 


The  efficiency  factor  of  Eq.  (15.2.7)  is  evidently: 

^  _  Prad  _  Prad  _  Prad 

Pt  Ra  Prad  +  Pohm 

To  maximize  the  amount  of  power  Pj  delivered  to  the  antenna  (and  thus  minimize 
the  power  lost  in  the  generator’s  internal  resistance),  the  load  impedance  must  satisfy 
the  usual  conjugate  matching  condition: 


Za  =  Z^  ^  Ra=Rg,  Xa  =  -Xg 


In  this  case,  \Zg  +  Za\^  =  (Rg  +  Pa)^  +  (Ag  +  Xa)^=  4P^,  and  it  follows  that  the 
maximum  power  transferred  to  the  load  will  be  one-half  the  total— the  other  half  being 
lost  in  Rg,  that  is. 


Pt, max  — 


8Pg 


(15.4.3) 


In  the  notation  of  Chap.  13,  this  is  the  available  power  from  the  generator.  If  the 
generator  and  antenna  are  mismatched,  we  have: 


Pt 


|V|"  4RaRg 
SRg  |Za  +  Zg|2 


~  R  r.max  { 1 


irgeni")  , 


^  Za-Z^ 
Za  +  Zg 


(15.4.4) 
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Eq.  (15.4.3)  is  often  written  in  terms  of  the  rms  value  of  the  source,  that  is,  Vrms  = 
|y| /a/2,  which  leads  to  Pt, max  =  V^^J4Rg. 

The  case  of  a  receiving  antenna  is  similar.  The  induced  currents  on  the  antenna  can 
be  represented  by  a  Thevenin-equivalent  generator  (the  open-circuit  voltage  at  the  an¬ 
tenna  output  terminals)  and  an  internal  impedance  Za-  A  consequence  of  the  reciprocity 
principle  is  that  Za  is  the  same  whether  the  antenna  is  transmitting  or  receiving. 

The  current  into  the  load  is  II  =  V /  (Za  Zl) ,  where  the  load  impedance  is  Zl  = 
Rl  jXl-  As  before,  we  can  determine  the  total  power  Ptot  produced  by  the  generator 
(i.e.,  intercepted  by  the  antenna)  and  the  power  Pr  delivered  to  the  receiving  load: 


1  \V\HRl+Ra) 

2  IZi  +  ZaP 


Pr  =  \\Il\^Rl  = 


1  WI^Rl 

2  |Zi  +  ZaP 


(1S.4.S) 


Under  conjugate  matching,  Zr  =  Z\,  we  hnd  the  maximum  power  delivered  to  the  load: 


8Pa 


(15.4.6) 


If  the  load  and  antenna  are  mismatched,  we  have: 

^  1 \2  ^  “  iPloadl^)  ,  Pload  =  (15.4.7) 

'6Ra\ZrA  La\^  Zr  +  La 

It  is  tempting  to  interpret  the  power  dissipated  in  the  internal  impedance  of  the 
Thevenin  circuit  of  the  receiving  antenna  (that  is,  in  Za)  as  representing  the  amount 
of  power  re-radiated  or  scattered  by  the  antenna.  However,  with  the  exception  of  the 
so-called  minimum-scattering  antennas,  such  interpretation  is  not  correct. 

The  issue  has  been  discussed  by  Silver  [21]  and  more  recently  in  Refs.  [1028-1031]. 
See  also  Refs.  [1004-1027]  for  further  discussion  of  the  transmitting,  receiving,  and 
scattering  properties  of  antennas. 


15.5  Effective  Length 

The  polarization  properties  of  the  electric  held  radiated  by  an  antenna  depend  on  the 
transverse  component  of  the  radiation  vector  according  to  Eq.  (14.10.5): 

e-J^r  p-jkr 

R  =  -An  AAr  Tnr  ^  + 

The  vector  effective  length,  or  effective  height  of  a  transmitting  antenna  is  dehned 
in  terms  of  and  the  input  current  to  the  antenna  terminals  Jm  as  follows  [996]:^ 

h=-^  (effective  length)  (15.5.1) 

hn 

In  general,  h  is  a  function  of  6,<p.  The  electric  held  is,  then,  written  as: 

e-J^r 

P  =  j^nA - imh  (15.5.2) 

47Tr 


ffiften,  it  is  defined  with  a  positive  sign  h  =  /Im- 
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The  definition  of  h  is  motivated  by  the  case  of  a  z-directed  Hertzian  dipole  antenna, 
which  can  be  shown  to  have  h  =  I  sin  6  6.  More  generally,  for  a  z-directed  linear  antenna 
with  current  7  (z) ,  it  follows  from  Eq.  (16.1.5)  that: 

1  rl/2  ^ 

hi6)=hi6)0,  h{6)=sm6—\  I{z')e^^^  (15.5.3) 

7in  J-l/2 

As  a  consequence  of  the  reciprocity  principle,  it  can  be  shown  [996]  that  the  open- 
circuit  voltage  V  at  the  terminals  of  a  receiving  antenna  is  given  in  terms  of  the  effective 
length  and  the  incident  held  Ei  by: 


V  =  Eih  (15.5.4) 

The  normal  dehnition  of  the  effective  area  of  an  antenna  and  the  result  G  =  4TrA/ 
depend  on  the  assumptions  that  the  receiving  antenna  is  conjugate-matched  to  its  load 
and  that  the  polarization  of  the  incident  wave  matches  that  of  the  antenna. 

The  effective  length  helps  to  characterize  the  degree  of  polarization  mismatch  that 
may  exist  between  the  incident  held  and  the  antenna.  To  see  how  the  gain-area  relation¬ 
ship  must  be  modihed,  we  start  with  the  dehnition  (15.3.1)  and  use  (15.4.5): 

1  2 

Pr  nRiWi^  nRL\Ei-h\^ 


A{0,4>)  = 


|Zi  +  Z^|2|£,P  |Zi  +  Z^|2|£,|2 


Next,  we  dehne  the  polarization  and  load  mismatch  factors  by: 

\Ei  ■  ft|2 


6pol  — 


^load  “ 


|fz|2|h|2 

4RlRa 


(15.5.5) 


=  1  -  lAoadl^  ,  where  Tioad  = 


Zl  +  Za 


\Zl  +  Za\^ 

The  effective  area  can  be  written  then  in  the  form: 

A{6,<p)=  ——  6ioad  ^pol  (15.5.6) 

On  the  other  hand,  using  (15.1.4)  and  (15.4.1),  the  power  gain  may  be  written  as: 


G{e,(t>)  = 


4TTUie,(i)) 

Pt 


4tt- 


32tt^ 


1 


RAlhnl^ 


TTg\h\^ 


4Ra  4tt  ^ 


Inserting  this  in  Eq.  (15.5.6),  we  obtain  the  modihed  area-gain  relationship  [997]: 


A(6,  <p)  =  eioad  ^poi  —G{6,  <p) 


(15.5.7) 


Assuming  that  the  incident  held  originates  at  some  antenna  with  its  own  effective 
length  hi,  then  Ei  will  be  proportional  to  hi  and  we  may  write  the  polarization  mismatch 
factor  in  the  following  form: 

|h,  Zl|2  ,f  ,  f  hi  ^ 

\h\ 


6pol  — 


\hi\^hV 


=  \hi-h\^ 


where  h,  = 


\hi\ 
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When  the  load  is  conjugate-matched,  we  have  eioad  =  and  when  the  incident  held 
has  matching  polarization  with  the  antenna,  that  is,  hi  =  h  ,  then,  e^oi  =  1. 


15.6  Communicating  Antennas 

The  communication  between  a  transmitting  and  a  receiving  antenna  can  be  analyzed 
with  the  help  of  the  concept  of  gain  and  effective  area.  Consider  two  antennas  oriented 
towards  the  maximal  gain  of  each  other  and  separated  by  a  distance  r,  as  shown  in 
Eig.  15.6.1. 


P'J' y 


transmitting  antenna 


Pr,  Gr,Ar 


receiving  antenna 


Fig.  15.6.1  Transmitting  and  receiving  antennas. 

Let  {Pt,  Gt,At}  be  the  power,  gain,  and  effective  area  of  the  transmitting  antenna, 
and  [Pr,  Gr,Ar}  be  the  same  quantities  for  the  receiving  antenna.  In  the  direction  of 
the  receiving  antenna,  the  transmitting  antenna  has  Peirp  =  PtGt  and  establishes  a 
power  density  at  distance  r: 


dPj  _  Peirp  _  PtGj 
dS  4TTr^  4TTr^ 


(15.6.1) 


Erom  the  incident  power  density  Tt,  the  receiving  antenna  extracts  power  Pr  given 
in  terms  of  the  effective  area  Ar  as  follows: 


Pr  =  ArTt 


PjGjAr 

4TTr^ 


(Eriis  formula) 


(15.6.2) 


This  is  known  as  the  Friis  formula  for  communicating  antennas  and  can  be  written  in 
several  different  equivalent  forms.  Replacing  Gj  in  terms  of  the  transmitting  antenna’s 
effective  area  Aj,  that  is,  Gj  =  4TrAr/A^,  Eq.  (15.6.2)  becomes: 


PjAjAr 
^  A2r2 


(15.6.3) 


A  better  way  of  rewriting  Eq.  (15.6.2)  is  as  a  product  of  gain  factors. 
Ar  =  \^GrI4tt,  we  obtain: 


_  PtGtGrA^ 
(4Trr)2 


Replacing 

(15.6.4) 
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The  effect  of  the  propagation  path,  which  causes  Pr  to  attenuate  with  the  square  of 
the  distance  r,  can  be  quantihed  by  dehning  the  free-space  loss  and  gain  by 


(free-space  loss  and  gain) 


(15.6.5) 


Then,  Eq.  (15.6.4)  can  be  written  as  the  product  of  the  transmit  and  receive  gains 
and  the  propagation  loss  factor: 


Pr  = PtGt 


kAtty  J 


Gr  =  PjGj  ~  Gr  =  PjGTGfGR 


(15.6.6) 


Such  a  gain  model  for  communicating  antennas  is  illustrated  in  Fig.  15.6.1.  An  ad¬ 
ditional  loss  factor,  Gother  =  1/f^other,  may  be  introduced,  if  necessary,  representing 
other  losses,  such  as  atmospheric  absorption  and  scattering.  It  is  customary  to  express 
Eq.  (15.6.6)  additively  in  dB,  where  (Pr) dB=  lOlogiQPR,  (Gr)dB=  lOlog^o  Gj,  etc.: 

iPR)dB=  (i^r)  dB  +  (Gr)  dB  -  (hf)dB  +  (Gi?)  dB  (15.6.7) 

Example  15.6.1:  A  geosynchronous  satellite  is  transmitting  a  TV  signal  to  an  earth-based  sta¬ 
tion  at  a  distance  of  40,000  km.  Assume  that  the  dish  antennas  of  the  satellite  and  the 
earth  station  have  diameters  of  0.5  m  and  5  m,  and  aperture  efficiencies  of  60%.  If  the  satel¬ 
lite’s  transmitter  power  is  6  W  and  the  downlink  frequency  4  GHz,  calculate  the  antenna 
gains  in  dB  and  the  amount  of  received  power. 

Solution:  The  wavelength  at  4  GHz  is  A  =  7.5  cm.  The  antenna  gains  are  calculated  by: 

G  =  ea(^)  ^  Gsat  =  263.2  =  24  dB,  Gearth  =  26320  =  44  dB 

Because  the  ratio  of  the  earth  and  satellite  antenna  diameters  is  10,  the  corresponding 
gains  will  differ  by  a  ratio  of  100,  or  20  dB.  The  satellite’s  transmitter  power  is  in  dB, 
Pt  =  lOlogio  (6)  =  8  dBW,  and  the  free-space  loss  and  gain: 

(A.TTV  \  ^ 

—  1  =4x10^®  ^  If  =  196dB,  Gf  =  -196dB 


It  follows  that  the  received  power  will  be  in  dB: 

+  Gr  -  Tf  +  Gi?  =  8  +  24  -  196  +  44  =  -120  dBW  ^  Pr  =  10“^^  W 


or,  Pr  =  I  pW  (pico-watt).  Thus,  the  received  power  is  extremely  small.  □ 

When  the  two  antennas  are  mismatched  in  their  polarization  with  a  mismatch  factor 
^poi  =  \hR  ■  hrl^,  and  the  receiving  antenna  is  mismatched  to  its  load  with  eioad  = 
1  - 1  Aoad  I  then  the  Friis  formula  (1 5.6.2)  is  still  valid,  but  replacing  Ar  using  Eq.  (1 5.5.7), 
leads  to  a  modihed  form  of  Eq.  (15.6.4): 

Pr  =  ■  hrlHl  -  irioadl^)  (15.6.8) 
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15.7  Antenna  Noise  Temperature 

We  saw  in  the  above  example  that  the  received  signal  from  a  geosynchronous  satellite 
is  extremely  weak,  of  the  order  of  picowatts,  because  of  the  large  free-space  loss  which 
is  typically  of  the  order  of  200  dB. 

To  be  able  to  detect  such  a  weak  signal,  the  receiving  system  must  maintain  a  noise 
level  that  is  lower  than  the  received  signal.  Noise  is  introduced  into  the  receiving  system 
by  several  sources. 

In  addition  to  the  desired  signal,  the  receiving  antenna  picks  up  noisy  signals  from 
the  sky,  the  ground,  the  weather,  and  other  natural  or  man-made  noise  sources.  These 
noise  signals,  coming  from  different  directions,  are  weighted  according  to  the  antenna 
gain  and  result  into  a  weighted  average  noise  power  at  the  output  terminals  of  the 
antenna.  For  example,  if  the  antenna  is  pointing  straight  up  into  the  sky,  it  will  still 
pick  up  through  its  sidelobes  some  reflected  signals  as  well  as  thermal  noise  from  the 
ground.  Ohmic  losses  in  the  antenna  itself  will  be  another  source  of  noise. 

The  antenna  output  is  sent  over  a  feed  line  (such  as  a  waveguide  or  transmission 
line)  to  the  receiver  circuits.  The  lossy  feed  line  will  attenuate  the  signal  further  and 
also  introduce  its  own  thermal  noise. 

The  output  of  the  feed  line  is  then  sent  into  a  low-noise-ampliher  (ENA),  which  pre- 
amplihes  the  signal  and  introduces  only  a  small  amount  of  thermal  noise.  The  low-noise 
nature  of  the  ENA  is  a  critical  property  of  the  receiving  system. 

The  output  of  the  ENA  is  then  passed  on  to  the  rest  of  the  receiving  system,  consisting 
of  downconverters,  IF  amplihers,  and  so  on.  These  subsystems  will  also  introduce  their 
own  gain  factors  and  thermal  noise. 

Such  a  cascade  of  receiver  components  is  depicted  in  Fig.  15.7.1.  The  sum  total  of 
all  the  noises  introduced  by  these  components  must  be  maintained  at  acceptably  low 
levels  (relative  to  the  amplihed  desired  signal.) 


Fig.  15.7.1  Typical  receiving  antenna  system. 


The  average  power  N  (in  Watts)  of  a  noise  source  within  a  certain  bandwidth  of  B 
Hz  can  be  quantihed  by  means  of  an  equivalent  temperature  T  dehned  through: 


N  =  kTB 


(noise  power  within  bandwidth  B) 


(15.7.1) 


where  k  is  Boltzmann’s  constant  k  =  1.3803  x  10“^^  W/HzK  and  T  is  in  degrees  Kelvin. 
The  temperature  T  is  not  necessarily  the  physical  temperature  of  the  source,  it  only 
provides  a  convenient  way  to  express  the  noise  power.  (For  a  thermal  source,  T  is 
indeed  the  physical  temperature.)  Eq.  (15.7.1)  is  commonly  expressed  in  dB  as: 


NdB  -  f’dB  +  ^dB  +  ^dB 


(15.7.2) 
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where  TdB  =  lOlogio  T,  =  lOlogiQB,  and  =  lOlogio^  is  Boltzmann’s  constant 
in  dB:  =  -228.6  dB.  Somewhat  incorrectly,  but  very  suggestively,  the  following  units 

are  used  in  practice  for  the  various  terms  in  Eq.  (15.7.2): 

dBW  =  dBK  +  dBHz  +  dBW/HzK 

The  bandwidth  B  depends  on  the  application.  For  example,  satellite  transmissions 
of  TV  signals  require  a  bandwidth  of  about  30  MHz.  Terrestrial  microwave  links  may 
have  B  of  60  MHz.  Cellular  systems  may  have  B  of  the  order  of  30  kHz  for  AMPS  or  200 
kHz  for  GSM. 

Example  1 5.7. 1 :  Assuming  a  30-MHz  bandwidth,  we  give  below  some  examples  of  noise  powers 
and  temperatures  and  compute  the  corresponding  signal-to-noise  ratio  S/N,  relative  to  a 
1  pW  reference  signal  (S’  =  1  pW). 


50K  17.0  dBK  0.0207  pW  -136.8  dBW  16.8  dB 

lOOK  20.0  dBK  0.0414  pW  -133.8  dBW  13.8  dB 

200K  23.0  dBK  0.0828  pW  -130.8  dBW  10.8  dB 

290K  24.6  dBK  0.1201  pW  -129.2  dBW  9.2  dB 

500K  27.0  dBK  0.2070  pW  -126.8  dBW  6.8  dB 

lOOOK  30.0  dBK  0.4141  pW  -123.8  dBW  3.8  dB 

2400K  33.8  dBK  1.0000  pW  -120.0  dBW  0.0  dB 

The  last  example  shows  that  2400  K  corresponds  to  1  pW  noise.  □ 

The  average  noise  power  Nant  at  the  antenna  terminals  is  characterized  by  an  equiv¬ 
alent  antenna  noise  temperature  Tant,  such  that  Nant  =  kTgj^iB. 

The  temperature  Tant  represents  the  weighted  contributions  of  all  the  radiating  noise 
sources  picked  up  by  the  antenna  through  its  mainlobe  and  sidelobes.  The  value  of  Tant 
depends  primarily  on  the  orientation  and  elevation  angle  of  the  antenna,  and  what  the 
antenna  is  looking  at. 

Example  15.7.2:  An  earth  antenna  looking  at  the  sky  “sees”  a  noise  temperature  Tant  of  the 
order  of  30-60  K.  Of  that,  about  10  K  arises  from  the  mainlobe  and  sidelobes  pointing 
towards  the  sky  and  20-40  K  from  sidelobes  pointing  backwards  towards  the  earth  [5, 1044- 
1048].  In  rainy  weather,  Tant  might  increase  by  60  K  or  more. 

The  sky  noise  temperature  depends  on  the  elevation  angle  of  the  antenna.  For  example, 
at  an  elevations  of  5°,  10°,  and  30°,  the  sky  temperature  is  about  20 K,  10 K,  and  4K  at  4 
GHz,  and  25  K,  12  K,  and  5  K  at  6  GHz  [1044].  □ 

Example  1 5.7.3:  The  noise  temperature  of  the  earth  viewed  from  space,  such  as  from  a  satellite, 
is  about  254K.  This  is  obtained  by  equating  the  sun’s  energy  that  is  absorbed  by  the  earth 
to  the  thermal  radiation  from  the  earth  [1044].  □ 

Example  15.7.4:  For  a  base  station  cellular  antenna  looking  horizontally,  atmospheric  noise 
temperature  contributes  about  70-100  K  at  the  cellular  frequency  of  1  GHz,  and  man-made 
noise  contributes  another  10-120  K  depending  on  the  area  (rural  or  urban).  The  total  value 
of  Tant  for  cellular  systems  is  in  the  range  of  100-200 K  [1049,1050].  □ 
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In  general,  a  noise  source  in  some  direction  i6,(p)  will  be  characterized  by  an  ef¬ 
fective  noise  temperature  T (6,  <p),  known  as  the  brightness  temperature,  such  that  the 
radiated  noise  power  in  that  direction  will  be  N {6 ,  (p)  =  kT(0,0)B.  The  antenna  tem¬ 
perature  Tant  will  be  given  by  the  average  over  all  such  sources  weighted  by  the  receiving 
gain  of  the  antenna: 

(15.7.3) 

where  AO  is  the  beam  solid  angle  of  the  antenna.  It  follows  from  Eq.  (15.2.15)  that  AO 
serves  as  a  normalization  factor  for  this  average: 

rlT  r2TT 

AO  =  \  g{e,(l))dQ.  (15.7.4) 

Jo  Jo 

Eq.  (15.7.3)  can  also  be  written  in  the  following  equivalent  forms,  in  terms  of  the 
directive  gain  or  the  effective  area  of  the  antenna: 

1  r2TT  1  rTT  r2TT 

rant  =  —  ne,cp)D{e,ci))da  =  —\  do 

477  Jo  Jo  Jo  Jo 

As  an  example  of  Eq.  (15.7.3),  we  consider  the  case  of  a  point  source,  such  as  the 
sun,  the  moon,  a  planet,  or  a  radio  star.  Then,  Eq.  (15.7.3)  gives: 

rj.  _  rj.  ^point^^-^point 

1  ant  -  1  point  ^ 

where  ^point  and  Appoint  are  the  antenna  gain  in  the  direction  of  the  source  and  the  small 
solid  angle  subtended  by  the  source.  If  the  antenna’s  mainlobe  is  pointing  towards  that 
source  then,  ^pomt  =  1- 

As  another  example,  consider  the  case  of  a  spatially  extended  noise  source,  such  as 
the  sky,  which  is  assumed  to  have  a  constant  temperature  Text  over  its  angular  width. 
Then,  Eq.  (15.7.3)  becomes: 

J"ant  =  J"ext  .  ^  >  where  Al^ext  =  f  0  }  0)  do. 

Zilz  Jext 

The  quantity  AO^^i  is  the  portion  of  the  antenna’s  beam  solid  angle  occupied  by  the 
extended  source. 

As  a  third  example,  consider  the  case  of  an  antenna  pointing  towards  the  sky  and 
picking  up  the  atmospheric  sky  noise  through  its  mainlobe  and  partly  through  its  side¬ 
lobes,  and  also  picking  up  noise  from  the  ground  through  the  rest  of  its  sidelobes.  As¬ 
suming  the  sky  and  ground  noise  temperatures  are  uniform  over  their  spatial  extents, 
Eq.  (15.7.3)  will  give  approximately: 

rj.  _  -T  rj.  Al^ground 

lant-  1  sky  +  l  ground 

where  ADsky  and  A  Aground  are  the  portions  of  the  beam  solid  angle  occupied  by  the  sky 
and  ground: 

Al^sky  —  0  (0 1  0)  do  ,  Af^ground  —  0  i  4^)  dO 

J  sky  J  ground 
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Assuming  that  the  sky  and  ground  beam  solid  angles  account  for  the  total  beam 
solid  angle,  we  have 

^■f^ground 

The  sky  and  ground  beam  efficiency  ratios  may  be  dehned  by: 


6  sky 


A sky 

AO 


Aground 


A 12 ground 


A12 


^sky  +  Aground  ~  1 


Then,  the  antenna  noise  temperature  can  be  written  in  the  form: 


2"ant  ~  6sky2"sky  +  Aground  ^"ground 


(15.7.5) 


Example  15.7.5:  At  4  GHz  and  elevation  angle  of  30°,  the  sky  noise  temperature  is  about  4K. 
Assuming  a  ground  temperature  of  290  K  and  that  90%  of  the  beam  solid  angle  of  an  earth- 
based  antenna  is  pointing  towards  the  sky  and  10%  towards  the  ground,  we  calculate  the 
effective  antenna  temperature: 


Tant  ~  ^skyTsky  +  Aground Tground  “  0-9  X  4  +  0.1  X  290  —  32.6  K 


If  the  beam  efficiency  towards  the  sky  changes  to  85%,  then  Csky  =  0.85,  Cground  =  0.15  and 
we  find  Tant  =  46.9  K.  □ 


The  mainlobe  and  sidelobe  beam  efficiencies  of  an  antenna  represent  the  proportions 
of  the  beam  solid  angle  occupied  by  the  mainlobe  and  sidelobe  of  the  antenna.  The 
corresponding  beam  solid  angles  are  dehned  by: 

A12  =  gi6,(f>)dQ=  gi6,(f>)dQ+  gi6,cf>)  dQ  =  AOraaim  + ^^side 

J  tot  J  main  J  side 

Thus,  the  beam  efficiencies  will  be: 


^■f2niai] 

A12 


6  side  — 


^■f2side 

A12 


■  ^side  —  1 


Assuming  that  the  entire  mainlobe  and  a  fraction,  say  a,  of  the  sidelobes  point 
towards  the  sky,  and  therefore,  a  fraction  (1  -  cx)  of  the  sidelobes  will  point  towards 
the  ground,  we  may  express  the  sky  and  ground  beam  solid  angles  as  follows: 


^■f2sky  “  AiOrnain  +  t^Al2side 
A12ground  “  (1  “  t^)A12si{ie 
or,  in  terms  of  the  efficiency  factors: 


^sky  —  ^main  +  t^^side  “  ^main  +  tX  (1  ^main) 

Aground  =  (1  “  t^)6side  =  (l“t^)(l“  ^main) 

Example  15.7.6:  Assuming  an  80%  mainlobe  beam  efficiency  and  that  half  of  the  sidelobes 
point  towards  the  sky  and  the  other  half  towards  the  ground,  we  have  Cmain  =  0.8  and 
(X  =  0.5,  which  lead  to  the  sky  beam  efficiency  Csky  =  0.9.  □ 
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15.8  System  Noise  Temperature 

In  a  receiving  antenna  system,  the  signal-to-noise  ratio  at  the  receiver  must  take  into 
account  not  only  the  noise  picked  up  by  the  antenna,  and  quantihed  by  Tant,  but  also  all 
the  internal  noises  introduced  by  the  various  components  of  the  receiver. 

Every  device,  passive  or  active,  is  a  source  of  noise  generated  internally.  Such  noise 
may  be  modeled  as  an  internal  noise  source  acting  at  the  input  of  the  device,  as  shown 
in  Fig.  15.8.1.  (Alternatively,  the  noise  source  can  be  added  at  the  output,  but  the  input 
convention  is  more  common.) 


Fig.  15.8.1  Noise  model  of  a  device. 


The  amount  of  added  noise  power  is  expressed  in  terms  of  the  effective  noise  tem¬ 
perature  Te  of  the  device: 


Ne  =  kTeB 


(effective  internal  noise) 


(15.8.1) 


The  sum  of  Ne  and  the  noise  power  of  the  input  signal  Nm  will  be  the  total  noise 
power,  or  the  system  noise  power  at  the  input  to  the  device.  If  the  input  noise  is  expressed 
in  terms  of  its  own  noise  temperature,  Nin  =  A: 7^5,  we  will  have: 


Nsys  =  Mn  +  Ne  =  +  Te)B  =  kTsysB  (total  input  noise) 

where  we  introduced  the  system  noise  temperature^  at  the  device  input: 

(system  noise  temperature) 


Tsys  —  2"in  T e 


(15.8.2) 


(15.8.3) 


If  the  device  has  power  gain  G,^  then  the  noise  power  at  the  output  of  the  device 
and  its  equivalent  temperature,  Nout  =  kTomB,  can  be  expressed  as  follows: 


N out  —  G  {N in  +  Ne  )  —  GNsys 
T out  =  G  (Tin  T e)  =  GTsys 


(15.8.4) 


One  interpretation  of  the  system  noise  power  Nsys  =  kTsysB  is  that  it  represents  the 
required  input  power  to  an  equivalent  noiseless  system  (with  the  same  gain)  that  will 
produce  the  same  output  power  as  the  actual  noisy  system. 

If  a  desired  signal  with  noise  power  Nm  is  also  input  to  the  device,  then  the  signal 
power  at  the  output  will  be  Som  =  GSin-  The  system  signal-to-noise  ratio  is  dehned  to  be 
the  ratio  of  the  input  signal  power  to  total  system  noise  power: 


^Also  called  the  operating  noise  temperature. 

"^More  precisely,  G  is  the  available  power  gain  of  the  device,  in  the  notation  of  Sec.  13.6. 
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SNR  sys  — 


sysB 


k{Tin^Te)B 


(system  SNR) 


(15.8.5) 


The  SNR  is  the  same  whether  it  is  measured  at  the  input  or  the  output  of  the  device; 
indeed,  multiplying  numerator  and  denominator  by  G  and  using  (15.8.4),  we  have: 


SNR  sys  — 


N,. 


■^out 

Noul 


(15.8.6) 


A  related  concept  is  that  of  the  noise  figure  of  the  device,  which  also  characterizes 
the  internally  generated  noise.  It  is  related  to  the  effective  noise  temperature  by; 


F  =  1 


Te 

To 


^  Te={F-l)To 


(15.8.7) 


where  Tq  is  the  standardized  constant  temperature  Tq  =  290 K. 

The  device  of  Fig.  15.8.1  can  be  passive  or  active.  The  case  of  a  passive  attenuator, 
such  as  a  lossy  transmission  line  or  waveguide  connecting  the  antenna  to  the  receiver, 
deserves  special  treatment. 

In  this  case,  the  gain  G  will  be  less  than  unity  G  <  1,  representing  a  power  loss. 
For  a  line  of  length  /  and  attenuation  constant  a  (nepers  per  meter),  we  will  have  G  = 
g-2o(/  jYie  corresponding  loss  factor  will  be  I  =  G“^  =  e^^K  If  al  1,  we  can  write 
approximately  G  =  1  -  2al  and  L  =  1  +  2aL 

If  the  physical  temperature  of  the  line  is  Tphys  then,  from  either  the  input  or  output 
end,  the  line  will  appear  as  a  thermal  noise  source  of  power  kTphysF.  Therefore,  the 
condition  Nin  =  Nom  =  ^T’physF  implies  that  kTphysF  =  Gk  (Tphys  +  Te)B,  which  gives: 


Te  ~  G^)Tphys  —  (L  1)  Tphys 


(attenuator) 


(15.8.8) 


If  the  physical  temperature  is  Tphys  =  Tq  =  290  K,  then,  by  comparing  to  Eq.  (15.8.7) 
it  follows  that  the  noise  hgure  of  the  attenuator  will  be  equal  to  its  loss: 

Te  =  (L  -  l)To  =  {F  -  l)To  ^  ^  = 

When  the  input  to  the  attenuator  is  an  external  noise  source  of  power  Nm  =  kTi^B, 
the  system  noise  temperature  at  the  input  and  at  the  output  of  the  attenuator  will  be: 


Tsys  —  +  Tg  —  Tin  +  (L  1)  Tphys 

1  /  l\  (15.8.9) 

T out  “  ^^sys  “  GTin+  (1  —  G)T phys  =  ^7’in+  ^1  “ 

The  last  equation  can  be  expressed  in  terms  of  the  input  and  output  powers  Nm  = 
kTinB  and  A/^out  “  ^T^out^- 


Noul  — 


|iVin+  (l-i)/^rphysT 


(15.8.10) 
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Thus,  the  input  power  is  attenuated  as  expected,  but  the  attenuator  also  adds  its 
own  thermal  noise  power.  More  generally,  if  the  input  power  arises  from  signal  plus 
noise  Tin  =  S^  +  Nm,  the  power  at  the  output  will  be  Tout  =  •S’out  +  A^out  =  GS’m  +  Nqui' 

Pout  —  ^  ~  ^^^^phys^  (15.8.11) 

When  two  or  more  devices  are  cascaded,  each  will  contribute  its  own  internal  noise. 
Fig.  15.8.2  shows  two  such  devices  with  available  power  gains  Gi  and  G2  and  effec¬ 
tive  noise  temperatures  Ti  and  T2.  The  cascade  combination  can  be  replaced  by  an 
equivalent  device  with  gain  G1G2  and  effective  noise  temperature  T12. 


n  J 

>C\ 

a 

Tsa 

Ti 

b 

Tsb 

Fig.  15.8.2  Equivalent  noise  model  of  two  cascaded  devices. 


The  equivalent  temperature  T12  can  be  determined  by  superposition.  The  internal 
noise  power  added  by  the  hrst  device,  Ni  =  kTiB,  will  go  through  the  gains  Gi  and 
G2  and  will  contribute  an  amount  G1G2N1  to  the  output.  The  noise  generated  by  the 
second  device,  N2  =  kT2B,  will  contribute  an  amount  G2N2-  The  sum  of  these  two 
powers  will  be  equivalent  to  the  amount  contributed  to  the  output  by  the  combined 
system,  G1G2N12  =  G\G2kT\2B.  Thus, 

GiG2kTi2B  =  GiG2kTiB  +  G2kT2B  =>  G1G2T12  =  G1G2T1  +  G2T2 


It  follows  that: 

Ti2  =  Ti  +  —  T2 

Cri 


(equivalent  noise  temperature) 


(15.8.12) 


If  Gi  is  a  large  gain,  Gi  »  1,  then  the  contribution  of  the  second  device  is  reduced 
drastically.  On  the  other  hand,  if  the  hrst  device  is  an  attenuator,  such  as  a  transmission 
line,  then  the  contribution  of  T2  will  be  amplihed  because  Gi  <  1. 

According  to  Eqs.  (15.8.3)  and  (15.8.4),  the  system  noise  temperatures  at  the  overall 
input,  at  the  output  of  Gi,  and  at  the  overall  output  will  be: 

Tsys  ~  T sa  —  'f"in  T 12  =  Tin  +  T’l  +  T2 

Cri 


Tsb  —  GiTsa  —  Gi  (Tin  +  T’l)  -I-T2 
Tout  =  G2Tsb  =  GiG2Tsys  =  G1G2  (Tin  +  T’l)  -I-G2T2 


(15.8.13) 
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The  system  SNR  will  be: 

C\77?  - 

kTsysB  k{T^  +  Ti2)B 

The  signal  powers  at  points  a,  b,  and  at  the  output  will  be  Sa  =  Sm,  St  =  GiSa, 
and  S’out  =  GzSt  =  GiGzSa-  It  follows  from  Eq.  (15.8.13)  that  the  system  SNR  will  be 
the  same,  regardless  of  whether  it  is  referred  to  the  point  a,  the  point  b,  or  the  overall 
output: 

SNRsys  —  SNRa  —  SNRt  =  SVRout 

For  three  cascaded  devices,  shown  in  Fig.  15.8.3,  any  pair  of  two  consecutive  ones  can 
be  replaced  by  its  equivalent,  according  to  Eq.  (15.8.12).  For  example,  the  hrst  two  can  be 
replaced  by  Tu  and  then  combined  with  Tb  to  give  the  overall  equivalent  temperature: 

7^12  =  Ti  +  —  Tz  ,  Ti23  =  Ti2  +  Tb 

(_ri  LriLr2 


Fig.  15.8.3  Equivalent  noise  temperatures  of  three  cascaded  devices. 

Alternatively,  we  can  replace  the  last  two  with  an  equivalent  temperature  T23  and 
then  combine  with  the  hrst  to  get: 

T23  =  T2  —  T3  ,  Ti23  =  Ti  +  —  T23 

Lr2  CTi 

From  either  point  of  view,  we  obtain  the  equivalent  temperature: 


Ti23  =  Ti  —  T2  T3 

Lri  LrlLr2 


(15.8.14) 


The  system  SNR  will  be: 


C\77?  -  _ 

kTsysB  kiT,r,  +  Tu3)B 


It  is  invariant  with  respect  to  its  reference  point: 


SNRsys  =  SNRa  =  SNRt  =  SNRc  =  SVRout 
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When  expressed  in  terms  of  noise  hgures,  Eqs.  (1 5.8.12)  and  (15.8.14)  are  also  known 
as  Friis’s  formulas  [1037],  for  example,  dehning  the  equivalent  noise  hgure  as  F123  = 


1  +  Tibb/To,  we  have: 


Fi23  -  Fi  + 


F2  ~  1 


+ 


F3  -  ^ 

G1G2 


(15.8.15) 


We  apply  now  these  results  to  the  antenna  receiver  shown  in  Fig.  15.7.1,  identifying 
the  three  cascaded  components  as  the  feed  line,  the  ENA  ampliher,  and  the  rest  of  the 
receiver  circuits.  The  corresponding  noise  temperatures  are  Tfeed.  T’lna,  and  Tree-  The 
effective  noise  temperature  Teff  of  the  combined  system  will  be: 


Teff  —  Tfeed  + 


^feed 


Tlna  + 


1 


^feed^LNA 


(15.8.16) 


Using  Eq.  (15.8.8),  we  may  replace  Tfeed  in  terms  of  the  physical  temperature: 


Teff  = 


Gfeed 


(1  Ufeed)Tphys  + 


Gfeed 


Tlna  + 


^Jfeed^JLNA 


(15.8.17) 


The  input  noise  temperature  Tin  to  this  combined  system  is  the  antenna  temperature 
Tant-  It  follows  that  system  noise  temperature,  referred  to  either  the  antenna  output 
terminals  (point  a),  or  to  the  ENA  input  (point  b),  will  be: 


Tsys  —  T  sa  —  Ta] 


Teff  —  Tai 


(cfeed 


phys 


7; -  J  LNA  -r  7; - -  1  rec 

tj^feed  tjfeedtj^LNA 


Tsb  —  tjfeedT^fl  —  UfeedTant  +  (1  ^feed)Tphys  +  Tlna  + 


Gu<ia 


The  importance  of  a  high-gain  low-noise  ampliher  is  evident  from  Eq.  (15.8.17).  The 
high  value  of  Glna  will  minimize  the  effect  of  the  remaining  components  of  the  receiver 
system,  while  the  small  value  of  Tlna  will  add  only  a  small  amount  of  noise.  Typical 
values  of  Tlna  can  range  from  20  K  for  cooled  ampliher s  to  100  K  at  room  temperatures. 

The  feed  line  can  have  a  major  impact.  If  the  line  is  too  lossy  or  too  long,  the  quantity 
^jfeed  =  will  be  small,  or  1/Gfeed  large,  contributing  a  signiheant  amount  to  the 
system  noise  temperature.  Often,  the  LNA  is  mounted  before  the  feed  line,  near  the  focal 
point  of  the  receiving  antenna,  so  that  the  effect  of  the  feed  line  will  be  suppressed  by 
the  factor  Glna- 

Similar  benehts  arise  in  base  station  antennas  for  wireless  communications,  where 
high-gain  amplihers  can  be  placed  on  top  of  the  antenna  towers,  instead  of  at  the  base 
station,  which  can  be  fairly  far  from  the  towers  [1050].  Cable  losses  in  such  applications 
can  be  in  the  range  2-4  dB  (with  gain  factors  Gf  =  0.63-0.40.) 

The  signal  to  system-noise  ratio  of  the  receiving  system  (referred  to  point  a  of 
Fig.  15.7.1)  will  be  the  ratio  of  the  received  power  Pr  to  the  system  noise  Nsys  =  kFsysB. 
Using  the  Friis  formula  (for  power  transmission),  we  have: 


SNR  = 


Pr 

N  svs 


Pr 

kT  sysB 


=  (PtGt)  — 
Lf 


(15.8.18) 
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This  ratio  is  also  called  the  carrier-to-system-noise  ratio  and  is  denoted  by  C /N.  For  a 
given  transmitting  EIRP,  PtGt,  the  receiver  performance  depends  critically  on  the  ratio 
Gr/Tsys,  referred  to  as  the  G/T  ratio  of  the  receiving  antenna,  or  the  figure  of  merit  It 
is  usually  measured  in  dB/K.  In  dB,  Eq.  (15.8.18)  reads  as: 

(15.8.19) 

The  receiver  SNR  can  be  also  be  referred  to  LNA  input  (point  b).  The  G/T  ratio  will 
not  change  in  value,  but  it  will  be  the  ratio  of  the  signal  gain  after  the  feed  line  divided 
by  the  system  temperature  Tst,  that  is. 


(PtGt)  - 


tjj^tjfeed  \  1 

Tsb  J  ^ 


(15.8.20) 


Example  15.8.1:  Typical  earth-based  antennas  for  satellite  communications  have  G/T  ratios 
of  the  order  of  40  dB/K,  whereas  satellite  receiving  antennas  can  have  G/T  =  -7  dB/K  or 
less.  The  negative  sign  arises  from  the  smaller  satellite  antenna  gain  and  the  much  higher 
temperature,  since  the  satellite  is  looking  down  at  a  warm  earth.  □ 


Example  15.8.2:  Consider  a  receiving  antenna  system  as  shown  in  Fig.  15.7.1,  with  antenna 
temperature  of  40  K,  feed  line  loss  of  0.1  dB,  feed  line  physical  temperature  of  290  K,  LNA 
gain  and  effective  noise  temperature  of  50  dB  and  80  K.  The  rest  of  the  receiver  circuits 
have  effective  noise  temperature  of  2000  K. 

Assuming  the  receiving  antenna  has  a  gain  of  45  dB,  calculate  the  system  noise  temperature 
and  the  G/T  ratio  at  point  a  and  point  b  of  Fig.  15.7.1.  Repeat  if  the  feed  line  loss  is  1  dB. 

Solution:  The  feed  line  has  gain  Gfeed  =  =  10“°-°^  =  0.9772,  and  the  LNA  has  Glna 

=  10^^^^^  =  10^.  Thus,  the  system  noise  temperature  at  point  a  will  be: 


At  point  b,  we  have  Tst  =  GfeedTsys  =  0.9772  x  128.62  =  125.69  K  =  20.99  dBK.  The 
G/T  ratio  will  be  at  point  a,  Gr/Tsys  =  45  -  21.09  =  23.91  dB/K.  At  point  b  the  gain  is 
Gi?Gfeed  =  45  -  0.1  =  44.9  dB,  and  therefore,  G/T  =  GRGfeed/Tsb  =  44.9  -  20.99  =  23.91 
dB/K,  which  is  the  same  as  at  point  a. 

For  a  feed  line  loss  of  1  dB,  we  find  Tsys  =  215.80  K  =  23.34  dB.  The  corresponding  G/T 
ratio  will  be  45  -  23.34  =  21.66  dB.  □ 

Example  15.8.3:  Suppose  the  LNA  were  to  be  placed  in  front  of  the  feed  line  of  the  above 
example.  Calculate  the  system  noise  temperature  in  this  case  when  the  feed  line  loss  is 
0.1  dB  and  1  dB. 
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Solution:  Interchanging  the  roles  of  the  feed  line  and  the  LNA  in  Eq.  (15.8.16),  we  have  for  the 
system  noise  temperature: 

Tsys  =  Tant  +  Tlna  +  y;  Tfeed  +  v;  y;  Tree 
Ltlna  LrfeedLrLNA 

With  Gfeed  =  lO-o  i/io  =  0.9772,  we  find  Tfeed  =  6.75  K,  and  with  Gfeed  =  =  0.7943, 

Tfeed  =  75.1  K.  Because  of  the  large  LNA  gain,  the  value  of  Tsys  will  be  essentially  equal  to 
Tant  +  Tlna;  indeed,  we  find  in  the  two  cases: 

Tsys  =  120.0205  K  and  Tsys  =  120.0259  K 

The  G/T  will  be  45  -  lOlogfo  (120)  =  20.8  dB/K.  □ 

1 5.9  Data  Rate  Limits 

The  system  SNR  limits  the  data  rate  between  the  two  antennas.  According  to  Shannon’s 
theorem,  the  maximum  data  rate  (in  bits/sec)  that  can  be  achieved  is: 

C  =  B  log2  (1  +  SNR)  (Shannon’s  channel  capacity)  (15.9.1) 

where  SNR  is  in  absolute  units.  For  data  rates  R  <  C,  Shannon’s  theorem  states  that 
there  is  an  ideal  coding  scheme  that  would  guarantee  error-free  transmission. 

In  a  practical  digital  communication  system,  the  bit-error  probability  or  bit-error  rate 
(BER),  Pe,  is  small  but  not  zero.  The  key  performance  parameter  from  which  P^  can  be 
calculated  is  the  ratio  Et/No,  where  is  the  energy  per  bit  and  No  is  the  system  noise 
spectral  density  A/o  =  ^Tsys- 

The  functional  relationship  between  Pe  and  Ej^/No  depends  on  the  particular  digital 
modulation  scheme  used.  For  example,  in  binary  and  quadrature  phase-shift  keying 
(BPSK  and  QPSK),  Pe  and  its  inverse  are  given  by  [1047]: 

Pe  =  ^erfc(^^)  «  ^  =  [erfinv(l-2Pe)]^  (15.9.2) 

where  erfc(x)  is  the  complementary  error  function,  and  erf(x)  and  erhnv(x)  are  the 
error  function  and  its  inverse  as  dehned  in  MATLAB: 

2  r  2 

erfc  (x)  =  1  -  erf (x)  =  — =  e~^^  dt ,  y  =  erf(x)  x  =  erhnv(y)  (15.9.3) 

y/TT  Jx 

The  relationships  (15.9.2)  are  plotted  in  Fig.  15.9.1.  The  left  graph  also  shows  the 
ideal  Shannon  limit  E^/Nq  =  ln2  =  0.6931  =  -1.5917  dB,  which  is  obtained  by  taking 
the  limit  of  Eq.  (15.9.1)  for  inhnite  bandwidth. 

If  T^  is  the  time  it  takes  to  transmit  one  bit,  then  the  data  rate  will  be  R  =  1  /  T^,  and 
the  required  power,  P  =  Et/Tt  =  E^R.  It  follows  that  the  SNR  will  be: 

P  _  P  _  ^R 

^sys  ^T  sysB  Nq  B 


SNR 
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Fig.  15.9.1  Pe  versus  E^/No,  and  its  inverse,  for  a  BPSK  system. 


Using  the  small-x  expansion,  log2  (1  +  x)  ^  x/  In  2,  Shannon’s  condition  for  error-free 
transmission  becomes  in  the  limit  B  ^  oo: 


S-^ 

NoBlnZ 


In  2  No 


—  >ln2  =  -1.5917  dB 
No 


For  a  pair  of  communicating  antennas,  the  received  power  will  be  related  to  the 
energy  per  bit  hy  Pr  =  E^/Ti,  =  E^R.  Using  Friis’s  formula,  we  hnd: 


j?  ^  -  Ik  -  ^eirp  Gf  Gr  _  .p  ^  .  Gr  f  A 
^  No  No  feTsys  ^  ^hjsys  UtTK  j 

which  may  be  solved  for  the  maximum  achievable  data  rate  (in  bits/sec): 

EijINq  k.T sys  El) /No  V  47Tr  / 


(15.9.4) 


(15.9.5) 


An  overall  gain  factor,  Gother  =  1 /bother,  may  be  introduced  representing  other 
losses,  such  as  atmospheric  losses. 


Example  15.9.1:  The  Voyager  spacecrafts  (launched  in  1977)  have  antenna  diameter  and  aper¬ 
ture  efficiency  of  d  =  3.66  m  (12  ft)  and  Ca  =  0.6.  The  operating  frequency  is  f  =  8.415 
GHz  and  the  transmitter  power  Pr  =  18  W.  Assuming  the  same  efficiency  for  the  70-m  re¬ 
ceiving  antenna  at  NASA’s  deep-space  network  at  Goldstone,  CA,  we  calculate  the  antenna 
gains  using  the  formula  G  =  Ca  (nd/A)^,  with  A  =  c/f  =  0.0357  m: 


Gr  =  47.95  dB,  Gr  =  73.58  dB,  Pj  =  12.55  dBW 

Assuming  a  system  noise  temperature  of  Psys  =  25  K  =  13.98  dBK  for  the  receiving 
antenna,  we  find  for  the  noise  spectral  density  Nq  =  kPsys  =  -214.62  dBW/Hz,  where  we 
used  k  =  -228.6  dB.  Assuming  a  bit-error  rate  of  Pg  =  5x10“^,  we  find  from  Eq.  (15.9.2) 
the  required  ratio  Et/No  =  3.317  =  5.208  dB. 

Voyager  1  was  at  Jupiter  in  1979,  at  Saturn  in  1980,  and  at  Neptune  in  1989.  In  2002  it  was 
at  a  distance  of  about  r  =  12x10®  km.  It  is  expected  to  be  at  r  =  22x10®  km  in  the  year 
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2020.  We  calculate  the  corresponding  free-space  gain  Gf  =  (A/4TTr)^  and  the  expected 
data  rates  R  from  Eq.  (15.9.5),  where  r  is  in  units  of  10®  km: 


location 

r 

Gf  (dB) 

R  (dB) 

R  (bits/sec) 

Jupiter 

0.78 

-288.78 

49.72 

93,724 

Saturn 

1.43 

-294.05 

44.45 

27,885 

Neptune 

4.50 

-304.01 

34.50 

2,816 

2002 

12.00 

-312.53 

25.98 

396 

2020 

22.00 

-317.79 

20.71 

118 

where  we  assumed  an  overall  loss  factor  of  Gother  =  -5  dB.  More  information  on  the 
Voyager  mission  and  NASA’s  deep-space  network  antennas  can  be  obtained  from  the  web 
sites  [1331]  and  [1332].  □ 


15.10  Satellite  Links 

Consider  an  earth-satellite-earth  system,  as  shown  in  Fig.  15.10.1.  We  wish  to  establish 
the  total  link  budget  and  signal  to  system-noise  ratio  between  the  two  earth  antennas 
communicating  via  the  satellite. 


Fig.  15.10.1  Uplink  and  downlink  in  satellite  communications. 


In  a  geosynchronous  satellite  system,  the  uplink/downlink  frequencies  fu,fd  are 
typically  6/4  GHz  or  14/11  GHz.  The  distances  r^,  are  of  the  order  of  40000  km.  Let 
Au  =  c/fu  and  A^  =  c/fd  be  the  uplink/downlink  wavelengths.  The  free-space  gain/loss 
factors  will  be  from  Eq.  (15.6.5): 


The  satellite  has  an  on-board  ampliher  with  gain  G,  which  could  be  as  high  as  100- 
120  dB.  Using  Friis  formula  in  its  gain  form,  Eq.  (1 5.6.6),  the  link  equations  for  the  uplink, 
the  satellite  amplihcation,  and  the  downlink  stages  can  be  written  as  follows: 


Peirp  =  Pte  Gte 
Prs  =  Pte  Gte  Gfu  Grs 
Pts  =  GPrs 
P RE  =  Pts  Gts  Gfd  Gre 


(EIRP  of  transmitting  earth  antenna) 
(received  power  by  satellite  antenna) 
(transmitted  power  by  satellite  antenna) 
(received  power  by  earth  antenna) 
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Expressing  Pre  in  terms  of  Pje,  we  have: 


Pre  =  Prs  GGts  Gfd  Gre  =  Pte  Gte  Gfu  Grs  GGts  Gfd  Gre 


(15.10.2) 


or,  showing  the  free-space  loss  factors  explicitly: 


Pte  Gte  Grs  GGts  Gre 


(15.10.3) 


Because  there  are  two  receiving  antennas,  there  will  be  two  different  system  noise 
temperatures,  say  Trs  and  Tre,  for  the  satellite  and  earth  receiving  antennas.  They 
incorporate  the  antenna  noise  temperatures  as  well  as  the  receiver  components.  The 
corresponding  hgures  of  merit  will  be  the  quantities  Grs /Trs  and  Gre /Tre.  We  may 
dehne  the  uplink  and  downlink  SNR’s  as  the  signal-to-system-noise  ratios  for  the  indi¬ 
vidual  antennas: 

nA  7TJ  Prs 

m  Pre  r  1 


kTRsB'  kTREB 


(15.10.4) 


The  system  noise  Trs  generated  by  the  receiving  satellite  antenna  will  get  amplihed 
by  G  and  then  transmitted  down  to  the  earth  antenna,  where  it  will  contribute  to  the 
system  noise  temperature.  By  the  time  it  reaches  the  earth  antenna  it  will  have  picked 
up  the  gain  factors  G  Gts  Gfd  Gre-  Thus,  the  net  system  noise  temperature  measured 
at  the  receiving  earth  antenna  will  be: 


The  SNR  of  the  total  link  will  be  therefore. 


(15.10.5) 


(15.10.6) 


kjTRE  +  G  Gts  Gfd  GreTrs)B  _  kTREB  ^  k  G  Gts  Gfd  Gre  TrsB 
Pre  Pre  Pre 


_  kTREB  ^  k  GGts  Gfd  GreTrsB  _  kTREB  ^  kTRsB 

Pre  GGts  Gfd  Gre  Prs  Pre  Prs 
where  we  used  Eq.  (15.10.2).  It  follows  that: 


■  SNR^^  +  SVRy 


SNRtox  — 


SNR^^  +  SNR^^ 


(15.10.7) 


This  is  also  written  in  the  form: 


NJu  \NJd 


628 


1  5.  Transmitting  and  Receiving  Antennas 


Example  15.10.1:  As  an  example  of  a  link  budget  calculation,  assume  the  following  data:  The 
uplink/downlink  distances  are  36000  km.  The  uplink/downlink  frequencies  are  6/4  GHz. 
The  diameters  of  the  earth  and  satellite  antennas  are  15  m  and  0.5  m  with  60%  aperture 
efficiencies.  The  earth  antenna  transmits  power  of  1  kW  and  the  satellite  transponder 
gain  is  90  dB.  The  satellite  receiving  antenna  is  looking  down  at  an  earth  temperature  of 
300 K  and  has  a  noisy  receiver  of  effective  noise  temperature  of  2700 K,  whereas  the  earth 
receiving  antenna  is  looking  up  at  a  sky  temperature  of  50 K  and  uses  a  high-gain  LNA 
amplifier  of  80  K  (feedline  losses  may  be  ignored.)  The  bandwidth  is  30  MHz. 

The  uplink  and  downlink  wavelengths  are  =  0.05  m  and  =  0.075  m,  corresponding 
to  6  and  4  GHz.  The  up  and  down  free-space  gains  and  losses  are: 

Gf^  =  -Lfu  =  -199.13  dB,  Gfd  =  -Lfd  =  -195.61  dB 

The  antenna  gains  are  calculated  to  be: 

Gr£  =  57.27  dB,  Grs  =  27.72  dB,  Grs  =  24.20  dB,  G^r  =  53.75  dB 

With  Pte  =  1  kW  =  30  dBW,  the  EIRP  of  the  transmitting  earth  antenna  will  be:  Peirp 
=  30  +  57.27  =  87.27  dBW.  The  power  received  by  the  satellite  antenna  will  be: 

Prs  =  87.27  -  199.13  +  27.72  =  -84.14  dBW 

After  boosting  this  up  by  the  transponder  gain  of  90  dB,  the  power  transmitted  down  to 
the  receiving  earth  antenna  will  be: 


Pjs  =  90  -  84.14  =  5.86  dBW 

The  EIRP  of  the  transmitting  satellite  antenna  will  be  (PrsGrs)dB=  5.86  +  24.20  =  30.06 
dBW.  The  downlink  power  received  by  the  earth  antenna  will  be: 

Pre  =  30.06  -  195.61  +  53.75  =  -111.80  dBW 

The  system  noise  temperatures  are:  Trs  =  300  +  2700  =  3000 K  and  Tre  =  50  +  80  = 
130  K,  and  in  dBK:  Trs  =  34.77  and  Tre  =  21.14.  The  30  MHz  bandwidth  is  in  dB:  PdB  = 
10  logio  (30x10®)  =  74.77  dB  Hz.  Using  the  Boltzmann  constant in  dB,  k^^  =  -228.6,  we 
calculate  the  receiver  system  noise  powers  in  dB,  using  N  =  k^e  +  PdB  +  B^b'- 

Nrs  =  -228.6  +  34.77  +  74.77  =  -119.06  dBW 
Nrs  =  -228.6  +  21.14  +  74.77  =  -132.69  dBW 

It  follows  that  the  G/T  ratios  and  system  SNR’s  for  the  receiving  antennas  will  be: 
{G/T)u=  Grs  -  Trs  =  27.72  -  34.77  =  -7.05  dB/K 
{G/T)d=  Gre  -  Tre  =  53.75  -  21.14  =  32.61  dB/K 
SNRu  =  Prs  -  Nrs  =  -84.14  +  119.06  =  34.92  dB  =  3103.44 
SNRd  =  Pre  -  Nre  =  -111.80  +  132.69  =  20.89  dB  =  122.72 


The  overall  system  SNR  is  calculated  from  Eq.  (15.10.7)  using  absolute  units: 


SNR-^+SNRT  (3103.44)-i  +  (122.72)- 


118.05  =  20.72  dB 


The  overall  SNR  is  essentially  equal  to  the  downlink  SNR. 


□ 
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15.11  Radar  Equation 

Another  example  of  the  application  of  the  concepts  of  gain  and  effective  area  and  the 
use  of  Friis  formulas  is  radar.  Fig.  15.11.1  shows  a  radar  antenna,  which  illuminates  a 
target  at  distance  r  in  the  direction  of  its  maximal  gain.  The  incident  wave  on  the  target 
will  be  reflected  and  a  portion  of  it  will  be  intercepted  back  at  the  antenna. 


Pj,  Gj 

radar  antenna  , 


cr 


target 


Fig.  15.11.1  Radar  antenna  and  target. 

The  concept  of  radar  cross  section  a  provides  a  measure  of  the  effective  area  of  the 
target  and  the  re-radiated  power.  If  the  radar  antenna  transmits  power  Pj  with  gain  Gj, 
the  power  density  of  the  transmitted  held  at  the  location  of  the  target  will  be: 


Tt 


PjGt 

4TTr^ 


(15.11.1) 


From  the  dehnition  of  cr,  the  power  intercepted  by  the  target  and  re-radiated  is: 


P  target  —  CTP  T 


PtGtCT 

4nr^ 


(15.11.2) 


By  dehnition  of  the  radar  cross  section,  the  power  Ptarget  will  be  re-radiated  isotropically 
and  establish  a  power  density  back  at  the  location  of  the  radar  antenna: 


^  _  Ptarget  _  PtGtCF 

1  target  -  “  (4^^2)2 


(15.11.3) 


The  amount  of  power  received  by  the  radar  antenna  will  be  given  in  terms  of  its 
effective  area  Ar  as  follows: 


Pr  —  Ar  P  target 


PjGjArCT 

(4T7-)2^4 


(radar  equation) 


(15.11.4) 


This  is  also  known  as  Friis’  formula.  Using  Ar  =  Ar  and  Gr  =  4TrAr/A^,  we  may 
express  Eq.  (15.11.4)  in  the  alternative  forms: 


^  PrA\(J  ^  PrG\X^(J  ^  p  ^2  ( 

4TrA2r4  {4TT)^r^  ^  ^  \4TTr )  V  A^  y 


(15.11.5) 


Introducing  the  equivalent  target  gain  corresponding  to  the  radar  cross  section,  that 
is.  Go-  =  4Trcr/A^,  we  may  also  write  Eq.  (15.11.5)  as  the  product  of  gains: 


Pr  =  PrGrG^Gq^ 


(15.11.6) 
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Fig.  1 5.1 1.2  Gain  model  of  radar  equation. 


Fig.  15.11.2  shows  this  gain  model.  There  are  two  free-space  paths  and  two  antenna 
gains,  acting  as  transmit  and  receive  gains. 

The  minimum  detectable  received  power.  Pi?, min,  dehnes  the  maximum  distance  r^ax 
at  which  the  target  can  be  detected: 


Pr, min  — 


PrGrArCT 

(47t) 

'max 


Solving  for  Tmax,  we  obtain: 


PrGrArCT 
(47T )  ^Pi?,miii 


(radar  range) 


(15.11.7) 


If  the  target  is  not  in  the  direction  of  maximal  gain  Gr  of  the  antenna,  but  in  some 
other  direction,  say  {6,  0) ,  then  the  maximal  gain  Gr  in  Eq.  (15.11.5)  must  be  replaced 
with  GRg{6,  <p),  where  giO,  <p)  is  the  antenna’s  normalized  gain.  The  received  power 
can  be  expressed  then  as: 


Pr  = 


PTGW(e,<i>)\'^a 

(47T)3r4 


(IS. 11.8) 


In  ground-based  air  search  radars  trying  to  detect  approaching  aircraft  flying  at  a 
hxed  height  h,  the  power  received  by  the  radar  can  be  made  to  be  independent  of  the 
distance  r,  within  a  certain  distance  range,  by  choosing  the  gain  g  (6,  (p)  appropriately. 
As  shown  in  Fig.  15.11.3,  the  height  h  is  related  to  r  by  h  =  r  cos  6. 


Fig.  15.11.3  Secant  antenna  gain. 

If  the  gain  is  designed  to  have  the  secant-squared  shape  g{0,<p)  =  K/  cos^  6,  where 
K  is  a  constant,  then  the  power  will  become  independent  of  r.  Indeed, 

PTGlg^i0,R)\^a  PrGrX^AV  PtG^K^A^ct 
^  (4TT)3r4  (4Tr)^r4  cos^  0  {4TT)'^h^ 
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The  secant  behavior  is  not  valid  over  all  polar  angles  0,  but  only  over  a  certain  range, 
such  as  0  <  0  <  9max,  where  0max  corresponds  to  the  maximum  range  of  the  radar 
^max  =  h/  cos  0max-  The  desued  secant  shape  can  be  achieved  by  appropriate  feeds  of 
the  radar  dish  antenna,  or  by  an  antenna  array  with  properly  designed  array  factor.  In 
Sec.  20.5,  we  present  such  a  design  for  an  array. 


15.12  Problems 


15.1  In  an  earth-satellite-earth  communication  system,  the  uplink/downlink  distances  are  36000 
km.  The  uplink/downlink  frequencies  are  6/4  GHz.  The  diameters  of  the  earth  and  satellite 
antennas  are  20  m  and  1  m  with  60%  aperture  efficiencies.  The  transmitting  earth  antenna 
transmits  power  of  1.5  kW.  The  satellite  transponder  gain  is  85  dB.  The  satellite  receiving 
antenna  is  looking  down  at  an  earth  temperature  of  290K  and  has  a  noisy  receiver  of  ef¬ 
fective  noise  temperature  of  3000K,  whereas  the  earth  receiving  antenna  is  looking  up  at  a 
sky  temperature  of  60K  and  uses  a  high-gain  LNA  amplifier  of  noise  temperature  of  lOOK 
(feedline  losses  may  be  ignored.)  The  bandwidth  is  30  MHz. 

a.  Calculate  all  antenna  gains  in  dB. 

b.  Calculate  the  uplink  and  downlink  free-space  losses  in  dB. 

c.  Calculate  the  amount  of  power  received  by  the  satellite  in  dBW.  Calculate  the  uplink 
signal  to  noise  ratio  in  dB. 

d.  Calculate  the  power  received  by  the  receiving  earth  antenna  in  dBW  and  the  downlink 
signal  to  noise  ratio. 

e.  Finally,  calculate  the  total  system  signal  to  noise  ratio  in  dB. 

15.2  The  Voyager  spacecraft  is  currently  transmitting  data  to  earth  from  a  distance  of  12  billion 
km.  Its  antenna  diameter  and  aperture  efficiency  are  3.66  m  and  60%.  The  operating  fre¬ 
quency  is  8.415  GHz  and  Voyager’s  transmitter  power  is  18  W.  Assume  the  same  aperture 
efficiency  for  the  70-m  receiving  antenna  at  NASA’s  deep-space  network  at  Goldstone,  CA. 

a.  Calculate  the  spacecraft’s  and  earth’s  antenna  gains  in  dB.  Calculate  also  the  free-space 
loss  in  dB. 

b.  Calculate  the  achievable  communication  data  rate  in  bits/sec  between  Voyager  and 
earth  using  QPSK  modulation  and  assuming  the  following:  an  overall  transmission 
loss  factor  of  5  dB,  a  system  noise  temperature  of  25  K,  an  energy-per-bit  to  noise- 
spectral-density  ratio  of  Et/No  =  3.317  =  5.208  dB,  which  for  QPSK  corresponds  to  a 
bit-error  probability  of  Pe  =  5x10“^. 

15.3  A  satellite  to  earth  downlink  (shown  below)  is  operating  at  a  carrier  frequency  of  f  Hertz 
using  QPSK  modulation  and  achieving  a  bit  rate  of  R  bits/sec  with  a  bit  error  probability  of 
Pe-  With  the  LNA  absent,  the  receiving  earth  antenna  is  connected  directly  to  a  noisy  receiver 
with  equivalent  noise  temperature  of  Tree-  Both  antennas  are  dishes. 


satellite  ^  — 

Pj,  Gj 


632 


1  5.  Transmitting  and  Receiving  Antennas 


1 .  A  low-noise  amplifier  of  very  high  gain  Glna  and  low  noise  temperature  T lna  is  inserted 
between  the  earth  antenna  and  the  receiver.  Show  that  the  presence  of  the  LNA  allows 
the  link  to  be  operated  (with  the  same  error  probability  Pe)  at  the  higher  bit  rate: 


R 


new 


=  R 


Tg  +  Tree 
Ta  +  Tlna 


where  Ta  is  the  earth  antenna  noise  temperature,  and  Tlna  ^  Tree- 

2.  The  equation  in  part  (a)  is  an  approximation.  Derive  the  exact  form  of  that  equation 
and  discuss  the  nature  of  the  approximation  that  was  made. 

3.  How  would  the  expression  in  part  (a)  change  if,  in  addition  to  the  assumptions  of  part 
(a),  the  operating  frequency  f  were  to  be  doubled?  Explain  your  reasoning.  How  would 
(a)  change  if  the  transmitter  power  Pt  were  to  double?  If  the  distance  r  were  to  double? 

4.  With  the  LNA  present,  and  assuming  that  the  bit  rate  R,  error  probability  Pe,  and  f, 
Pt,  r  remain  the  same,  show  that  the  diameter  d  of  the  earth  antenna  can  be  lowered 
to  the  following  value  without  affecting  performance: 


dnevf  ~  d 


Tg  +  Tlna 

T a  Tree 


where  the  same  approximation  was  made  as  in  part  (a). 


15.4  A  satellite  to  earth  link  (shown  below)  is  operating  at  the  carrier  frequency  of  4  GHz.  The 
data  link  employs  QPSK  modulation  and  achieves  a  bit-error-rate  probability  of  Pe  =  10“®. 
The  satellite  has  transmitter  power  of  20  W  and  uses  a  dish  antenna  that  has  a  diameter  of 
0.5  m  and  aperture  efficiency  of  0.6.  The  earth  antenna  has  diameter  of  2  m,  efficiency  of 
0.6,  and  antenna  noise  temperature  of  80  K.  The  satellite  antenna  is  at  a  distance  of  40,000 
km  from  the  earth  antenna. 

The  output  of  the  receiving  antenna  is  connected  to  a  high-gain  low  noise  amplifier  with  gain 
of  40  dB  and  equivalent  noise  temperature  of  200  K.  The  output  of  the  LNA  is  connected  to 
an  RF  amplifier  with  equivalent  noise  temperature  of  1800  K. 


►  Grf,  Trf 
RF  amplifier 


For  QPSK  modulation,  we  have  the  relationship  Pe  =  erfc  {^JEl} /No)  /2  with  inverse  Et  /No  = 
[erfinv(l  -  2Pe)V.  For  the  purposes  of  this  exam,  the  following  equation  provides  an  ex¬ 
cellent  approximation  to  this  inverse  relationship  over  the  range  of  10“^  <  Pe  <  10“^: 


satellite 


Pj,  Gj 


^LNA’ ^LNA 


Pr,  Gj? 


^  =  -2.1969  logio(F.) -1.8621 
No 


where  E^/No  is  in  absolute  units. 


a.  Calculate  the  achievable  communication  data  rate  R  in  megabits/sec. 

b.  If  the  LNA  is  removed,  the  performance  of  the  system  will  deteriorate.  In  an  attempt  to 
keep  the  data  rate  the  same  as  in  part  (a),  the  satellite  transmitter  power  is  increased 
to  80  W.  Calculate  the  deteriorated  value  of  the  bit-error-rate  Pe  in  this  case. 


15.12.  Problems 


633 


15.5  A  satellite  to  earth  downlink  (shown  below)  is  operating  at  the  carrier  frequency  of  4  GHz. 
The  distance  between  the  two  antennas  is  r  =  40  000  km.  The  bit  error  probability  is  Pg  = 
10“^  using  QPSK  modulation. 

For  QPSK  modulation,  we  have  the  following  relationship  between  the  bit-error-probability 
and  Eb/No  ratio,  expressed  in  terms  of  the  MATLAB  functions  erfc  and  erfi  nv: 

=  ^  ^  =  [erflnv(l-2P,)]^ 

The  satellite  has  transmitter  power  of  20  W  and  uses  a  dish  antenna  that  has  a  diameter  of 
0.5  m  and  aperture  efficiency  of  0.6.  The  earth  antenna  has  diameter  of  5  m,  efficiency  of 
0.6,  and  antenna  noise  temperature  of  50  K.  The  output  of  the  antenna  is  connected  to  an 
RF  amplifier  with  equivalent  noise  temperature  of  2000  K. 


satellite 


P  j,  Gj 


T 

^sys 


^  Gt 


RF  amplifier 


a.  Assuming  that  no  LNA  is  used,  calculate  the  system  noise  temperature  Psys  at  the 
output  of  the  receiving  antenna,  the  received  power  Pr  in  picowatts,  and  the  maximum 
achievable  data  rate  in  Mb/sec. 

b.  it  is  desired  to  improved  the  performance  of  this  system  tenfold,  that  is,  to  increase 
the  maximum  achievable  data  rate  in  Mb/sec  by  a  factor  of  10.  To  this  end,  a  low-noise 
amplifier  of  40-dB  gain  is  inserted  as  shown.  Determine  the  noise  temperature  of  the 
LNA  that  would  guarantee  such  a  performance  improvement. 

c.  What  is  the  maximum  noise  temperature  of  the  LNA  that  can  achieve  such  a  10-fold 
improvement,  and  at  what  LNA  gain  is  it  achieved? 


15.6  A  radar  with  EIRP  of  Pradar  =  PtGj  is  trying  to  detect  an  aircraft  of  radar  cross  section  cr. 
The  aircraft  is  at  a  distance  r  from  the  radar  and  tries  to  conceal  itself  by  jamming  the  radar 
with  an  on-board  jamming  antenna  of  EIRP  of  Pjammer  =  PjGj.  Assume  that  both  the  radar 
and  the  jamming  antennas  are  pointing  in  their  direction  of  maximal  gains. 


a.  Derive  an  expression  of  the  signaTto-jammer  ratio  S/J,  where  S  represents  the  power 
received  from  the  target  back  at  the  radar  antenna  according  to  the  radar  equation, 
and  J  represents  the  power  from  the  jamming  antenna  received  by  the  radar  antenna. 
Express  the  ratio  in  terms  of  Pradar,  Pjammer,  r,  and  cr. 

b.  If  detectability  of  the  target  in  the  presence  of  jamming  requires  at  least  a  0-dB  signal- 
to-jammer  ratio  (that  is,  S/J>  1),  show  that  the  maximum  detectable  distance  is: 


r  = 


PtGt  cr 

PjGj  4n 


15.7  The  Arecibo  Observatory  in  Puerto  Rico  has  a  gigantic  dish  antenna  of  diameter  of  1000  ft 
(304.8  m).  It  transmits  power  of  2.5  MW  at  a  frequency  of  430  MHz. 


a.  Assuming  a  60  percent  effective  area,  what  is  its  gain  in  dB? 

b.  What  is  its  beamwidth  in  degrees? 

c.  If  used  as  a  radar  and  the  minimum  detectable  received  power  is  -130  dBW,  what  is 
its  maximum  range  for  detecting  a  target  of  radar  cross-section  of  1  m^? 
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16.1  Linear  Antennas 


The  radiation  angular  pattern  of  antennas  is  completely  determined  by  the  transverse 
component  Fj_  =  OFq  of  the  radiation  vector  F,  which  in  turn  is  determined  by 

the  current  density  J.  Here,  we  consider  some  examples  of  current  densities  describing 
various  antenna  types,  such  as  linear  antennas,  loop  antennas,  and  linear  arrays. 

For  linear  antennas,  we  may  choose  the  z-axis  to  be  along  the  direction  of  the  an¬ 
tenna.  Assuming  an  inhnitely  thin  antenna,  the  current  density  will  have  the  form: 


Hz) 


in 


-in 


J(r)=  zl{z)5{x)5{y) 


(thin  linear  antenna)  (16.1.1) 


where  I  (z)  is  the  current  distribution  along  the  antenna  element.  It  is  shown  in  Sec.  21.4 
that  7  (z)  satishes  approximately  the  Helmholtz  equation  along  the  antenna: 

+k^J(z)=0  (16.1.2) 

dz^ 

Some  examples  of  current  distributions  I  (z)  are  as  follows: 


nz)=Il5iz) 

Hz)=I 

/(z)=7(l-2|z|//) 
7(z)=  7sin(k(//2  -  |z|)) 
/(z)=  I  cos  (kz) 
I{z)=Ie-j^^ 


Hertzian  dipole 
Uniform  line  element 
Small  linear  dipole 
Standing-wave  antenna 
Half-wave  antenna  (/  =  A/ 2) 
Traveling-wave  antenna 


where  /  is  the  length  of  the  antenna  element  and  the  expressions  are  assumed  to  be  valid 
for  -//2  <  z  <  //2,  so  that  the  antenna  element  straddles  the  xy-plane. 
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The  Hertzian  dipole,  uniform  line  element,  and  small  linear  dipole  examples  do  not 
satisfy  Eq.  (16.1.2),  except  when  the  antenna  length  is  electrically  short,  that  is,  /  ^  A. 

For  loop  antennas,  we  may  take  the  loop  to  lie  on  the  xy-plane  and  be  centered  at  the 
origin.  Again,  we  may  assume  a  thin  wire.  For  a  circular  loop  of  radius  a,  the  current 
flows  azimuthally.  The  corresponding  current  density  can  be  expressed  in  cylindrical 
coordinates  r  =  (p,  (p,  z)  as: 


J(r)=  4>15{p-  a)5{z) 


(circular  loop) 


(16.1.3) 


The  delta  functions  conhne  the  current  on  the  p  =  a  circle  on  the  xy-plane.  We  will 
discuss  loop  antennas  in  Sec.  16.8. 

Antenna  arrays  may  be  formed  by  considering  a  group  of  antenna  elements,  such  as 
Hertzian  or  half-wave  dipoles,  arranged  in  particular  geometrical  conhgurations,  such 
as  along  a  particular  direction.  Some  examples  of  antenna  arrays  that  are  made  up  from 
identical  antenna  elements  are  as  follows: 


J(r)  =  z  y a„7(z)5(x-x„)5(y) 

n 

J{t)  =  z  '^a„I(z)5{y -yn)5{x) 

n 

J{r)  =z  Y^a„I(z  -  Zn)5(x)5(y) 

n 

J{t)  =z  '^amnIiz)5{x-Xm)5{y -y„) 

mn 


array  along  x-direction 
array  along  y-direction 
array  along  z-direction 
2D  planar  array 


The  weights  an,  cimn  are  chosen  appropriately  to  achieve  desired  directivity  proper¬ 
ties  for  the  array.  We  discuss  arrays  in  Sec.  19.1. 

It  is  evident  now  from  Eq.  (16.1.1)  that  the  radiation  vector  F  will  have  only  a  z- 
component.  Indeed,  we  have  from  the  dehnition  Eq.  (14.7.5): 

T"  =  J  J{T')e^^'^'  dpY  =  z  j dx'dy'dz' 


The  x'  and  y'  integrations  are  done  trivially,  whereas  the  z'  integration  extends  over 
the  length  /  of  the  antenna.  Thus, 

F  =  zFz  =  z  I{z')e^^^^'  dz' 

J-l/2 


Using  Eq.  (14.8.3),  the  wave  vector  k  can  be  resolved  in  cartesian  components  as: 


k  =  kr  =  xk cos 0  sin 0  -r  y k  sin (/> sin 6  zk cos  6  =  xkx  +  yky  +  zkz 

Thus, 

kx  =  k  cos  (j)  sin  6 
ky  =  k  sin  <p  sin  6 
kz  =  k  cos  6 


(16.1.4) 
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It  follows  that  the  radiation  vector  Fz  will  only  depend  on  the  polar  angle  6\ 


rl/2 

(112 

Ez{0)  = 

I(z')e^'^-^'dz'  =  I{z')<F'^^'<=°^^dz' 

J-l/2 

J-l/2 

Using  Eq.  (14.8.2)  we  may  resolve  z  into  its  spherical  coordinates  and  identify  the 
radial  and  transverse  components  of  the  radiation  vector: 

F  =  zFz  =  (f  cos  0-6  sm6)Fz{6)=  rFz{6)cos  6  -  6 Fzi6)sm6 

Thus,  the  transverse  component  of  Twill  be  have  only  a  0-component: 

F^iO)=eF0ie)=  -0Fz(0)sin0 


It  follows  that  the  electric  and  magnetic  radiation  helds  (14.10.5)  generated  by  a 
linear  antenna  will  have  the  form: 


E=eEe  =  ejkri 

H=  ^Hcj)  =  4>jk 


Q-jkr 

Anr 

e-Jkr 

Anr 


EziO)  sin  6 
Ez  (6)  sin  6 


(16.1.6) 


The  helds  are  omnidirectional,  that  is,  independent  of  the  azimuthal  angle  0.  The 
factor  sin  0  arises  from  the  cartesian  to  spherical  coordinate  transformation,  whereas 
the  factor  EziO)  incorporates  the  dependence  on  the  assumed  current  distribution  /  (z) . 
The  radiation  intensity  1/(0,  (/>)  has  0 -dependence  only  and  is  given  by  Eq.  (15.1.4): 


t/(0)  = 


pk^ 

32Tr2 


|T'z(0)  1^  sin^  0 


(radiation  intensity  of  linear  antenna)  (16.1.7) 


To  summarize,  the  radiated  helds,  the  total  radiated  power,  and  the  angular  distri¬ 
bution  of  radiation  from  a  linear  antenna  are  completely  determined  by  the  quantity 
Fz(0)  dehned  in  Eq.  (16.1.5). 


1 6.2  Hertzian  Dipole 


The  simplest  linear  antenna  example  is  the  Hertzian  dipole  that  has  a  current  distri¬ 
bution  /  (z)  =  115  (z)  corresponding  to  an  inhnitesimally  small  antenna  located  at  the 
origin.  Eq.  (16.1.5)  yields: 

rl/2  rl/2 

FA0)=  \  I{z')eJ'^^^'dz' =  \  Il5(z')ei^^''^°^^dz'  =Il 

J-l/2  J-l/2 


Thus,  Ez  is  a  constant  independent  of  0.  The  radiation  intensity  is  obtained  from 
Eq.  (16.1.7): 


pk^ 

32Tr2 


\Il\^  sin^  0 


t/(0)  = 
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Its  maximum  occurs  at  0  =  tt  12,  that  is,  broadside  to  the  antenna: 

[/max= 

It  follows  that  the  normalized  power  gain  will  be: 


g{6)  = 


u(0) 

Umax 


=  sin^  0 


(Hertzian  dipole  gain) 


(16.2.1) 


The  gain  g(0)  is  plotted  in  absolute  and  dB  units  in  Fig.  16.2.1.  Note  that  the  3-dB 
or  half-power  circle  intersects  the  gain  curve  at  45°  angles.  Therefore,  the  half-power 
beam  width  (HPBW)  will  be  90°— not  a  very  narrow  beam.  We  note  also  that  there  is  no 
radiated  power  along  the  direction  of  the  antenna  element,  that  is,  the  z-direction,  or 

e  =  0. 


Hertzian  dipole  gain 


Gain  in  dB 


Fig.  16.2.1  Gain  of  Hertzian  dipole  in  absolute  and  dB  units. 


In  these  plots,  the  gain  was  computed  by  the  function  di  pol  e  and  plotted  with  abp 
and  dbp.  For  example  the  left  hgure  was  generated  by: 

[g,  th,  c]  =  dipoleCO,  200); 
abpCth,  g,  45); 


Next,  we  calculate  the  beam  solid  angle  from: 

rTT  rln 


AQ  = 


rTT  r  ITT  rTT  rTT 

g (6)  sin 6 d6d(l)  =  Zn  \  g (6)  sin 6 dO  =  Zn  \  sin^  6 dO  , 
Jo  Jo  Jo  Jo 


Jo 

.  ^  8tt 
An  =  - 


It  follows  that  the  directivity  will  be: 


“  sTn  -1-5- 1-76  dB 
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The  total  radiated  power  is  then  found  from  Eq.  (15.2.17): 

P  ,  =  u  An  = 

i^rad  UmaxAiJ  ^277^'^'  3  IZtT 


(16.2.2) 


Because  of  the  proportionality  to  |/|^,  we  are  led  to  dehne  the  radiation  resistance 
of  the  antenna,  R^d,  as  the  resistance  that  would  dissipate  the  same  amount  of  power 
as  the  power  radiated,  that  is,  we  dehne  it  through: 


Frad  =  ^i^radl/P 


(16.2.3) 


Comparing  the  two  expressions  for  Prad,  we  hnd: 

where  we  replaced  k  =  ZttIA.  Because  we  assumed  an  inhnitesimally  small  antenna, 
/  ^  A,  the  radiation  resistance  will  be  very  small. 

A  related  antenna  example  is  the  hnite  Hertzian,  or  uniform  line  element,  which  has 
a  constant  current  I  bowing  along  its  entire  length  /,  that  is,  I  (z)  =  I,  for  -l/Z  <  z  <  l/Z. 
We  can  write  I  (z)  more  formally  with  the  help  of  the  unit-step  function  u  (z)  as  follows: 

I{z)=  I  [u(z  -\-  l/Z)-u{z  -  //2)] 


The  Hertzian  dipole  may  be  thought  of  as  the  limiting  case  of  this  example  in  the  limit 
/  ^  0.  Indeed,  multiplying  and  dividing  by  /,  and  using  the  property  that  the  derivative 
of  the  unit-step  is  u'  (z)  =  <5  (z) ,  we  have 

u{z  +  llZ)-u{z-llZ)  ^.du{z) 

I{z)=Ih  . ,  - —  -  II— —  =  115 (z) 

I  dz 

and  we  must  assume,  of  course,  that  the  product  II  remains  hnite  in  that  limit. 


16.3  Standing-Wave  Antennas 

A  very  practical  antenna  is  the  center-fed  standing-wave  antenna,  and  in  particular,  the 
half-wave  dipole  whose  length  is  /  =  A/ 2.  The  current  distribution  along  the  antenna 
length  is  assumed  to  be  a  standing  wave,  much  like  the  case  of  an  open-ended  parallel 
wire  transmission  line.  Indeed,  as  suggested  by  the  hgure  below,  the  center-fed  dipole 
may  be  thought  of  as  an  open-ended  transmission  line  whose  ends  have  been  bent  up 
and  down.  The  current  distribution  is: 

I(z) 

/(z)  = /sin(k(//2  -  |z|) )  (standing-wave  antenna)  (16.3.1) 
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Defining  the  half-length  h  =  1/2,  the  radiation  vector  z-component  FziO)  is: 


rh 

Fz(0)=  /sin(k(//2- 

J-h 


21  cosikhcos6)-cosikh) 


Inserting  FziO)  into  Eq.  (16.1.7),  and  canceling  some  common  factors,  we  obtain: 


rj\I\^  \  cos ikh  cos  0)- cos ikh) 


It  follows  that  the  normalized  power  gain  giO)  will  have  a  similar  form: 


giO)=  Cn 


cosikh  cos  6)  -  cosikh) 
sin  6 


(normalized  gain) 


(16.3.2) 


(16.3.3) 


where  Cn  is  a  normalization  constant  chosen  to  make  the  maximum  of  giO)  equal  to 
unity.  Depending  on  the  value  of  /,  this  maximum  may  not  occur  at  0  =  n/2. 

In  the  limit  /  ^  0,  we  obtain  the  gain  of  the  Hertzian  dipole,  gi0)=  sin^  6.  For  small 
values  of  /,  we  obtain  the  linear-current  case.  Indeed,  using  the  approximation  sinx  ^  x, 
the  current  (16.3.1)  becomes: 


I  (z)  =  Ik 


1  I 

-  <  z  <  - 

2  2 


For  a  general  dipole  of  length  /,  the  current  at  the  input  terminals  of  the  antenna  is 
not  necessarily  equal  to  the  peak  amplitude  L  Indeed,  setting  z  =  0  in  (16.3.1)  we  have: 


Jin  =  7(0)  =  7  sin(k//2)  =  7  sinkh 


(16.3.4) 


The  radiation  resistance  may  be  dehned  either  in  terms  of  the  peak  current  or  in 
terms  of  the  input  current  through  the  dehnitions: 

Prad  =  ^i^peak|/|"  =  ^  Rin  =  (16.3.5) 

2  ^  2  sim  kh 

When  /  is  a  half-multiple  of  A,  the  input  and  peak  currents  are  equal  and  the  two  deh¬ 
nitions  of  the  radiation  resistance  are  the  same.  But  when  /  is  a  multiple  of  A,  Eq.  (16.3.4) 
gives  zero  for  the  input  current,  which  would  imply  an  inhnite  input  resistance  Rin-  In 
practice,  the  current  distribution  is  only  approximately  sinusoidal  and  the  input  current 
is  not  exactly  zero. 

The  input  impedance  of  an  antenna  has  in  general  both  a  resistive  part  Rm  and  a 
reactive  part  Xin,  so  that  Zm  =  Rm  +  J^in-  The  relevant  theory  is  discussed  in  Sec.  22.2. 
Assuming  a  sinusoidal  current,  Zm  can  be  computed  by  Eq.  (22.2.10),  implemented  by 
the  MATLAB  function  imped: 


Zi  n  =  i  mped  (1  ,  a)  ;  %  input  impedance  of  standing-wave  antenna 


where  /,  a  are  the  length  and  radius  of  the  antenna  in  units  of  A.  For  example,  a  half-wave 
dipole  (/  =  A/ 2)  with  zero  radius  has  Zin  =  imped(0.5, 0)  =  73.1  +j  42.5  Q. 

For  /  »  rz,  the  input  resistance  remains  largely  independent  of  the  radius  a.  The 
reactance  has  a  stronger  dependence  on  a.  Fig.  16.3.1  shows  a  plot  of  Rin  and  versus 
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the  antenna  length  /  plotted  over  the  interval  0.3A</<0.7A,for  the  three  choices  of 
the  radius:  a  =  0,  a  =  0.0005A,  and  a  =  0.005A. 

We  observe  that  the  reactance  Am  vanishes  for  lengths  that  are  a  little  shorter  than 
/  =  A/ 2.  Such  antennas  are  called  resonant  antennas  in  analogy  with  a  resonant  RFC 
circuit  whose  input  impedance  Z  =  R+  jicvL  -  1/co  C)  has  a  vanishing  reactance  at  its 
resonant  frequency  co  =  1  /  VLC. 

For  the  three  choices  of  the  radius  a,  we  hnd  the  following  resonant  lengths  and 
corresponding  input  resistances: 

a  =  0,  1  =  0.4857A,  Rin  =  67.2  Q 

a  =  0.0005A,  /  =  0.4801A,  Rm  =  65.0  Q 

a  =  0.005A,  /  =  0.4681A,  Rm  =  60.5  Q 

An  analytical  expression  for  the  peak  and  input  radiation  resistances  can  be  obtained 
by  integrating  the  radiation  intensity  (16.3.2)  over  all  solid  angles  to  get  the  total  radiated 
power: 

r  rIT  r2jT  rIT 

Pr^d=  \  uiO) do  =  \  uie)smeded(i)  =  2TT\  uie)smede 
J  Jo  Jo  Jo 

_  g\I\^  {cosikhcos  0)  -  cosikh))^ 

^  Jo  sin^ 

Comparing  with  (16.3.5),  we  obtain  the  peak  resistance: 

q  {cosikh  cos  0)  -  cosikh))^ 

Rpeak  —  ^  X  du 

2tt  Jo  sm0 

Using  the  trigonometric  identity, 

( cos  ikh  cos  0)  -  cos  {kh ) )  ^ 

=  ^  (cos(2kh  cos  0)  -  cos(2kh))  -  2  {cos  {kh  cos  0)  -  cosikh))  cos  kh 
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the  above  integral  can  be  expressed  as  a  sum  of  two  integrals  of  the  form: 

COS(CXCOS0)-COSCX  o  /n  A  ■  ^  A 

- T - dO  =  Si  {2a) sm  a  -  Cini^oc) (^os  a 

Jo  smt^ 

which  is  derived  in  Appendix  F.  This  leads  to  the  integral: 

X  2 


(cos{khcos6)-cosikh))^ 


Jo 


sin0 


d0  = 


Cin(kI)  +  ^cosk![2Cin(kI)-Cin(2k!)]  +  ^sink!  [Si(2k!)-2Si(kl)] 


(16.3.6) 


and  to  the  radiation  resistance: 
R 


peak=  ^  [c,„(W)  +  tcosW[2C,„(W)-C,„(2k;)]  +  tsinW  [S,(2W)-2S,(k/)]] 

(16.3.7) 

which  agrees  with  Eq.  (22.2.21)  derived  by  a  different  method.  The  radiation  resistance 
f^peak  also  determines  the  directivity  of  the  dipole  antenna.  Using  (16.3.3)  for  the  nor¬ 
malized  gain,  we  hnd  the  beam  solid  angle: 


AO  = 


rTT  rZTT  r7 

g(0)  do  =  2ttc„ 

Jo  Jo  Jo 


^  (cos(khcos0)-cos(kh))  2Tri?peak 

- dO  =  ZTTCn  - - 


sin  6 


which  leads  to  the  directivity-impedance  relationship: 

477  1  r/ 


Dmax  — 


Ad  Cyi  rri^peak 


(16.3.8) 


The  normalization  constant  Cn  is  equal  to  unity  for  a  half-wave  dipole;  for  other 
antenna  lengths,  it  may  be  computed  numerically. 

The  MATLAB  function  di  pdi  r  calculates  Cn,  the  directivity  Dmax,  the  angle  0max  at 
which  the  directivity  is  maximum  (the  angle  180  -  0max  also  corresponds  to  Dmax),  and 
the  radiation  resistance  i^peak-  It  has  usage: 


[Rpeak,Dmax,thmax,cn]  =  dipdir(L) 


6  standing-wave  dipole  of  length  I 


The  radiation  resistance  is  computed  from  Eq.  (16.3.7)  with  the  help  of  the  sine  and 
cosine  integral  functions  Si  (x)  and  Cm(x),  and  Dmax  is  computed  from  (16.3.8). 

The  table  below  shows  some  representative  values,  with  the  corresponding  angular 
patterns  shown  in  Fig.  16.4.2. 


//A  i^peak  (D)  Dmax  Dmax  (dB)  ^max  Cn 


0.50 

73.08 

1.64 

0.75 

185.68 

1.88 

1.00 

198.95 

2.41 

1.25 

106.46 

3.28 

1.50 

105.42 

2.23 

1.75 

229.94 

2.37 

2.00 

259.45 

2.53 

2.25 

143.48 

3.07 

2.50 

120.68 

3.06 

2.15 

90.00° 

1.0000 

2.75 

90.00° 

0.3431 

3.82 

90.00° 

0.2500 

5.16 

90.00° 

0.3431 

3.48 

42.57° 

0.5109 

3.75 

50.94° 

0.2200 

4.03 

57.42° 

0.1828 

4.87 

62.28° 

0.2723 

4.86 

32.22° 

0.3249 
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1 6.4  Half-Wave  Dipole 


The  half-wave  dipole  corresponding  to  /  =  A/2,  or  k/  =  tt,  is  one  of  the  most  common 
antennas.  In  this  case,  the  current  distribution  along  the  antenna  takes  the  form: 


I{z)=  I  cos  {kz) 


(half-wave  dipole) 


(16.4.1) 


with  -  A/4<z<A/4.  The  normalized  gain  is: 


g{0)  = 


cos^  (0.577  cos  6) 
sin^  6 


(half-wave  dipole  gain) 


(16.4.2) 


Note  that  the  maximum  does  occur  at  0  =  77/2  and  the  normalization  constant  is 
Cn  =  1.  Fig.  16.4.1  shows  the  gain  in  absolute  and  dB  units.  The  3-dB  or  half-power 
circle  intersects  the  gain  at  an  angle  of  03dB  =  50.96°,  which  leads  to  a  half-power  beam 
width  of  HPBW  =  180°  -  203dB  =  78.08°,  that  is,  somewhat  narrower  than  the  Hertzian 
dipole. 


Half-^ave  dipole 


Gain  in  dB 


Fig.  16.4.1  Gain  of  half-wave  dipole  in  absolute  and  dB  units. 

Because  sin(k//2)  =  1,  sin(k/)  =  0,  and  cos{kl)  =  -1,  Eq.  (16.3.7)  reduces  to: 

kn  =  i^peak=  ACln(2k/)=  ACm(27T)=  73.0790  ohm 

477  477 

The  directivity  is  found  from  (16.3.8)  with  Cn  =  1: 

Dmax  =  =  1.64  ^  2.1S  dB 

trivpeak 

In  practice,  the  value  J?m  =  73  ohm  can  be  matched  easily  to  the  characteristic 
impedance  of  the  feed  line.  For  arbitrary  values  of  the  length  /,  the  following  example 
MATLAB  code  used  to  calculate  the  gain  function  g{6),  bls  well  as  the  constant  Cn  and 
the  beam  solid  angle,  is  as  follows: 
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N  =  200 ;  %  divide  [0,pi]  in  N  angle  bins 

dth  =  pi  /  N;  %  bin  width 

th  =  (1:N-1)  *  dth;  %  excludes  th=0 

g  =  ((cosCpi ''L*cos(th))  -  cos(pi*L))  ./  sin(th)).A2; 

th  =  [0,  th];  %  N  equally-spaced  angles  in  [0, pi) 

g  =  [0,  g]  ;  %  avoids  division  by  0 

cn  =  1  /  max(g) ; 

g  =  cn  *  g  ;  %  normalized  to  unity  maximum 

Om  =  2  *  pi  *  sum(g  .*  sin(th))  *  dth;  %  beam  solid  angle 

where  the  beam  solid  angle  is  computed  by  the  approximation  to  the  integral: 

rTT  N-l 

AQ  =  2tt  g{0)sm0  dO  -  2tt  Y  giOdsmOf  A6 

•^0  z=0 

where  A6  =  n/N  and  0,  =  iA6,  z  =  0, 1, . . .  -  1.  These  operations  are  carried  out 

by  the  functions  di  pol  e  and  dmax.  For  example,  the  right  graph  in  Fig.  16.4.1  and  Dmax 
and  AQ  were  generated  by  the  MATLAB  code: 

[g,  th,  c]  =  dipo1e(0.5,  200); 
dbpCth,  g,  45,  12); 

[D,  Omega]  =  dmax(th,  g) ; 

Gauss-Legendre  quadrature  integration  also  produces  accurate  results.  For  exam¬ 
ple,  assuming  the  normalization  constant  Cn  is  known,  the  following  code  fragment 
integrates  the  gain  function  (16.3.3)  to  compute  the  beam  solid  angle: 

G  =  inlineC’ (cos(pi''L*cos(th))  -  cos(pi *1)) . a2 ./si n(th) . a2 ’ ,  ’L’,’th’); 

[w,th]  =  quadrs  (  [0 ,  pi/2  ,  pi  ]  ,  32)  ;  %  use  32  points  in  the  subintervals  [0,  7t/2]  and  [tt/2,  tt] 

DOm  =  cn  *  2*pi''  w’ ''(G(L,th)  . ''sin(th))  ;  XfmAAQ  =  7.6581  for  I  =  0.5 

Fig.  16.4.2  shows  the  gains  of  a  variety  of  dipoles  of  different  lengths.  The  corre¬ 
sponding  directivities  are  indicated  on  each  plot. 


16.5  Monopole  Antennas 


A  monopole  antenna  is  half  of  a  dipole  antenna  placed  on  top  of  a  ground  plane,  as 
shown  in  Fig.  16.5.1.  Assuming  the  plane  is  inhnite  and  perfectly  conducting,  the 
monopole  antenna  will  be  equivalent  to  a  dipole  whose  lower  half  is  the  image  of  the 
upper  half. 

Thus,  the  radiation  pattern  (in  the  upper  hemisphere)  will  be  identical  to  that  of  a 
dipole.  Because  the  helds  are  radiated  only  in  the  upper  hemisphere,  the  total  radiated 
power  will  be  half  that  of  a  dipole,  and  hence  the  corresponding  radiation  resistance 
will  also  be  halved: 


P monopole  —  2  ^ dipole  > 


^  monopole  —  2^dipole 


Similarly,  the  directivity  doubles  because  the  isotropic  radiation  intensity  in  the  de¬ 
nominator  of  Eq.  (15.2.2)  becomes  half  its  dipole  value: 
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Z  =  0.50)1,  Z)  =  2.15  dB  Z  =  0.75?i,  D  =  2.75  dB  Z  =  1.00)i,  D  =  3.82  dB 


180”  180”  180“ 

Fig.  16.4.2  Standing-wave  dipole  antenna  patterns  and  directivities. 

The  quarter-wave  monopole  antenna  whose  length  is  A/4  is  perhaps  the  most  widely 
used  antenna.  For  AM  transmitting  antennas  operating  in  the  300  m  or  1  MHz  band,  the 
antenna  height  will  be  large,  A/4  =  75  m,  requiring  special  supporting  cables. 

In  mobile  applications  in  the  30  cm  or  1  GHz  band,  the  antenna  length  will  be  fairly 
small,  A/4  =  7.5  cm.  The  roof  of  a  car  plays  the  role  of  the  conducting  plane  in  this 
case. 

We  note  also  in  Fig.  16.4.2  that  the  /  =  1.25A  =  lOA/8  dipole  has  the  largest  gain.  It 
can  be  used  as  a  monopole  in  mobile  applications  requiring  higher  gains.  Such  antennas 
are  called  5 /8-wave  monopoles  because  their  length  is  1/2  =  5A/8. 


16.6.  Traveling-Wave  Antennas 
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A/4 


ground 

plane 


^  coaxial 
feed 


Fig.  16.5.1  Quarter-wave  monopole  above  ground  plane  and  the  equivalent  half-wave  dipole. 


16.6  T raveling-Wave  Antennas 

The  Standing-wave  antenna  current  may  be  thought  of  as  the  linear  superposition  of  a 
forward  and  a  backward  moving  current.  For  example,  the  half-wave  dipole  current  can 
be  written  in  the  form: 


I{z)=  I  cos  (kz)  =  ^{e 

The  backward-moving  component  may  be  eliminated  by  terminating  the  linear  an¬ 
tenna  at  an  appropriate  matched  load  resistance,  as  shown  in  Fig.  16.6.1.  The  resulting 
antenna  is  called  a  traveling -wave  antenna  or  a  Beverage  antenna.  The  current  along  its 
length  has  the  form: 


7(z)=/e“J^,  0<z<l  (16.6.1) 

The  corresponding  radiation  vector  becomes: 

fl  11—  p-jkl{l-COS0) 

F=z\  dz'  =  z4r^—^ - ;; -  (16.6.2) 

Jo  jk  1  -  cos  6 

The  transverse  0 -component  is: 

r  1  _  g-2TTjI  (1-cos  0)  T 

F0{e)=  -FAe)sme  =  --  sme—- -  ,  ^^--FiO)  (16.6.3) 

jk  1  -  cos  6  jk 


where  as  before,  L  =  l/\  and  kl  =  Znl/A  =  2ttL.  The  radiation  intensity,  given  by 
Eq.  (15.1.4)  or  (16.1.7),  becomes  now: 


u{e)  = 


n\i\^ 

32tt2 


|f(0)l^ 


ri\I\^  sinO  sin(TrI(l -COS0)) 
8tt^  1  -  cos  6 


(16.6.4) 


Fig.  16.6.1  Traveling-wave  antenna  with  matched  termination. 
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Therefore,  the  normalized  power  gain  will  be: 


giO)=Cn 


sin0  sin(TrL(l  -  cos  6)) 
1  -  cos  6 


(16.6.5) 


where  Cn  is  a  normalization  constant.  Fig.  16.6.2  shows  the  power  gains  and  directivities 
for  the  cases  /  =  5A  and  /  =  lOA,  or  I  =  5  and  L  =  10. 


L  =  5,  D  =  10.7  dB,  00  =  22.2« 


L  =  10,  D  =  13.1  dB,  00  =  15.7« 


Fig.  16.6.2  Traveling-wave  antenna  gain  examples. 

The  MATLAB  function  travel  calculates  the  gain  (16.6.5).  For  example,  the  left 
graph  in  Fig.  16.6.2  was  generated  by  the  MATLAB  code: 

[g,  th,  c,  thO]  =  travel (5,  400); 
dbpCth,  g,  45,  12); 

addray(90-th0, ’-’) ;  addray(90+th0, ’-’) ; 

The  longer  the  length  /,  the  more  the  main  lobes  tilt  towards  the  traveling  direction 
of  the  antenna.  The  main  lobes  occur  approximately  at  the  polar  angle  (in  radians)  [5-7]: 


^  0.371A>^  0.371>^ 

Oo  =  arccos  II - - —  I  =  arccos  II - - —  I 


For  the  two  examples  of  Fig.  16.6.2,  this  expression  gives  for  I  =  5  and  L  =  10, 
Oo  =  22.2°  and  Oq  =  15.7°.  As  L  increases,  the  angle  Oq  tends  to  zero. 

There  are  other  antenna  structures  that  act  as  traveling-wave  antennas,  as  shown 
in  Fig.  16.6.3.  For  example,  a  waveguide  with  a  long  slit  along  its  length  will  radiate 
continuously  along  the  slit.  Another  example  is  a  corrugated  conducting  surface  along 
which  a  surface  wave  travels  and  gets  radiated  when  it  reaches  the  discontinuity  at  the 
end  of  the  structure. 

In  all  of  these  examples,  the  radiation  pattern  has  an  angular  dependence  similar  to 
that  of  a  linear  antenna  with  a  traveling-wave  current  of  the  form: 


I{z)=  , 


0  <  z  <  / 


(16.6.7) 


16.7.  Vee  and  Rhombic  Antennas 
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currugated  surface-wave  antenna  leaky  waveguide  antenna 

Fig.  16.6.3  Surface-wave  and  leaky-wave  antennas. 


where  p  is  the  wavenumber  along  the  guiding  structure  and  p  =  p/k  =  c/Vphase  is 
the  ratio  of  the  speed  of  light  in  vacuum  to  the  phase  velocity  along  the  guide.  The 
corresponding  radiation  power  pattern  will  now  have  the  form: 


giO)=  Cn 


sin  6  sin(TrI(p  -  cos  0)) 
p  -  cos  6 


(16.6.8) 


For  long  lengths  L  (and  for  p  <  1),  it  peaks  along  the  direction  Oq  =  arccos(p). 
Note  that  p  can  take  the  values;  (a)  p  >  1  (slow  waves),  as  in  the  case  of  the  corrugated 
plane  structure  or  the  case  of  a  Beverage  antenna  wrapped  in  a  dielectric,  (b)  p  <  1  (fast 
waves),  as  in  the  case  of  the  leaky  waveguide,  where  p  =  -^/T^-colTco^ ,  and  (c)  p  =  1, 
for  the  Beverage  antenna. 


16-7  Vee  and  Rhombic  Antennas 

A  vee  antenna  consists  of  two  traveling-wave  antennas  forming  an  angle  2  a  with  each 
other,  as  shown  in  Fig.  16.7.1.  It  may  be  constructed  by  opening  up  the  matched  ends 
of  a  transmission  line  at  an  angle  of  2  ex  (each  of  the  terminating  resistances  is  Rl/ 2  for 
a  total  of  Rl.) 


Fig.  16.7.1  Traveling-wave  vee  antenna  with  /  =  5A,  do  =  22.2^,  and  a  =  0.85do  =  18.9°. 

By  choosing  the  angle  a  to  be  approximately  equal  to  the  main  lobe  angle  do  of 
Eq.  (16.6.6),  the  two  inner  main  lobes  align  with  each  other  along  the  middle  direction 
and  produce  a  stronger  main  lobe,  thus  increasing  the  directivity  of  the  antenna.  The 
outer  main  lobes  will  also  be  present,  but  smaller. 

The  optimum  angle  a  of  the  arms  of  the  vee  depends  on  the  length  /  and  is  related 
to  main  lobe  angle  do  via  a  =  ado,  where  the  factor  a  typically  falls  in  the  range 
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a  =  0.80-1.00.  Figure  16.7.2  shows  the  optimum  angle  factor  a  that  corresponds  to 
maximum  directivity  (in  the  plane  of  the  vee)  as  a  function  of  the  length  /. 


Optimum  Angle  Factor 


Fig.  16.7.2  Optimum  angle  factor  as  a  function  of  antenna  length. 


Figure  16.7.3  shows  the  actual  power  patterns  for  the  cases  /  =  5A  and  /  =  10 A.  The 
main  lobe  angles  were  do  =  22.2°  and  do  =  15.7°.  The  optimum  vee  angles  were  found 
to  be  approximately  (see  Fig.  16.7.2),  a  =  0.85do  =  18.9°  and  a  =  0.95do  =  14.9°,  in 
the  two  cases. 


L  =  5,  a  =  18.9° 


L  =  10,  a  =  14.9° 


Fig.  16.7.3  Traveling-wave  vee  antenna  gains  in  dB. 


The  combined  radiation  pattern  can  be  obtained  with  the  help  of  Fig.  16.7.4.  Let 
zi  and  ±2  be  the  two  unit  vectors  along  the  two  arms  of  the  vee,  and  let  di,  62  be  the 
two  polar  angles  of  the  observation  point  P  with  respect  to  the  directions  zi,Z2.  The 
assumed  currents  along  the  two  arms  have  opposite  amplitudes  and  are: 


1 1  (zi)=7e-J^^i, 


I2{z2)= 


for  0  <  Zi, Z2  <  / 


16.7.  Vee  and  Rhombic  Antennas 
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Fig.  16.7.4  Radiation  vectors  of  traveling-wave  vee  antenna. 


Applying  the  result  of  Eq.  (16.6.2),  the  radiation  vectors  of  the  two  arms  will  be: 

I' 


Fi  =  zi  C =  zi  4  ^  ^ 


F2  =  -Z2 


f  ;g-jfcz^e)fccos02Z2dz'  =  -^2  4 
Jo  jk 


jk  1  -  cos  61 
I  1  —  g-J^hl-COS02) 


'  jk  1  -  cos  62 
Therefore,  the  0-components  will  be  as  in  Eq.  (16.6.3): 

Fi0  =  -^F{ei),  F20  =  ^F(02) 

Jk  Jk 

where  the  function  F(0)  was  dehned  in  Eq.  (16.6.3).  Erom  Eig.  16.7.4,  we  may  express 
01,  02  in  terms  of  the  polar  angle  0  with  respect  to  the  z-axis  as: 


01  =  6  -  a, 


02  =  9  +  oc 


Adding  the  0-components,  we  obtain  the  resultant: 

Fe=Fi0+F20  =  jj^[F{02)-Fi0i)]  =jj^[Fid  +  a)-F(0  -  a)] 
Thus,  the  radiation  intensity  will  be: 

and  the  normalized  power  pattern: 


gi0)=Cn\Fi0  +  a)-Fi0-a)\ 


(16.7.1) 


This  is  the  gain  plotted  in  Eig.  16.7.3  and  can  be  computed  by  the  MATLAB  function 
vee.  Einally,  we  consider  briefly  a  rhombic  antenna  made  up  of  two  concatenated  vee 
antennas,  as  shown  in  Eig.  16.7.5.  Now  the  two  inner  main  lobes  of  the  hrst  vee  (lobes 
a,  b)  and  the  two  outer  lobes  of  the  second  vee  (lobes  c,  d)  align  with  each  other,  thus 
increasing  the  directivity  of  the  antenna  system. 

The  radiation  vectors  F3  and  F4  of  arms  3  and  4  may  be  obtained  by  noting  that 
these  arms  are  the  translations  of  arms  1  and  2,  and  therefore,  the  radiation  vectors  are 
changed  by  the  appropriate  translational  phase  shift  factors,  as  discussed  in  Sec.  19.2. 
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Fig.  16.7.5  Traveling-wave  rhombic  antenna. 


Arm- 3  is  the  translation  of  arm-1  by  the  vector  d2  =  /  Z2  and  arm-4  is  the  translation 
of  arm-2  by  the  vector  di  =  /  Zi.  Thus,  the  corresponding  radiation  vectors  will  be: 

f3  =  ,  F4  =  (16.7.2) 

where  the  negative  signs  arise  because  the  currents  in  those  arms  have  opposite  signs 
with  their  parallel  counterparts.  The  phase  shift  factors  are: 

gjk  d2  ^  ^jklr-Z2  ^  ^jkl  cos  02  ^  ^jklr-zi  ^  ^jkl  cos  0i 


It  follows  that  the  0 -components  of  F3  and  F4  are: 

F30  = 

F40  =  (02) 

Jk 


Thus,  the  resultant  0 -component  will  be: 

Fe  =  F10  +  F20  +  F30  +  F^g  =  ^[F{02)-F{0i)+ej'^‘'=°^^^F{0i)-eF^'<^°^^^F{02)] 

The  corresponding  normalized  power  pattern  will  be: 

g(0)=  Cn\F{0  +  (X)-Fi0  -  +  a) 

Figure  16.7.6  shows  the  power  gain  gi9)  for  the  cases  1  =  5  and  L  =  10.  The 
optimum  vee  angle  in  both  cases  was  found  to  be  tx  =  0o,  that  is,  a  =  22.2°  and 
a  =  15.7°.  The  function  rhombi c  maybe  used  to  evaluate  this  expression. 


1 6.8  Loop  Antennas 

Figure  16.8.1  shows  a  circular  and  a  square  loop  antenna.  The  feed  points  are  not 
shown.  The  main  oversimplifying  assumption  here  is  that  the  current  is  constant  around 
the  loop.  We  will  mainly  consider  the  case  when  the  dimension  of  the  loop  (e.g.,  its 
circumference)  is  small  relative  to  the  wavelength. 


16.8.  Loop  Antennas 
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L  =  5,  a  =  22.2«  L  =  10,  a  =  15.7« 


Fig.  16.7.6  Rhombic  antenna  gains  in  dB. 

For  such  small  loops,  the  radiation  pattern  turns  out  to  be  independent  of  the  shape 
of  the  loop  and  the  radiation  vector  takes  the  simple  form: 

F  =  jmxk  (16.8.1) 

where  m  is  the  loop’s  magnetic  moment  defined  with  respect  to  Fig.  16.8.1  as  follows: 

m  =  zIS,  (magnetic  moment)  (16.8.2) 

where  S  is  the  area  of  the  loop.  Writing  k  =  ki  and  noting  that  z  x  f  =  <^  sin 0,  we  have: 

F  =  jm  X  k=  jmk  sinO  ^  =  F^  (6)^  (16.8.3) 


Fig.  16.8.1  Circular  and  square  loop  antennas. 
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Thus,  F  is  fully  transverse  to  f,  so  that  =  F.  It  follows  from  Eq.  (14.10.4)  that  the 
produced  radiation  fields  will  be: 


e-J^r  ^  ^-jkr 

E  =  =  -Jkn  4>  =  nmk^  sin  0  (f) 


Anr 


e-J^r  ^  ^-jkr  ^ 

H  =  6H0  =  jk  - - F(b  0  =  -mk^  sin  6  - - 9 

Anr  ^  Anr 


(16.8.4) 


The  radiation  intensity  of  Eq.  (15.1.4)  is  in  this  case: 


t/(0,0)  = 


rjk^ 

32Tr2 


rik^\m\^ 

32tt^ 


sin^  6 


(loop  intensity) 


(16.8.5) 


Thus,  it  has  the  same  sin^  6  angular  dependence,  normalized  power  gain,  and  direc¬ 
tivity  as  the  Hertzian  dipole.  We  may  call  such  small  loop  antennas  “Hertzian  loops”, 
referring  to  their  infinitesimal  size.  The  total  radiated  power  can  be  computed  as  in 
Sec.  16.2.  We  have: 


Pmd  ~ 


r/k^|m|2  8Tr 
32Tr2  ^ 


r/k^|m|2 

1271 


Replacing  m  by  IS,  we  may  obtain  the  loop’s  radiation  resistance  from  the  definition: 


^rad  —  2^rad|f|^ 


pk^lISl^ 

1277 


^rad 


nk^s^ 

677 


Comparing  Eq.  (16.8.4)  to  the  Hertzian  dipole,  the  loop’s  electric  field  is  in  the  <p- 
direction,  whereas  the  Hertzian  dipole’s  is  in  the  ^-direction.  The  relative  amplitudes 
of  the  electric  fields  are: 

T^dipole 

^loop  mk 

If  we  choose  II  =  mk,  then  the  electric  fields  are  off  by  a  90°-degree  phase.  If 
such  a  Hertzian  dipole  and  loop  are  placed  at  the  origin,  the  produced  net  electric  field 
will  be  circularly  polarized.  We  note  finally  that  the  loop  may  have  several  turns,  thus 
increasing  its  radiation  resistance  and  radiated  power.  Eor  a  loop  with  n  turns,  we  must 
make  the  replacement  m  ^  nm. 


16.9  Circular  Loops 

Next,  we  consider  the  circular  loop  in  more  detail,  and  derive  Eq.  (16.8.3).  Assuming  an 
infinitely  thin  wire  loop  of  radius  a,  the  assumed  current  density  can  be  expressed  in 
cylindrical  coordinates  as  in  Eq.  (16.1.3): 

Jir')=  I^' 5{p'  -  a)5(z') 


The  radiation  vector  will  be: 

F  = 


J  Jir')e‘^^'^' d^r  =  5{p'  -  a)5iz') p'dp'dcp'dz'  (16.9.1) 


16.9.  Circular  Loops 
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Using  Eq.  (14.8.2),  we  have: 

k  -  r'  =  kiz cos  0  +  p sin 0)  ■  (z'z  +  p'p) 

=  kz  cos  Q  +  kp'  sin  6  (p  ■  p) 

=  kz'  cos  6  +  kp'  sin  6  cos  {(p'  -  cp) 

where  we  set  p  ■  p  =  cos  ip'  -  p),  as  seen  in  Fig.  16.8.1.  The  integration  in  Eq.  (16.9.1) 
conhnes  r'  to  the  xy-plane  and  sets  p'  =  a  and  z'  =  0.  Thus,  we  have  in  the  integrand: 

k-  r'  =  ka  sin  6  cos  ip'  -  p) 

Then,  the  radiation  vector  (16.9.1)  becomes: 

rZn  ^ 

F=Ia\  ^  (16.9.2) 

Jo 

We  note  in  Fig.  16.8.1  that  the  unit  vector  p  varies  in  direction  with  p'.  Therefore,  it 
proves  convenient  to  express  it  in  terms  of  the  unit  vectors  p,p  of  the  hxed  observation 
point  P.  Resolving  p  into  the  directions  p,p,we  have: 

p  =p  cosip  -p)-psmip  -  p) 

Changing  integration  variables  from  p'  to  p  =  p'  -  p,  we  write  Eq.  (16.9.2)  as: 

rZn 

F  =  la  \  ipcosp  - 
Jo 

The  second  term  is  odd  in  p  and  vanishes.  Thus, 

rZn 

F=Iap\  cos  dp  (16.9.3) 

Jo 

Using  the  integral  representation  of  the  Bessel  function  JiM, 

1 

JiM=  - — :  cos  p  dp 

2ttj  Jo 

we  may  replace  the  (p -integral  by  2Trj7i  ika  sin  0)  and  write  Eq.  (16.9.3)  as: 

F  =  F(i)p  =  2TTj la  Jiika  sin  6) p  (16.9.4) 

This  gives  the  radiation  vector  for  any  loop  radius.  If  the  loop  is  electrically  small, 
that  is,  ka  1,  we  may  use  the  hrst-order  approximation  Ji  (x)  ^  x/2,  to  get 

F  =  F(^p  =  Znjla  ^ka  sinOp  =  jlna^k  sinOp  (16.9.5) 

which  agrees  with  Eq.  (16.8.3),  with  m  =  IS  =  Ina^. 
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16.10  Square  Loops 

The  square  loop  of  Fig.  16.8.1  maybe  thought  of  as  four  separate  linear  antennas  repre¬ 
senting  the  four  sides.  Assuming  that  each  side  is  a  Hertzian  dipole  and  that  the  sides 
are  at  distances  ±1/2  from  the  origin,  we  can  write  the  current  densities  of  the  sides 
1, 2,  3, 4  as  follows: 

Ji(r)=  yll5ix-l/2)5iy)5iz) 

J2ir)  =  -xll5ix)5iy  -  l/2)5iz) 

J^ir)  =  -yll6ix  +  l/2)5iy)5iz) 
hir)=  xn5ix)5iy±ll2)5iz) 

The  currents  on  the  parallel  sides  1  and  3  combine  to  give: 


Ji(r)+73(r)=  -Ify 


-  5(x  +  ll2)-5(x-ll2) 

I 


5(y)5(z) 


where  we  multiplied  and  divided  by  a  factor  of  /.  In  the  limit  of  small  /,  we  may  replace 
the  quantity  in  the  bracket  by  the  derivative  5'  (x)  of  the  delta  function  5  (x) : 

Ji  (r)  +73  (r)  =  y  5'  (x)  5  (y)  5 (z) 

Similarly,  we  hnd  for  sides  2  and  4: 

72  (r)  +74  (r)  =  if  x6  (x)  5'  (y)  5  (z) 


Thus,  the  net  current  density  of  all  sides  is: 


7(r)  =  if  [its (x)  5'  (y)  -y  5'  (x)  5 (y)  ] 5 (z) 


(16.10.1) 


The  corresponding  radiation  vector  will  be: 


F  =  if  [x 5 ix' ) 5'  iy' )  -y  5'  ix' )5iy')]5iz') +kyy' +kzz') ^x'dy'dz' 


The  delta-function  integrations  can  be  done  easily  yielding: 

F  =  If  {-jkyX  +  jkxf) 

Using  Eq.  (16.1.4),  we  obtain 

F  =  jif  k  sin  6  i-xsinp  ±y  cos  p)  =  jifksinO  p  (16.10.2) 

which  agrees  with  Eq.  (16.8.3),  with  m  =  IS  =  lf. 


16.1 1.  Dipole  and  Quadrupole  Radiation 
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16.11  Dipole  and  Quadrupole  Radiation 

The  radiation  vector  F  of  a  current/charge  distribution  can  be  evaluated  approximately 
by  expanding  the  exponential  to  successive  powers  of  k\ 

F=  f  7(r')e-'''"^'d¥  =  f  [l +Jk  ■  r' +  ■  i')^+ ■  ■  ■  ]nT')d^r' 

Jv  Jv  2! 

=  [  J(r')(Pr'  +  {  j(k-r')J(r')(Pr'  +■■■  (16.11.1) 

Jv _ Jv 

elec,  dipole  magn.  dipole  &  elec,  quadrupole 

The  brst  term  is  the  electric  dipole  radiation  term  and  corresponds  to  the  Hertzian 
dipole  antenna.  The  second  term  incorporates  both  the  magnetic  dipole  (corresponding 
to  a  Hertzian  loop  antenna)  and  the  electric  quadrupole  terms. 

Higher  multipoles  arise  from  the  higher-order  terms  in  the  above  expansion.  A  sys¬ 
tematic  discussion  of  all  multipole  radiation  terms  requires  the  use  of  spherical  har¬ 
monics. 

Keeping  only  a  few  terms  in  the  above  expansion  is  a  good  approximation  to  F  pro¬ 
vided  kr'  1,  or  /  ^  A,  where  /  is  the  typical  dimension  of  the  current  source.  In 
general,  any  radiating  system  will  emit  radiation  of  various  multipole  types. 

The  electric  dipole  and  electric  quadrupole  moments  of  a  charge  distribution  are  de- 
hned  in  terms  of  the  following  hrst-  and  second-order  moments  of  the  charge  density: 

p=  r'pir')d^r'  (electric  dipole  moment)  (16.11.2) 

Jv 

D/j  =  J  r-rjpir)  d^r  (electric  quadrupole  moment)  (16.11.3) 

The  identity  of  Problem  14.2  is  useful  here  in  manipulating  the  successive  expansion 
terms  of  F.  Applying  the  identity  with  the  two  choices:  ^(r')  =  r-  and  ^(r')  =  we 
obtain  the  relationships: 


Jidh  =ja)  rjp{r)dh  =j(vpi 
Jv  Jv 

(16.11.4) 

+  r'jJi)  dh'  =jw  r[r'jP(Y')  dh'  =jwDij 

Thus,  the  lowest-order  term  in  Eq.  (16.11.1)  is  the  electric  dipole: 

[  7(r')  =  jcop  =  fei 

Jv 

In  the  second  term  of  Eq.  (16.11.1),  we  may  apply  the  vectorial  identity: 

{k  r')J=  t(r'  xj)xk+  ^[(k-r')J+  (k- J)r'] 
and  in  integrated  form: 

f  (k- r')Jd^r' =  ]-  {  (r  x  J)xkd^r' +  {  [(k  ■  r')J  +  (k  ■  J)r']  d^r  (16.11.5) 

Jv  2  Jv  2  Jv 
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1 6.  Linear  and  Loop  Antennas 


The  magnetic  moment  of  a  current  distribution  is  dehned  in  general  by 

m=if  r'xJir')d^r'  (magnetic  moment)  (16.11.6) 

2  Jv 

Therefore,  the  hrst  term  in  Eq.  (16.11.5)  may  be  written  as  m  x  k.  With  the  help  of 
the  second  identity  of  Eq.  (16.11.4),  the  last  term  of  (16.11.5)  maybe  written  in  terms  of 
the  quadrupole  matrix  D  acting  on  the  vector  k.  We  have  then  for  the  second  term  in 
the  expansion  (16.11.1): 

J  {k  •  r  )Jd^Y  =  J  m  X  k  —  —  CUDk  =  Fmag  +  T'quad  (16.11.7) 

Thus,  the  three  lowest-order  terms  of  F  are: 

(16.11.8) 

We  briehy  discuss  each  term.  Eor  a  Hertzian  dipole  antenna  with  J{r')=  zll  5^  (r') , 
only  the  hrst  term  of  (16.11.8)  is  non-zero  and  is  the  same  as  that  of  Sec.  16.2: 

fel  =  \  J(t')  d^T  =  Zll  =jWp 

Jv 

The  relationship  II  =  jcjop  may  be  understood  by  thinking  of  the  Hertzian  dipole  as 
two  opposite  time-varying  charges  ±q  separated  by  a  distance  /  (along  the  z-direction), 
so  that  p  =  ql.  It  follows  that  jcjop  =  p  =  ql  =  II. 

The  result  p  =  ql  may  also  be  applied  to  the  case  of  an  accelerated  charge.  Now  q  is 
constant  but  /  varies  with  time.  We  have  p  =  qt  =  qv  and  p  =  qv  =  qa,  where  a  is  the 
acceleration  a  =  v.  Eor  harmonic  time  dependence,  we  have  {j(jo)^p  =  qa.  The  total 
radiated  power  from  a  dipole  was  obtained  in  Eq.  (16.2.2).  Setting  k^\Il\^  =  k^\qv\^  = 
q^cjo^  |v|^/c^  =  q^\a\^/c^,  we  can  rewrite  Eq.  (16.2.2)  in  the  form: 

^  nd'^\a\^  ^  nd^a'Ls 
IZnc^  Snc^ 

where  rZrms  =  I rz I /a/2  is  the  rms  value  of  the  acceleration.  This  is  Larmor’s  classical 
expression  for  the  radiated  power  from  a  nonrelativistic  accelerated  charge. 

Eor  a  Hertzian  loop,  only  the  magnetic  moment  term  is  present  in  F.  We  may  verify 
the  result  that  m  =  zIS  using  the  dehnition  (16.11.6).  Indeed,  for  a  circular  loop: 

m  =  ^  J X  ^ip'  -  a)5{z')]p' dp' dcf)' dz' 

The  integrations  over  z'  and  p'  force  z'  =  0  and  p'  =  a,  and  therefore,  r'  =  ap  . 

^  t  '' ' 

Noting  that  p  xcf)  =  z  and  that  the  </>' -integration  contributes  a  factor  of  2tt,  we  obtain: 
m  =  ^a p  X  ^  Ia2TT  =  zlina^) 

Similarly,  inserting  Eq.  (16.10.1)  into  (16.11.6),  we  hnd  for  the  square  loop: 

m  =  ij(xx-ryy-rzz)x  [if  {x5ix)5'  (y)  -yd'  (x)  5  (y))  5  iz)]dxdy  dz  =  zif 
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For  the  electric  quadrupole  term,  the  matrix  D  is  sometimes  replaced  by  its  traceless 
version  dehned  by 

Qij  =  3Dij  -  5ijtr{D)=  -  6ijr'  ■  r')p(r')  dh'  ^  Q  =  3D  -ltr(D) 

SO  that  tr  (Q)  =  0.  In  this  case,  the  vector  Dk  may  be  expressed  as 

Dk=  tQk+  ttr(D)k 

The  second  term  may  be  ignored  because  it  does  not  contribute  to  the  radiation 
helds,  which  depend  only  on  the  part  of  F  transverse  to  k.  Thus,  without  loss  of  gener¬ 
ality  we  may  also  write; 

F  =  jcop  +  Jmx  k  -  -  cjoQk 
6 

The  electric  and  magnetic  dipoles  have  angular  gain  patterns  that  are  identical  to 
the  Hertzian  dipole  and  Hertzian  loop  antennas,  that  is,  sin^  6.  The  quadrupole  term, 
on  the  other  hand,  can  have  a  complicated  angular  pattern  as  can  be  seen  by  expressing 
the  vector  Qk  =  kQr  explicitly  in  terms  of  the  angles  6,  <p: 


■  Qxx 

Qxy 

Qxz 

sin  0  COS  (p 

Qf  = 

Qyx 

Q-yy 

Qyz 

sinO  smcp 

Q,zx 

Qzy 

Q.ZZ 

cos  6 

16.12  Problems 

16.1  Computer  Experiment— Dipoles.  Reproduce  the  results  and  graphs  of  Fig.  16.4.2,  and  calcu¬ 
late  the  corresponding  directivities  in  dB. 

16.2  Derive  Eq.  (16.3.7)  for  the  input  resistance  of  a  dipole  antenna. 

16.3  Derive  Eq.  (16.6.6)  for  the  tilt  angle  of  a  traveling  wave  antenna  by  reducing  the  problem  to 
that  of  finding  the  maximum  of  the  function  sin^  (ttx)  /x  in  the  interval  [0, 1] . 

16.4  Computer  Experiment-Traveling  Wave  Antennas.  Reproduce  the  results  and  graphs  of  Eig.  16.6.2. 
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Radiation  from  Apertures 


17.1  Field  Equivalence  Principle 


The  radiation  fields  from  aperture  antennas,  such  as  slots,  open-ended  waveguides, 
horns,  reflector  and  lens  antennas,  are  determined  from  the  knowledge  of  the  fields 
over  the  aperture  of  the  antenna. 

The  aperture  fields  become  the  sources  of  the  radiated  fields  at  large  distances.  This 
is  a  variation  of  the  Huygens -Fresnel  principle,  which  states  that  the  points  on  each 
wavefront  become  the  sources  of  secondary  spherical  waves  propagating  outwards  and 
whose  superposition  generates  the  next  wavefront. 

Let  Ea,Ha  be  the  tangential  fields  over  an  aperture  A,  as  shown  in  Fig.  17.1.1.  These 
fields  are  assumed  to  be  known  and  are  produced  by  the  sources  to  the  left  of  the  screen. 
The  problem  is  to  determine  the  radiated  fields  Eir) ,  H(r)  at  some  far  observation  point. 

The  radiated  fields  can  be  computed  with  the  help  of  the  field  equivalence  principle 
[1112-1118,11671,  which  states  that  the  aperture  fields  maybe  replaced  by  equivalent 
electric  and  magnetic  surface  currents,  whose  radiated  fields  can  then  be  calculated  using 
the  techniques  of  Sec.  14.10.  The  equivalent  surface  currents  are: 


Js  =  nx  Ha  (electric  surface  current) 
Jms  =  -nx  Ea  (magnetic  surface  current) 


(17.1.1) 


where  h  is  a  unit  vector  normal  to  the  surface  and  on  the  side  of  the  radiated  fields. 

Thus,  it  becomes  necessary  to  consider  Maxwell’s  equations  in  the  presence  of  mag¬ 
netic  currents  and  derive  the  radiation  fields  from  such  currents. 

The  screen  in  Fig.  17.1.1  is  an  arbitrary  infinite  surface  over  which  the  tangential 
fields  are  assumed  to  be  zero.  This  assumption  is  not  necessarily  consistent  with  the 
radiated  field  solutions,  that  is,  Eqs.  (17.4.9).  A  consistent  calculation  of  the  fields  to 
the  right  of  the  aperture  plane  requires  knowledge  of  the  fields  over  the  entire  aperture 
plane  (screen  plus  aperture.) 

However,  for  large  apertures  (with  typical  dimension  much  greater  than  a  wave¬ 
length),  the  approximation  of  using  the  fields  Ea,Ha  only  over  the  aperture  to  calculate 
the  radiation  patterns  is  fairly  adequate,  especially  in  predicting  the  main-lobe  behavior 
of  the  patterns. 


Field  Equivalence  Principle 
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17.1. 


Fig.  17.1.1  Radiated  fields  from  an  aperture. 


The  screen  can  also  be  a  perfectly  conducting  surface,  such  as  a  ground  plane,  on 
which  the  aperture  opening  has  been  cut.  In  reflector  antennas,  the  aperture  itself  is 
not  an  opening,  but  rather  a  reflecting  surface.  Fig.  17.1.2  depicts  some  examples  of 
screens  and  apertures:  (a)  an  open-ended  waveguide  over  an  inhnite  ground  plane,  (b) 
an  open-ended  waveguide  radiating  into  free  space,  and  (c)  a  reflector  antenna. 


There  are  two  alternative  forms  of  the  held  equivalence  principle,  which  maybe  used 
when  only  one  of  the  aperture  helds  Ea  or  Ha  is  available.  They  are: 


Js  =  0 

Jms  ~  “2(hx£'fl) 


(perfect  magnetic  conductor) 


(17.1.2) 


Js  =  2inxHa) 
Jms  —  0 


(perfect  electric  conductor) 


(17.1.3) 


They  are  appropriate  when  the  screen  is  a  perfect  electric  conductor  (PEC)  on  which 
Ea  =  0,  or  when  it  is  a  perfect  magnetic  conductor  (PMC)  on  which  Ha  =  0. 
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1  7.  Radiation  from  Apertures 


Using  image  theory,  the  perfect  electric  (magnetic)  conducting  screen  can  be  elimi¬ 
nated  and  replaced  by  an  image  magnetic  (electric)  surface  current,  doubling  its  value 
over  the  aperture.  The  image  held  causes  the  total  tangential  electric  (magnetic)  held  to 
vanish  over  the  screen. 

If  the  tangential  helds  Ea,Ha  were  known  over  the  entire  aperture  plane  (screen  plus 
aperture),  the  three  versions  of  the  equivalence  principle  would  generate  the  same  radi¬ 
ated  helds.  But  because  we  consider  Ea,Ha  only  over  the  aperture,  the  three  versions 
give  slightly  different  results. 

In  the  case  of  a  perfectly  conducting  screen,  the  calculated  radiation  helds  (17.4.10) 
using  the  equivalent  currents  (17.1.2)  are  consistent  with  the  boundary  conditions  on 
the  screen. 


1 7.2  Magnetic  Currents  and  Duality 


Next,  we  consider  the  solution  of  Maxwell’s  equations  driven  by  the  ordinary  electric 
charge  and  current  densities  p,J,  and  in  addition,  by  the  magnetic  charge  and  current 
densities  Pm,Jm- 

Although  pm,Jm  are  hctitious,  the  solution  of  this  problem  will  allow  us  to  identify 
the  equivalent  magnetic  currents  to  be  used  in  aperture  problems,  and  thus,  establish 
the  held  equivalence  principle.  The  generalized  form  of  Maxwell’s  equations  is: 


V  xH  =  J  +  jcveE 
V  ■  E=^p 

V  X  £  =  -Jm  -JCOpH 

V  ■  H  =  —  Pm 


(17.2.1) 


There  is  now  complete  symmetry,  or  duality,  between  the  electric  and  the  magnetic 
quantities.  In  fact,  it  can  be  verihed  easily  that  the  following  duality  transformation 
leaves  the  set  of  four  equations  invariant: 


E  — 

H 

J  *■  Jm 

A  — 

Am 

H  — 

-E 

P  ^  Pm 

cp  — 

tPm 

e  — ► 

P 

2 

1 

1 

Am  ^ 

-A 

P  — 

e 

2 

1 

1 

tPm  ^ 

-tp 

(duality) 


(17.2.2) 


where  (p,A  and  (Pm,^m  are  the  corresponding  scalar  and  vector  potentials  introduced 
below.  These  transformations  can  be  recognized  as  a  special  case  (for  a  =  n 1 2)  of  the 
following  duality  rotations,  which  also  leave  Maxwell’s  equations  invariant: 


E' 

rif 

np' 

COS  a 

sin  a 

E 

riJ 

np 

r]H' 

J  m 

Pm 

-  sin  a 

cos  a 

r]H 

Jm 

Pm 

Under  the  duality  transformations  (17.2.2),  the  hrst  two  of  Eqs.  (17.2.1)  transform 
into  the  last  two,  and  conversely,  the  last  two  transform  into  the  hrst  two. 
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A  useful  consequence  of  duality  is  that  if  one  has  obtained  expressions  for  the  elec¬ 
tric  held  E,  then  by  applying  a  duality  transformation  one  can  generate  expressions  for 
the  magnetic  held  H.  We  will  see  examples  of  this  property  shortly. 

The  solution  of  Eq.  (17.2.1)  is  obtained  in  terms  of  the  usual  scalar  and  vector  po¬ 
tentials  qp,A,  as  well  as  two  new  potentials  cpm^Am  of  the  magnetic  type: 


E  =  -Vqp  -jcoA  -  -  V  X  An 


H  =  -S/qprn  -j(^Am  -  V  X  A 


(17.2.4) 


The  expression  for  H  can  be  derived  from  that  of  £  by  a  duality  transformation  of 
the  form  (17.2.2).  The  scalar  and  vector  potentials  satisfy  the  Lorenz  conditions  and 
Helmholtz  wave  equations: 


V  ■  A  -r  jcjoep  cp  =  0 

V  •  Am  +jCO£IAqpm  =  0 

V^cp  -r  k^qp  =  -  — 

and 

VVm  +  V(Pm  =  -  — 

€ 

d 

V^A-hk^A=  -pj 

V^Ajn  +  V  Ayyt  =  —Cjm 

(17.2.5) 


The  solutions  of  the  Helmholtz  equations  are  given  in  terms  of  G  (r  -  r' )  =  - 

(p(r)  =  \  -  p{r')G{r -r')  dV' ,  cpmM  =  \  -  Prnir')Gir  -  r)  dV' 

Jv  e  Jv  p 

A(r)  =  \  iJj{r')G{r-r')dV',  Amir)  =  {  eJmir')Gir-r')dV' 

Jv  Jv 


e-Jfcir-r'i 
4Tr|r  -  r'l 


(17.2.6) 


where  V  is  the  volume  over  which  the  charge  and  current  densities  are  nonzero.  The 
observation  point  r  is  taken  to  be  outside  this  volume.  Using  the  Lorenz  conditions,  the 
scalar  potentials  may  be  eliminated  in  favor  of  the  vector  potentials,  resulting  in  the 
alternative  expressions  for  Eq.  (17.2.4): 


E-  .  ^ 

[V(V  ■A)+Va]  -  tv  xAm 

jcope 

H= 

[V(V  •  Am)  ~^k^  A  m^  ^  XA 

jcvpe 

P 

(17.2.7) 


These  may  also  be  written  in  the  form  of  Eq.  (14.3.9): 


E=  -T^[V  X  iV  XA)-pJ]--V  XAm 
jcvpe  e 

H=  [V  X  (V  XAm)-eJm]  +  -^  X  A 

jcvpe  p 


(17.2.8) 
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1  7.  Radiation  from  Apertures 


Replacing  A,  Am  in  terms  of  Eq.  (17.2.6),  we  may  express  the  solutions  (17.2.7)  di¬ 
rectly  in  terms  of  the  current  densities: 


£=4-  f  [VjG+  {J-V')V'G-J(V€JmXV'G]dV' 
jcve  Jv 

H=4-  f  [Vj„,G+  {Jrr,-V')V'G+j(vuJxV'G]dV' 
jcvp  Jv 

Alternatively,  if  we  also  use  the  charge  densities,  we  obtain  from  (17.2.4): 

=  f  [—jwp  JG  -i-  —  V  G  —  Jm  X  V  G] dV 
Jv  € 

{  \-jweJmG+—V'G+JxV'G]dV' 

Jv  P 


(17.2.9) 


(17.2.10) 


17.3  Radiation  Fields  from  Magnetic  Currents 

The  radiation  helds  of  the  solutions  (17.2.7)  can  be  obtained  by  making  the  far-held 
approximation,  which  consists  of  the  replacements: 


^-jk\r-r'\ 


^jk  r'  y  _  _jj^ 


(17.3.1) 


4Tr|r-r'|  4Trr 

where  k  =  kr.  Then,  the  vector  potentials  of  Eq.  (17.2.6)  take  the  simplihed  form: 

p-jkr  p-jkr 

A(r)  =  p  - - EiO,  (t>)  ,  Am  (r)  =  e  - - Em  (9,  0)  (17.3.2) 

4Trr  4Trr 

where  the  radiation  vectors  are  the  Eourier  transforms  of  the  current  densities: 


F{9,(b)  = 

J(r' dV 

JV 

Fm(0,<P)  =  J 

Jm(r')e'"-''dV 

V 

(radiation  vectors)  (17.3.3) 


Setting  J  =  Jm  =  0  in  Eq.  (17.2.8)  because  we  are  evaluating  the  helds  far  from  the 
current  sources,  and  using  the  approximation  V  =  -jk  =  -jkr,  and  the  relationship 
k/e  =  cjor],we  hnd  the  radiated  E  and  H  helds: 

Q-jkr 

E=  -ja)[f  X  (Axf)-r)f  X  Am]  =  -jk- - f  x  [rjFxi-  Fm] 

47Tr 


/CO  ik  c 

-- —  \rirx  (A^  X  f )  -rf  X  a1  =  -  - - f  x  \riE+  EmXr] 

p  P  Attv 


(17.3.4) 


These  generalize  Eq.  (14.10.2)  to  magnetic  currents.  As  in  Eq.  (14.10.3),  we  have: 


H=-rxE 

n 


(17.3.5) 
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Noting  that  f  x  (F  x  f )  =  OFq  +  and  f  x  F  =  -  OFcj^,  and  similarly  for  Fm, 

we  find  for  the  polar  components  of  Eq.  (17.3.4): 

^  +fm0)+^(f7f<#.  -fme)] 

^Jkr  (17.3.6) 

^ ■  Fme)+^(r]Fe  +  Fm^) ] 

The  Poynting  vector  is  given  by  the  generalization  of  Eq.  (15.1.1): 

T  =  ^Re{ExH*)=r  [InFe  +  F„r4,\^  +  \r]F^  -  F^gl^]  =  rTr  (17.3.7) 

and  the  radiation  intensity: 

dP 

^  =  3277^^''’^'^  \nF^-F„,e\^  (17.3.8) 

1 7.4  Radiation  Fields  from  Apertures 


Eor  an  aperture  antenna  with  effective  surface  currents  given  by  Eq.  (17.1.1),  the  volume 
integrations  in  Eq.  (17.2.9)  reduce  to  surface  integrations  over  the  aperture  A\ 


E=  4-  f  [(Js-V')S7'G  +  k^JsG-ju}eUsX'^'G]dS' 

J(JJ€  JA 

H  =  ^  f  [  iJms  ■  ^  ^  G  +  k^ Jms  G  +  jcvfl  Js  G]dS 
jcop  JA 

and,  explicitly  in  terms  of  the  aperture  helds  shown  in  Eig.  17.1.1: 


(17.4.1) 


(17.4.2) 

These  are  known  as  Kottler’s  formulas  [1116-1121,1111,1122-1126].  We  derive  them 
in  Sec.  17.12.  The  equation  for  H  can  also  be  obtained  from  that  of  E  by  the  application 
of  a  duality  transformation,  that  is,  Ea  ^  Ha,  Ha  -Ea  and  e  ^  fi,  fi  ^  e. 

In  the  far-held  limit,  the  radiation  helds  are  still  given  by  Eq.  (17.3.6),  but  now  the 
radiation  vectors  are  given  by  the  two-dimensional  Eourier  transform-like  integrals  over 
the  aperture: 


F(0,</))  = 

f  dS' =  \  hxHa{r')ej'‘-’^'  dS' 

J 

U  Ja 

Emi0,4>)  =  J 

\  Jms  (r  =  -  [  nx  Ea(r')e>'‘F  dS' 

U  Ja 

(17.4.3) 
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1  7.  Radiation  from  Apertures 


Fig.  17.4.1  Radiation  helds  from  an  aperture. 


Eig.  17.4.1  shows  the  polar  angle  conventions,  where  we  took  the  origin  to  be  some¬ 
where  in  the  middle  of  the  aperture  A. 

The  aperture  surface  A  and  the  screen  in  Eig.  17.1.1  can  be  arbitrarily  curved.  How¬ 
ever,  a  common  case  is  to  assume  that  they  are  both  hat.  Then,  Eqs.  (17.4.3)  become 
ordinary  2-d  Eourier  transform  integrals.  Taking  the  aperture  plane  to  be  the  xy-plane 
as  in  Eig.  17.1.1,  the  aperture  normal  becomes  h  =  z,  and  thus,  it  can  be  taken  out  of 
the  integrands.  Setting  dS'  =  dx'dy' ,  we  rewrite  Eq.  (17.4.3)  in  the  form: 


E{e,cf) 

EmiO,(f) 


\  Jsir')e^^'^' dx  dy' =  zx  \  HaG')e^^'^  dx'dy' 

JA  JA 

\  J  ms  ir' )  dx'dy'  =  -zx\  Ea{r')e^^'^'  dx'dy' 
Ja  Ja 


(17.4.4) 


where  and  kx  =  kcostpsinO,  ky  =  k sine/)  sin 0.  It  proves  conve¬ 

nient  then  to  introduce  the  two-dimensional  Fourier  transforms  of  the  aperture  helds: 


f(0,4>)  = 

{  EaG')e^^'^'  dx' dy'  = 

\  Ea  {x' ,y' )  dx'dy' 

JA 

fA 

g{0,4>)  = 

\  Ha{r')ej^'^'  dx'dy'  =  1 

Ha  ix' dx'dy' 

)A  J 

A 

Then,  the  radiation  vectors  become: 

F(0,0)  =  z  X  g{6,cl)) 
Fm{0,cl))  =  -z  X  f(^,0) 


(17.4.6) 


Because  Ea,Ha  are  tangential  to  the  aperture  plane,  they  can  be  resolved  into  their 
cartesian  components,  for  example,  Ea  =  xEax  +  fEay-  Then,  the  quantities  f,  g  can  be 
resolved  in  the  same  way,  for  example,  f  =  x/x  +  y/y.  Thus,  we  have: 
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F=  zx  g  =  zx  {xgx  +  fgy)  =  fgx  -  xgy 

(17.4.7) 

Fm  =  -zx  f=  -z  X  {xfx^yfy)=xfy-yf^ 

The  polar  components  of  the  radiation  vectors  are  determined  as  follows: 

Fe  =  0  ■  F  =  0  ■  iygx-xgy)=gxsm(p  cos  6  -  gy  cos  (p  cos  6 

where  we  read  off  the  dot  products  {0  ■  x)  and  (0  ■  y)  from  Eq.  (14.8.3).  The  remaining 
polar  components  are  found  similarly,  and  we  summarize  them  below: 

Fe  =  -  cos  6  {gy  cos  p  -  gxsinp) 

F(i)  =  gx  cos  p  +  gy  sin  p 

Fme  =  cos  6  {fy  cos  p  -fxsinp) 

Fm4)  =  -  {fx  cos  p  +fysmp) 

It  follows  from  Eq.  (17.3.6)  that  the  radiated  T-held  will  be: 


(17.4.8) 


Q-jkr 

Fe  =  jk  [  {fx  cos  p-^fy  sinp)  +/7  cos  6  {gy  cos  p  -  gx  sinp)  ] 


Fci>  =  jk 


Q-jkr 

Attv 


[cos  6  {fy  cos  p  -  fx  sinp) -g{gx  cos  p  +  gy  sinp)  ] 


(17.4.9) 


The  radiation  helds  resulting  from  the  alternative  forms  of  the  held  equivalence 
principle,  Eqs.  (17.1.2)  and  (17.1.3),  are  obtained  from  Eq.  (17.4.9)  by  removing  the  g-  or 
the  f-terms  and  doubling  the  remaining  term.  We  have  for  the  PEC  case: 


Q-jkr 

=  2Jk  [fx  cos  4>  + fy  sin  4>] 


E4,  =  2jk 


Anr 

Q-jkr 

Anr 


cos  6  {fy  cos  p  -  fx  sinp)] 


and  for  the  PMC  case: 


(17.4.10) 


Q-jkr 

Ee  =  2jk  cos  6  {gy  cos  p  -  gx  sinp)] 

^-jkr 

E4>  =  2Jk  ^;^[-n{gxCOS(p  +  gysincp)] 


(17.4.11) 


In  all  three  cases,  the  radiated  magnetic  helds  are  obtained  from: 


He  =  — E(i) ,  =  —  Ee 


(17.4.12) 
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We  note  thatEq.  (17.4.9)  is  the  average  of  Eqs.  (17.4.10)  and  (17.4.11).  Also,  Eq.  (17.4.11) 
is  the  dual  of  Eq.  (17.4.10).  Indeed,  using  Eq.  (17.4.12),  we  obtain  the  following  H- 
components  for  Eq.  (17.4.11),  which  can  be  derived  from  Eq.  (17.4.10)  by  the  duality 
transformation  Ea^  Ha  or  f^g\ 


He  =  2jk  [gx  cos  <t>  +  gy  sm<^] 

^-Jkr 

H(^  =  2jk  [cos  6  {gy  cos  p  -  gxSinp)] 


(17.4.13) 


At  6  =  90°,  the  components  Ecj),  H(^  become  tangential  to  the  aperture  screen.  We 
note  that  because  of  the  cos  6  factors,  Ecj)  (resp.  iT(^)  will  vanish  in  the  PEC  (resp.  PMC) 
case,  in  accordance  with  the  boundary  conditions. 


17.5  Huygens  Source 


The  aperture  helds  Ea,Ha  are  referred  to  as  Huygens  source  if  at  all  points  on  the 
aperture  they  are  related  by  the  uniform  plane-wave  relationship: 


Ha 


—  hxEa 

n 


(Huygens  source) 


(17.5.1) 


where  g  is  the  characteristic  impedance  of  vacuum. 

Eor  example,  this  is  the  case  if  a  uniform  plane  wave  is  incident  normally  on  the 
aperture  plane  from  the  left,  as  shown  in  Pig.  17.5.1.  The  aperture  helds  are  assumed  to 
be  equal  to  the  incident  helds,  Ea  =  Tine  and  Ha  =  Hmc,  and  the  incident  helds  satisfy 
Hinc  =  Z  X  Einc  /  h  ■ 


observation  point 
E{r),  H{r) 


z 


Fig.  17.5.1  Uniform  plane  wave  incident  on  an  aperture. 


The  Huygens  source  condition  is  not  always  satished.  Eor  example,  if  the  uniform 
plane  wave  is  incident  obliquely  on  the  aperture,  then  g  must  be  replaced  by  the  trans¬ 
verse  impedance  gr,  which  depends  on  the  angle  of  incidence  and  the  polarization  of 
the  incident  wave  as  discussed  in  Sec.  7.2. 


17.5.  Huygens  Source 
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Similarly,  if  the  aperture  is  the  open  end  of  a  waveguide,  then  rj  must  be  replaced  by 
the  waveguide’s  transverse  impedance,  such  as  r/rr  or  r/^M,  depending  on  the  assumed 
waveguide  mode.  On  the  other  hand,  if  the  waveguide  ends  are  flared  out  into  a  horn 
with  a  large  aperture,  then  Eq.  (17.5.1)  is  approximately  valid. 

The  Huygens  source  condition  implies  the  same  relationship  for  the  Fourier  trans¬ 
forms  of  the  aperture  helds,  that  is,  (with  h  =  z) 

(17.5.2) 

Inserting  these  into  Eq.  (17.4.9)  we  may  express  the  radiated  electric  held  in  terms 
of  f  only.  We  hnd: 


(17.5.3) 


The  factor  (1  -rcos  6)  /2is  known  as  an  obliquity  factor.  The  PEC  case  of  Eq.  (17.4.10) 
remains  unchanged  for  a  Huygens  source,  but  the  PMC  case  becomes: 


Ee  =  V, - cos  6  [fx  cos  (f  fy  smcf] 

ZTtr 

Q-Jkr 

E4>  =  [fy  ™s  (f)-fxsm4>] 


(17.5.4) 


We  may  summarize  all  three  cases  by  the  single  formula: 


Q-jkr 

Ee  =  Jk  C0  [fx  cos  4> +  fy  sincp] 


E4,  =  jk  [fy  cos  4>-fxsm(p] 


(helds  from  Huygens  source)  (17.5.5) 


where  the  obliquity  factors  are  dehned  in  the  three  cases: 


Ce  1  1+COS0  1  COS0  f 

=  -  .  ^  ^  .  (obliquity  factors)  (17.5.6) 

Ccf)  ]  2  L  1  +  cos  0  J  ’  [  cos  0  J  ’  [  1  ^  ^ 

We  note  that  the  hrst  is  the  average  of  the  last  two.  The  obliquity  factors  are  equal  to 
unity  in  the  forward  direction  0  =  0°  and  vary  little  for  near-forward  angles.  Therefore, 
the  radiation  patterns  predicted  by  the  three  methods  are  very  similar  in  their  mainlobe 
behavior. 

In  the  case  of  a  modified  Huygens  source  that  replaces  q  by  r/r,  Eqs.  (17.5.5)  retain 
their  form.  The  aperture  helds  and  their  Fourier  transforms  are  now  assumed  to  be 
related  by: 


Inserting  these  into  Eq.  (17.4.9),  we  obtain  the  modified  obliquity  factors: 

C0  =  t  [1 +XCOS0]  ,  CA  =  t  [X  +  COS0]  ,  K=—  (17.5.8) 

2  2  qr 
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1 7.6  Directivity  and  Effective  Area  of  Apertures 

For  any  aperture,  given  the  radiation  helds  E’0,E’(^  of  Eqs.  (17.4.9)-(17.4.11),  the  corre¬ 
sponding  radiation  intensity  is: 

^  =  CTr  =  C  f^[\Ee\^  +  \E4,\^]  =  |£(0,<^)|2  (17.6.1) 

Because  the  aperture  radiates  only  into  the  right  half-space  0  <  0  <  Tr/2,  the  total 
radiated  power  and  the  effective  isotropic  radiation  intensity  will  be: 


-7T/2  rZn 

Prad=  Uie,cf)dn,  Ui  = 

Jo  Jo 


(17.6.2) 


The  directive  gain  is  computed  by  D  (0 ,  (f)  =  U  (6,  <p)  /Uj,  and  the  normalized  gain 
by  ^(0,(/))=  1/(0, 0) /[/max-  For  a  typical  aperture,  the  maximum  intensity  Umax  is 
towards  the  forward  direction  0  =  0°.  In  the  case  of  a  Huygens  source,  we  have: 

U(9,4>)=  [c  glfxcos  <t)  +  fy  Sincfl^  +  c^|fycos0  -  fxsm</)|2]  (17.6.3) 

Assuming  that  the  maximum  is  towards  0  =  0°,  then  cq  =  Ccf  =  1,  and  we  hnd  for 
the  maximum  intensity: 

1^2 

f/max  =  [l/xCOSc/)  +fy  sine/)  1 2  +  |fy  COS  </)  -  fx  SUl  0  1^] 

"  87T^  l^yl'^]0=O  =  Ifimax 

where  =  [\fx\^  +  \fy\^]e=o-  Setting  k  =  2tt/A,  we  have: 


^max  2\^q  ‘  ' 

It  follows  that  the  normalized  gain  will  be: 

CgIfxCOScf  +  fySincfP +c^|fyCOS<f -fxSin<f|2 

gid,4>)= - rj7-2 -  (17. 

I  /  I  max 

In  the  case  of  Eq.  (17.4.9)  with  cq  =  c^=  (1  -r  cos  0)  /  2,  this  simplihes  further  into: 


cllfx  cos  (f  fy  sin  -r  c||/y  cos  0  -  fx  sine/)  | 


(17.6.4) 


(17.6.5) 


gi0,cf)  =  c^, 


2  Ifxl^  +  \fy\^  _  (  1  COS0^^  |f(0,  )  1^ 


(17.6.6) 


The  square  root  of  the  gain  is  the  (normalized)  held  strength: 


(1  +  cos  0  ^ 

if(0,<f)i 

V  2  J 

'  Ifimax 

(17.6.7) 


The  power  computed  by  Eq.  (17.6.2)  is  the  total  power  that  is  radiated  outwards  from 
a  half-sphere  of  large  radius  r.  An  alternative  way  to  compute  Prad  is  to  invoke  energy 
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conservation  and  compute  the  total  power  that  flows  into  the  right  half-space  through 
the  aperture.  Assuming  a  Huygens  source,  we  have: 

Prad  =  [  TzdS'  =  l  {  z  ■  Re[Ea  X  dS'  =  ^  [  \Eair') \^dS'  (17.6.8) 

JA  2  Ja  2/7  Ja 

Because  6  =  0  corresponds  to  kx  =  ky  =  0,  it  follows  from  the  Fourier  transform 
definition  (17.4.5)  that: 


in 


2 

max 


f  Ea{r'  )ej'^  '^' dS' 

JA 


k.x  —  —  0 


Therefore,  the  maximum  intensity  is  given  by: 

Dividing  (17.6.9)  by  (17.6.8),  we  find  the  directivity: 


\  Eair')dS' 
JA 

\  Eair')dS' 

Ja 


(17.6.9) 


D  -  4tt  - 

\  Ea{T')dS' 
Ja 

2 

4TrAeff 

D^ax  -  47T 

lEa(r')l^dS' 

A 

(directivity)  (17.6.10) 


It  follows  that  the  maximum  effective  area  of  the  aperture  is: 


(effective  area) 


(17.6.11) 


and  the  aperture  efficiency. 


(aperture  efficiency) 


(17.6.12) 


The  inequalities  in  Eqs.  (17.6.11)  and  (17.6.12)  can  be  thought  of  as  special  cases  of 
the  Cauchy-Schwarz  inequality.  It  follows  that  equality  is  reached  whenever  Ea  (r' )  is 
uniform  over  the  aperture,  that  is,  independent  of  r'. 

Thus,  uniform  apertures  achieve  the  highest  directivity  and  have  effective  areas  equal 
to  their  geometrical  areas. 

Because  the  integrand  in  the  numerator  of  ea  depends  both  on  the  magnitude  and  the 
phase  of  Ea,  it  proves  convenient  to  separate  out  these  effects  by  defining  the  aperture 
taper  efficiency  or  loss,  e^n,  and  the  phase  error  efficiency  or  loss,  gpei,  as  follows: 


\  \Eair)\dS' 
JA 


1  I"  |£a(r')l‘ 

JA 


dS' 


^pel  “ 


\  Eair')dS' 

JA 


\  \Eair')\dS' 
JA 


(17.6.13) 


so  that  ea  becomes  the  product: 


—  ^atl  6pel 


(17.6.14) 
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17.7  Uniform  Apertures 

In  uniform  apertures,  the  fields  Ea,Ha  are  assumed  to  be  constant  over  the  aperture 
area.  Fig.  17.7.1  shows  the  examples  of  a  rectangular  and  a  circular  aperture.  For  con¬ 
venience,  we  will  assume  a  Huygens  source. 


Fig.  17.7.1  Uniform  rectangular  and  circular  apertures. 


The  field  Ea  can  have  an  arbitrary  direction,  with  constant  x-  and  y-components, 
Ea  =  xEqx  +  yEoy.  Because  Ea  is  constant,  its  Fourier  transform  f(^.  0)  becomes: 

fi0,<l>)=\  (r' )&"'■'■' f  dS'  =Af{0,<l>)Ea  (17.7.1) 

JA  JA 

where  we  introduced  the  normalized  scalar  quantity: 


A 


dS' 


(uniform-aperture  pattern) 


(17.7.2) 


The  quantity/"  i6,<p)  depends  on  the  assumed  geometry  of  the  aperture  and  it,  alone, 
determines  the  radiation  pattern.  Noting  that  the  quantity  \Ea\  cancels  out  from  the 
ratio  in  the  gain  (17.6.7)  and  that  f  (0,  <p)  =  (1/A)  £4  dS'  =  1,  we  find  for  the  normalized 
gain  and  field  strengths: 


\Eie,cf)\ 

\E  I  max 


^g{0,<l>)  =  +  \f{0,4>)\ 


(17.7.3) 


17.8  Rectangular  Apertures 

For  a  rectangular  aperture  of  sides  a,  b,  the  area  integral  (17.7.2)  is  separable  in  the  x- 
and  y-directions: 

1  rCll2  rb/2  -j  rCll2  -i  rb/2 

f(0,^)=  y  dx' dy'  =  -  dx'  ■  f  dy' 

ab  J-a/2  J-b/2  a  J-a/2  bJ-b/2 


where  we  placed  the  origin  of  the  r'  integration  in  the  middle  of  the  aperture.  The  above 
integrals  result  in  the  sinc-function  patterns: 


17.8.  Rectangular  Apertures 
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Fig.  17.8.1  shows  the  three-dimensional  pattern  of  Eq.  (17.7.3)  as  a  function  of  the 
independent  variables  Vx,Vy,  for  aperture  dimensions  a  =  8\  and  b  =  4A.  The  x,y 
separability  of  the  pattern  is  evident.  The  essential  MATLAB  code  for  generating  this 
hgure  was  (note  MATLAB’s  dehnition  of  sinc(x)  =  sin(Trx)  /  (ttx)): 


Fig.  17.8.1  Radiation  pattern  of  rectangular  aperture  (a  =  8\,  b  =  4 A). 


a  =  8;  b  =  4; 

[theta, phi]  =  meshgrid(0:l:90,  0:9:360); 
theta  =  theta*pi/180;  phi  =  phi*pi/180; 

vx  =  a*si n (theta) . *cos (phi )  ; 
vy  =  b*si n (theta) . *si n (phi ) ; 

E  =  abs((l  +  cos(theta))/2  .*  sinc(vx)  .*  sinc(vy)); 
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surf] (vx,vy,E) ; 

shading  interp;  col ormap(gray(16)) ; 


As  the  polar  angles  vary  over  0  <  0  <  90°  and  0  <  (p  <  360°,  the  quantities  Vx  and 
Vy  vary  over  the  limits  -a/ \  <  Vx  <  a/ \  and  -b/\  <  Vy  <  b/\.  In  fact,  the  physically 
realizable  values  of  Vx,  Vy  are  those  that  lie  in  the  ellipse  in  the  VxVy -plane: 

(visible  region)  (17.8.4) 

The  realizable  values  of  Vx.Vy  are  referred  to  as  the  visible  region.  The  graph  in 
Fig.  17.8.1  restricts  the  values  of  Vx,  Vy  within  that  region. 

The  radiation  pattern  consists  of  a  narrow  mainlobe  directed  towards  the  forward 
direction  0  =  0°  and  several  sidelobes. 

We  note  the  three  characteristic  properties  of  the  sinc-function  patterns:  (a)  the  3- 
dB  width  in  v-space  is  Z\Vx  =  0.886  (the  3-dB  wavenumber  is  Vx  =  0.443);  (b)  the  hrst 
sidelobe  is  down  by  about  13.26  dB  from  the  mainlobe  and  occurs  at  Vx  =  1.4303;  and 
(c)  the  hrst  null  occurs  at  Vx  =  1.  See  Sec.  19.7  for  the  proof  of  these  results. 

The  3-dB  width  in  angle  space  can  be  obtained  by  linearizing  the  relationship  Vx  = 
(rz/A)sin0  about  6  =  0°,  that  is,  Z\Vx  =  (rz/A)Z\0  cos  0  |  =  aA0/\.  Thus,  A0  = 

AAVx/a.  This  ignores  also  the  effect  of  the  obliquity  factor.  It  follows  that  the  3-dB 
widths  in  the  two  principal  planes  are  (in  radians  and  in  degrees): 

40;,  =  0.886  -  =  50.76°  -  ,  40y  =  0.886  ^  =  50.76°  ^  (17.8.5) 

a  a  ^  b  b 

The  3-dB  angles  are  0x  =  A0x/2  =  25.4°  A/rz  and  0y  =  A0y/2  =  25.4°  A/h. 
Fig.  17.8.2  shows  the  two  principal  radiation  patterns  of  Eq.  (17.7.3)  as  functions  of 
0,  for  the  case  a  =  8\,  b  =  4\.  The  obliquity  factor  was  included,  but  it  makes  essen¬ 
tially  no  difference  near  the  mainlobe  and  hrst  sidelobe  region,  ultimately  suppressing 
the  response  at  0  =  90°  by  a  factor  of  0.5. 

The  3-dB  widths  are  shown  on  the  graphs.  The  hrst  sidelobes  occur  at  the  angles 
0a  =  asin(1.4303A/rz)  =  10.30°  and  0t  =  asin(1.4303A/h)  =  20.95°. 

For  aperture  antennas,  the  gain  is  approximately  equal  to  the  directivity  because  the 
losses  tend  to  be  very  small.  The  gain  of  the  uniform  rectangular  aperture  is,  therefore, 
G  -  D  =  4Tr{ab) /\^.  Multiplying  G  by  Eqs.  (17.8.5),  we  obtain  the  gain-beamwidth 
product  p  =  GA0xA0y  =  4Tr (0.886)^=  9.8646  rad^  =  32  383  deg^.  Thus,  we  have  an 
example  of  the  general  formula  (15.3.14)  (with  the  angles  in  radians  and  in  degrees): 


9.8646  32  383 

A0xA0y  “  A0SA0y 


(17.8.6) 


1 7.9  Circular  Apertures 

For  a  circular  aperture  of  radius  a,  the  pattern  integral  (17.7.2)  can  be  done  conveniently 
using  cylindrical  coordinates.  The  cylindrical  symmetry  implies  that  f{0,<p)  will  be 
independent  of  (p. 
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Radiation  Pattern  for  0=0°  Radiation  Pattern  for  0  =  90° 


9  (degrees)  6  (degrees) 


Fig.  17.8.2  Radiation  patterns  along  the  two  principal  planes  {a  =  8A,  b  =  4A). 


Therefore,  for  the  purpose  of  computing  the  integral  (17.7.2),  we  may  set  <p  =  0.  We 
have  then  k  ■  r'  =  kxx'  =  kp'  sin  6  cos  0'.  Writing  dS'  =  p'dp'dcp' ,  we  have: 

1  ra  rZTT 

f(0)=-y  (17.9.1) 

TTa^  Jo  Jo 

The  (p'- and  p' -integrations  can  be  done  using  the  following  integral  representations 
for  the  Bessel  functions  Jo  M  and  Ji  (x)  [1267]: 

JoM=  ^  \  d<p'  and  f  Jo{xr)rdr  =  (17.9.2) 

2n  Jo  Jo  X 

Then  Eq.  (17.9.1)  gives: 

u  =  -^  krzsin^  =  ^  sin0  (17.9.3) 
2tt  a 

This  is  the  well-known  Airy  pattern  [598]  for  a  circular  aperture.  The  function  f  (6) 
is  normalized  to  unity  at  0  =  0°,  because  Ji  (x)  behaves  like  Ji  (x)  ^  x/2  for  small  x. 

Fig.  17.9.1  shows  the  three-dimensional  field  pattern  (17.7.3)  as  a  function  of  the  in¬ 
dependent  variables  Vx  =  (rz/ A)  sin  0  cos  p  and  Vy  =  (rz/ A)  sin  0  sin p,  for  an  aperture 
radius  of  rz  =  3 A.  The  obliquity  factor  was  not  included  as  it  makes  little  difference 
near  the  main  lobe.  The  MATLAB  code  for  this  graph  was  implemented  with  the  built-in 
function  besse!  j: 

a  =  3; 

[theta, phi]  =  meshgrid(0:l:90,  0:9:360); 
theta  =  theta*pi/180;  phi  =  phi''pi/180; 

vx  =  a''si n (theta)  .*cos (phi)  ; 
vy  =  a''si n (theta)  .*sin (phi)  ; 
u  =  a*si n (theta) ; 

E  =  ones(size(u))  ; 
i  =  fi  nd(u)  ; 
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Fig.  17.9.1  Radiation  pattern  of  circular  aperture  {a  =  3 A). 

E(i)  =  abs(2*besse1 j (l,2*pi*u(i)) ./(2*pi*u(i))) ; 

surf] (vx,vy,E)  ; 

shading  interp;  col ormap(gray(16)) ; 

The  visible  region  is  the  circle  on  the  VxVy -plane: 

v2+v2<^  (17.9.4) 

The  mainlobe/sidelobe  characteristics  offiO)  are  as  follows.  The  3-dB  wavenumber 
is  u  =  0.2572  and  the  3-dB  width  in  u-space  is  Au  =  2x0.2572  =  0.5144.  The  first  null 
occurs  at  u  =  0.6098  so  that  the  first-null  width  is  Au  =  2x0.6098  =  1.22.  The  first 
sidelobe  occurs  at  u  =  0.8174  and  its  height  is  \  f  (u)  \  =  0.1323  or  17.56  dB  below  the 
mainlobe.  The  beamwidths  in  angle  space  can  be  obtained  from  Au  =  a  (AO)  /A,  which 
gives  for  the  3-dB  and  first-null  widths  in  radians  and  degrees: 

A03cib  =  0.S144 -  =  29.47°  -  ,  Zi0nuu  =  1-22  -  =  70°  -  (17.9.S) 

U  U  Cl  Cl 

The  3-dB  angle  is  OsdB  =  2\03dB/2  =  0.2572A/a  =  14.74^  A/ a  and  the  first-null 
angle  O^mii  =  0.6098A/rz.  Fig.  17.9.2  shows  the  radiation  pattern  of  Eq.  (17.7.3)  as  a 
function  of  6,  for  the  case  a  =  3A.  The  obliquity  factor  was  included. 

The  graph  shows  the  3-dB  width  and  the  first  sidelobe,  which  occurs  at  the  angle  6a  = 
asin(0.817A/rz)  =  15.8°.  The  first  null  occurs  at  Onuii  =  asin(0.6098A/rz)  =  11.73°, 
whereas  the  approximation  0nuii  =  0.6098A/rz  gives  11.65°. 

The  gain-beamwidth  product  is  p  =  GiA6MB)^=  [4Tr(Trrz^) /A^]  (0.514A/rz)^  = 
471^(0.5144)^=  10.4463  rad^  =  34  293  deg^.  Thus,  in  radians  and  degrees: 

10.4463  34  293 

“  (A03dB)2  “  (AO^sdE)^ 


(17.9.6) 
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Radiation  Pattern  of  Circular  Aperture 


Fig.  17.9.2  Radiation  pattern  of  circular  aperture  {a  =  3 A). 


The  first-null  angle  Onuii  =  0.6098A/fl  is  the  so-called  Rayleigh  diffraction  limit  for 
the  nominal  angular  resolution  of  optical  instruments,  such  as  microscopes  and  tele¬ 
scopes.  It  is  usually  stated  in  terms  of  the  diameter  D  =  2a  of  the  optical  aperture: 


A0  =  1-22^  =  70'' 


D 


(Rayleigh  limit) 


(17.9.7) 


17.10  Vector  Diffraction  Theory 

In  this  section,  we  provide  a  justihcation  of  the  held  equivalence  principle  (17.1.1)  and 
Kottler’s  formulas  (17.4.2)  from  the  point  of  view  of  vector  diffraction  theory.  We  also 
discuss  the  Stratton-Chu  and  Franz  formulas.  A  historical  overview  of  this  subject  is 
given  in  [1125,1126]. 

In  Sec.  17.2,  we  worked  with  the  vector  potentials  and  derived  the  helds  due  to 
electric  and  magnetic  currents  radiating  in  an  unbounded  region.  Here,  we  consider  the 
problem  of  hnding  the  helds  in  a  volume  V  bounded  by  a  closed  surface  S  and  an  inhnite 
spherical  surface  ^oo,  as  shown  in  Fig.  17.10.1. 

The  solution  of  this  problem  requires  that  we  know  the  current  sources  within  V 
and  the  electric  and  magnetic  helds  tangential  to  the  surface  S.  The  helds  Ei ,  Hi  and 
current  sources  inside  the  volume  Vi  enclosed  by  S  have  an  effect  on  the  outside  only 
through  the  tangential  helds  on  the  surface. 

We  start  with  Maxwell’s  equations  (17.2.1),  which  include  both  electric  and  magnetic 
currents.  This  will  help  us  identify  the  effective  surface  currents  and  derive  the  held 
equivalence  principle. 

Taking  the  curls  of  both  sides  of  Ampere’s  and  Faraday’s  laws  and  using  the  vector 
identity  V  x  ( V  XT’)  =  V  ( V  ■  T)  -  V^T,  we  obtain  the  following  inhomogeneous  Helmholtz 
equations  (which  are  duals  of  each  other): 
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T(r),  H(r) 
P 


Fig.  17.10.1  Fields  outside  a  closed  surface  S. 


-r  k^E  =  jcojU  J-r  -Vp  V  x 

-r  k^H  =  jcoeJm  +  ~^Pm  -  V  x  J 
We  recall  that  the  Green’s  function  for  the  Helmholtz  equation  is: 


S/'^G  +  k^G  =  ,  G(r-r')  = 


4Tr|r  -  r'  | 


(17.10.1) 


(17.10.2) 


where  V'  is  the  gradient  with  respect  to  r'.  Applying  Green’s  second  identity  given  by 
Eq.  (C.27)  of  Appendix  C,  we  obtain: 


{  [GV'^E-E\/'^G]dV'  =  -  I  \g^  -E^]dS' 
Jv  L  dn'  dn' ] 


dn' 


=  nV' 


where  G  and  E  stand  for  G  (r  -  r')  and  T(r')  and  the  integration  is  over  r'.  The  quantity 
d/dn'  is  the  directional  derivative  along  h.  The  negative  sign  in  the  right-hand  side 
arises  from  using  a  unit  vector  h  that  is  pointing  into  the  volume  V. 

The  integral  over  the  inhnite  surface  is  taken  to  be  zero.  This  may  be  justihed  more 
rigorously  [1118]  by  assuming  that  E  and  H  behave  like  radiation  helds  with  asymptotic 
form  E  const.  and  H  ^  r  x  E/g.^  Thus,  dropping  the  ^oo  term,  and  adding 

and  subtracting  k^GE  in  the  left-hand  side,  we  obtain: 


[Gi\/'^E+k^E)-Ei\/'^G  +  k^G)]dV' 

V 


(17.10.3) 


Using  Eq.  (17.10.2),  the  second  term  on  the  left  may  be  integrated  to  give  E{r) : 


\  E{r')  {S/'^G  +  k^G)  dV' =  \  E{r')  -  r)  dV' 

Jv  Jv 


=  E{r) 


where  we  assumed  that  r  lies  in  V.  This  integral  is  zero  if  r  lies  in  Ui  because  then  r' 
can  never  be  equal  to  r.  Eor  arbitrary  r,  we  may  write: 


^The  precise  conditions  are:  r|£|  ^  const,  and  r|£-  rjHx  f  |  ^  0  as  r  ^  oo. 
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E{r')  -  r)  dV' =  Uvir)  E{r)  = 

V 


[0, 


if  r  e  V 
if  r  ^  y 


where  Uv  (r)  is  the  characteristic  function  of  the  volume  region 


uvM  = 


if  reV 
if 


(17.10.4) 


(17.10.5) 


We  may  now  solve  Eq.  (17.10.3)  for  E{r) .  In  a  similar  fashion,  or,  performing  a  duality 
transformation  on  the  expression  for  E{r),  we  also  obtain  the  corresponding  magnetic 
held  H(r).  Using  (17.10.1),  we  have: 


EM  =  -j(MHGJ-  -GV'p  -GV'  XJrr 


H(r)  =  I  I  -jcjoeGJm  -  j^GV'pm  +  GV'  xj 


dV 

dV 


(17.10.6) 

Because  of  the  presence  of  the  particular  surface  term,  we  will  refer  to  these  as 
the  Kirchhoff  diffraction  formulas.  Eqs.  (17.10.6)  can  be  transformed  into  the  so-called 
Stratton-Chu  formulas  [1116-1121, 1111, 1122-1126];'l' 


The  proof  of  the  equivalence  of  (17.10.6)  and  (17.10.7)  is  rather  involved.  Problem 
17.4  breaks  down  the  proof  into  its  essential  steps. 

Term  by  term  comparison  of  the  volume  and  surface  integrals  in  (17.10.7)  yields  the 
effective  surface  currents  of  the  held  equivalence  principle;* 


Js  —  n  X  iT ,  Jms  ~  ii  X  E 


(17.10.8) 


Similarly,  the  effective  surface  charge  densities  are: 

Ps  =  €h-E,  pms  =  ^n■H  (17.10.9) 

^Technically  [1124],  one  must  set  liy  (r)  =  1/2,  if  r  lies  on  the  boundary  of  V,  that  is,  on  S. 

"I" See  [1113,1119,1125,1126]  for  earlier  work  by  Larmor,  Tedone,  Ignatowski,  and  others. 

*  Initially  derived  by  Larmor  and  Love  [1125,1126],  and  later  developed  fully  by  Schelkunoff  [1112,1114]. 


678 


1  7.  Radiation  from  Apertures 


Eqs.  (17.10.7)  maybe  transformed  into  the  Kottler  formulas  [1116-1121,1111,1122- 
1126],  which  eliminate  the  charge  densities  p,  pm  in  favor  of  the  currents  J,Jm  ■ 


A  related  problem  is  to  consider  a  volume  V  bounded  by  the  surface  S,  as  shown  in 
Eig.  17.10.2.  The  helds  inside  V  are  still  given  by  (17.10.7),  with  h  pointing  again  into 
the  volume  V.  If  the  surface  S  recedes  to  inhnity,  then  (17.10.10)  reduce  to  (17.2.9). 


Fig.  17.10.2  Fields  inside  a  closed  surface  S. 


Finally,  the  Kottler  formulas  may  be  transformed  into  the  Franz  formulas  [1121,1111,1122- 
1124],  which  are  essentially  equivalent  to  Eq.  (17.2.8)  amended  by  the  vector  potentials 
due  to  the  equivalent  surface  currents: 


£(r)  =  y— [V  X  (V  X  (A  + As))  {Am  +  Ams) 

jcoije  e 

H{t)  =  X  (V  X  (Am+Ams))  -eJm]  +  -  V  X  (A  +  Aj) 

j  CO  pc  p 


(17.10.11) 


where  A  and  A 
Asir)  =  ( 

Amsi^)  —  '■ 


were  dehned  in  Eq.  (17.2.6).  The  new  potentials  are  dehned  by; 

p  Js  (r' )  G  (r  -  r' )  dS'  =  ^  p  [h  x  H{r'  )]G  {r  -  r  )  dS' 

^  (17.10.12) 

e/ms(i'")G(r  -  r')dS'  =  “  e  [n  x  £(r')  ]G(r  -  r')dS' 


Next,  we  specialize  the  above  formulas  to  the  case  where  the  volume  V  contains 
no  current  sources  U  =  Jm  =  0)>  so  that  the  E,  H  helds  are  given  only  in  terms  of  the 
surface  integral  terms. 


1  7.1 1 .  Extinction  Theorem 
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This  happens  if  we  choose  S  in  Fig.  17.10.1  such  that  all  the  current  sources  are 
inside  it,  or,  if  in  Fig.  17.10.2  we  choose  S  such  that  all  the  current  sources  are  outside 
it,  then,  the  Kirchhoff,  Stratton-Chu,  Kottler,  and  Franz  formulas  simplify  into: 


(17.10.14) 

where  the  last  equations  are  the  Franz  formulas  with  A  =  Am  =0. 

Fig.  17.10.3  illustrates  the  geometry  of  the  two  cases.  Eqs.  (17.10.13)  and  (17.10.14) 
represent  the  vectorial  formulation  of  the  Huygens -Fresnel  principle,  according  to  which 
the  tangential  helds  on  the  surface  can  be  considered  to  be  the  sources  of  the  helds  away 
from  the  surface. 


Fig.  17.10.3  Current  sources  are  outside  the  field  region. 


17.11  Extinction  Theorem 

In  all  of  the  equivalent  formulas  for  E{r)  ,H{r),  we  assumed  that  r  lies  within  the  volume 
y.  The  origin  of  the  left-hand  sides  in  these  formulas  can  be  traced  to  Eq.  (17.10.4),  and 
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therefore,  if  r  is  not  in  V  but  is  within  the  complementary  volume  Vi,  then  the  left-hand 
sides  of  all  the  formulas  are  zero.  This  does  not  mean  that  the  helds  inside  Vi  are 
zero— it  only  means  that  the  sum  of  the  terms  on  the  right-hand  sides  are  zero. 

To  clarify  these  remarks,  we  consider  an  imaginary  closed  surface  S  dividing  all 
space  in  two  volumes  Vi  and  V,  as  shown  in  Fig.  17.11.1.  We  assume  that  there  are 
current  sources  in  both  regions  V  and  Vi.  The  surface  is  the  same  as  S  but  its  unit 
vector  hi  points  into  Vi,  so  that  hi  =  -h.  Applying  (17.10.10)  to  the  volume  V,  we  have: 


y 


Fig.  17.11.1  Current  sources  may  exist  in  both  y  and  yi. 


jcve  Js 


[k^G(nx  H)  +  ((nx  H)-V')V'G  +JW6(nx  E)xV'G]  dS' 


7^  f  \k^JG  +  (J- V')V'G -JcoeJm  x  V'gI  dV'  = 
jcoe  Jv  L  J 


E{r) ,  if  r  E  y 


0, 


if  r  E  yi 


The  vanishing  of  the  right-hand  side  when  r  is  in  yi  is  referred  to  as  an  extinction 
theorem.^  Applying  (17.10.10)  to  yi,  and  denoting  by  Ei,Hi  the  helds  in  yi,  we  have: 


[k^G(hi  X  Hi)  +  ((hi  X  Hi)  ■V')V'G  +  jcoe(hi  x  Ei)xV'G]  dS' 


j(Me 


\  \k^JG+  iJ-V')V'G-jcveUxV'G]dV'  =  \ 
jwe  Jvi  L  J 


0,  if  r  G  V 

El  (r),  if  r  E  yi 


Because  hi  =  -h,  and  on  the  surface  Ei  =  E  and  Hi  =  H,  we  may  rewrite: 
1 

jcve  Js^ 


[k^Ginx  H)  +  {inx  H)  •V')V'G  +  jcvein  x  E)  xV'G]  dS' 


if  r  E  y 
[(r),  if  TEyi 


+  4-  f  \k^JG+  {J-V')V'G -JcoeJm  xV'G]dV'  =  y’ 

Jcoe  Jvi  L  J  [£i  ( 

Adding  up  the  two  cases  and  combining  the  volume  integrals  into  a  single  one,  we  obtain: 

4-  f  \U-  V')  V'G  +  k^GJ-jiveJm  x  V'gI  dV  =  \ 
jcve  Jv+Vi  ^  ^  \  Eli 


Eir) ,  if  r  E  y 
(r),  ifrEyi 


This  is  equivalent  to  Eq.  (17.2.9)  in  which  the  currents  are  radiating  into  unbounded 
space.  We  can  also  see  how  the  sources  within  yi  make  themselves  felt  on  the  outside 
only  through  the  tangential  helds  at  the  surface  S,  that  is,  for  r  E  y : 


hn  fact,  it  can  be  used  to  prove  the  Ewald-Oseen  extinction  theorem  that  we  considered  in  Sec.  14.6. 


1  7.1 2.  Vector  Diffraction  for  Apertures 
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T —  \k^JG+  (J-V')V'G-J(joeJ„,xV'G]dV' 

jcve  Jvi  ^ 

^  I  [k^Gih  X  H)  +  ((n  X  H)  -V')  V'G  +  jwein  x  £)xV'G]  dS' 
jcve  Js 


17.12  Vector  Diffraction  for  Apertures 


The  Kirchhoff  diffraction  integral,  Stratton-Chu,  Kottler,  and  Franz  formulas  are  equiv¬ 
alent  only  for  a  closed  surface  S. 

If  the  surface  is  open,  as  in  the  case  of  an  aperture,  the  four  expressions  in  (17.10.13) 
and  in  (17.10.14)  are  no  longer  equivalent.  In  this  case,  the  Kottler  and  Franz  formulas 
remain  equal  to  each  other  and  give  the  correct  expressions  for  the  helds,  in  the  sense 
that  the  resulting  £(r)  and  H(r)  satisfy  Maxwell’s  equations  [1113,1111,1125,1126]. 

For  an  open  surface  S  bounded  by  a  contour  C,  shown  in  Fig.  17.12.1,  the  Kottler 
and  Franz  formulas  are  related  to  the  Stratton-Chu  and  the  Kirchhoff  diffraction  integral 
formulas  by  the  addition  of  some  line-integral  correction  terms  [1119]: 


E{r)=  —  {  [k'^G{hxH)^(ihxH)-V')V'G^  jcoeihx  E)xV' G]  dS' 
jcve  Js 

=  —V  X  (V  X  {  G{hxH)dS')  -r  V  X  f  G{hxE)dS' 
jcve  Js  Js 

=  {  [-jcofiGihx  E)V'G  (hx  E)xS/'G]dS'  -  i  {V'G)H- 

Js  jcve  Jc 


„  0G  ^  BE 

E  -  7  —  G  -  - 

dn'  dn' 


jcve  . 

dS'-i  GExd\-^^i  {S/'G)H-d\ 
c  jcve  Jc 


dl 


(17.12.1) 


H{r)=  [  [-k^G{nxE)-({nxE)-V')V'G  +jcoij{nxH)xV'G]dS' 

JCO^  Js 

= - —Vx  (V  x  [  G{nxE)dS')  +  V  x  [  G{nxH)dS' 

JWJt  Js  Js 

=  [  [Ja)eG(nx£)  +  (n-H)V'G+ (nxH)xV'G]d5'  + (V'G)£- 

Js  Jto/u  Jc 


Js  L  dn' 


dG 

Js  L  on'  dn' 


dS'  -  \  GHxd\  +  — 

c  JCVfl  Jc 


JCVJi  Jc 
{V'G)E^d\ 


d\ 


(17.12.2) 

The  proof  of  the  equivalence  of  these  expressions  is  outlined  in  Problems  17.7  and 
17.8.  The  Kottler-Franz  formulas  (17.12.1)  and  (17.12.2)  are  valid  for  points  off  the 
aperture  surface  S.  The  formulas  are  not  consistent  for  points  on  the  aperture.  However, 
they  have  been  used  very  successfully  in  practice  to  predict  the  radiation  patterns  of 
aperture  antennas. 

The  line-integral  correction  terms  have  a  minor  effect  on  the  mainlobe  and  near 
sidelobes  of  the  radiation  pattern.  Therefore,  they  can  be  ignored  and  the  diffracted 
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Fig.  17.12.1  Aperture  surface  S  bounded  by  contour  C. 


held  can  be  calculated  by  any  of  the  four  alternative  formulas,  Kottler,  Franz,  Stratton- 
Chu,  or  Kirchhoff  integral— all  applied  to  the  open  surface  S. 


17.13  Fresnel  Diffraction 


In  Sec.  17.4,  we  looked  at  the  radiation  helds  arising  from  the  Kottler-Franz  formulas, 
where  we  applied  the  Fraunhofer  approximation  in  which  only  linear  phase  variations 
over  the  aperture  were  kept  in  the  propagation  phase  factor  Here,  we  consider 

the  intermediate  case  of  Fresnel  approximation  in  which  both  linear  and  quadratic  phase 
variations  are  retained. 

We  discuss  the  classical  problem  of  diffraction  of  a  spherical  wave  by  a  rectangular 
aperture,  a  slit,  and  a  straight-edge  using  the  Kirchhoff  integral  formula.  The  case  of  a 
plane  wave  incident  on  a  conducting  edge  is  discussed  in  Problem  17.11  using  the  held- 
equivalence  principle  and  Kottler’s  formula  and  more  accurately,  in  Sec.  17.15,  using 
Sommerfeld’s  exact  solution  of  the  geometrical  theory  of  diffraction.  These  examples 
are  meant  to  be  an  introduction  to  the  vast  subject  of  diffraction. 

In  Fig.  1 7.1 3.1,  we  consider  a  rectangular  aperture  illuminated  from  the  left  by  a  point 
source  radiating  a  spherical  wave.  We  take  the  origin  to  be  somewhere  on  the  aperture 
plane,  but  eventually  we  will  take  it  to  be  the  point  of  intersection  of  the  aperture  plane 
and  the  line  between  the  source  and  observation  points  Pi  and  Pz- 

The  diffracted  held  at  point  Pz  may  be  calculated  from  the  Kirchhoff  formula  applied 
to  any  of  the  cartesian  components  of  the  held: 


E  = 


Js  L 


^  d^ 

^  dn'  dn' 


dS' 


(17.13.1) 


where  Ei  is  the  spherical  wave  from  the  source  point  Pi  evaluated  at  the  aperture  point 
P' ,  and  G  is  the  Green’s  function  from  P'  to  P2: 


p-JkRi  p-JkR2 

£i=Ai-— ,  G=-—  (17.13.2) 

Ri  4ttR2 

where  Ai  is  a  constant.  If  ri  and  12  are  the  vectors  pointing  from  the  origin  to  the  source 
and  observation  points,  then  we  have  for  the  distance  vectors  Ri  and  R2: 


17.13.  Fresnel  Diffraction 


683 


Fig.  17.13.1  Fresnel  diffraction  through  rectangular  aperture. 


Ri  =  ri  -  r' ,  Ri  =  |ri  -  r'  |  =  -  2ri  ■  r'  +  r'  ■  r' 

R2  =  12  -  r' ,  R2  =  112  -  r'  I  =  V^2  “  212  ■  r'  +  r'  ■  r' 


(17.13.3) 


Therefore,  the  gradient  operator  V'  can  be  written  as  follows  when  it  acts  on  a  function 
of  Ri  =  |ri  -  r'l  or  a  function  of  R2  =  |r2  -  I'h 


V'  =  -Ri 


V'  =  -R2 


dRi ’  0^2 

where  Ri  and  R2  are  the  unit  vectors  in  the  directions  of  Ri  and  R2.  Thus,  we  have: 


—  =n.V£i  =  -n.Ri— =  (n.Ri)(j/.+  -)A,— 
|=n.V'G  =  -n.R2||  =  (n.R2)(jk+^) 


dG 

a 


cj-jkRz 


(17.13.4) 


4TrR2 


Dropping  the  1/R^  terms,  we  find  for  the  integrand  of  Eq.  (17.13.1): 

£1 -  G  [ (fi  ■  R2)  -  (ii  ■  Ri) 

dn'  dn'  4ttRiR2 

Except  in  the  phase  factor  Ynay  replace  Ri  ^  ri  and  R2  -  12,  that  is, 

(17.13.5) 

Thus,  we  have  for  the  diffracted  field  at  point  P^- 

(17.13.6) 


£1 -G|h  =  [ (n  ■  fz) - (n  ■  fi) ] 

dn'  on  4Trrir2 


JkAi 


£  =  [(n  ■  r2)-(n  ■  f,)] 

4Trrir2 


^-jk{Ri+R2) 
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The  quantity  [  (n  ■  12)  -  (n  ■  fi)  ]  is  an  obliquity  factor.  Next,  we  set  r  =  ri  +  r2  and 
define  the  ’Tree-space”  field  at  the  point  P2- 

p-jkiri+rz) 

Eq  =  Ai  -  =  Ai  -  (17.13.7) 

ri  +  r2  r 

If  the  origin  were  the  point  of  intersection  between  the  aperture  plane  and  the  line 
P1P2,  then  Eq  would  represent  the  field  received  at  point  P2  in  the  unobstructed  case 
when  the  aperture  and  screen  are  absent. 

The  ratio  D  =  E/Eq  may  be  called  the  diffraction  coefficient  and  depends  on  the 
aperture  and  the  relative  geometry  of  the  points  Pi,  P2- 


Jk 

4ttP 


[(n  ■  12) -(n  ■  fi)] 


^-jk{Ri+R2-ri-r2) 

S 


(17.13.8) 


where  we  defined  the  “focal  length”  between  ri  and  r2: 


Ill 

77  ^1^2 
£  = 

f  n'''  r2 

n  +  r2 

(17.13.9) 


The  Eresnel  approximation  is  obtained  by  expanding  Ri  and  R2  in  powers  of  r'  and 
keeping  only  terms  up  to  second  order.  We  rewrite  Eq.  (17.13.3)  in  the  form: 


Ri  =  n.  1  - 


2fi  ■  r'  r'  ■  r' 

2 

rl 


,  R2  =  r2 .  1  - 


2f2  ■  r'  r'  ■  r' 


F2 


r^ 


Next,  we  apply  the  Taylor  series  expansion  up  to  second  order: 

Vl+x=l  +  -x--x" 

This  gives  the  approximations  of  Ri,  R2,  and  Ri  +  R2  -  Fi  -  r2: 
£i  =  ri-fi-r'  +  ^[r'-r'-(fi-r')2] 


£2  =  r2-f2T'  +  — [r'-r'-(f2T')2] 

zr2 


Ri  +  R2  -  Fi  -  r2  =  -  (fi  +  f2)  -r'  + 


(l.l)r'.. 

V  ri  r2  / 


(fiT')2  (f2T')2 


r2 


To  simplify  this  expression,  we  now  assume  that  the  origin  is  the  point  of  intersection 
of  the  line  of  sight  P1P2  and  the  aperture  plane.  Then,  the  vectors  ri  and  12  are  anti¬ 
parallel  and  so  are  their  unit  vectors  f  1  =  -f2.  The  linear  terms  cancel  and  the  quadratic 
ones  combine  to  give: 

Ri+R2-ri-r2  =  ^  [r' -r' -  (12  •r')^]  =  f-  |r'-f2(r' •12)  =  ^b'-b'  (17.13.10) 


where  we  defined  b'  =  r'  -  f 2  (r'  ■  f  2 ) ,  which  is  the  perpendicular  vector  from  the  point 
P'  to  the  line-of-sight  P1P2,  as  shown  in  Eig.  17.13.1. 
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It  follows  that  the  Fresnel  approximation  of  the  diffraction  coefficient  for  an  arbitrary 
aperture  will  be  given  by: 


jkjn  ■  iz) 
2ttF 


g-Jk(b'.b')/(2F) 

5 


(17.13.11) 


A  further  simplihcation  is  obtained  by  assuming  that  the  aperture  plane  is  the  xy- 
plane  and  that  the  line  P1P2  lies  on  the  yz  plane  at  an  angle  6  with  the  z-axis,  as  shown 
in  Fig.  17.13.2. 


Fig.  17.13.2  Fresnel  diffraction  by  rectangular  aperture. 


Then,  we  have  r'  =  x'x  +  y'y,  h  =  z,  and  12  =  zcos  0  +  ysin0.  It  follows  that 
h  ■  f  2  =  cos  9,  and  the  perpendicular  distance  b'  ■  b'  becomes; 

b'  ■  b'  =  r'  ■  r'  -  (f'  ■  f2)2=  x'2  +/2  -  (/sin0)2=  x'^  +/2cos2  9 

Then,  the  diffraction  coefficient  (17.13.11)  becomes: 

r  r  (17.13.12) 

ZTTF  J-Xi  J-yl 

where  we  assumed  that  the  aperture  limits  are  (with  respect  to  the  new  origin): 

-xi  <  x'  <  X2 ,  -yi  <y'  <y2 


The  end-points  yi,y2  are  shown  in  Fig.  17.13.2.  The  integrals  may  be  expressed 
in  terms  of  the  Fresnel  functions  C  (x) ,  S  (x) ,  and  J'M=  C  (x) -jS  (x)  discussed  in 
Appendix  F.  There,  the  complex  function  J'  (x)  is  dehned  by: 

fix)=  Cix)-jSix)=  I  du 

Jo 


(17.13.13) 
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We  change  integration  variables  to  the  normalized  Fresnel  variables: 


u  = 


V  = 


y' cos  9 


(17.13.14) 


where  b'  =  y'  cos  9  is  the  perpendicular  distance  from  P'  to  the  line  P1P2,  as  shown  in 
Fig.  17.13.2.  The  corresponding  end-points  are: 


Ui  = 


Vi  = 


yi cos  9 


/  =  1,2 


(17.13.15) 


Note  that  the  quantities  bi  =  yi  cos  9  and  b2  =  y2  cos  9  are  the  perpendicular 
distances  from  the  edges  to  the  line  PiP2-  Since  dudv  =  (k  cos  9 /TTF)dx'dy',  we 
obtain  for  the  diffraction  coefficient: 

D  =  7.  {  dv  =  Ffiu2)-fi-ui)][f{v2)-f{-vi)] 

^  J-Ui  J-Vi  ^ 

Noting  that  J^(x)  is  an  odd  function  and  that  j/2  =  1/(1  -  j)^,  we  obtain: 


A  ^  fiUi)+fiU2)  J(Vl)+J(V2) 

Eo  1-J  1-J 


(rectangular  aperture) 


(17.13.16) 


The  normalization  factors  (1  -j)  correspond  to  the  inhnite  aperture  limit  Ui,  U2,  Vi, 
V2  ^  00,  that  is,  no  aperture  at  all.  Indeed,  since  the  asymptotic  value  of  /F(x)  is 
J{oq)=  (1  -  j) /2,  we  have: 


J(Ul)-rJ(U2)  J(Vl)+J(V2)  J(oo)-rJ(oo)  J(oo)+J(oo) 
1-J  1-J  ^  1-J  1-J 


In  the  case  of  a  long  slit  along  the  x-direction,  we  only  take  the  limit  Ui,U2  00; 


^  ^  J(Vl)+J(V2) 
Eo  l-j 


(diffraction  by  long  slit) 


(17.13.17) 


17.14  Knife-Edge  Diffraction 


The  case  of  straight-edge  or  knife-edge  diffraction  is  obtained  by  taking  the  limit  y2  ^ 
00,  or  V2  ^  00,  which  corresponds  to  keeping  the  lower  edge  of  the  slit.  In  this  limit 
/F(v2)  ^  /F(oo)  =  (1  -  j)  /2.  Denoting  Vi  by  v,  we  have: 


D(v)=  ^(j(v)  +  t^)  , 


(17.14.1) 


Positive  values  of  v  correspond  to  positive  values  of  the  clearance  distance  hi,  plac¬ 
ing  the  point  P2  in  the  illuminated  region,  as  shown  in  Fig.  17.14.1.  Negative  values  of 
V  correspond  to  hi  <  0,  placing  P2  in  the  geometrical  shadow  region  behind  the  edge. 

The  magnitude-square  |D|^  represents  the  intensity  of  the  diffracted  held  relative 
to  the  intensity  of  the  unobstructed  held.  Since  1 1  -j\^  =  2,  we  hnd: 


IZ)(V)|2 
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Fig.  17.14.1  Illuminated  and  shadow  regions  in  straight-edge  diffraction. 


|D(v)|2 


|£oP 


1 

2 


J(v)  +  y 


or,  in  terms  of  the  real  and  imaginary  parts  of  jF(v) : 


(17.14.2) 


\D{v)\^ 


l)%(5(v)  + 


(17.14.3) 


The  quantity  \D  (v)  is  plotted  versus  v  in  Fig.  17.14.2.  At  v  =  0,  corresponding  to 
the  line  P1P2  grazing  the  top  of  the  edge,  we  have  J^(0)  =  0,  D  (0)  =  1/2,  and  |D  (0)  = 

1/4  or  a  6  dB  loss.  The  first  maximum  in  the  illuminated  region  occurs  at  v  =  1.2172 
and  has  the  value  |D(v)  =  1.3704,  or  a  gain  of  1.37  dB. 


Diffraction  Coefficient  in  dB 


Fig.  17.14.2  Diffraction  coefficient  in  absolute  and  dB  units. 


The  asymptotic  behavior  of  D{y)  for  v  ^  ±00  is  obtained  from  Eq.  (F.4).  We  have 
for  large  positive  x: 

\  2  TTX  J 
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This  implies  that: 


1  ^ 

for  V  ^  +00 

2Trv 

Div)=  - 

1  -  J  g-J7rv2/2 

for  V  ^  -00 

-  2Trv  ’ 

We  may  combine  the  two  expressions  into  one  with  the  help  of  the  unit-step  function 
u  (v)  by  writing  D  (v)  in  the  following  form,  which  defines  the  asymptotic  diffraction 
coefficient  d  (v) : 


D(v)  =  u(v) +d(v)e 


(17.14.5) 


where  u  (v)  =  1  for  v  >  0  and  u  (v)  =  0  for  v  <  0. 

With  u(0)=  1,  this  definition  requires  d(0)=  D(0)-v(0)=  0.5-1  =  -0.5.  But  if 
we  define  u  (0)  =  0.5,  as  is  sometimes  done,  then,  d  (0)  =  0.  The  asymptotic  behavior  of 
D  (v)  can  now  be  expressed  in  terms  of  the  asymptotic  behavior  of  d  (v) ; 


diy)  = 


1-J 

2Trv 


for  V  ^  ±00 


(17.14.6) 


In  the  illuminated  region  D  (v)  tends  to  unity,  whereas  in  the  shadow  region  it  de¬ 
creases  to  zero  with  asymptotic  dB  attenuation  or  loss: 

I  = -lOlogio  |^/(v)  I  ^  =  101ogio(2Tr^v^)  ,  as  v  ^ -00  (17.14.7) 


The  MATLAB  function  diffr  calculates  the  diffraction  coefficient  (17.14.1)  at  any 
vector  of  values  of  v.  It  has  usage: 


D  =  diffr  (v)  ;  %  knife-edge  diffraction  coefficient  D  (v) 


For  values  v  <  0.7,  the  diffraction  loss  can  be  approximated  very  well  by  the  follow¬ 
ing  function  [1133]: 

L  =  -101ogio|0(v)  1^  =  6.9  +  201ogio  -  v  -  O.l^  (17.14.8) 

Example  1 7. 14. 1 :  Diffraction  Loss  over  Obstacles.  The  propagation  path  loss  over  obstacles  and 
irregular  terrain  is  usually  determined  using  knife-edge  diffraction.  Fig.  17.14.3  illustrates 
the  case  of  two  antennas  communicating  over  an  obstacle.  For  small  angles  6,  the  focal 
length  F  is  often  approximated  in  several  forms: 

p  =  ^1^2  ^  didz  ^  hh 

ri  +  r2  di  +  dz  h  +  h 


These  approximations  are  valid  typically  when  di,d2  are  much  greater  than  A  and  the 
height  h  of  the  obstacle,  typically,  at  least  ten  times  greater.  The  clearance  distance  can 
be  expressed  in  terms  of  the  heights: 


bi  =  yi  cos  6 


(  hid2  +  h2di 
V  di  +  d2 


cos  6 
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Fig.  17.14.3  Communicating  antennas  over  an  obstacle. 


The  distance  bi  can  also  be  expressed  approximately  in  terms  of  the  subtended  angles  ai, 
CV2,  and  a,  shown  in  Fig.  17.14.3: 

bi  ^  hai  ^  hocz  =>  bi  =  ^JiihoiiOiz  (17.14.9) 


and  in  terms  of  we  have: 


«i 


ah  _  ah 

h+h’  /1+/2 


(17.14.10) 


The  case  of  multiple  obstacles  has  been  studied  using  appropriate  modifications  of  the 
knife-edge  diffraction  problem  and  the  geometrical  theory  of  diffraction  [1134-1147].  □ 


Example  17.14.2:  Fresnel  Zones.  Consider  two  antennas  separated  by  a  distance  d  and  an  ob¬ 
stacle  at  distance  z  from  the  midpoint  with  clearance  b,  as  shown  below.  Fresnel  zones  and 
the  corresponding  Fresnel  zone  ellipsoids  help  answer  the  question  of  what  the  minimum 
value  of  the  clearance  b  should  be  for  efficient  communication  between  the  antennas. 


Diffraction  Coefficient  in  dB 


The  diffraction  coefficient  D{v)  and  its  asymptotic  form  were  given  in  Eqs.  (17.14.1)  and 
(17.14.4),  that  is, 


D{v)=  jhj  (j(v)  +  ^)  , 


b  =  J^b,  F  = 


did2 
di  + 


(17.14.11) 
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and  for  positive  and  large  clearance  b,  or  equivalently,  for  large  positive  v, 

Das(v)=  1  -  =  1  .  g-jTrl.y^n+114)  (17.14.12) 

2ttv  v2ttv 

As  can  be  seen  in  the  above  figure  on  the  right,  the  diffraction  coefficients  D  (v)  and 
Das  (v)  agree  closely  even  for  small  values  of  v.  Therefore,  the  extrema  can  be  obtained 
from  the  asymptotic  form.  They  correspond  to  the  values  of  v  that  cause  the  exponential 
in  (17.14.12)  to  take  on  its  extremal  values  of  ±1,  that  is,  the  v’s  that  satisfy  v^/2  + 1/4  =  n, 
with  integer  n,  or: 

Vn  =  V2U-0.5,  u  =  l,2,...  (17.14.13) 

The  corresponding  values  of  D  (v) ,  shown  on  the  figure  with  black  dots,  are  given  by 

I»as(v„)=  1  -  =  1  -  -yh-  (-1)"  (17.14.14) 

An  alternative  set  of  v’s,  also  corresponding  to  alternating  almost  extremum  values,  are 
those  that  define  the  conventional  Fresnel  zones,  that  is, 

=  n  =  l,2,...  (17.14.15) 


These  are  indicated  by  open  circles  on  the  graph.  The  corresponding  D  (v)  values  are: 

p-JTT/4 

DasiUn)=  1  -  (-1)"  (17.14.16) 


For  clearances  b  that  correspond  to  v’s  that  are  too  small,  i.e.,  v  <  0.5,  the  diffraction 
coefficient  D  (v)  becomes  too  small,  impeding  efficient  communication.  The  smallest  ac¬ 
ceptable  clearance  b  is  taken  to  correspond  to  the  first  maximum  of  D  (v) ,  that  is,  v  =  Vi 
or  more  simply  v  =  Ui  =  a/2. 

The  locus  of  points  {b,z)  corresponding  to  a  fixed  value  of  v,  and  hence  to  a  fixed  value 
of  the  diffraction  coefficient  D  (v),  form  an  ellipsoid.  This  can  be  derived  from  (17.14.11) 
by  setting  di  =  dl2  +  z  and  d2  =  d/2  -  z,  that  is. 


A(d2/4-z2) 
2d  ^ 


because  F  = 


did2 
di  +  d2 


d^/4  -  z^ 
d 


which  can  be  rearranged  into  the  equation  of  an  ellipse: 


z^  =  1 


For  V  =  Ui  =  a/2,  this  defines  the  first  Fresnel  zone  ellipse,  which  gives  the  minimum 
acceptable  clearance  for  a  given  distance  z: 

If  the  obstacle  is  at  midpoint  (z  =  0),  the  minimum  clearance  becomes: 

b  =  |VAd 


(17.14.18) 
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For  example,  for  a  distance  of  d  =  I  km,  using  a  cell  phone  frequency  of  f  =  1  GHz, 
corresponding  to  wavelength  A  =  30  cm,  we  find  b  =  VXdl2  =  8.66  meters. 

A  common  interpetation  and  derivation  of  Fresnel  zones  is  to  consider  the  path  difference 
between  the  rays  following  the  straight  path  connecting  the  two  antennas  and  the  path 
getting  scattered  from  the  obstacle,  that  is,  Al  =  h  +  h  -  d.  From  the  indicated  triangles, 
and  assuming  that  b  ^  di  and  h  ^  ^2,  we  find: 

/l  =  =  dl  +  ^  ,  h  =  =  d2  +  ^ 

which  leads  to  the  following  path  length  Al,  expressed  in  terms  of  v: 


Al  —  li  +  I2  ~  d  — 


^  (± 

2  \di 


i) 


b^ 

2F 


A 

4 


V 


2 


The  corresponding  phase  difference  between  the  two  paths,  e  will  be  then: 

Q-JkAl  ^  g-jTTv2/2  (17.14.19) 


which  has  the  same  form  as  in  the  diffraction  coefficient  Das  (v) .  The  values  v  =  Un  = 
will  make  the  path  difference  a  multiple  of  A/ 2,  that  is,  Al  =  n\/2,  resulting  in  the 
alternating  phase  =  (-1)^. 

The  discrepancy  between  the  choices  and  Un  arises  from  using  D  (v)  to  find  the  alter¬ 
nating  maxima,  versus  using  the  plain  phase  (17.14.19).  □ 

The  Fresnel  approximation  is  not  invariant  under  shifting  the  origin.  Our  choice  of 
origin  above  is  not  convenient  because  it  depends  on  the  observation  point  P2.  If  we 
choose  a  fixed  origin,  such  as  the  point  O  in  Fig.  17.14.4,  then,  we  must  determine  the 
corresponding  Fresnel  coefficient. 


Fig.  17.14.4  Fresnel  diffraction  by  straight  edge. 

We  assume  that  the  points  Pi ,  P2  lie  on  the  yz  plane  and  take  P2  to  lie  in  the  shadow 
region.  The  angles  61,62  maybe  chosen  to  be  positive  or  negative  to  obtain  all  possible 
locations  of  Pi ,  P2  relative  to  the  screen. 
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The  diffraction  coefficient  is  still  given  by  Eq.  (17.13.8)  but  with  ri,r2  replaced  by 
the  distances  /i,  /z-  The  unit  vectors  towards  Pi  and  P2  are: 

ii  = -zcos  01  -  ysin^i ,  12  =  z  cos  02  -  y  sin  02  (17.14.20) 

Since  r'  =  x'x  +  y'y  and  n  =  z,  we  find: 

li  ■  r'  =  -y'  sin  01 ,  I2  ■  r'  =  -y'  sin  02 ,  n  ■  b  =  -  cos  0i ,  h  ■  I2  =  cos  02 

The  quadratic  approximation  for  the  lengths  Ri,R2  gives,  then: 


Ri  +  R2  —  li  —  I2  —  ~  (ii  +  b)  'F  T 


1  1\,,  „  (iiT')2 


(Ts)' 
(brXi 


r'  ■  r')- 


h 


h 


'Y^ 


=  y'(sin0i  +  sin02)+  ^ 

=  +  ^[y'^  +  2fV(sin0i  +  sin  02)] 

where  we  defined  the  focal  lengths  F,  F'  and  the  shift  yo: 

1111  cos^  01  cos^  02  ^  ^ 

-  =  —  +  T7  =  — 1 - +  — 1 - .  yo  =  T  (sm0i  +  sm02)  (17.14.21) 

r  il  12  r  Li  12 

Using  these  approximations  in  Eq.  (17.13.6)  and  replacing  ri,  ¥2  by  li,l2,  we  find: 


F  =  ■ 


477/1/2 


“[ (n  ■  b)  -  (n  ■  il) ]  J  e  h  h) 


=  (cos  01  +  cos  02)<y''>'«^2F'  r  ^-jkx'^/2F-jk(y'+yo)^/2F' 

477/1/2  -J 

The  x' -integral  is  over  the  range  -00  <  x'  <  00  and  can  be  converted  to  a  Eresnel 
integral  with  the  change  of  variables  u  =  x'^k/  (ttF)  : 


The  y' -integral  is  over  the  upper-half  of  the  xy-plane,  that  is,  0  <  y'  <  00.  Defining 
the  Eresnel  variables  u  =  (y'  +  yo)  V^TIttFI  and  v  =  yo^/k/ (ttF'),  we  find: 


e  =  J  —  d  -j)D{-v) 

where  the  function  D(v)  was  defined  in  Eq.  (17.14.1).  Putting  all  the  factors  together, 
we  may  write  the  diffracted  field  at  the  point  P2  in  the  form: 


F  =  F, 


o-jkh 


edge 


A 


edge 


(straight-edge  diffraction) 


(17.14.22) 
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where  we  set  kyl/ZF'  =  Trv^/2  and  defined  the  incident  held  fedge  the  edge  and  the 
overall  edge-diffraction  coefficient  Dedge  by: 

(17.14.23) 

The  second  factor  /^p^)  in  (17.14.22)  may  be  interpreted  as  a  cylindrical  wave 

emanating  from  the  edge  as  a  result  of  the  incident  held  Tedge-  The  third  factor  Dedge  is 
the  angular  gain  of  the  cylindrical  wave.  The  quantity  v  may  be  written  as: 


V  = 


kF' 

- (sin  01  +  sin  02) 

7T 


(17.14.24) 


Depending  on  the  sign  and  relative  sizes  of  the  angles  0i  and  02,  it  follows  that 
V  >  0  when  P2  lies  in  the  shadow  region,  and  v  <  0  when  it  lies  in  the  illuminated 
region.  For  large  positive  v,  we  may  use  Eq.  (17.14.4)  to  obtain  the  asymptotic  form  of 
the  edge-diffraction  coefficient  Dedge^ 


Hedge 


Iff'  cos  01  +  cos  02  /7Tv2/2l-J  -/7Tv2/2  /FF  cos  01  +  COS  02  1  -J 

Vt - 2 - =VT - 2 - ^ 


Writing  ^F//2  =  ^ li/  ih  +  h)  and  replacing  v  from  Eq.  (17.14.24),  the  ^/F  factor 
cancels  and  we  obtain: 


fledge  —  ^ 

1  h  (1 -j)  (cos  01  +  cos  02) 

h  +  h  4Vtt^ (sin0i  +  sin02) 

(17.14.25) 


This  expression  may  be  simplihed  further  by  dehning  the  overall  diffraction  angle 
0  =  01 +  02,  as  shown  in  Fig.  17.14.4  and  using  the  trigonometric  identity: 


cos  01  +  cos  02  _  /  01  +  02  \ 

sin0i  +  sin02  V  2  / 

Then,  Eq.  (17.14.25)  may  be  written  in  the  form: 


fledge  ~ 


h  (1-j)  0 

h  +  h  4PTTk  2 


(17.14.26) 


The  asymptotic  diffraction  coefficient  is  obtained  from  Eqs.  (17.14.25)  or  (17.14.26) 
by  taking  the  limit  h  ^  oo,  which  gives  Pi/ ih  +  h)  ^  1-  Thus, 


(1 -j)  (cos  01  +  cos  02)  (1-j)  0 

“  4VTrk(sin0i  +  sin 02)  “  4VTTk  2 


(17.14.27) 


Eqs.  (17.14.26)  and  (17.14.27)  are  equivalent  to  those  given  in  [1125]. 

The  two  choices  for  the  origin  lead  to  two  different  expressions  for  the  diffracted 
helds.  However,  the  expressions  agree  near  the  forward  direction,  0  ^  0.  It  is  easily 
verihed  that  both  Eq.  (17.14.1)  and  (17.14.26)  lead  to  the  same  approximation  for  the 
diffracted  held: 


F 


=  F, 


edge 


I  h  1  -J 
V  +  ^2  2\/TTk6 


(17.14.28) 
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17-15  Geometrical  Theory  of  Diffraction 

Geometrical  theory  of  diffraction  is  an  extension  of  geometrical  optics  [1134-1140].  It 
views  diffraction  as  a  local  edge  effect.  In  addition  to  the  ordinary  rays  of  geometrical 
optics,  it  postulates  the  existence  of  “diffracted  rays”  from  edges.  The  diffracted  rays 
can  reach  into  shadow  regions,  where  geometrical  optics  fails. 

An  incident  ray  at  an  edge  generates  an  inhnity  of  diffracted  rays  emanating  from  the 
edge  having  different  angular  gains  given  by  a  diffraction  coefficient  Hedge-  An  example 
of  such  a  diffracted  ray  is  given  by  Eq.  (17.14.22). 

The  edge-diffraction  coefficient  Hedge  depends  on  (a)  the  type  of  the  incident  wave, 
such  as  plane  wave,  or  spherical,  (b)  the  type  and  local  geometry  of  the  edge,  such  as  a 
knife-edge  or  a  wedge,  and  (c)  the  directions  of  the  incident  and  diffracted  rays. 

The  diffracted  held  and  coefficient  are  usually  taken  to  be  in  their  asymptotic  forms, 
like  those  of  Eq.  (17.15.26).  The  asymptotic  forms  are  derived  from  certain  exactly 
solvable  canonical  problems,  such  as  a  conducting  edge,  a  wedge,  and  so  on. 

The  hrst  and  most  inhuential  of  all  such  problems  was  Sommerfeld’s  solution  of  a 
plane  wave  incident  on  a  conducting  half-plane  [1111],  and  we  discuss  it  below. 

Fig.  17.15.1  shows  a  plane  wave  incident  at  an  angle  a  on  the  conducting  plane 
occupying  half  of  the  xz-plane  for  x  >  0.  The  plane  of  incidence  is  taken  to  be  the  xy- 
plane.  Because  of  the  cylindrical  symmetry  of  the  problem,  we  may  assume  that  there 
is  no  z-dependence  and  that  the  helds  depend  only  on  the  cylindrical  coordinates  p,(p. 


Fig.  17.15.1  Plane  wave  incident  on  conducting  half-plane. 

Two  polarizations  may  be  considered:  TE,  in  which  the  electric  held  is  E  =  zFz,  and 
TM,  which  has  H  =  zHz-  Using  cylindrical  coordinates  dehned  in  Eq.  (E.2)  of  Appendix 
E,  and  setting  d/dz  =  0,  Maxwell’s  equations  reduce  in  the  two  cases  into: 


(TE)  V^Fz  +  k^Fz  =  0, 


_ 1  1  dFz 

jcvp  p  00  ’ 
1  1  dHz 

jcvep  00 


Fcf) 


1  dFz 
jcvp  dp 
1  dHz 
jcjoe  dp 


(TM) 


V^Hz  +  k^Hz  =  0, 


(17.15.1) 
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where  =  uo^ne,  and  the  two-dimensional  is  in  cylindrical  coordinates: 


1  1 

p  dpy’  dp)^  p2  a<^2 


(17.15.2) 


The  boundary  conditions  require  that  the  tangential  electric  held  be  zero  on  both 
sides  of  the  conducting  plane,  that  is,  for  0  =  0  and  <p  =  Zn.  In  the  TE  case,  the 
tangential  electric  held  is  Ez,  and  in  the  TM  case.  Ex  =  Ep  cos  <p  -  Ecj)  sm<p  =  Ep  = 
(l/jcjoep)  idHz/d<p),  for  0  =  0,  2tt.  Thus,  the  boundary  conditions  are: 


(TE)  Ez  =  0,  for  0 
(TM)  =  0,  for  (f> 


0  and  0  =  277 
0  and  0  =  277 


(17.15.3) 


In  Eig.  17.15.1,  we  assume  that  0  <  tx  <  90°  and  distinguish  three  wedge  regions 
dehned  by  the  half-plane  and  the  directions  along  the  rehected  and  transmitted  rays: 


rehection  region  {AOB):  0  <  0  <  77  -  cx 

transmission  region  (50C):  TT-a<(p<TT+a  (17.15.4) 

shadow  region  (COA):  tt  +  a  <(p<2TT 


The  case  when  90°  <  a  <  180°  is  shown  in  Eig.  17.15.2,  in  which  a  has  been 
redehned  to  still  be  in  the  range  0  <  tx  <  90°.  The  three  wedge  regions  are  now: 


rehection  region  (AOB): 
transmission  region  (BOC): 
shadow  region  (COA): 


0  <  0  <  cx 
a  <  (p  <2tt  -  a 
277  -  cx  <  0  <  277 


(17.15.5) 


Fig.  17.15.2  Plane  wave  incident  on  conducting  half -plane. 

We  construct  the  Sommerfeld  solution  in  stages.  We  start  by  looking  for  solutions 
of  the  Helmholtz  equation  -r  =  0  that  have  the  factored  form:  U  =  ED,  where 
E  is  also  a  solution,  but  a  simple  one,  such  as  that  of  the  incident  plane  wave.  Using  the 
differential  identities  of  Appendix  C,  we  have: 

V2[/  +  fc2[/  =  D(V2£  +  k2£)  +£v2d  +  2  Vf  ■  VD 
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Thus,  the  conditions  k^U  =  0  and  -r  k^E  =  0  require: 

+  2  V£  ■  VD  =  0  ^  +  2(Vln£')-VD  =  0  (17.15.6) 

If  we  assume  that  E  is  of  the  form  E  =  ,  where  f  is  a  real-valued  function,  then, 

equating  to  zero  the  real  and  imaginary  parts  of  V^E  +  k^E  =  0,  we  find  for  f: 

V^E +  k^E  =  E{k^ -Vf -Vf +JV^f)  =0  ^  V'^f  =  0,  Vf-Vf  =  k^  (17.15.7) 

Next,  we  assume  that  D  is  of  the  form: 

rV 

D  =  Do\  (17.15.8) 

where  Dq  is  a  constant,  v  is  a  function  of  p,  0,  and  giu)  is  a  real-valued  function  to  be 
determined.  Noting  that  VD  =  Doe~j^  S/v  and  Vg  =  g'  (v)  Vv,  we  hnd: 

VD  =  Doe-j^Vv,  (V^v  -  jp' (v)  Vv  ■  Vv) 


Then,  it  follows  fromEq.  (17.15.6)  that  -r  2(VlnE’)  -VD  =  -r  jVf  ■  VD  and: 

-r  jVf  ■  VD  =  Doe-^^  [  V^v  -r  j{2  Vf  ■  Vv  -  p' Vv  ■  Vv)  ]  =  0 
Equating  the  real  and  imaginary  parts  to  zero,  we  obtain  the  two  conditions: 

2 Vf ■ Vv 


V"v  =  0, 


Vv  ■  Vv 


=  g'M 


(17.15.9) 


Sommerfeld’s  solution  involves  the  Eresnel  diffraction  coefficient  of  Eq.  (17.14.1), 
which  can  be  written  as  follows: 


(17.15.10) 


Therefore,  we  are  led  to  choose  g{u)=  ttu^/2  and  Do  =  1/  (1  -  j)-  To  summarize, 
we  may  construct  a  solution  of  the  Helmholtz  equation  in  the  form: 


V^U  +  k^U  =  0, 


U  =  ED  =  e^^D(v) 


where  f  and  v  must  be  chosen  to  satisfy  the  four  conditions: 


(17.15.11) 


VY  =  0, 
V^v  =  0, 


Vf  ■  Vf  =  k^ 


2Vf  ■  Vv 
Vv  ■  Vv 


g'(v)=  77V 


(17.15.12) 


It  can  be  verihed  easily  that  the  functions  u  =  cos  a<p  and  u  =  p^  sin  a<p  are  solu¬ 
tions  of  the  two-dimensional  Laplace  equation  =  0,  for  any  value  of  the  parameter 

a.  Taking  f  to  be  of  the  form  f  =  Ap^  cos  a0,  we  have  the  condition: 


Vf  =  Aap^  ^  [pcosrz0  -  0  sinrz0] 


Vf  -Vf  =  =k^ 
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This  immediately  implies  that  a  =  1  and  so  that  A  =  ±k.  Thus,  f  = 

Ap  cos  <p  =  ±kp  cos  <p.  Next,  we  choose  v  =  Bp^  cos  a<p.  Then: 

Vf  =  A  ip  cos  (p  -  ^sin  p) 

Vv  =  Bap^~^  [p  cos  ap  -  p  sinap] 

Vf  ■  Vv  =  ABap^~^  [cos  p  cos  ap  +  sinp  sinap]  =  ABap^~^  cosip  -  cip) 

Vv  ■  Vv  =  B^a^p^^^~^'^ 

Then,  the  last  of  the  conditions  (17.15.12)  requires  that: 

1  2  V/’-  Vv  _  2Ap^“^^  cosip  -  cip)  _  ^ 

TTV  Vv  ■  Vv  naB^  cosap 

which  implies  that  rz  =  1/2  and  B^  =  ZA/na  =  4A/Tr.  But  since  A  =  ±k,  only  the 
case  A  =  k  is  compatible  with  a  real  coefficient  B.  Thus,  we  have  B^  =  4k/n,  or, 
B  =  ±2VkjTT. 

In  a  similar  fashion,  we  hnd  that  if  we  take  v  =  Bp^  sin  ap,  then  a  =  1/2,  but  now 
B^  =  -4A/Tr,  requiring  that  A  =  -k,  and  B  =  ±2^/k/Tr.  In  summary,  we  have  the 
following  solutions  of  the  conditions  (17.15.12): 


f  =  -\-kpcosp,  V  =  ±2 . cos  ^ 


f  = -kp  cos  p,  V  =  ±2 . sin — 
V  7T  2 


(17.15.13) 


The  corresponding  solutions  (17.15.11)  of  the  Helmholtz  equation  are: 
Uip,p)=  ,  V  =  ±2./^pi/2^os^ 


Uip,p)=  ,  V  =  ±2.  -  p^^^sin^ 


(17.15.14) 


The  function  D  (v)  may  be  replaced  by  the  equivalent  form  of  Eq.  (17.14.5)  in  order 
to  bring  out  its  asymptotic  behavior  for  large  v: 

Uip,p)=  e^^P^^^^[uiy)-\-diy)e~^'^^^^^],  v  =  ±2. /— p^^^cos  — 

V  7T  2 

Uip,(t))=  e^J’^P‘^°’‘*[uiv)+d{v)e-j^^">^],  v=  ±2^^p^'^sinj 

Using  the  trigonometric  identities  cosp  =  2cos^(0/2)-l  =  1  -  2  sin^  ip/ 2),  we 
hnd  for  the  two  choices  of  v: 

kpcosp  -  ^TTV^  =  kp  cosp  -  2cos^  yj  =  -kp 
-kpcosp  -  ^TTV^  =  -kp  cosp  +  2 sin^  ^ 
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Thus,  an  alternative  form  of  Eq.  (17.15.14)  is: 


(17.15.15) 


Shifting  the  origin  of  the  angle  p  still  leads  to  a  solution.  Indeed,  dehning  p'  = 
p±a,wc  note  the  property  d/dp'  =  d/dp,  which  implies  the  invariance  of  the  Laplace 
operator  under  this  change.  The  functions  U ip,  p  ±  a)  are  the  elementary  solutions 
from  which  the  Sommerfeld  solution  is  built. 

Considering  the  TE  case  hrst,  the  incident  plane  wave  in  Eig.  17.15.1  is  E  =  zEi, 
where  Ei  =  Eoe~^^'^ ,  with  r  =  xpcosp  +  ypsin0  and  k  =  -kixcosa  +ysincx).  It 
follows  that: 

k  ■  r  =  -kp icosp  cos  a  +  sinpsma)=  -kp  cosip  -  oc) 

(17.15.16) 

Ei  =  Eoe-^^-^  = 


The  image  of  this  electric  held  with  respect  to  the  perfect  conducting  plane  will 
be  the  rehected  held  Er  =  where  kr  =  ki-xcos  a  +  ysintx),  resulting  in 

Er  =  The  sum  Ei  +  Er  does  vanish  for  0  =  0  and  p  =  2tt,  but  it  also 

vanishes  for  p  =  n.  Therefore,  it  is  an  appropriate  solution  for  a  full  conducting  plane 
(the  entire  xz-plane),  not  for  the  half-plane. 

Sommerfeld’s  solution,  which  satishes  the  correct  boundary  conditions,  is  obtained 
by  forming  the  linear  combinations  of  the  solutions  of  the  type  of  Eq.  (17.15.14): 


£z  =  £o  [  D(vi)-  eJ'^P  D  ( Vr )  ]  (TE) 


(17.1S.17) 


<t)i  =  (t)-a,  Vi  =  2j—p^^^costr 

V  7T  2 

I  I  k  -I  Pr 

pr  =  p  +  a  ,  Vr  =  2./  —  p^^"'  COS - 

^  ^  V  2 

Eor  the  TM  case,  we  form  the  sum  instead  of  the  difference: 


(17.15.18) 


Hz  =  (TM) 


(17.15.19) 


The  boundary  conditions  (17.15.3)  are  satished  by  both  the  TE  and  TM  solutions. 
As  we  see  below,  the  choice  of  the  positive  sign  in  the  dehnitions  of  v,  and  v^  was 
required  in  order  to  produce  the  proper  diffracted  held  in  the  shadow  region.  Using  the 
alternative  forms  (17.15.15),  we  separate  the  terms  of  the  solution  as  follows: 


Ez  =  EqC'^^p^^^^^  uiyi)-Eoe‘^^P^^^^''  uiyr)+Eoe  ^^^[d(v/)-d(Vr)]  (17.15.20) 
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The  first  two  terms  correspond  to  the  incident  and  reflected  helds.  The  third  term  is 
the  diffracted  held.  The  algebraic  signs  of  v,  and  Vr  are  as  follows  within  the  rehection, 
transmission,  and  shadow  regions  of  Eq.  (17.15.4): 

rehection  region:  0  <  <p  <  n  -  a,  v,  >  0,  Vr  >  0 

transmission  region:  n-a<4><n  +  a,  v/  >  0,  Vr  <  0  (17.15.21) 

shadow  region:  n  a  <  <p  <  2jt,  v,  <0,  <  0 

The  unit-step  functions  will  be  accordingly  present  or  absent  resulting  in  the  follow¬ 
ing  helds  in  these  three  regions: 


rehection  region: 

Ez  —  Ei  Er  +  Ed 

transmission  region: 

Ez  —  Ei  Ed 

shadow  region: 

Ez  =  Ed 

where  we  dehned  the  incident,  rehected,  and  diffracted  helds: 

Ei  = 

Er  =  (17.15.23) 

Ed  =  Eoe~j’^‘’[d(Vi)-d{Vr)] 


The  diffracted  held  is  present  in  all  three  regions,  and  in  particular  it  is  the  only  one 
in  the  shadow  region.  For  large  v,  and  Vr  (positive  or  negative),  we  may  replace  d  (v)  by 
its  asymptotic  form  d  (v)  =  -  (1  -j)  /  (2Trv)  of  Eq.  (17.14.6),  resulting  in  the  asymptotic 
diffracted  held: 


Ed  =  -EqC 


-j^P  - _ i 

2tt 


=  -Eoe-j^P  - 


V  V/  Vr  J 

( 


1 


1 


2tx2^YItxq^<'^  \cos(0,72) 
which  can  be  written  in  the  form: 


cos(</)r/2) 


Q-J^P 

Ed  —  Eq  ^edge 


with  an  edge-diffraction  coefficient: 


D, 


edge 


i-j 

4VTTk 


<f>i 


<pl 

COS-y 


a 


edge 


1-J 

4^/TTk 


d>  -  a 

ycos — - —  cos 


(17.15.24) 


(17.15.25) 


Using  a  trigonometric  identity,  we  may  write  Dedge  as  follows: 

/  \  .  (p  .  a 

1 _ 1  _  1-^'  sm-sm- 

<P  +  cx  I  ^Jrrk  cos  0  -r  cos  a 


(17.15.26) 


Eqs.  (17.15.22)  and  (17.15.24)  capture  the  essence  of  the  geometrical  theory  of  diffrac¬ 
tion:  In  addition  to  the  ordinary  incident  and  rehected  geometric  optics  rays,  one  also 
has  diffracted  rays  in  all  directions  corresponding  to  a  cylindrical  wave  emanating  from 
the  edge  with  a  directional  gain  of  Dedge- 

For  the  case  of  Fig.  17.15.2,  the  incident  and  rehected  plane  waves  have  propagation 
vectors  k  =  k(zcosa  -ysincx)  and  kr  =  kizcosa  -rysincx).  These  correspond  to 
the  incident  and  rehected  helds: 

Ei  =  Eoe-^^-^  =  £'Qe-ifcpcos(c/>+«)  ^ 

In  this  case,  the  Sommerfeld  TE  and  TM  solutions  take  the  form: 


Ez  =  D(Vr)] 

Hz  =  D{vr)] 


(17.15.27) 


where,  now: 


(pi  =  <p  +  a  , 

<pr  =  p  —  (X  , 


Vi  =  2 


^  2 


v.  =  -2j|pi/2sin^ 


(17.15.28) 


The  choice  of  signs  in  v,  and  Vr  are  such  that  they  are  both  negative  within  the 
shadow  region  dehned  by  Eq.  (17.15.5).  The  same  solution  can  also  be  obtained  from 
Fig.  17.15.1  and  Eq.  (17.15.17)  by  replacing  a  by  n  -  a. 


17.16  Rayleigh-Sommerfeld  Diffraction  Theory 


In  this  section,  we  recast  Kirchhoff’s  diffraction  formula  in  a  form  that  uses  a  Dirich- 
let  Green’s  function  (i.e.,  one  that  vanishes  on  the  boundary  surface)  and  obtain  the 
Rayleigh-Sommerfeld  diffraction  formula.  In  the  next  section,  we  show  that  this  re¬ 
formulation  is  equivalent  to  the  plane-wave  spectrum  approach  to  diffraction,  and  in 
Sec.  17.18,  we  use  it  to  obtain  the  usual  Fresnel  and  Fraunhofer  approximations  and 
discuss  a  few  applications  from  Fourier  optics. 

We  will  work  with  the  scalar  case,  but  the  same  method  can  be  used  for  the  vector 
case.  With  reference  to  Fig.  17.16.1,  we  we  consider  a  scalar  held  £(1)  that  satishes  the 
source-free  Helmholtz  equation,  (V^  -r  k^)F’(r)  =  0,  over  the  right  half-space  z  >  0. 

We  consider  a  closed  surface  consisting  of  the  surface  S’ 00  of  a  sphere  of  very  large 
radius  centered  at  the  observation  point  r  and  bounded  on  the  left  by  its  intersection  S 
with  the  xy  plane,  as  shown  in  the  Fig.  17.16.1.  Clearly,  in  the  limit  of  inhnite  radius, 
the  volume  V  bounded  by  S  -r  Soo  is  the  right  half-space  z  >  0,  and  S  becomes  the  entire 
xy  plane.  Applying  Eq.  (17.10.3)  to  volume  V,  we  have: 


+  k^E)  -E  ( V'^G  +  k^G)  ]  dV 


dS'  (17.16.1) 


2 


2 
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Fig.  17.16.1  Fields  determined  from  their  values  on  the  xy-plane  surface. 


The  surface  integral  over  ^oo  can  be  ignored  by  noting  that  n  is  the  negative  of  the 
radial  unit  vector  and  therefore,  we  have  after  adding  and  subtracting  the  term  jkEG\ 


5,0  L  dn'  dn'  J 


dS'  = 


dr 


(If. 


dS' 


Assuming  Sommerfeld’s  outgoing  radiation  condition: 

r(^+jk£’)^0,  as  r  ^  oo 

and  noting  that  G  =  I Anr  also  satisfies  the  same  condition,  it  follows  that  the 
above  surface  integral  vanishes  in  the  limit  of  large  radius  r.  Then,  in  the  notation  of 
Eq.  (17.10.4),  we  obtain  the  standard  Kirchhoff  diffraction  formula: 

£(r)uv(r)=£[£|^-G||]dS'  (17.16.2) 

Thus,  if  r  lies  in  the  right  half-space,  the  left-hand  side  will  be  equal  to  E  (r) ,  and  if  r 
is  in  the  left  half-space,  it  will  vanish.  Given  a  point  r  =  (x,  y,  z) ,  we  define  its  reflection 
relative  to  the  xy  plane  by  r_  =  (x,y,  -z) .  The  distance  between  r_  and  a  source  point 
r'  =  (x',y',  z')  can  be  written  in  terms  of  the  distance  between  the  original  point  r  and 
the  reflected  source  point  r'_  =  (x'  ,y',  -z')\ 


whereas 


R-  =  |r_  -r'l  =  i/(x-x')2  +  (y-y')2  +  (z  +  z')2  =  |r-r'_| 
R  =  |r-r'|  =^(x-x')2  +  (y-y')2  +  (z-z')2 
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This  leads  us  to  define  the  reflected  Green’s  function: 

p-jkR- 

G-{r,r')=  - — —  =  G(r-r'_)=  G(r_  -r')  (17.16.3) 

4ttR- 

and  the  Dirichlet  Green’s  function: 

p-jkR  p-jkR- 

Gdir,r')=  G(r,r')-G-(r,r')=  - — -  -  - — —  (17.16.4) 

4ttR  4ttR- 


For  convenience,  we  may  choose  the  origin  to  lie  on  the  xy  plane.  Then,  as  shown 
in  Fig.  17.16.1,  when  the  source  point  r'  lies  on  the  xy  plane  (i.e.,  z'  =  0),  the  function 
Gdir,r')  will  vanish  because  R  =  R-.  Next,  we  apply  Eq.  (17.16.1)  at  the  observation 
point  r  in  the  right  half-space  and  at  its  reflection  in  the  left  half-plane,  where  (17.16.1) 
vanishes: 


dG 

dn' 

dG- 

dn' 


-G 


dn 


-G- 


_aT 

dn 


at  point  r 


at  point  r_ 


where  G-  stands  for  G(r_  -  r').  But  on  the  xy  plane  boundary,  G-  =  G  so  that  if  we 
subtract  the  two  expressions  we  may  eliminate  the  term  dE/dn',  which  is  the  reason 
for  using  the  Dirichlet  Green’s  function:^ 


£(r)=  ££(r')  ^(G-G-)dS'  =  £^(1')  ^ 

On  the  xy  plane,  we  have  n  =  z,  and  therefore 

dG-  dG 


dG 

dn' 


dG 

dz' 


and 


z'=0 


dn' 


dz' 


dG 

dz' 


Then,  the  two  derivative  terms  double  resulting  in  the  Rayleigh-Sommerfeld  diffrac¬ 
tion  formula  [1110,1111]: 


EM  =2 


)  EM)  —dS' 
s  dz' 


(Rayleigh-Sommerfeld) 


(17.16.5) 


The  indicated  derivative  of  G  can  be  expressed  as  follows: 


dG 

dz'  z'=o 


e-m 

4TrR 


=  cos  6 


p-jkR 

4TrR 


(17.16.6) 


where  0  is  the  angle  between  the  z-axis  and  the  direction  between  the  source  and  obser¬ 
vation  points,  as  shown  in  Eig.  17.16.1.  Eor  distances  R  »  A,  or  equivalently,  k  »  HR, 
one  obtains  the  approximation: 


dG 

dz' 


z'=0 


=  jk  cos  6 


e-JkR 

4TrR  ’ 


for  R  »  A 


(17.16.7) 


^By  adding  instead  of  subtracting  the  above  integrals,  we  obtain  the  alternative  Green’s  function  Gs  = 
G  +  G-,  having  vanishing  derivative  on  the  boundary. 
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This  approximation  will  be  used  in  Sec.  17.18  to  obtain  the  standard  Fresnel  diffrac¬ 
tion  representation.  The  quantity  cos  6  =  z/R  is  an  “obliquity”  factor  and  is  usually 
omitted  for  paraxial  observation  points  that  are  near  the  z  axis. 

Equation  (17.16.5)  expresses  the  held  at  any  point  in  the  right  half-space  in  terms  of 
its  values  on  the  xy  plane.  In  the  practical  application  of  this  result,  if  the  plane  consists 
of  an  inhnite  opaque  screen  with  an  aperture  S  cut  in  it,  then  the  integration  in  (17.16.5) 
is  restricted  only  over  the  aperture  S.  The  usual  Kirchhoff  approximations  assume  that: 
(a)  the  held  is  zero  over  the  opaque  screen,  and  (b)  the  held,  Eir'),  over  the  aperture  is 
equal  to  the  incident  held  from  the  left. 

Eq.  (17.16.5)  is  also  valid  in  the  vectorial  case  for  each  component  of  the  electric  held 
Eir).  However,  these  components  are  not  independent  of  each  other  since  they  must 
satisfy  V  -  E  =  0,  and  are  also  coupled  to  the  magnetic  held  through  Maxwell’s  equations. 
Taking  into  account  these  constraints,  one  arrives  at  a  modihed  form  of  (17.16.5).  We 
pursue  this  further  in  the  next  section. 


17.17  Plane-Wave  Spectrum  Representation 

The  plane-wave  spectrum  representation  builds  up  a  (single-frequency)  propagating 
wave  Eix,y,z)  as  a  linear  combination  of  plane  waves  e-i(^xx+kyy+kzz)_  only  as¬ 
sumption  is  that  the  held  must  satisfy  the  wave  equation,  which  for  harmonic  time 
dependence  is  the  Helmholtz  equation 

(V^  +  k^)E’(x,y,z)=  0,  k=—  (17.17.1) 

c 

where  c  is  the  speed  of  light  in  the  propagation  medium  (assumed  here  to  be  homoge¬ 
neous,  isotropic,  and  lossless.)  In  solving  the  Helmholtz  equation,  one  assumes  initially 
a  solution  of  the  form: 

E  (x,  y,z)  =  E  (kx,  ky,z) 

Inserting  this  into  Eq.  (17.17.1)  and  replacing  dx  ^  -jkx  and  dy  -jky,  we  obtain: 
(^-kl-kl+-^+k^^E{k^,ky,Z)=0 


or,  dehning  kl  =  k^  -  k^  -  k^,  we  have: 


d^Eikx,ky,z) 

0Z2 


-{k^  -kl-  ky)E{kx,ky,z)=  -klE(kx,ky,z) 


Its  solution  describing  forward-moving  waves  (z  >  0)  is: 

Eikx,  ky,z)  =  Eikx,  ky,  0)  (17.17.2) 

If  kl  -y  ky  <  k^,  the  wavenumber  kz  is  real-valued  and  the  solution  describes  a 
propagating  wave.  If  kl  -y  k^  >  k^,  then  kz  is  imaginary  and  the  solution  describes  an 
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evanescent  wave  decaying  with  distance  z.  The  two  cases  can  be  combined  into  one  by 
dehning  kz  as  follows: 


In  the  latter  case,  we  have  the  decaying  solution: 


E(kx,ky,z)=E(kx,ky,Q)e-^'^^^^^\  z>0 

The  complete  space  dependence  is  Eikx,ky,t))e~j^^^~j^yye~j^^^.  The  most  general 
solution  of  Eq.  (17.17.1)  is  obtained  by  adding  up  such  plane-waves,  that  is,  by  the  spatial 
two-dimensional  inverse  Fourier  transform: 

(17.17.4) 

This  is  the  plane-wave  spectrum  representation.  Because  kz  is  given  by  Eq.  (17.17.3), 
this  solution  is  composed,  in  general,  by  both  propagating  and  evanescent  modes.  Of 
course,  for  large  z,  only  the  propagating  modes  survive.  Setting  z  =  0,  we  recognize 
E (kx,  ky,  0)  to  be  the  spatial  Fourier  transform  of  the  held,  E (x,y,  0) ,  on  the  xy  plane: 


Eix,y,0)  = 

^00  ^00 

Eikx,ky,0)  =  Eix,y,0)e‘^^’^^^‘^^y^  dxdy 

J  —00  J  —00 


(17.17.5) 


As  in  Chap.  3,  we  may  give  a  system- theoretic  interpretation  to  these  results.  Dehn¬ 
ing  the  “propagation”  spatial  hlter  gikx,  ky,  z)  =  then  Eq.  (17.17.2)  reads: 


E  ( kx ,  ky ,  z)  —  g  i kx ,  ky ,  z)  E  { kx ,  ky ,  0 ) 


(17.17.6) 


This  multiplicative  relationship  in  the  wavenumber  domain  translates  into  a  convo¬ 
lutional  equation  in  the  space  domain.  Denoting  by  g  (x,  y ,  z)  the  spatial  inverse  Fourier 
transform  of  gikx,  ky,z)=  that  is, 

(17.17.7) 

we  may  write  Eq.  (17.17.4)  in  the  form: 

(17.17.8) 

Eq.  (17.17.8)  is  equivalent  to  the  Rayleigh-Sommerfeld  formula  (17.16.5).  Indeed,  it 
follows  from  Eq.  (D.19)  of  Appendix  D  that 

dG  dG  e~j^^ 

g(x-x,y-y,z)=-2-  =  2—,  G=—,  R  =  \r-r\  (17.17.9) 
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with  the  understanding  that  z'  =  0.  Thus,  (17.17.8)  takes  the  form  of  (17.16.5). 

Next,  we  discuss  the  vector  case  as  it  applies  to  electromagnetic  helds.  To  simplify 
the  notation,  we  dehne  the  two-dimensional  transverse  vectors  =  xx  -r  yy  and  = 
xkx  +  yky,  as  well  as  the  transverse  gradient  Vj.  =  x  0x  +  y  Sy,  so  that  the  full  three- 
dimensional  gradient  is 


V  =  xdx  +  +ydy  +  zdz  =  ±  +  zdz 

In  this  notation,  Eq.  (17.17.6)  takes  the  form£'(k^,  z)  =  g  {kj_,  z)E{k_i,0) .  The  plane- 
wave  spectrum  representations  (17.17.4)  and  (17.17.8)  now  read  (where  the  integral  sign 
denotes  double  integration): 


E(r^,  0) 


(17.17.10) 

and 

g(n,z)=\  (17.17.11) 

J— 00 

In  the  vectorial  case,  Eir±,z)  is  replaced  by  a  three-dimensional  held,  which  can  be 
decomposed  into  its  transverse  x,  y  components  and  its  longitudinal  part  along  z: 


E{r^,  z) 


E(r^,z)  =  I  E(k^,0) 


d^kj_ 

(2Tr)2 


i: 

r  00 

E{rl,0)g{r^_  -  rl,z)  (fr[ 

J  — 00 


E  =  xEx  +  yEy  +  zEz  =  Ej_  +  zEz 


The  Rayleigh-Sommerfeld  and  plane-wave  spectrum  representations  apply  separately 
to  each  component  and  can  be  written  vectorially  as 

E(r^,z)=\  E{kj_,0)  -7--^  =  \  E{rl,0)g{r^  -  rl,z)  d'^rl 

J— 00  (27T)'^  J— 00 

(17.17.12) 

Because  E  must  satisfy  the  source-free  Gauss’s  law,  V  ■  E  =  0,  this  imposes  certain 
constraints  among  the  Fourier  components  £  that  must  be  taken  into  account  in  writing 
(17.17.12).  Indeed,  we  have  from  (17.17.12) 

V  ■  £  =  -j  k-E{k^,0)  =  0 

J— 00  (27T)'^ 

which  requires  that  k  ■  E{kj_,0)  =  0.  Separating  the  transverse  and  longitudinal  parts, 
we  have: 

k-E=kj_-Ej_+kzEz  =  0  ^  Ez  = 

kz 

It  follows  that  the  Fourier  vector  £  must  have  the  form: 


E  =E_i  -\-  zEz  =  £± 


-  z 


k: 


(17.17.13) 
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and,  therefore,  it  is  expressible  only  in  terms  of  its  transverse  components  £^ .  Then, 
the  correct  plane-wave  spectrum  representation  (17.17.12)  becomes: 


Eirj_,z)  = 


£i(ki,0)-z 


d^k^ 

(2Tr)2 


(17.17.14) 


But  from  the  Weyl  representations  (D.18)  and  (D.20),  we  have  with  G  =  e  ^^^/4Trr: 


^-jkzz  ^-jk^  r^ 


d^k^ 

(2Tr)2  ’ 


-2V^G 


^  p-j^zZ  p-jk^  r^ 

kz 


d^k^ 

(2Tr)2 


Then,  (17.17.14)  can  be  written  convolutionally  in  the  form: 


£(r^,z)=  -2 


_  dG  ^  _ 

£±  ^ - z  V^G  ■  £^ 

dz 


(17.17.15) 


where  here  G  =  e~^^^/4TrR  with  R  =  |r  -  r'|  and  z'  =  0,  and  £^  in  the  integrand 
stands  for  £^  (r/,  0).  Eq.  (17.17.15)  follows  from  the  observation  that  in  (17.17.14)  the 
following  products  of  Fourier  transforms  (in  k^)  appear,  which  become  convolutions  in 
the  domain: 

£±  (k±,  0) and  £^  (k^,  0)  ■ 

Because  E±  (r/,  0)  does  not  depend  on  r,  it  is  straightforward  to  verify  using  some 
vector  identities  that 


aG 

z  V^G  ■  £^  -  £^  —  =  V  X  (z  X  £^G) 


This  gives  rise  to  the  Rayleigh-Sommerfeld-type  equation  for  the  vector  case: 

E{rj_,z)=  2V  X  |z  X  Ej_{rl,0)G{R)  (frl  (17.17.16) 


which  can  be  abbreviated  as 


£(r)=  2  V  X 

z  X  Ej_GdS’ 

•J 

s 

(17.17.17) 


The  magnetic  held  can  be  determined  from  Faraday’s  law,  V  x  £  =  -jcop/f: 


2 

H(r)=  ^ - V  x£  = 

-jwg 


— - V  X  (V  X 

-jwg 


z  X  E^GdS') 

s 


(17.17.18) 


The  same  results  can  be  derived  more  directly  by  using  the  Franz  formulas  (17.10.13) 
and  making  use  of  the  extinction  theorem  as  we  did  in  Sec.  17.16.  Applying  (17.10.13) 
to  the  closed  surface  S’  -r  ^oo  of  Fig.  17.16.1,  and  dropping  the  Soo  term,  it  follows  that 
the  left-hand  side  of  (17.10.13)  will  be  zero  if  the  point  r  is  not  in  the  right  half-space. 
To  simplify  the  notation,  we  dehne  the  vectors: 

e=  ^  G{±xE)dS' ,  h  =  ^G{zxH)dS' 
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where  we  took  S  to  be  the  xy  plane  with  the  unit  vector  h  =  z.  Then,  Eqs.  (17.10.13)  and 
(17.10.14)  can  be  written  as: 


E{r)=  X  (V  X  h)+V  X  e,  H{r)=  — - — V  x  (V  x  e)+V  x  h 

JCOe  -J(MIA 

Noting  that  e,  h  are  transverse  vectors  and  using  some  vector  identities  and  the  de¬ 
composition  V  =  +  z  0z,  we  can  rewrite  the  above  in  a  form  that  explicitly  separates 

the  transverse  and  longitudinal  parts,  so  that  if  r  is  in  the  right  half-space: 

£(r)  =  [V^  X  (V^  xh)-0|h  +  z0z(V^  ■  h)]  +  V^  xe  +  zx  dzC 

J  coc 

(17.17.19) 

H(r)  =  — ^ — [V^  X  (Vj.  X  e)-dle  +  zdzi'^±  ■  e)]  +  Vj.xh  +  zx  dzh 
-J(M^ 

If  r  is  chosen  to  be  the  reflected  point  r_  on  the  left  half-space,  then  G-  =  G  and  the 
vectors  e,  h  remain  the  same,  but  the  gradient  with  respect  to  r-  is  now  V_  =  -  z  0z, 

arising  from  the  replacement  z  ^  -z.  Thus,  replacing  0z  ^  -0z  in  (17.17.19)  and 
setting  the  result  to  zero,  we  have: 


0  =  ^ — [V^  X  (V^  X  \i)-d\h-  z0z(Vj.  ■  h)]  +  Vj.xe-zx  0ze 
jcve" 

(17.17.20) 

0  =  — ^ —  [V^  X  (Vj_  X  e)-dle  -  z0z(Vj.  ■  e)]  +  Vj_xh-zx  dzh 

-J(MH 

Separating  (17.17.20)  into  its  transverse  and  longitudinal  parts,  we  have: 


jwe 

1 

-j(M^ 


[V^  X  (V^  X  h)-dlh]  =  z  X  dzC, 


[V^  X  (V^  X  e)-dle]  =  z  x  dzh, 


jcve 

1 

-j(M^  ' 


[z0z(V^-h)]  =Vj.xe 


[z0z(V^  ■  e]  =  X  h 


(17.17.21) 

Using  these  conditions  into  Eq.  (17.17.19),  we  obtain  the  doubling  of  terms: 


^■(r)  =  2V^xe  +  2zx  0ze  =  2  V  x  e 

H(r)  =  X  (V^  X  e)-02e  +  z0z(V^  ■  e)]  =  x  (V  x  e) 

-JCV^  ^  -J(M^ 

(17.17.22) 

which  are  the  same  as  Eqs.  (17.17.17)  and  (17.17.18).  Alternatively,  we  may  express  the 
diffracted  helds  in  terms  of  the  values  of  the  magnetic  held  at  the  xy  surface: 

^(r)  =  ^[Vx  X  (Vx  X  h)-dlh  +  idz{V ■  h)]  =  t^V  x  (V  x  ft) 

jwe  j(ve  (17.17.23) 

Hit)  =  2VxXft+2zxazft  =  2Vxft 


Eqs.  (17.17.17)  and  (17.17.23)  are  equivalent  to  applying  the  Eranz  formulas  with  the 
held-equivalent  surface  currents  of  Eqs.  (17.1.2)  and  (17.1.3),  respectively. 

As  in  the  scalar  case,  the  vector  method  is  applied  in  practice  by  assuming  that  the 
helds  on  the  aperture  plane  are  the  same  as  the  incident  helds  from  the  left. 
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Example  17.17.1:  Oblique  Plane  Wave.  Here,  we  show  that  the  plane-wave  spectrum  method 
correctly  generates  an  ordinary  plane  wave  from  its  transverse  values  at  an  input  plane. 
Consider  a  TM  electromagnetic  wave  propagating  at  an  angle  do  with  respect  to  the  z  axis, 
as  shown  in  the  hgure  below.  The  electric  held  at  an  arbitrary  point,  and  its  transverse 
part  evaluated  on  the  plane  z'  =  0,  are  given  by 


E{r^,z)  =  £o  (x  cos  do  -  z  sindo)e 
Ei_  {rl,0)  =  xEq  cos  do  =  xEq  cos  doe“^^° 

kj  =  k  sin  do  ,  ky  =  0,  =  k  cos  do 

=  xk^+yky  =  X k  sin  do 


It  follows  that  the  spatial  Fourier  transform  of  E^  {rl,0)  will  be 

E±  (kx,  0)  =  J  xEq  cos  do  (f-r[  =  xEq  cos  do  {2TT)^6{k^  -  k°  ) 

Then,  the  integrand  of  Eq.  (17.17.14)  becomes 

Ex  -  z  =  Eoix  cos  do  -  z  sin  do)  (2TT)^d(kx  -  k°  ) 

kz 


and  Eq.  (17.17.14)  gives 

E{r^,z)  =  {  £o(x  cosdo  -  z  sindo)  (2Tr)^d(kx  - 

J-OO  (27T)^ 

=  Eoix  cos  do  -  z  sin  do) 

which  is  the  correct  expression  for  the  plane  wave.  For  a  TE  wave  a  similar  result  holds.  □ 


17.18  Fresnel  Diffraction  and  Fourier  Optics 


The  Eresnel  approximation  for  planar  apertures  is  obtained  from  the  Rayleigh-Sommerfeld 
formula  (17.16.5).  Using  (17.16.6),  we  have: 

where  R  =  ^ (x  -  x')^  + iy  -  y')^+z^  =  ^/\r^  -  rl\^  +  z^.  The  Eresnel  approximation 
assumes  that  z  is  large  enough  such  that  \rj_  -  r I  \  z,  which  can  realized  if  the 
aperture  has  dimension  d  so  that  |  I  <  d,  and  one  assumes  that  the  observation  point 
r±_  remains  close  to  the  z-axis  (the  paraxial  approximation)  such  that  |  I  <  d,  and  z  is 
chosen  such  that  z  :$>  d.  Then,  we  can  approximate  R  as  follows: 


1  + 


1  kx  -rx'P 


kx-rxP 

2z 
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where  we  used  the  Taylor  series  expansion  VTTx  ^  1  +  x/2.  Assuming  also  that  R  or 
z  is  much  greater  than  the  wavelength  of  the  wave,  z  »  A,  so  that  k  »  1/R  we  obtain 


2Z  /  1\  ^-jkiz+\r^-r:\^/2z) 

^  ^  ^  J1<  - =  (17.18.2) 

R  \  R)  4TrR  2jtz  2jtz 


where  we  set  ^  z  in  the  amplitude  factors,  but  kept  the  quadratic  approximation  in 
the  phase  The  Fresnel  approximation  is  hnally: 

E(r^,z)=  Eirl,0)  d^rl  (Fresnel)  (17.18.3) 

2ttz  Js 

This  amounts  to  replacing  the  propagator  impulse  response  gir^,z)  by  the  approx¬ 
imation  of  Eq.  (17.18.2): 


g{r^,z)=  -jE  e-jkz  ^-jkWA^nz  ^  JK.  ^-jkz  ^-jk{x^+y^)i2z  (presnel)  (17.18.4) 
2ttz  2ttz 

Noting  that  k  =  2tt I the  constant  factor  in  front  is  often  written  as: 

jfc  j 

2jtz  Az 

The  above  approximations  can  also  be  understood  from  the  plane-wave  spectrum 
point  of  view.  The  Fourier  transform  of  (17.18.4)  is  obtained  from  the  following  Fourier 
integral,  which  is  a  special  case  of  (3.5.18): 


jk 

2jtz  .  - 


r  00 

g-jkx^nz^k.x^^^^klznk  (17.18.S) 

J  — 00 


Applying  (17.18.5)  with  respect  to  the  x  and  y  integrations,  we  obtain  the  spatial 
Fourier  transform  of  g(r^,z) : 


g(k^,z)=  ^j{kl+kl)z 1 2k  ^  ^-jkz  ^j\k^\^z/2k 


(17.18.6) 


Then,  Eq.  (17.18.3)  can  be  written  in  its  plane-wave  spectrum  form: 


E{r^,z)=  e  j  E{kj_,0)e‘^' 


(17.18.7) 


Eq.  (17.18.6)  can  be  obtained  from  the  exact  form  gikj_,z)=  by  assuming 

that  for  large  z  the  evanescent  modes  will  be  absent  and  assuming  the  approximation 
kl-\-  ky  k^  for  the  propagating  modes.  Then,  we  can  write: 


k,  =  ^k^-\k^\^  =  kJl 


2  2k 


and,  hence 
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Because  of  the  assumption  |k^|  ^  k,  the  maximum  transverse  wavenumber  will 
be  |k^|  =  k  =  2n/\,  and  correspondingly  the  smallest  achievable  transverse  spatial 
resolution  will  be  ~  l/|k^|  ~  A,  that  is,  about  one  wavelength.  This  is  the  basic 
diffraction  limit  of  optical  instruments,  such  as  lenses  and  microscopes. 

Near-held  optics  methods  [494-512],  where  the  evanescent  modes  are  not  ignored, 
overcome  this  limitation  and  can  achieve  much  higher,  subwavelength,  resolutions. 

Although  ordinary  lenses  are  diffraction-limited,  it  has  been  shown  recently  [360] 
that  “superlenses”  made  from  metamaterials  having  negative  refractive  index  can  achieve 
perfect  resolution. 

In  the  special  case  when  the  aperture  held  £’(x',y',0)  depends  only  on  one  trans¬ 
verse  coordinate,  say,  £’(x',0),  the  dependence  of  (17.18.3)  on  the  y  direction  can  be 
integrated  out  using  the  integral 


r  00 

e-Jk(y-y'i">2z^y 

J  —00 


(17.18.8) 


and  we  obtain  the  following  one-dimensional  version  of  the  Fresnel  formula,  written 
convolutionally  and  in  its  plane-wave  spectrum  form: 


E(x,z) 

V  2ttz  J-oo 


E{k^,0) 


(17.18.9) 


The  Eraunhofer  approximation  is  a  limiting  case  of  the  Fresnel  approximation  when 
the  distance  z  is  even  larger  than  that  in  the  Fresnel  case.  More  precisely,  it  is  obtained 
in  the  far-held  limit  when  k\rl\^  z,  or,  Az,  where  d  is  the  size  of  the  aperture. 

In  this  approximation,  the  held  £’(r^,  z)  becomes  proportional  to  the  Eourier  trans¬ 
form  E{kj^,0)  of  the  held  at  the  input  plane.  It  is  similar  to  the  radiation-held  approxi¬ 
mation  in  which  the  radiation  helds  are  proportional  to  Fourier  transform  of  the  current 
sources,  that  is,  to  the  radiation  vector. 

A  direct  way  of  deriving  the  Fraunhofer  approximation  is  by  applying  the  stationary- 
phase  approximation— Eq.  (F.22)  of  Appendix  F— to  the  evaluation  of  the  plane-wave 
spectrum  integral  (17.18.7).  Dehne  the  phase  function 


4>xikx)+4>y(ky 


Then,  the  stationary-point  with  respect  to  the  kx  variable  is 

,  /  .7  ^  kxZ  ^  ,  xk  , 

^x  (^x)  =  ~i  X  =  0  =>  kx  =  , 


<t>x(kx)=^ 


and  similar  expressions  for  (fyiky).  Thus,  vectorially,  the  stationary  point  is  at 
kr^lz.  Using  Eq.  (F.22),  we  obtain: 


d^k^ 

/  2TTj 

2Trj 

(27T)2  “a 

<l>x{kx) 

<t>y(ky) 

£(k_L,0) 


(27t)2J. 
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Noting  that  <p{kj^)=  -k\rj_\^/2z  at  =  kr^ I z,  we  finally  find: 


E{n,z)=  ^  [E{k^,0)].  ^ 

2TTZ  7 


(Fraunhofer)  (17.18.10) 


A  simpler  way  of  deriving  (17.18.10)  is  by  using  (17.18.3)  and  noting  that 

^-jk\r^-rl\'^ I2z  ^  ^-jk\r^\'^ /2z  ^-jk\rl\'^ /2z  ^jkr^-rH z 

The  factor  e^MrL\^i2z  ignored  if  we  assume  that  k\rl\^  z,  which  leads  to: 

Eirj_,z)=  J]^  e-jkz  Q-jk\rAV2z  r  E(rL,0)e^^''--''^i^(fr[ 

2ttz  J-oo 

and  the  last  integral  factor  is  recognized  as  E{kj_,0)  evaluated  at  k^  =  kr^ Iz. 


Example  17.18.1:  Knife-Edge  Diffraction.  Let  us  revisit  the  problem  of  knife-edge  diffraction 
using  the  Fresnel  formula  (17.18.3).  The  infinite  edge  is  along  the  y  direction  and  it  occu¬ 
pies  the  region  x  <  0,  as  shown  in  the  figure  below.  The  incident  plane-wave  field  and  the 
diffracted  field  at  distance  z  are: 


Tine  (^,  z)  =  Eoe 

E  {x,  z)  =  .  e~^^^  \  E{x' ,0)  dx' 

V  2nz  J-oo 


Einc(x>z) 


Ax'  XA 


plane  | 


At  the  input  plane,  E{x' ,0)=  Eq,  for  x'  >  0,  and  £(a:',  0)  =  0,  for  x'  <  0.  Then,  the  above 
integral  becomes: 

E(x,z)=Eoe-^’‘\lfK  r  g-jk{x-x'}^/2z^^' 

V  27TZ  Jo 

Making  the  change  of  variables, 

[Y  .  ,  .  [rf  [Y 

V  2z  V  2  V  ttz 

the  above  integral  can  be  reduced  to  the  Fresnel  integral  J^(x)  of  Appendix  F: 

£(x,z)  =  £oe-'^*=^^|“  =  [x(v)  +  iy^] 


This  is  identical  (up  to  the  paraxial  assumption)  to  the  case  discussed  in  Sec.  17.14.  When 
X  <  0,  the  observation  point  lies  in  the  shadow  region.  □ 

Example  17.18.2:  Diffraction  by  an  infinite  slit.  Consider  an  infinite  slit  on  an  opaque  screen. 
The  y-dimension  of  the  slit  is  infinite  and  its  x-size  is  |x|  <  a,  as  shown  on  the  left  in  the 
figure  below.  The  same  figure  also  shows  an  opaque  strip  of  the  same  size. 
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The  incident  field  is  a  uniform  plane  wave,  Einc  (a:,z)  =  EqC  whose  values  on  the  slit 
are  E  (x',  0)  =  Eq.  The  diffracted  field  at  distance  z  is  given  by  Eq.  (17.18.9): 


£(x,  z)  = 


z)=.DKg-jkz  r  £(V  =£o-v/— f 

V  2ttz  J-oo  V  2nz  J-a 


^  dx' 


The  integral  can  be  reduced  to  the  Fresnel  integral  J^ix)  of  Appendix  F  by  making  the 
change  of  variables: 


—  (x'-x)=./— W,  v±=^/ - (±fl-x) 

2z  ' 


so  that 


“  ^-jku-x')^i2z^^,  ^  i  r*  e-JTTu^i^du  =  X(V4-)  J(v-)  _ 
-a  V  2  Jv-  1  ~ J 


where  we  used  sljn  =  1/(1  -  j).  Thus,  E  (x,  z)  becomes: 

E{x,z)=  e~j^^  D{x,z) 


(17.18.11) 


For  the  case  of  the  strip,  the  limits  of  integration  are  changed  to: 

J(oo)-J(v+)+J(V-)-J(-oo) 


1-J 


=  1  -  D(x, z) 


where  we  used  /F(oo)=  -f{-oo)=  (i  -  j)  / 2.  Thus,  the  diffracted  field  in  the  strip  case 
will  be  given  by  the  complementary  expression 


E (x,  z)=  e  [l  -  D (x,  z)  ] 


(17.18.12) 


This  result  is  an  example  of  the  Babinet  principle  [598]  that  the  sum  of  the  fields  from  an 
aperture  and  its  complementary  screen  is  equal  to  the  field  in  the  absence  of  the  aperture: 

Eslit  (^j  z)  +  Estrip  (^j  z)  =  e  ^ 

Fig.  17.18.1  shows  the  diffracted  patterns  in  the  two  cases.  The  graphs  plot  the  quantities 
\D  (x,  z)  I  and  1 1  -  D  (x,  z)  |  versus  x  in  the  two  cases. 

The  slit  was  chosen  to  be  four  wavelengths  wide,  rz  =  4A,  and  the  diffracted  patterns 
correspond  to  the  near,  medium,  and  far  distances  z  =  a,  z  =  20a,  and  z  =  lOOa.  The 
latter  case  corresponds  to  the  Fraunhofer  pattern  having  a  small  ratio  a^/\z  =  1/25. 
For  example,  for  the  slit  case,  the  corresponding  pattern  approximates  (but  it  is  not  quite 
there  yet)  the  typical  sinc-function  Fourier  transform  of  the  rectangular  slit  distribution 
E (x', 0)  =  Eq,  for  -a  <  x'  <  a: 


Eik^,0)  = 


ra 

Eo  dx'  =  2aEo 

J  -a 


sin(kxfl) 

kxa 


where  this  is  to  be  evaluated  at  kx  =  kx/z  for  the  diffraction  pattern  E  (x,  z) .  The  property 
that  at  the  center  of  the  strip,  x  =  0,  the  diffracted  pattern  is  not  zero  is  an  example  of  the 
so-called  Poisson’s  spot  [598].  □ 
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diffraction  by  a  slit  diffraction  by  a  strip 


Fig.  17.18.2 


Fig.  17.18.1  Fresnel  diffraction  by  a  slit  and  a  strip 
(a)  _  +  (b) 


Field  propagated  from  plane  a  to  plane  b  through  a  thin  optical  element. 


In  Fourier  optics  applications,  one  considers  the  passage  of  light  through  various 
optical  elements  that  perform  certain  functions,  such  as  Fourier  transformation  using 
lenses.  For  example.  Fig.  17.18.2  shows  an  input  field  starting  at  aperture  plane  a,  then 
propagating  a  distance  Zi  to  a  thin  optical  element  where  it  is  modified  by  a  transmit¬ 
tance  function,  and  then  propagating  another  distance  Z2  to  an  aperture  plane  h. 

Assuming  that  the  input/output  relationship  of  the  optical  element  is  multiplicative, 
E+{r^)=  r  ( rj_ )  £_  ( rj_ ) ,  the  relationship  between  the  output  field  at  plane  h  to  the  input 
field  at  plane  a  is  obtained  by  successively  applying  the  propagation  equation  (17.17.10): 

foutCfi)  =  -  Uj_,Z2)E+{uj^)  d^Uj_  =  -  Uj_,Z2)T{u_l)E-{u_l)  d^u_L 

=  -  Uj_,Z2)T{uj_)g{Uj_  -  rl,zi)Ein{rl)  d^Uj_d^r[ 

=  ^^h(rj_,rl)Ein(rl)  d'^rl 

where  the  overall  transfer  function  from  plane  a  to  plane  b  will  be: 

h{r^,rl)=  -  u^,Z2)T{u^)g{u^  -  rl,Zi)  (fu^ 


(17.18.13) 
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where  we  labeled  the  spatial  x,y  coordinates  by  rl,  and  on  the  planes  {a),  the 
element,  and  plane  {b). 

In  a  similar  fashion,  one  can  work  out  the  transfer  function  of  more  complicated 
configurations.  For  example,  passing  through  two  transmittance  elements  as  shown  in 
Fig.  17.18.3,  we  will  have: 


t(»'±)=  ^^h{rj_,rl)Ein(rl) 


d^rl 


(17.18.14) 


where 


h{r^,rl)=  J  g{r^  -  u^,Z2)T2{u^)g{u^  -  y±,zo)Ti{v^)g{v^  -  rl,Zi) 

(17.18.15) 


(«)  {b) 


Fig.  17.18.3  Field  propagated  from  plane  a  to  plane  b  through  multiple  optical  elements. 


Lenses  are  probably  the  most  important  optical  elements.  Their  interesting  proper¬ 
ties  arise  from  their  transmittance  function,  which  has  the  quadratic  phase: 


T{r^)=  ^  gJk(x2+y2)/2F 


(lens  transmittance) 


(17.18.16) 


where  F  is  the  focal  length.  Because  the  Fresnel  propagation  factor 
the  same  type  of  quadratic  phase,  but  with  the  opposite  sign,  it  is  possible  for  lenses  to  act 
as  spatial  “dispersion  compensation”  elements,  much  like  the  dispersion  compensation 
and  pulse  compression  filters  of  Chap.  3.  They  have  many  uses,  such  as  compensating 
propagation  effects  and  focusing  the  waves  on  appropriate  planes,  or  performing  spatial 
Fourier  transforms. 

The  transmittance  function  (17.18.16)  can  be  derived  with  the  help  of  Fig.  17.18.4, 
which  shows  a  wave  entering  from  the  left  a  (convex)  spherical  glass  surface  at  a  distance 
X  from  the  axis. 

Let  R  and  d  denote  the  radius  of  the  spherical  element,  and  its  maximum  width 
along  its  axis  to  the  flat  back  plane,  and  let  n  be  its  refractive  index.  The  wave  travels  a 
distance  a  in  air  and  a  distance  b  in  the  glass.  If  k  is  the  free-space  wavenumber,  then 
in  the  glass  it  changes  to  kg  =  kn.  Therefore,  the  wave  will  accumulate  the  following 
phase  as  it  propagates  from  the  front  plane  to  the  back  plane: 


^-jka  ^~jkgb 
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Fig.  17.18.4  Transmittance  of  a  thin  spherical  lens. 


where  we  are  assuming  a  thin  lens,  which  allows  us  to  ignore  the  bending  of  the  ray 
arising  from  refraction.  Because,  a  b  =  d,we  have  for  the  net  phase: 

(pM  =  ka  kgb  =  ka  nk{d  -  a)=  nkd  -  (n  -  l)ka 

The  distance  a  is  easily  seen  from  the  above  figure  to  be: 

a  =  i?  -  -  x2 

Assuming  that  x  R,  we  can  expand  the  square  root  to  get: 

1 


Cl  —  R  —  R\  1 1  —  —  R  —  R 


Thus,  the  phase  <p  (x)  is  approximately. 


1  - 


2i?2 


x^ 


(p{x)  =  knd  -  (n  -  l)ka  =  knd  - 


{n  -  l)kx^ 


If  we  make  up  a  convex  lens  by  putting  together  two  such  spherical  lenses  with  radii 
Ri  and  R2,  as  shown  in  Fig.  17.18.4,  then  the  net  phase  change  between  the  front  and 
back  planes  will  be,  ignoring  the  constant  nkd  terms: 


.  ,  , ,  M  1  N  kx2  kx^ 


(17.18.17) 


where  we  defined  the  focal  length  F  of  the  lens  through  the  “lensmaker’s  equation,” 

1 


F  R2) 


(17.18.18) 


In  a  two-dimensional  description,  we  replace  x^  by  |  =  x^  +  y^.  Thus,  the  phase 

change  and  corresponding  transmittance  function  will  be: 


k\r^\^ 

2F 


T{r_i)= 
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Some  examples  of  the  various  effects  that  can  be  accomplished  with  lenses  can  be 
obtained  by  applying  the  configurations  of  Figs.  17.18.2  and  17.18.3  with  appropriate 
choices  of  the  aperture  planes  and  focal  lengths.  We  will  use  the  Fresnel  approximation 
(17.18.4)  for  gir^,z)  in  all  of  the  examples  and  assume  that  the  transmittance  (17.18.16) 
extends  over  the  entire  xy  plane— in  effect,  we  are  replacing  the  lens  with  the  ideal  case 
of  an  infinitely  thin  transparency  with  transmittance  (17.18.16). 

The  main  property  of  a  lens  is  to  turn  an  incident  plane  wave  from  the  left  into 
a  spherical  wave  converging  on  the  lens  focus  on  the  right,  and  similarly,  if  a  source 
of  a  spherical  wave  is  placed  at  the  focus  on  the  left,  then  the  diverging  wave  will  be 
converted  into  a  plane  wave  after  it  passes  through  the  lens.  These  cases  are  shown  in 
Fig.  17.18.5. 


Fig.  17.18.5  Spherical  waves  converging  to,  or  diverging  from,  a  lens  focal  point. 

The  case  on  the  left  corresponds  to  the  choices  Zi  =  0  and  Z2  =  F  in  Fig.  17.18.2, 
that  is,  the  input  plane  coincides  with  the  left  plane  of  the  lens.  The  incident  wave  has  a 
constant  amplitude  on  the  plane  fin )  =  f o-  Noting  that  girl  -  u^,0)=  5^  irl-u^), 
we  obtain  from  Eq.  (17.18.13)  with  Z2  =  F: 


hirj_,rl)=  Firl)gir_i  -rl,F)=  e  ^  jk\r^  ri\^/2F 

ZttF 

the  quadratic  phase  terms  combine  as  follows: 

^jk\rl\^/2F  ^-jk\r^-rl\^/2F  ^  ^-jk\r^\^ /2F  ^jkr^-rl/F 

and  result  in  the  following  transfer  function: 

hir^,rl)=  FirDgir^  -  rl,F)=  (17.18.19) 

ZttF 


Its  integration  with  the  constant  input  results  in: 

E{n,F)=  A_e-jW£Qe-jk|»-xP/2F  r 

2ttF  J-oo 

The  integral  is  equal  to  the  Dirac  delta,  i2Tr)^6  ikrj_/F)  =  (2Tr)^d(r^)F^/k^.  Thus, 


E{r^,F)=^^^e-J'^^Eo5{r^) 


k 
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which  is  sharply  focused  onto  the  focal  point  =  0  and  z  =  F.  For  the  second  case 
depicted  on  the  right  in  Fig.  17.18.5,  we  hrst  note  that  the  paraxial  approximation  for  a 
spherical  wave  placed  at  the  origin  is: 


Eo 


^-jkr 

4nr 


4Trz  2z 


If  this  source  is  placed  at  the  left  focal  point  of  the  lens,  then,  the  diverging  paraxial 
spherical  wave,  after  traveling  distance  z  =  F,  will  arrive  at  the  left  plane  of  the  lens: 


-£”111  (^_L  )  0)  “  Eq 


p-JkF  p-Jk\rl\V2F 

AttF 


=  £1 


The  transmittance  of  the  lens  will  compensate  this  propagation  phase  resulting  into 
a  constant  held  at  the  output  plane  of  the  lens,  which  will  then  propagate  to  the  right 
as  a  plane  wave: 

E{rl,0)=  r(rj;)£i„(rj_',0)=  ^ 


The  propagated  held  to  distance  z  is  obtained  from  Eq.  (17.18.3): 

£(rx,z)=  ^  f”  =  Ei  ^ 

2ttz  J-oo  Zttz  jk 

where  the  integral  was  evaluated  using  twice  the  result  (17.18.8).  Thus,  the  transmitted 
wave  is  a  uniform  plane  wave  propagating  along  the  z-direction. 

To  see  the  Fourier  transformation  property  of  lenses,  consider  again  the  left  picture 
in  Fig.  17.18.5  with  the  output  plane  still  placed  at  the  right  focal  length  Z2  =  E,  but 
take  an  arbitrary  held  £’in(^±)  incident  at  the  left  plane  of  the  lens.  The  overall  transfer 
function  is  still  the  same  as  in  Eq.  (17.18.19),  thus,  giving: 


E{r^,E) 


r  00 

h (rx  -  r[)Ei^(r[)  d^rl 

J  — 00 


Jk 

2ttF 


r  00 

J  —00 


(17.18.20) 


The  last  integral  factor  is  recognized  as  the  Fourier  transform  Ein(k±)  evaluated  at 
wavenumber  k±  =  kr±/F.  Thus,  we  obtain: 


Eir^,E)  = 


Jk 

2ttF 


e-JkF 

K±—  p 


(17.18.21) 


This  result  is  similar  to  the  Fraunhofer  case  (17.18.10),  but  it  is  valid  at  the  much 
shorter  Fresnel  distance  z  =  F,  instead  of  the  far-held  distances.  It  is  analogous  to 
the  output  of  the  pulse  compression  hlter  in  chirp  radar  discussed  in  Chap.  3,  see  for 
example  Eq.  (3.10.14). 

It  is  left  as  an  exercise  to  show  that  the  extra  quadratic  phase  factor  in  (17.18.21) 
can  be  eliminated  by  using  the  conhguration  of  Fig.  17.18.2  with  both  aperture  planes 
placed  at  the  foci  of  the  lens,  that  is,  Zi  =  Z2  =  F,  (known  as  a  2F  system.) 
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Zi  - H-- -  ^2 


Fig.  17.18.6  Lens  law  of  magnihcation. 


Finally,  let  us  look  at  the  magnifying  properties  of  a  lens.  Fig.  17.18.6  shows  an 
image  placed  at  distance  Zi  from  the  left  and  its  image  formed  at  distance  Z2  on  the 
right.  It  is  well-known  that  the  distances  Zi ,  Z2  must  be  related  by: 

—  +  —  =  ^  (17.18.22) 

Zi  Z2  F 

The  magnihcation  law  relates  the  size  of  the  image  to  the  size  of  the  object: 

M  =  —  =  —  (magnihcation  ratio)  (17.18.23) 

Xi  Zi 

These  properties  can  be  derived  by  tracing  the  rays  emanating  from  the  top  of  the 
object.  The  ray  that  is  parallel  to  the  lens  axis  will  bend  to  pass  through  the  focal  point 
on  the  right.  The  ray  from  the  top  of  the  object  through  the  left  focal  point  will  bend  to 
become  parallel  to  the  axis.  The  intersection  of  these  two  rays  dehnes  the  top  point  of 
the  image.  From  the  geometry  of  the  graph  one  has: 


Zi-F 


X2 

F 


and 


X2 

Z2-F 


F 


The  consistency  of  the  equations  requires  the  condition  (zi  -F)  (Z2  -F)=  F^,  which 
is  equivalent  to  (17.18.22).  Then,  Eq.  (17.18.23)  follows  by  replacing  F  from  (17.18.22) 
into  the  ratio  X2/X1  =  (Z2  -  F)  /F. 

To  understand  (17.18.22)  and  (17.18.23)  from  the  point  of  view  of  Fresnel  diffraction, 
we  note  that  the  transfer  function  (17.18.13)  involves  the  following  quadratic  phase 
factors,  with  the  middle  one  being  the  lens  transmittance: 


g-Jfch±-M±l^/2z2  ^jk\u^\^/2F  ^-jk\u^-rl\^/2zi 


=  Q-jk\r^\^/2z2  ^-jk\rF^/2zi  ^-jk{l/zi  +  l/z2-l/F)\u^\^ /2  ^^jku^- {r^l Z2  +  rll zi) 


Because  of  Eq.  (17.18.22),  the  term  that  depends  quadratically  on  u±  cancels  and 
one  is  left  only  with  a  linear  dependence  on  11^.  This  integrates  into  a  delta  function  in 
(17.18.13),  resulting  in 


hir^,rl)  = 


2ttzi  2ttz2 


^-jk\rl\^/2zi 


krl\ 

Zi  ) 
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The  delta  function  forces  =  -{Z2I Zi)r[,  which  is  the  same  as  (17.18.23).  The 
negative  sign  means  that  the  image  is  upside  down.  Noting  that 

2 


(‘ 


krr 


^kr 

— ^  +  — = 

Z2  Zi 

we  obtain  for  the  held  at  the  output  plane: 


Z2 


me: 

(rx)=  -—Eir,(-—rA  e-Jkl'-xP(^i+z2) 

Z2  V  Z2  / 


which  represents  a  scaled  and  reversed  version  of  the  input. 

Some  references  on  the  Rayleigh-Sommerfeld  diffraction  theory,  the  plane-wave  spec¬ 
trum  representation,  and  Fourier  optics  are  [1110,1111]  and  [1148-1161]. 


17.19  Problems 


17.1  Show  that  Eq.  (17.4.9)  can  be  written  in  the  compact  vectorial  form: 

Q-jkr  g-jkr 

E  =  -ik - fx[zxf-/7rx(zxa)l,  H  = - fx  [rx  (zxO+nzxa] 

4nr  Yj  4nr 

Similarly,  show  that  Eqs.  (17.4.10)  and  (17.4.11)  can  be  written  as: 

2jk 


E  =  -21k  — —  f  X  \zx  f\  , 
^  4nr  ^  ’ 


H  =  - - f  X  [f  X  {zxf}] 

Yj  4nr 

Q-jkr  Q-jkr 

E  =  ykn  f  X  [f  X  (z  X  g)  ] ,  H=  -2Jk  f  x  [z  x  g] 


17.2  Prove  the  first  pair  of  equations  for  E,H  of  the  previous  problem  by  working  exclusively 
with  the  Kottler  formulas  (17.4.2)  and  taking  their  far-held  limits. 

17.3  Explain  in  detail  how  the  inequality  (17.6.12)  for  the  aperture  efficiency  may  be  thought 
of  as  an  example  of  the  Schwarz  inequality.  Then,  using  standard  properties  of  Schwarz 
inequalities,  prove  that  the  maximum  of  Ca  is  unity  and  is  achieved  for  uniform  apertures. 
As  a  reminder,  the  Schwarz  inequality  for  single-variable  complex-valued  functions  is: 

2 


\  f*{x)g{x)dx  <\  \f{x)\^dx-\  \gix)\^dx 
Ja  Ja  Ja 


17.4  To  prove  the  equivalence  of  the  Kirchhoff  diffraction  and  Stratton-Chu  formulas,  (17.10.6) 
and  (17.10.7),  use  the  identities  (C.29)  and  (C.32)  of  Appendix  C,  to  obtain: 


^jcvgGJ+  ^GV'p  +  GV'  x 


GJ—  —  V  G  -I-  Jm  X  V 


'cjdv' 


G  -i-  h  X  JmG  dS 


Then,  using  the  identity  (C.33),  show  that  Eq.  (17.10.6)  can  be  rewritten  in  the  form: 


Eir)  = 


\  ^  ~  ^  ^  G  +  Jyyi  X  V  G  j  dV 


G  -i-  h  X  JmG 


[hGV'  E-  (hxT)xV'G-Gnx  {V'  x  E)  -  {h  ■  E)  V' G]  dS' 
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finally,  use  pie  =  V'  ■  T  and  V  x  E  +  =  -j^JopH  to  obtain  (17.10.7). 

17.5  Prove  the  equivalence  of  the  Stratton-Chu  and  Kottler  formulas,  (17.10.7)  and  (17.10.10),  by 
first  proving  and  then  using  the  following  dual  relationships: 

U- V')V'G]rfV'  =  £[((nxH)-V')V'G-ja)e(n-£)V'G] 

£[j(«PmV'G  -  Urn  ■  V')V'G]rfV'  =  -£[((nx  £)-V')V'G  +jwp(n  ■  H)V'G] 


To  prove  these,  work  component-wise,  use  Maxwell’s  equations  (17.2.1),  and  apply  the  di¬ 
vergence  theorem  on  the  volume  V  of  Pig.  17.10.1. 

17.6  Prove  the  equivalence  of  the  Kottler  and  Eranz  formulas,  (17.10.10)  and  (17.10.11),  by  using 

the  identity  V  x  (V  x  A)  =  V  (V  ■  A)  -  V^A,  and  by  replacing  the  quantity  k^Gir  -  r')  by 
_(5(3)  _y'2^  Argue  that  the  termd^^^  (r-r')  makes  a  difference  only  for  the  volume 

integrals,  but  not  for  the  surface  integrals. 

17.7  Prove  the  equivalence  of  the  modified  Stratton-Chu  and  Kirchhoff  diffraction  integral  for¬ 
mulas  of  Eq.  (17.12.1)  and  (17.12.2)  by  using  the  identity  (C.42)  of  Appendix  C  and  replacing 
V'  ■  E  =  0  and  S/'  x  E  =  -jcopH  in  the  source-less  region  under  consideration. 

1 7.8  Prove  the  equivalence  of  the  Kottler  and  modified  Stratton-Chu  formulas  of  Eq.  (1 7. 12. 1)  and 
(17. 12.2)  by  subtracting  the  two  expressions,  replacing  jcoeE  =  V'  xH,  and  using  the  Stokes 
identity  (C.38)  of  Appendix  C. 


17.9  Consider  a  reflector  antenna  fed  by  a  horn,  as  shown 
on  the  right.  A  closed  surface  S  =  Sr  +  Sa  is  such 
that  the  portion  Sr  caps  the  reflector  and  the  portion 
Sa  is  an  aperture  in  front  of  the  reflector.  The  feed 
lies  outside  the  closed  surface,  so  that  the  volume  V 
enclosed  by  S  is  free  of  current  sources. 


horn  feed 


Applying  the  Kottler  version  of  the  extinction  theorem  of  Sec.  17.10  on  the  volume  V,  show 
that  for  points  r  outside  V,  the  field  radiated  by  the  induced  surface  currents  on  the  reflector 
Sr  is  equal  to  the  field  radiated  by  the  aperture  fields  on  Sa,  that  is, 


£rad(r)  =  4-  [  [k^GJs  +  Us  ■  V')V'G]  dS’ 
jcoe  JSr 

=  I  [k^G(h  X  H)  +  ((n  X  H)  ■  V')  V'G  +  jcoe{h  x  E)xS/'G]  dS' 

JSa 


where  the  induced  surface  currents  on  the  reflector  are  Js  =  nr  x  H  and  Jms  =  -nr  x  E,  and 
on  the  perfectly  conducting  reflector  surface,  we  must  have  Jms  =  0- 
This  result  establishes  the  equivalence  of  the  so-called  aperture-field  and  current-distribution 
methods  for  reflector  antennas  11168]. 

1 7. 10  Consider  an  x-polarized  uniform  plane  wave  incident  obliquely  on  the  straight-edge  aperture 
of  Pig.  17.14.4,  with  a  wave  vector  direction  ki  =  zcos  61  +  ysin^i.  Pirst  show  that  the 
tangential  fields  at  an  aperture  point  r'  =  x'  x  +  y'  y  on  the  aperture  above  the  straight-edge 
are  given  by: 

Ea  =  xEoe~^^^'  ,  Ha  =  y—  COS 

Oo 

Then,  using  Kottler’s  formula  (17.12.1),  and  applying  the  usual  Presnel  approximations  in 
the  integrand,  as  was  done  for  the  point  source  in  Pig.  17.14.4,  show  that  the  diffracted 
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wave  below  the  edge  is  given  by  Eqs.  (17.14.22)-(17.14.24),  except  that  the  field  at  the  edge 
is  fedge  =  Eq,  and  the  focal  lengths  are  in  this  case  F  =  I2  and  F'  =  /2/  cos^  62 
Finally,  show  that  the  asymptotic  diffracted  field  (when  I2  00),  is  given  near  the  forward 
direction  0  0  by: 


F 


=  £. 


edge 


Q-Jkh 


2^/^Tk  6 


17.11  Assume  that  the  edge  in  the  previous  problem  is  a  perfectly  conducting  screen.  Using  the 
field-equivalence  principle  with  effective  current  densities  on  the  aperture  above  the  edge 
Js  =  0  and  Jms  =  -2hx  E a,  and  applying  the  usual  Fresnel  approximations,  show  that  the 
diffracted  field  calculated  by  Fq.  (17.4.1)  is  is  still  given  by  Fqs.  (17.14. 22)-(17.14. 24),  except 
that  the  factor  cos  61  +  cos  02  is  replaced  now  by  2  cos  62,  and  that  the  asymptotic  field  and 
edge-diffraction  coefficient  are: 


Q-jkh 

F  =  Fq  1=^  Hedge  i 

V  h 


^  (1  -  j)2cos02 

4A/Trfc(sin0i  +  sin02) 


Show  that  this  expression  agrees  with  the  exact  Sommerfeld  solution  (17.15.26)  at  normal 
incidence  and  near  the  forward  diffracted  direction. 

17.12  A  uniform  plane  wave,  F  {x,  z)  =  ^  is  incident  obliquely  on  a  lens  at  an 

angle  60  with  the  z  axis,  as  shown  in  the  figure  below. 


Using  similar  methods  as  for  Fig.  17.18.5,  show  that  after  passing  through  the  lens,  the  wave 
will  converge  onto  the  shifted  focal  point  with  coordinates  z  =  F  and  x  =  F  sin  Oq. 
Conversely,  consider  a  point  source  of  a  spherical  wave  starting  at  the  point  z  =  -F  and 
X  =  f  sin  00-  Show  that  upon  passage  through  the  lens,  the  spherical  wave  will  be  converted 
into  the  obliquely  moving  plane  wave  F {x,  z)  =  _  what  is  Fi? 

17.13  Consider  the  three  lens  configurations  shown  below.  They  are  special  cases  of  Figs.  17.18.2 
and  17.18.3,  with  appropriate  choices  for  the  input  and  output  aperture  planes  a  and  b. 
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Working  with  Fqs.  (17.18.13)  and  (17.18.15),  show  that  the  transfer  functions  h  (r^,  rl)  are 
given  as  follows  for  the  three  cases: 


h  {r_L,  rl)  =  e  /F  ^  ^  g  jkF  /F 

27tF 

Show  that  the  first  two  cases  perform  a  Fourier  transformation  as  in  Fq.  (17.18.21),  but 
without  the  quadratic  phase  factors.  Show  that  the  third  case,  performs  a  scaling  of  the 
input  with  a  magnification  factor  M  =  -F2/F1 


18 


Aperture  Antennas 


18.1  Open-Ended  Waveguides 

The  aperture  fields  over  an  open-ended  waveguide  are  not  uniform  over  the  aperture. 
The  standard  assumption  is  that  they  are  equal  to  the  helds  that  would  exist  if  the  guide 
were  to  be  continued  [1]. 

Fig.  18.1.1  shows  a  waveguide  aperture  of  dimensions  a  >  b.  Putting  the  origin  in 
the  middle  of  the  aperture,  we  assume  that  the  tangential  aperture  helds  Ea,  Ha  are 
equal  to  those  of  the  TEio  mode.  We  have  from  Eq.  (9.4.3); 


Fig.  18.1.1  Electric  held  over  a  waveguide  aperture. 

Ey{x')=Eocos(  —  ]  ,  HAx')= -  —  Eocos(  —  ]  (18.1.1) 

\  a  J  YiTE  \  a  J 

where  eite  =  rj/K  with  K  =  -  coc/co'^  =  a/i  -  (A/2fl)^.  Note  that  the  boundary 

conditions  are  satished  at  the  left  and  right  walls,  x'  =  ±a/2. 

For  larger  apertures,  such  as  rz  >  2 A,  we  may  set  -  1.  For  smaller  apertures,  such 
as  0.5A  <  a  <  2 A,  we  will  work  with  the  generalized  Huygens  source  condition  (17.5.7). 
The  radiated  helds  are  given  by  Eq.  (17.5.5),  with  fx  =  0: 

p-jkr 

Ee  =jk^^C0fy{e,(l))sm(l) 

Q-jkr 

Ecl>  =  Ccl>fy  (6,(1))  COS  (p 


(18.1.2) 
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where  fy{6,<p)  is  the  aperture  Fourier  transform  of  Ey  {x'),  that  is, 

ran  rbl2 


rau  rDU 

fyi0,4>)  =  \  Ey  ix' )  dx' dy' 

J-a/2  J-b/2 

ra/2  /  jjyf  \  rb/2 

=  Eo  cos  ( - )  dx  ■  dy' 

J-a/2  \  a  J  J-b/2 


The  y' -integration  is  the  same  as  that  for  a  uniform  line  aperture.  For  the  x' -integration, 
we  use  the  dehnite  integral: 


eJ^^^'dx 


,  _  2a  cosikxa/2) 
TT  1  -  ikxa/n)^ 


It  follows  that: 


f  17  cos(TrVx)  sm(TrVy) 

fy{0,(p)=  Eo - - - - 

TT  1  -  4Vx  TTVy 


where  Vx  =  kxa/2TT  and  Vy  =  kyb/2TT,  or. 


a  h 

Vx  =  TT  sin  0  cos  (p  ,  Vy  =  —  sin  0  sin  (p 
A  A 


(18.1.3) 


(18.1.4) 


The  obliquity  factors  can  be  chosen  to  be  one  of  the  three  cases:  (a)  the  PEC  case,  if 
the  aperture  is  terminated  in  a  ground  plane,  (b)  the  ordinary  Huygens  source  case,  if  it 
is  radiating  into  free  space,  or  (c)  the  modihed  Huygens  source  case.  Thus, 


(18.1.5) 


By  normalizing  all  three  cases  to  unity  at  0  =  0°,  we  may  combine  them  into: 

l-\-Kcos0  K-\-cos0 


1 

1 

1  -f  cos  0 

1 

_Cc^_ 

cos  0  ’ 

2 

1  -f  cos  0  ’ 

2 

where  K  is  one  of  the  three  possible  values: 


(18.1.7) 

The  normalized  gains  along  the  two  principal  planes  are  given  as  follows.  For  the  xz-  or 
the  H-plane,  we  set  0  =  0°,  which  gives  Eq  =  0: 

Vx  =  ^sm0  (18.1.8) 

A 

And,  for  the  yz-  or  T-plane,  we  set  p  =  90°,  which  gives  Ecf)  =  0: 


(18.1.9) 


18.1.  Open-Ended  Waveguides 


725 


The  function  cos  (ttVx)  /  (1  -  4Vx)  determines  the  essential  properties  of  the  H-plane 
pattern.  It  is  essentially  a  double-sine  function,  as  can  be  seen  from  the  identity: 


cos(ttVx) 
1  -4v| 


jj-  sm(^TT(v;,+ 

^  I  ^ 

Tt(Vx+  -) 


(18.1.10) 


It  can  be  evaluated  with  the  help  of  the  MATLAB  function  dsi  nc,  with  usage: 


y  =  dsi  nc  (x)  ;  %  the  double-sinc  function  ^  ^  [sinc(x  +  0.5)  +  sinc(x  -  0.5)  ] 

The  3-dB  width  of  the  T-plane  pattern  is  the  same  as  for  the  uniform  rectangular 
aperture,  A0y  =  0.886  A/h.  The  dsi  nc  function  has  the  value  Tr/4  at  Vx  =  1/2.  Its  3-dB 
point  is  at  Vx  =  0.5945,  its  hrst  null  at  Vx  =  1.5,  and  its  hrst  sidelobe  at  Vx  =  1.8894  and 
has  height  0.0708  or  23  dB  down  from  the  main  lobe.  It  follows  from  Vx  =  rz  sin0/A 
that  the  3-dB  width  in  angle  space  will  be  A0x  =  2x0.5945  A/rz  =  1.189  A/rz.  Thus,  the 
3-dB  widths  are  in  radians  and  in  degrees: 


A0X  =  1-189- =  68.12°  -  ,  =  0.886  ^  =  30.76°  ^  (18.1.11) 

a  a  ^  b  b 

Example  18.1.1:  Fig.  18.1.2  shows  the  H-  and  £-plane  patterns  for  a  WR90  waveguide  operating 
at  10  GHz,  so  that  A  =  3  cm.  The  guide  dimensions  are  a  =  2.282  cm,  b  =  1.016  cm.  The 
typical  MATLAB  code  for  generating  these  graphs  was: 


a  =  2.282;  b  =  1.016;  la  =  3; 

th  =  (0:0.5:90)  *  pi/180; 

vx  =  a/1  a  *  sin(th); 
vy  =  b/la  *  sin(th); 

K  =  sqrt(l  -  (la/(2*a))A2)  ;  %  alternatively,  K  =  0,  or,  K  =  1 

cE  =  (1  +  K*cos(th))/(K+l)  ;  %  normalized  obliquity  factors 

cH  =  (K  +  cos(th))/(K+l) ; 

gH  =  abs(cH  .*  dsi  nc(vx)  .  A2)  ;  %  uses  dsi  nc 

gE  =  abs(cE  .*  si  nc(vy))  .  A2  ;  %  uses  sine  from  SP  toolbox 

figure;  dbp(th  ,  gH ,  45 , 12)  ;  dB  gain  polar  plot 

figure;  dbp(th,gE,45,12) ; 


The  three  choices  of  obliquity  factors  have  been  plotted  for  comparison.  We  note  that  the 
Huygens  source  cases,  K  =  I  and  K  =  rj/rjTE,  differ  very  slightly.  The  H-plane  pattern 
vanishes  at  d  =  90°  in  the  PEC  case  (K  =  0),  but  not  in  the  Huygens  source  cases. 

The  gain  computed  from  Eq.  (18.1.13)is  G  =  2.62  or  4.19  dB,  and  computed  from  Eq.  (18.1.14), 
G  =  2.67  or  4.28  dB,  where  K  =  rj/rirE  =  0-75  and  {K  +  l)^/4K  =  1.02. 

This  waveguide  is  not  a  high-gain  antenna.  Increasing  the  dimensions  a,b  is  impractical 
and  also  would  allow  the  propagation  of  higher  modes,  making  it  very  difficult  to  restrict 
operation  to  the  TEio  mode.  □ 
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H-Plane  Pattern 


£J-Plane  Pattern 


Fig.  18.1.2  Solid  line  has  K  =  rj/rjTE,  dashed,  K  =  I,  and  dash-dotted,  K  =  0. 


Next,  we  derive  an  expression  for  the  directivity  and  gain  of  the  waveguide  aperture. 
The  maximum  intensity  is  obtained  at  0  =  0°.  Because  (0)  =  C(/)  (0) ,  we  have: 

[/max= 

The  total  power  transmitted  through  the  aperture  and  radiated  away  is  the  power 
propagated  down  the  waveguide  given  by  Eq.  (9.7.4),  that  is, 

Prad=  (18.1.12) 

4/7  rp 

It  follows  that  the  gain/directivity  of  the  aperture  will  be: 


G  =  4TT^  =  ^^(ab)^4(0) 
^’rad  A  2  772  r] 


For  the  PEC  and  ordinary  Huygens  cases,  Ce  (0)  =  1.  Assuming  r/rp  -  /?,  we  have: 


47T  8  47T 

G  =  —^{ab)=  0.81— iab) 

A2  TT^  A2 


(18.1.13) 


Thus,  the  effective  area  of  the  waveguide  aperture  is  Aeff  =  0.81  (ab)  and  the  aper¬ 
ture  efficiency  e  =  0.81.  For  the  modified  Huygens  case,  we  have  for  the  obliquity  factor 
C0  (0)  =  (K  +  1)  12  with  K  =  ri/rixE-  It  follows  that  [1162]: 


G  = 


477  8 

^  —,{ab) 

A2  TT^ 


4K 


(18.1.14) 


For  waveguides  larger  than  about  a  wavelength,  the  directivity  factor  (i^  +  l)^/4i^ 
is  practically  equal  to  unity,  and  the  directivity  is  accurately  given  by  Eq.  (18.1.13).  The 
table  below  shows  some  typical  values  of  K  and  the  directivity  factor  (operation  in  the 
TEio  mode  requires  0.5A  <  a  <  A): 
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a/\ 

K 

(K+iE/(4K) 

0.6 

0.5528 

1.0905 

0.8 

0.7806 

1.0154 

1.0 

0.8660 

1.0052 

1.5 

0.9428 

1.0009 

2.0 

0.9682 

1.0003 

The  gain-beamwidth  product  is  fromEqs.  (18.1.11)  and  (18.1.13),  p  =  GA6x2l6y  = 
477(0.81)  (0.886)  (1.189)  =  10.723  rad^  =  35  202  deg^.  Thus,  another  instance  of  the 
general  formula  (15.3.14)  is  (with  the  angles  given  in  radians  and  in  degrees): 


10.723  35  202 

AOxAOy  ~ 


(18.1.15) 


1 8.2  Horn  Antennas 

The  only  practical  way  to  increase  the  directivity  of  a  waveguide  is  to  flare  out  its  ends 
into  a  horn.  Fig.  18.2.1  shows  three  types  of  horns:  The  H-plane  sectoral  horn  in  which 
the  long  side  of  the  waveguide  (the  rz-side)  is  flared,  the  T-plane  sectoral  horn  in  which 
the  short  side  is  flared,  and  the  pyramidal  horn  in  which  both  sides  are  flared. 


Fig.  18.2.1  H-plane,  £-plane,  and  pyramidal  horns. 


The  pyramidal  horn  is  the  most  widely  used  antenna  for  feeding  large  microwave 
dish  antennas  and  for  calibrating  them.  The  sectoral  horns  may  be  considered  as  special 
limits  of  the  pyramidal  horn.  We  will  discuss  only  the  pyramidal  case. 

Fig.  18.2.2  shows  the  geometry  in  more  detail.  The  two  lower  figures  are  the  cross- 
sectional  views  along  the  xz-  and  yz-planes.  It  follows  from  the  geometry  that  the 
various  lengths  and  flare  angles  are  given  by: 


Ll=Rl  +  ^, 


tancx  = 


2Ra 


8Ra  ’ 


Li  =  Ri  + 


tanj3  = 
At  = 


B 

2Rb 

B^ 

8Rt 


(18.2.1) 
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The  quantities  Ra  and  Rb  represent  the  perpendicular  distances  from  the  plane  of 
the  waveguide  opening  to  the  plane  of  the  horn.  Therefore,  they  must  be  equal,  Ra  =  Rb- 
Given  the  horn  sides  A,  B  and  the  common  length  Ra,  Eqs.  (18.2.1)  allow  the  calculation 
of  all  the  relevant  geometrical  quantities  required  for  the  construction  of  the  horn. 

The  lengths  A  a  and  Ai,  represent  the  maximum  deviation  of  the  radial  distance  from 
the  plane  of  the  horn.  The  expressions  given  in  Eq.  (18.2.1)  are  approximations  obtained 
when  Ra  ^  A  and  »  5.  Indeed,  using  the  small-x  expansion. 


Vl  ±  X  ^  1  ±  - 

we  have  two  possible  ways  to  approximate  Aa' 


Aa  -  La  -  Ra  -  \l Ra  +  —  Ra  -  Ra-^J  1  +  “  Ra 


=  La-jLi-^=La-LaJl- 


A2 


(18.2.2) 


^La 


Fig.  18.2.2  The  geometry  of  the  pyramidal  horn  requires  Ra  =  Rb- 

The  two  expressions  are  equal  to  within  the  assumed  approximation  order.  The 
length  Aa  is  the  maximum  deviation  of  the  radial  distance  at  the  edge  of  the  horn  plane, 
that  is,  at  X  =  ±A/2.  Eor  any  other  distance  x  along  the  A-side  of  the  horn,  and  distance 
y  along  the  5 -side,  the  deviations  will  be: 


2Ra 


2Rb 


AaM  = 


Abiy) 


(18.2.3) 
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The  quantities  kAaM  and  kAbiy)  are  the  relative  phase  differences  at  the  point 
(x,y)  on  the  aperture  of  the  horn  relative  to  the  center  of  the  aperture.  To  account  for 
these  phase  differences,  the  aperture  electric  held  is  assumed  to  have  the  form: 

Eyix,y)  =  To  cos  ^-jkAaix)  ^-jkAbiy)  ^  (18.2.4) 


Ey{x,y)=  To  cos  ^  jkx^/2Ra  g  jky^/2Rb 


(18.2.5) 


We  note  that  at  the  connecting  end  of  the  waveguide  the  electric  held  is  Ey  (x,y)  = 
To  cos  {ttx! a)  and  changes  gradually  into  the  form  of  Eq.  (18.2.5)  at  the  horn  end. 

Because  the  aperture  sides  A,B  are  assumed  to  be  large  compared  to  A,  the  Huy¬ 
gens  source  assumption  is  fairly  accurate  for  the  tangential  aperture  magnetic  held, 
Hxix,y)=  -Eyix,y)  /q,  so  that: 


Hx(x,y)=  -t  focos  e-Jkx^i2Ra  ^-Jky^nRb  (18.2.6) 

The  quantities  kAa,  kAb  are  the  maximum  phase  deviations  in  radians.  Therefore, 
Aal\  and  AbIX  will  be  the  maximum  deviations  in  cycles.  We  dehne: 


^  =  -AL  s  =  ^  =  AE 

A  8\Ra  ’  ^  A  &XRh 


(18.2.7) 


It  turns  out  that  the  optimum  values  of  these  parameters  that  result  into  the  highest 
directivity  are  approximately:  Sa  =  3/8  and  Sb  =  1/4.  We  will  use  these  values  later  in 
the  design  of  optimum  horns.  Eor  the  purpose  of  deriving  convenient  expressions  for 
the  radiation  patterns  of  the  horn,  we  dehne  the  related  quantities: 


al  =  4Sa 


A2 

2XRa  ’ 


(Jb  —  45^  — 


T2 

2\Rb 


(18.2.8) 


The  near-optimum  values  of  these  constants  are  a  a  =  ^/^Sa  =  V4(3/8)  =  1.2247 
and  ab  =  ^/^Sb  =  V4(l/4)  =  1.  These  are  used  very  widely,  but  they  are  not  quite  the 
true  optimum  values,  which  are  cr^  =  1.2593  and  ab  =  1.0246. 

Replacing  k  =  2tt/\  and  2\Ra  =  A'^  I a^  and  2\Rb  =  B^/al  inEq.  (18.2.5),  we  may 
rewrite  the  aperture  helds  in  the  form:  Eor  -A/2  <  x  <  A/2  and  -B/2  <y  <  B/2, 


Ey(x,y)  =  EoCOS  g-J(n/2)<Tl(2x/A)^  g-j(T7/2)o-g(2y/B)2 

HAx,y)  =  -k  £^^(.Q^{^yAy-j{TTl2)crl{2xlA)^  ^-j{TTl2)crl{2ylB)^ 

q  V  A  / 


(18.2.9) 


18.3  Horn  Radiation  Fields 

As  in  the  case  of  the  open-ended  waveguide,  the  aperture  Eourier  transform  of  the  elec¬ 
tric  held  has  only  a  y-component  given  by: 
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rAI2  rB/2 

fyi6,4>)=  Eyix,y)  dx  dy 

J-A/2  J-B/2 


(.QS  I  j  gifcxXg-J(TT/2)cr2(2x/A)2  _  ^jkyy ^-j{TTl2)orl{2ylBE 


The  above  integrals  can  be  expressed  in  terms  of  the  following  diffraction-like  inte¬ 
grals,  whose  properties  are  discussed  in  Appendix  F: 


Fo{y,a)  = 


Fi  (v,  =  J  cos 


The  function  Fq  (v,  ct)  can  be  expressed  as: 


(18.3.1) 


Fo  (v,  a)  =  -e 


j{TT/2)  {y^/(T^ 


(18.3.2) 


where  F{x)=  C  (x) -jS  (x)  is  the  standard  Fresnel  integral,  discussed  in  Appendix  F. 
Then,  the  function  Fi  (v,  a)  can  be  expressed  in  terms  of  Fq  (v,  a) : 


Fi  (v,  (J)=  -  [Fo  (v  -r  0.5,  a)  -rFo  (v  -  0.5,  a)  ] 


(18.3.3) 


The  functions  Fq  (v,  ct)  and  Fi  (v,  s)  can  be  evaluated  numerically  for  any  vector 
of  values  v  and  any  positive  scalar  a  (including  cr  =  0)  using  the  MATLAB  function 
di  f  f  i  nt,  which  is  further  discussed  in  Appendix  F  and  has  usage: 


FO  =  diffint(v,sigma,0) ; 
FI  =  diffint(v,sigma,l) ; 


%  evaluates  the  function  Fq  (v,  cr) 
%  evaluates  the  function  Fi  (v,  cr) 


In  addition  to  di  f f i  nt,  the  following  MATLAB  functions,  to  be  discussed  later,  fa¬ 
cilitate  working  with  horn  antennas: 


hgai  n 
hopt 
hsi gma 


%  calculate  3-dB  bandedges 
%  calculate  aperture  efficiency 
%  calculate  H-  and  f-plane  gains 
%  optimum  horn  design 
%  calculate  optimum  values  of  aa ,  (Jh 


Next,  we  express  the  radiation  patterns  in  terms  of  the  functions  (18.3.1).  Dehning 
the  normalized  wavenumbers  Vx  =  kxA/Zn  and  Vy  =  kyB/Zn,  we  have: 

(18.3.4) 

Changing  variables  to  5  =  2y/B,  the  y-integral  can  written  in  terms  of  Fq  (v,  ct)  : 
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rB/2  R  o  R 

^kyy^-J(TT/2)orl(2y/B)^  dy  =  -  g-j(7r/2)CT-|  ^ 

J-B/2  2  j-1  2 

Similarly,  changing  variables  to  §  =  2x1  A,  we  find  for  the  x-integral: 

cos  f  —  )  eJ'''xXg-j(T7/2)<T2(2x/A)2 

J-A/2  \  A  ) 

=  t  \\ (?)  d^  =  ^Fi  (v„  da) 


It  follows  that  the  Fourier  transform  /y  (0,  (/>)  will  be: 


fyie,<t>)=Eo  —  Fi  (Vx,  aa)  Fo (Vy,  (7^) 


(18.3.5) 


The  open-ended  waveguide  and  the  sectoral  horns  can  be  thought  of  as  limiting  cases 
of  Fq.  (18.3.5),  as  follows: 

1.  open-ended  waveguide:  aa  =  0,  A  =  a,  at  =  0,  B  =  h. 

2.  H-plane  sectoral  horn:  (Ja  >  0,  A  >  a,  at  =  0,  B  =  b. 

3.  F-plane  sectoral  horn:  cr^  =  0,  A  =  a,  at  >  0,  B  >  b. 

In  these  cases,  the  F-f actors  with  cr  =  0  can  be  replaced  by  the  following  simplihed 
forms,  which  follow  from  equations  (F.12)  and  (F.17)  of  Appendix  F: 


Fo(Vy,0)=  2- 


,  Fl(Vx,0)  = 


TT  1  -  4Vx 


(18.3.6) 


The  radiation  helds  are  obtained  from  Fq.  (17.5.5),  with  obliquity  factors  CeiO)-- 
Ccf)  (0)  =  (1  +  cos  6)  /2.  Replacing  k  =  we  have: 


Ee  =  j  ceiO)  fy{e,(t))sm(i) 

p-j^r 

Eel,  =J^ — Cci,i6)  fy  (6,(1)) cos  (j) 


(18.3.7) 


or,  explicitly. 


„  .  e  „  AB  (1  +  cos  6 
„  .  „  AB  /  1  -F  cos  6 


sin(f)Fi(yx,aa)  Fo(yy,at) 


j  cos(/)Fi  (yx,aa)  Foiyy,at) 


(18.3.8) 


Horn  Radiation  Patterns 

The  radiation  intensity  is  U{6,<p)=  r^dF^I^  -F  |F(^d)/2/7,  so  that: 


U{e,<l>)=  \Eo\HAB)^c^0{e)  \Fiiyx,aa)Fo{yy,at) 


2 


(18.3.9) 
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Assuming  that  the  maximum  intensity  is  towards  the  forward  direction,  that  is,  at 


Vx  =  Vy  =  0,  we  have; 


[/max=  |Fi(0,0-«)Fo(0,0-fc) 


(18.3.10) 


The  direction  of  maximum  gain  is  not  necessarily  in  the  forward  direction,  but  it 
maybe  nearby.  This  happens  typically  when  at  >  1.54.  Most  designs  use  the  optimum 
value  at  =  I,  which  does  have  a  maximum  in  the  forward  direction.  With  these  caveats 
in  mind,  we  dehne  the  normalized  gain: 


g(0,4>)  = 


U{6,4‘)  _  1  +  cos  g  ^  Fi  (Vx,0'a)Fo(Vy,0-b)  ^ 

t^max  I  2  M  Fii0,aa)  FoiO,at)  I 


(18.3.11) 


Similarly,  the  H-  and  T-plane  gains  corresponding  to  0  =  0°  and  (p  =  90°  are: 


gniO)  = 
griO)  = 


1  -b  cos  6 

2 

Fi(Vx,aa) 

2 

Fi(0,(jJ 

1  -b  cos  0 

2 

Fo(Vy,ab) 

2 

Fo{0,ab) 

gi6,0^)  ,  Vx  =  ^  sin0 


=  ^(0,90°),  Vy  =  YSin0 


(18.3.12) 


The  normalizing  values  Fi  (0,  cr^)  and  Fq  (0,  at)  are  obtained  from  Eqs.  (F.ll)  and 
(F.l  5)  of  Appendix  F.  They  are  given  in  terms  of  the  Fresnel  function  F{x)=  C  (x)  -jS  (x) 
as  follows: 


\Fi{0,aa)\ 


ai  \  \2a, 


(Ta]-F 


(18.3.13) 


\FoiO,at)r  =  4 


These  have  the  limiting  values  for  aa  =  0  and  at  =  0: 


|Fi(0,0)| 


|Fo(0,0)|2  =4 


(18.3.14) 


The  mainlobe/sidelobe  characteristics  of  the  gain  functions  gniO)  and  griO)  de¬ 
pend  essentially  on  the  two  functions: 


/’i(Vx,cr^)  = 


Fi  (Vx.CTfl) 
Fii0,aa) 


foiyy,0-a)  = 


Fo{Vy,at) 

FoiO,at) 


(18.3.15) 


Fig.  18.3.1  shows  these  functions  for  the  following  values  of  the  cr-parameters:  a  a  = 
[0,  1.2593,  1.37,  1.4749,  1.54]  and  cr^  =  [0,  0.7375,  1.0246,  1.37,  1.54]. 

The  values  aa  =  1.2593  and  at  =  1.0246  are  the  optimum  values  that  maximize 
the  horn  directivity  (they  are  close  to  the  commonly  used  values  of  aa  =  a/T3  =  1.2247 
and  at  =  1.) 

The  values  aa  =  1.4749  and  at  =  aal2  =  0.7375  are  the  optimum  values  that 
achieve  the  highest  directivity  for  a  waveguide  and  horn  that  have  the  same  aspect  ratio 
ofb/a=B/A  =  1/2. 
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fo(Vy,cj,)=\Fo(Vy,cj,)\/\Fo(0,G,)\ 


Fig.  18.3.1  Gain  functions  for  different  cr-parameters. 


For  aa  =  at  =  0,  the  functions  reduce  to  the  sine  and  double-sine  functions  of 
Eq.  (18.3.6).  The  value  at  =  1.37  was  chosen  because  the  function  foivy,  at)  develops 
a  plateau  at  the  3-dB  level,  making  the  dehnition  of  the  3-dB  width  ambiguous. 

The  value  at  =  1.54  was  chosen  because  fo  (Vy,  at)  exhibits  a  secondary  maximum 
away  from  Vy  =  0.  This  maximum  becomes  stronger  as  at  is  increased  further. 

The  functions  fi  (v,  a)  and  fo  (v,  a)  can  be  evaluated  for  any  vector  of  v-values  and 
any  a  with  the  help  of  the  function  di  f  f  i  nt.  For  example,  the  following  code  computes 
them  over  the  interval  0  <  v  <  4  for  the  optimum  values  aa  =  1.2593  and  at  =  1.0246, 
and  also  determines  the  3-dB  bandedges  with  the  help  of  the  function  hband: 

sa  =  1.2593;  sb  =  1.0249; 

V  =  0:0.01:4; 

fl  =  abs(di ffi nt(v, sa, 1)  /  diffint(0,sa,l)) ; 

fO  =  abs(diffint(v,sb,0)  /  diffint(0,sb,0)) ; 

va  =  hband  (sa ,  1)  ;  %  3-dB  bandedge  for  //-plane  pattern 

vb  =  hband  (sb ,  0)  ;  %  3-dB  bandedge  for  E-plane  pattern 

The  mainlobes  become  wider  as  aa  and  at  increase.  The  3-dB  bandedges  corre¬ 
sponding  to  the  optimum  ers  are  found  from  hband  to  be  Va  =  0.6928  and  vt  =  0.4737, 
and  are  shown  on  the  graphs. 

The  3-dB  width  in  angle  6  can  be  determined  from  Vx  =  (A/ A) sin  0,  which  gives 
approximately  A6a  =  (2Va)  (A/A)— the  approximation  being  good  for  A  >  2A.  Thus, 
in  radians  and  in  degrees,  we  obtain  the  Ff-plane  and  T-plane  optimum  3-dB  widths: 

=  1.38S6  4  =  79.39°4.  =  0.9474  4  =  S4.28°  4  (18.3.16) 

A  A  BE 

The  indicated  angles  must  be  replaced  by  77.90°  and  53.88°  if  the  near-optimum  ers 
are  used  instead,  that  is,  aa  =  1.2247  and  at  =  1. 

Because  of  the  3-dB  plateau  of  foiVy,  at)  at  or  near  at  =  1.37,  the  function  hband 
dehnes  the  bandedge  to  be  in  the  middle  of  the  plateau.  At  at  =  1.37,  the  computed 
bandedge  is  Vt  =  0.9860,  and  is  shown  in  Fig.  18.3.1. 
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The  3-dB  bandedges  for  the  parameters  (J^  =  1.4749  and  cr^  =  0.7375  correspond¬ 
ing  to  aspect  ratio  of  1/2  are  Va  =  0.8402  (shown  on  the  left  graph)  and  vt  =  0.4499. 

The  MATLAB  function  hgai  n  computes  the  gains  gniO)  and  gsiO)  at  A/  +  1  equally 
spaced  angles  over  the  interval  [0,  Tr/2],  given  the  horn  dimensions  A,B  and  the  pa¬ 
rameters  (Ja,(Jh-  It  has  usage: 

[gh,ge,th]  =  hgain(N,A,B,sa,sb)  ;  %note:th  =  iinspace(0,  pi/2,  N+i) 

[gh,ge,th]  =  hgai  n(N  ,  A,  B)  ;  %  uses  optimum  values  cr^,  =  1.2593,  cr^  =  1.0246 

Example  18.3.1:  Fig.  18.3.2  shows  the  H-  and  T-plane  gains  of  a  horn  with  sides  A  =  4A  and 
B  =  3\  and  for  the  optimum  values  of  the  cr-parameters.  The  3-dB  angle  widths  were 
computed  from  Eq.  (18.3.16)  to  be:  A6a  =  19.85”  and  AOi,  =  18.09”. 

The  graphs  show  also  a  3-dB  gain  circle  as  it  intersects  the  gain  curves  at  the  3-dB  angles, 
which  are  A6a/2  and  A6i,l2. 

H-p\ane  gain 


0 

30° 

60° 


90° 


150° 


180°  180° 

Fig.  18.3.2  H-  and  T-plane  gains  for  A  =  4\,  B  =  3 A,  and  aa  =  1.2593,  cr^,  =  1.0246. 

The  essential  MATLAB  code  for  generating  the  left  graph  was: 

A=4;  B=3;  N=200; 

[gh,ge,th]  =  hgai  n(N  ,A,  B)  ;  %  calculate  gains 

Dtha  =  79.39/A;  %  calculate  width  0  a 

dbp(th,gh);  %  make  polar  plot  in  dB 

addbwp(Dtha)  ;  %  add  the  3-dB  widths 

addcirc(3);  %  add  a  3-dB  gain  circle 

We  will  see  later  that  the  gain  of  this  horn  is  G  =  18.68  dB  and  that  it  can  fit  on  a  waveguide 
with  sides  a  =  \  and  b  =  0.35A,  with  an  axial  length  of  Ra  =  Rb  =  3.78A.  □ 

18.4  Horn  Directivity 

The  radiated  power  Prad  is  obtained  by  integrating  the  Poynting  vector  of  the  aperture 
helds  over  the  horn  area.  The  quadratic  phase  factors  in  Eq.  (18.2.9)  have  no  effect  on 
this  calculation,  the  result  being  the  same  as  in  the  case  of  a  waveguide.  Thus, 


P-plane  gain 
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Praci=  ^IfolhAS)  (18.4.1) 

It  follows  that  the  horn  directivity  will  be: 

(18.4.2) 

where  we  dehned  the  aperture  efficiency  e  by: 

e(aa,crb)=  1  |Fi  (O.CTa)  fo(0,o-h)  /  (18.4.3) 

O 

Using  the  MATLAB  function  di  ffi  nt,  we  may  compute  e  for  any  values  of  aa,  at- 
In  particular,  we  hnd  for  the  optimum  values  aa  =  1.2593  and  at  =  1.0246: 

0-a  =  1.2S93  ^  |Fi(0,O-a)  /  =|diffint(0,O-a,l)  /  =  1.2S20 
0-6  =  1.0246  ^  |Fo(0,o-h)  /  =|di ffi nt(0, 0-6,0) /  =  3.1282 


This  leads  to  the  aperture  efficiency: 

e  =  hl.2S20)  (3.1282)^  0.49  (18.4.S) 

8 

and  to  the  optimum  horn  directivity: 

(optimum  horn  directivity)  (18.4.6) 

If  we  use  the  near-optimum  values  of  a  a  =  v/lTS  and  at  =  I,  the  calculated  efficiency 
becomes  e  =  0.51.  It  may  seem  strange  that  the  efficiency  is  larger  for  the  non-optimum 
a  a,  at-  We  will  see  in  the  next  section  that  “optimum”  does  not  mean  maximizing  the 
efficiency,  but  rather  maximizing  the  gain  given  the  geometrical  constraints  of  the  horn. 

The  gain-beamwidth  product  is  from  Eqs.  (18.3.16)  and  (18.4.6),  p  =  GAOaAOt  = 
4tt(0.49)  (1.38S6)  (0.9474)  =  8.083  rad^  =  26  S3S  deg^  Thus,  in  radians  and  in  de- 
grees,  we  have  another  instance  of  (15.3.14): 


8.083  26  535 

AOaAOt  ~  AO^aAOl 


(18.4.7) 


The  gain  of  the  H-plane  sectoral  horn  is  obtained  by  setting  at  =  0,  which  gives 
Po  (0, 0)  =  2.  Similarly,  the  P-plane  horn  is  obtained  by  setting  a  a  =  0,  with  Pi  (0, 0)  = 
4/Tr.  Thus,  we  have: 


Att  1  9  27T  9 

Gh  =  j^{AB)-\FA0,(Ta)\4=  j^{AB)\Fi{0,aa)\^ 
G£  =  ^(AS)t^|Fo(0,0-6)/  =  ^(AB)|fo(0,0-6) 


(18.4.8) 


The  corresponding  aperture  efficiencies  follow  by  dividing  Eqs.  (18.4.8)  by  dnAB/A^: 
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e.H(o-a)=  e(aa,0)=  ^\Fi{0,aa)  \^ ,  e£(crf,)=  e(0,ab)=  ^  |fo(0,o-i,) 

In  the  limit  aa  =  (Jb  =  0,  we  find  e  =  0.81,  which  agrees  with  Eq.  (18.1.13)  of  the 
open  waveguide  case.  The  MATLAB  function  heff  calculates  the  aperture  efficiency 
eiaa,crb)  for  any  values  of  aa,  crt-  It  has  usage: 

e  =  heff(sa,sb);  %  horn  antenna  efficiency 


Next,  we  discuss  the  conditions  for  optimum  directivity.  In  constructing  a  horn  an¬ 
tenna,  we  have  the  constraints  of  (a)  keeping  the  dimensions  a,b  of  the  feeding  waveg¬ 
uide  small  enough  so  that  only  the  TEio  mode  is  excited,  and  (b)  maintaining  the  equal¬ 
ity  of  the  axial  lengths  Ra  =  Rb  between  the  waveguide  and  horn  planes,  as  shown  in 
Fig.  18.2.2.  Using  Eqs.  (18.2.1)  and  (18.2.8),  we  have: 


Ra 


A  -  a 
A 


A{A-a) 

2Acri 


Rb 


B-b 

B 


Rb 


B(B-b) 

2\al 


(18.4.9) 


Then,  the  geometrical  constraint  Ra  =  Rb  implies; 


A(A-a)  B{B-b)  al  B{B-b) 

2Aaa  2Acr^  ^  aa  A(A-a) 


We  wish  to  maximize  the  gain  while  respecting  the  geometry  of  the  horn.  For  a  hxed 
axial  distance  Ra  =  Rb,^^  wish  to  determine  the  optimum  dimensions  A,B  that  will 
maximize  the  gain. 

The  lengths  A ,  ^5  are  related  to  the  radial  lengths  by  Eq.  (18.4.9).  For  A  »  a, 
the  lengths  Ra  and  Ra  are  practically  equal,  and  similarly  for  Rb  and  Rb-  Therefore,  an 
almost  equivalent  (but  more  convenient)  problem  is  to  hnd  A,  B  that  maximize  the  gain 
for  hxed  values  of  the  radial  distances  Ra,Rb- 

Because  of  the  relationships  A  =  aa^2\Ra  and  B  =  ab^j2\Rb,  this  problem  is 
equivalent  to  hnding  the  optimum  values  of  cr^  and  cr^  that  will  maximize  the  gain. 
Replacing  A,  B  in  Eq.  (18.4.2),  we  rewrite  G  in  the  form: 


—  \^aa^J2^Raj  \^ab^j2^Rbj  -  \  Fi  (0,  cr^)  Fq  (0,  ab) 


G  =  fa  i(Ta)fbi(Tb)  (18.4.11) 

where  we  dehned  the  directivity  functions: 

fa(0'a)=  Cra\Fl(0,O'a)\^  ,  ft  (CTb)  =  CTb  |  Fq  (0,  CTb)  |  ^  (18.4.12) 


These  functions  are  plotted  on  the  left  graph  of  Fig.  18.4.1.  Their  maxima  occur  at 
aa  =  1.2593  and  ab  =  1.0246.  As  we  mentioned  before,  these  values  are  sometimes 
approximated  by  aa  =  y/T3  =  1.2244  and  cr^  =  1. 

An  alternative  class  of  directivity  functions  can  be  derived  by  constructing  a  horn 
whose  aperture  has  the  same  aspect  ratio  as  the  waveguide,  that  is. 
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Directivity  Functions  Function  fj.(  o) 


Fig.  18.4.1  Directivity  functions. 


The  aspect  ratio  of  a  typical  waveguide  is  of  the  order  of  r  =  0.5,  which  ensures  the 
largest  operating  bandwidth  in  the  TEio  mode  and  the  largest  power  transmitted. 

It  follows  from  Eq.  (18.4.13)  that  (18.4.10)  will  be  satished  provided  a\la\  =  or 
ab  =  raa-  The  directivity  (18.4.11)  becomes: 

G  =  fr(aa)  (18.4.14) 

A 

where  we  dehned  the  function: 

fr{o-a)=  fa(o-a)fbiraa)=  r  aa\Fi{0,aa)Fo(0,raa)  1^  (18.4.1S) 

This  function  has  a  maximum,  which  depends  on  the  aspect  ratio  r.  The  right  graph 
of  Fig.  18.4.1  shows  fria)  and  its  maxima  for  various  values  of  r.  The  aspect  ratio 
r  =  1/2  is  used  in  many  standard  guides,  r  =  4/9  is  used  in  the  WR-90  waveguide,  and 
r  =  2/5  in  the  WR-42. 

The  MATLAB  function  hsi  gma  computes  the  optimum  aa  and  ab  =  raa  for  a  given 
aspect  ratio  r.  It  has  usage: 

[sa,sb]  =  hsigma(r);  %  optimum  cr-parameters 

With  input  r  =  0,  it  outputs  the  separate  optimal  values  aa  =  1.2593  and  ab  = 
1.0246.  For  r  =  0.5,  it  gives  cr^  =  1.4749  and  ab  =  aal2  =  0.7375,  with  corresponding 
aperture  efficiency  e  =  0.4743. 

18.5  Horn  Design 

The  design  problem  for  a  horn  antenna  is  to  determine  the  sides  A,  B  that  will  achieve  a 
given  gain  G  and  will  also  ht  geometrically  with  a  given  waveguide  of  sides  a,b,  satisfying 
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the  condition  Ra  =  Rb-  The  two  design  equations  for  A,B  are  then  Eqs.  (18.4.2)  and 
(18.4.10):  _ 

(18.5.1) 

The  design  of  the  constant  aspect  ratio  case  is  straightforward.  Because  cr^  =  rcr^, 
the  second  condition  is  already  satished.  Then,  the  hrst  condition  can  be  solved  for  A, 
from  which  one  obtains  B  =  r A  and  Ra  =  A  {A  -  a)  I  {2\or^)\ 

(18.5.2) 


In  Eq.  (18.5.2),  the  aperture  efficiency  e  must  be  calculated  from  Eq.  (18.4.3)  with  the 
help  of  the  MATLAB  function  heff. 

Eor  unequal  aspect  ratios  and  arbitrary  (7^,  cr^,  one  must  solve  the  system  of  equa¬ 
tions  (18.5.1)  for  the  two  unknowns  A,B.  To  avoid  negative  solutions  for  B,  the  second 
equation  in  (18.5.1)  can  be  solved  for  B  in  terms  of  A,a,b,  thus  replacing  the  above 


system  with: 


(18.5.3) 


f2iA,B) 


AB 


\^G 

4Tre 


0 


This  system  can  be  solved  iteratively  using  Newton’s  method,  which  amounts  to 
starting  with  some  initial  values  A,B  and  keep  replacing  them  with  the  corrected  values 
A  +  A  A  and  B  +  AB,  where  the  corrections  are  computed  from: 


where  M 


^Afl  ^Bfl 
^Bfz  _ 


The  matrix  M  is  given  by: 

al  2A- a  1  f  al  2A  -  a 

M=  i2B-b-2fi)  ^  2B-b 

B  Aj  I  B  A 


where  we  replaced  the  2fi  term  by  zero  (this  is  approximately  correct  near  convergence.) 
Good  initial  values  are  obtained  by  assuming  that  A,  B  will  be  much  larger  than  a,  b  and 
therefore,  we  write  Eq.  (18.5.1)  approximately  in  the  form: 


G 


AB, 


(Ta  A2 


(18.S.4) 


This  system  can  be  solved  easily,  giving  the  initial  values: 


An  =  A 


G 

Am  at 


/  G 

at 

(Ja 

(18.5.5) 


Note  that  these  are  the  same  solutions  as  in  the  constant-r  case.  The  algorithm 
converges  extremely  fast,  requiring  about  3-5  iterations.  It  has  been  implemented  by 
the  MATLAB  function  hopt  with  usage: 
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[A,B,R,err]  =  hopt(G,a,b,sa,sb)  ;  %  optimum  horn  antenna  design 

[A,B,R,err]  =  hopt(G,a,b,sa,sb,N)  ;  %  N  is  the  maximum  number  of  iterations 

[A,B,R,err]  =  hopt(G,a,b,sa,sb,0)  ;  %  outputs  initial  values  only 

where  G  is  the  desired  gain  in  dB,  a,b  are  the  waveguide  dimensions.  The  output  R 
is  the  common  axial  length  R  =  Ra  =  Rb-  All  lengths  are  given  in  units  of  A.  If  the 
parameters  cr^,  at  are  omitted,  their  optimum  values  are  used.  The  quantity  err  is  the 
approximation  error,  and  N,  the  maximum  number  of  iterations  (default  is  10.) 

Example  18.5.1:  Design  a  horn  antenna  with  gain  18.68  dB  and  waveguide  sides  of  rz  =  A  and 
b  =  0.35A.  The  following  call  to  hopt, 

[A,B,R,err]  =  hopt(18.68,  1,  0.35); 

yields  the  values  (in  units  of  \):  A  =  4,  B  =  2.9987,  R  =  3.7834,  and  err  =  3.7  x  10“^k 
These  are  the  same  as  in  Example  18.3.1.  □ 

Example  18.5.2:  Design  a  horn  antenna  operating  at  10  GHz  and  fed  by  a  WR-90  waveguide 
with  sides  a  =  2.286  cm  and  b  =  1.016  cm.  The  required  gain  is  23  dB  (G  =  200). 

Solution:  The  wavelength  is  A  =  3  cm.  We  carry  out  two  designs,  the  first  one  using  the  optimum 
values  (Ja  =  1.2593,  at  =  1.0246,  and  the  second  using  the  aspect  ratio  of  the  WR-90 
waveguide,  which  is  r  =  b/a  =  4/9,  and  corresponds  to  cr^  =  1.4982  and  at  =  0.6659. 
The  following  MATLAB  code  calculates  the  horn  sides  for  the  two  designs  and  plots  the 
E-plane  patterns: 


la  =  3;  a  =  2.286;  b  =  1.016; 
G  =  200;  Gdb  =  10*1ogl0(G); 

%  lengths  in  cm 
%  GdB  =  23.0103  dB 

[sal,sbl]  =  hsigma(O); 
[A1,B1,R1]  =  hopt (Gdb,  a/1  a, 

b/la,  sal,  sbl); 

%  optimum  cr-parameters 
%  Al,  Bl,  Rl  in  units  of  A 

[sa2,sb2]  =  hsigma(b/a); 
[A2,B2,R2]  =  hopt (Gdb,  a/1  a, 

b/la,  sa2,  sb2,0); 

%  optimum  cr’s  for  r  =  b/a 
%  output  initial  values 

N  =  200; 

%  201  angles  in  0  <  0  <  7t/2 

[ghl,gel,th]  =  hgai n(N ,A1, Bl, sal, sbl) ; 
[gh2,ge2,th]  =  hgai n(N ,A2 , B2 , sa2 , sb2) ; 

%  calculate  gains 

figure;  dbp(th,ghl);  figure; 
figure;  dbp(th,gh2);  figure; 

dbp(th,gel) ; 
dbp(th,ge2) ; 

%  polar  plots  in  dB 

Al  =  Al*la;  Bl  =  Bl*la;  Rl  = 
A2  =  A2*la;  B2  =  B2*la;  R2  = 

Rl*la; 

R2’'la; 

%  lengths  in  cm 

The  designed  sides  and  axial  lengths  are  in  the  two  cases: 

Al  =  19.2383  cm,  Bi  =  15.2093  cm,  Ri  =  34.2740  cm 
A2  =  26.1457  cm,  B2  =  11.6203  cm,  R2  =  46.3215  cm 

The  H-  and  E-plane  patterns  are  plotted  in  Fig.  18.5.1.  The  first  design  (top  graphs)  has 
slightly  wider  3-dB  width  in  the  FEplane  because  its  A-side  is  shorter  than  that  of  the 
second  design.  But,  its  E-plane  3-dB  width  is  narrower  because  its  E-side  is  longer. 
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The  initial  values  given  in  Eq.  (18.5.5)  can  be  used  to  give  an  alternative,  albeit  approximate, 
solution  obtained  purely  algebraically:  Compute  Ao,Bo,  then  revise  the  value  of  Bq  by 
recomputing  it  from  the  first  of  Eq.  (18.5.3),  so  that  the  geometric  constraint  Ra  =  Rb  is 
met,  and  then  recompute  the  gain,  which  will  be  slightly  different  than  the  required  one. 

Eor  example,  using  the  optimum  values  cr^  =  1.2593  and  cr^  =  1.0246,  we  find  from 
(18.5.5):  Aq  =  18.9644,  Bq  =  15.4289  cm,  and  =  33.2401  cm.  Then,  we  recalculate  Bq 
to  be  Bq  =  13.9453  cm,  and  obtain  the  new  gain  G  =  180.77,  or,  22.57  dB.  □ 


H-plane  gain 


H-plane  gain 


£'-plane  gain 


Fig.  18.5.1  H-  and  E-plane  patterns. 


18.6  Microstrip  Antennas 

A  microstrip  antenna  is  a  metallic  patch  on  top  of  a  dielectric  substrate  that  sits  on 
top  of  a  ground  plane.  Fig.  18.6.1  depicts  a  rectangular  microstrip  antenna  fed  by  a 
microstrip  line.  It  can  also  be  fed  by  a  coaxial  line,  with  its  inner  and  outer  conductors 
connected  to  the  patch  and  ground  plane,  respectively. 

In  this  section,  we  consider  only  rectangular  patches  and  discuss  simple  aperture 
models  for  calculating  the  radiation  patterns  of  the  antenna.  Further  details  and  appli¬ 
cations  of  microstrip  antennas  maybe  found  in  [1182-1189]. 
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-H«h- 


fringing  fields 


Fig.  18.6.1  Microstrip  antenna  and  E-field  pattern  in  substrate. 


The  height  h  of  the  substrate  is  typically  of  a  fraction  of  a  wavelength,  such  as 
h  =  0.05 A,  and  the  length  L  is  of  the  order  of  0.5 A.  The  structure  radiates  from  the 
fringing  fields  that  are  exposed  above  the  substrate  at  the  edges  of  the  patch. 

In  the  so-called  cavity  model,  the  patch  acts  as  resonant  cavity  with  an  electric  field 
perpendicular  to  the  patch,  that  is,  along  the  z-direction.  The  magnetic  field  has  van¬ 
ishing  tangential  components  at  the  four  edges  of  the  patch.  The  fields  of  the  lowest 
resonant  mode  (assuming  L  >W)  are  given  by; 


Ezix)  =  -Eq 
Hyix)  =  -Ho  COS  (’P) 


for 


L  L 

2  2 

IT  IT 

- <y<  — 

2^2 


(18.6.1) 


where  Hq  =  -JEo/rj.  We  have  placed  the  origin  at  the  middle  of  the  patch  (note  that 
Ez  M  is  equivalent  to  Eq  cos  (nx/L)  for  0  <  x  <  E.) 

It  can  be  verified  that  Eqs.  (18.6.1)  satisfy  Maxwell’s  equations  and  the  boundary 
conditions,  that  is,  Hy  (x)  =  0  at  x  =  ±E/2,  provided  the  resonant  frequency  is; 


60  =  ^  ^  f  =  0.Sy  =  0.5-^  (18.6.2) 

E  E  E  G-y 

where  c  =  Cq!  ,  r/  =  r/o/V^,  and  Cr  is  the  relative  permittivity  of  the  dielectric 
substrate.  It  follows  that  the  resonant  microstrip  length  will  be  half -wavelength; 


1  =  0.5^  (18.6.3) 

Fig.  18.6.2  shows  two  simple  models  for  calculating  the  radiation  patterns  of  the 
microstrip  antenna.  The  model  on  the  left  assumes  that  the  fringing  fields  extend  over 
a  small  distance  a  around  the  patch  sides  and  can  be  replaced  with  the  fields  Ea  that 
are  tangential  to  the  substrate  surface  [1184].  The  four  extended  edge  areas  around  the 
patch  serve  as  the  effective  radiating  apertures. 
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-H  a  h* - L - H  a  h*- 


Fig.  18.6.2  Aperture  models  for  microstrip  antenna. 


The  model  on  the  right  assumes  that  the  substrate  is  truncated  beyond  the  extent  of 
the  patch  [1183].  The  four  dielectric  substrate  walls  serve  now  as  the  radiating  apertures. 
The  only  tangential  aperture  held  on  these  walls  is  Ea  =  zEz,  because  the  tangential 
magnetic  helds  vanish  by  the  boundary  conditions. 

For  both  models,  the  ground  plane  can  be  eliminated  using  image  theory,  resulting  in 
doubling  the  aperture  magnetic  currents,  that  is,  Jms  =  -2nx  Ea-  The  radiation  patterns 
are  then  determined  from  Jms- 

For  the  hrst  model,  the  effective  tangential  helds  can  be  expressed  in  terms  of  the 
held  Ez  by  the  relationship:  aEa  =  hEz.  This  follows  by  requiring  the  vanishing  of  the 
line  integrals  of  E  around  the  loops  labeled  ABCD  in  the  lower  left  of  Fig.  18.6.2.  Because 
Ez  =  ±Eo  at  X  =  ±1/2,  we  obtain  from  the  left  and  right  such  contours: 

E  •  d\  =  —EqH  +  EqCi  =  0 ,  E  ■  d\  =  EqH  —  EqCi  =  0  =>  Ea  =  — ~ 

JABCD  JABCD  d 

In  obtaining  these,  we  assumed  that  the  electric  held  is  nonzero  only  along  the  sides 
AD  and  AB.  A  similar  argument  for  the  sides  2  &  4  shows  that  Ea  =  ±hEz  (x)  la.  The 
directions  of  Ea  at  the  four  sides  are  as  shown  in  the  hgure.  Thus,  we  have: 


for  sides  1  &  3  : 
for  sides  2  &  4  : 


r  .  hEo 
Ea=X  — 

a 


Ea  =  ±Y 


hEz  M 


(18.6.4) 


The  outward  normal  to  the  aperture  plane  is  h  =  z  for  all  four  sides.  Therefore,  the 
surface  magnetic  currents  Jms  =  -2n  x  Ea  become: 


for  sides  1  &  3  : 
for  sides  2  &  4  : 


Jms  ~  y 


2hEo 


a 

2hEo  .  [TTX\ 
7™,  =  ±x  — sm(-j 


(18.6.S) 


The  radiated  electric  held  is  obtained  from  Eq.  (17.3.4)  by  setting  E  =  0  and  calculat¬ 
ing  Em  as  the  sum  of  the  magnetic  radiation  vectors  over  the  four  effective  apertures: 
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Q-jkr  Q-jkr 

E  =  jk  r  X  Em  =  jk  f  X  [Eml  +  EmZ  +  Em3  +  Em4]  (18.6.6) 

The  vectors  Em  are  the  two-dimensional  Fourier  transforms  over  the  apertures: 

[  Jn.six,y)ej'<’‘’^^J'^yydS 

JA 

The  integration  surfaces  dS  =  dxdy  are  approximately,  dS  =  ady  for  1  &  3,  and 

dS  =  adx  for  2  &  4.  Similarly,  in  the  phase  factor  we  must  set  x  =  +1/2 

for  sides  1  &  3,  and  y  =  +W 12  for  sides  2  &  4.  Inserting  Eq.  (18.6.5)  into  the  Eourier 
integrals  and  combining  the  terms  for  apertures  1  &  3  and  2  &  4,  we  obtain: 

'lUu  rWI2 

Fm  13  =  y  (e-J^xi/2  +  ei^.Lii^^eikyyady 

a  J-w/2 

Em  24  =X  f  (^Q-jkyW/2  _  gJkyW/2^  dx 

a  J-L/2  VI/ 

Note  that  the  a  factors  cancel.  Using  Euler’s  formulas  and  the  integrals: 

^xI/2) 
kxE 
TT 


we  hnd  the  radiation  vectors: 


Em, 12  =  Y^EohW  cos(TrVx) 


sin(TrVy) 


r-  -  AT  1  T  4VxCOs(TrVx)  .  ,  , 

Em, 24  =  x4EohL  — - sm(TrVy) 

Tr(l-4v^) 

where  we  dehned  the  normalized  wavenumbers  as  usual: 


^xL  L  .  ^  . 

Vx  =  - —  =  V  sm  cos  cp 
2tt  a 

Vy  =  — —  =  —  sm  sm  <p 
27T  a 


(18.6.7) 


(18.6.8) 


Erom  Eq.  (E.8)  of  Appendix  E,  we  have: 

f  X  y  =  f  X  (f  sin  0  sin  0  +  0  cos  0  sin  0  +  ^  cos  (/>)  =  <^  cos  6  sin  <p  -  9  cos  <p 
f  X  X  =  f  X  (f  sin  0  cos  <p  A  6  cos  6  cos  <p  -  ^  sin  <p)  =  ^  cos  6  cos  0  +  0  sin  0 
It  follows  from  Eq.  (18.6.6)  that  the  radiated  helds  from  sides  1  &  3  will  be: 


p-Jkr 

E{6,  <p)  =  jk  - - 4EohW  [4>  cos  Osinj)  -  6  cos  0]  F{6,  <p) 

4TTr 


(18.6.9) 


where  we  dehned  the  function: 
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F {0,  <p)  =  cos(TrVx) 


sin(TrVy 


(18.6.10) 


Similarly,  we  have  for  sides  2  &  4: 

p-J^r 

E{6,  <p)  =  jk  4EohL  [4>  cos  0  cos  0  +  0  sm<p]  fiO,  <p) 

4VxCOS(TrVx)  .  ,  , 

=  — 7^, — 7^sm(7TVy) 

The  normalized  gain  is  found  from  Eq.  (18.6.9)  to  be: 


(18.6.11) 


\gi0,(l))  = 


\Eie,cp)\ 


(cos^  6  sin^  (p  +  cos^  (p)  \  F{6,  cp) 


(18.6.12) 


The  corresponding  expression  for  sides  2  &  4,  although  not  normalized,  provides  a 
measure  for  the  gain  in  that  case: 


g{0,  <p)  =  (cos^  6  cos^  p  +  sin^  p)  \f{9,  p)  \ 


(18.6.13) 


The  E-  and  H-plane  gains  are  obtained  by  setting  p  =  0^  and  p  =  90°  in  Eq.  (18.6.12): 


=  |cos(TrVx)|  , 


=  cos  0 


sin(TrVy 


Vx  =  V  sin  0 

A 

Vy  =  —  sm  0 


(18.6.14) 


Most  of  the  radiation  from  the  microstrip  arises  from  sides  1  &  3.  Indeed,  F{0,p) 
has  a  maximum  towards  broadside,  Vx  =  Vy  =  0,  whereas  f  (6,  p)  vanishes.  Moreover, 
fi0,p)  vanishes  identically  for  all  0  and  </>  =  0°  (T-plane)  or  p  =  90°  (H-plane). 

Therefore,  sides  2  &  4  contribute  little  to  the  total  radiation,  and  they  are  usually 
ignored.  Eor  lengths  of  the  order  of  L  =  0.3 A  to  L  =  A,  the  gain  function  (18.6.13) 
remains  suppressed  by  7  to  17  dB  for  all  directions,  relative  to  the  gain  of  (18.6.12). 

Example  18.6.1:  Fig.  18.6.3  shows  the  E-  and  FTplane  patterns  for  IE  =  L  =  0.3371A.  Both 
patterns  are  fairly  broad. 

The  choice  for  L  comes  from  the  resonant  condition  L  =  O.SA/-^^.  For  a  typical  substrate 
with  Cr  =  2.2,  we  find  I  =  0.5A/VZ2  =  0.3371A. 

Fig.  18.6.4  shows  the  3-dimensional  gains  computed  fromEqs.  (18.6.12)  and  (18.6.13).  The 
field  strengths  (square  roots  of  the  gains)  are  plotted  to  improve  the  visibility  of  the  graphs. 
The  MATLAB  code  for  generating  these  plots  was: 

L  =  0.5/sqrt(2.2) ;  W  =  L; 

[th,ph]  =  meshgridCO: 3 :90,  0:6:360);  th  =  th  *  pi/180;  ph  =  ph  *  pi/180; 


vx  =  L  *  sin(th)  .*  cos(ph); 
vy  =  W  *  sin(th)  .*  sin(ph); 


eld  strength 


18.6.  Microstrip  Antennas 


745 


-E-plane  gain  iZ-plane  gain 


180°  180° 

Fig.  18.6.3  E-  and  FTplane  gains  of  microstrip  antenna. 


Radiation  from  sides  1  &  3  Radiation  from  sides  2  &  4 


Fig.  18.6.4  Two-dimensional  gain  patterns  from  sides  1  &  3  and  2  &  4. 


E13  =  sqrt(cos(th)  .  A2  . ''si  n(ph)  .  A2  +  cos(ph).A2); 

E13  =  E13  .*  abs(cos(pi*vx)  .*  sinc(vy)); 

figure;  surfl (vx, vy , E13) ; 
shading  interp;  col ormap(gray(32)) ; 

view([-40,10]) ; 

E24  =  sqrt(cos(th) . A2 . *cos(ph) . A2  +  sin(ph).A2); 

E24  =  E24  .*  abs(4*vx.*dsinc(vx)/pi  .*  sin(pi*vy)); 

figure;  surfl (vx,vy, E24) ; 
shading  interp;  col ormap(gray(32)) ; 

The  gain  from  sides  2  &  4  vanishes  along  the  Vx-  and  Vy  axes,  while  its  maximum  in  all 
directions  is  =  0.15  or  -16.5  dB.  □ 

Using  the  alternative  aperture  model  shown  on  the  right  of  Fig.  18.6.2,  one  obtains 
identical  expressions  for  the  magnetic  current  densities  Jms  along  the  four  sides,  and 
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therefore,  identical  radiation  patterns.  The  integration  surfaces  are  now  dS  =  hdy  for 
sides  1  &  3,  and  dS  =  hdx  for  2  &  4. 


18.7  Parabolic  Reflector  Antennas 


Reflector  antennas  are  characterized  by  very  high  gains  (30  dB  and  higher)  and  narrow 
main  beams.  They  are  widely  used  in  satellite  and  line-of-sight  microwave  communica¬ 
tions  and  in  radar. 

At  microwave  frequencies,  the  most  common  feeds  are  rectangular,  circular,  or  cor¬ 
rugated  horns.  Dipole  feeds— usually  backed  by  a  reflecting  plane  to  enhance  their  ra¬ 
diation  towards  the  reflector— are  used  at  lower  frequencies,  typically,  up  to  UHF.  Some 
references  on  reflector  antennas  and  feed  design  are  [1162-1181]. 

A  typical  parabolic  reflector,  fed  by  a  horn  antenna  positioned  at  the  focus  of  the 
parabola,  is  shown  in  Fig.  18.7.1.  A  geometrical  property  of  parabolas  is  that  all  rays 
originating  from  the  focus  get  reflected  in  a  direction  parallel  to  the  parabola’s  axis,  that 
is,  the  z  direction. 


Fig.  18.7.1  Parabolic  reflector  antenna  with  feed  at  the  focus. 


We  choose  the  origin  to  be  at  the  focus.  An  incident  ray  OP  radiated  from  the  feed 
at  an  angle  ip  becomes  the  reflected  ray  PA  parallel  to  the  z-axis.  The  projection  of  all 
the  reflected  rays  onto  a  plane  perpendicular  to  the  z-axis— such  as  the  xy-plane— can 
be  considered  to  be  the  effective  aperture  of  the  antenna.  This  is  shown  in  Fig.  18.7.2. 

Let  R  and  h  be  the  lengths  of  the  rays  OP  and  PA.  The  sum  R  h  represents  the 
total  optical  path  length  from  the  focus  to  the  aperture  plane.  This  length  is  constant, 
independent  of  ip,  and  is  given  by 


R  +  h  =  2F  (18.7.1) 

where  F  is  the  focal  length.  The  length  2F  is  the  total  optical  length  of  the  incident  and 
reflected  axial  rays  going  from  O  to  the  vertex  V  and  back  to  O. 

Therefore,  all  the  rays  suffer  the  same  phase  delay  traveling  from  the  focus  to  the 
plane.  The  spherical  wave  radiated  from  the  feed  gets  converted  upon  reflection  into  a 
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Fig.  18.7.2  Parabolic  antenna  and  its  projected  effective  aperture. 


plane  wave.  Conversely,  for  a  receiving  antenna,  an  incident  plane  wave  gets  converted 
into  a  spherical  wave  converging  onto  the  focus. 

Since  h  =  R  cos  ip,  Eq.  (18.7.1)  can  be  written  in  the  following  form,  which  is  the 
polar  representation  of  the  parabolic  surface: 

2F 

R R  cos  Lp  =  2F  ^  R  =  - ,  or,  (18.7.2) 

1  -r  cos  Lp 


R  = 


2F 


l-rcos(//  cos2((///2) 


(18.7.3) 


The  radial  displacement  p  of  the  reflected  ray  on  the  aperture  plane  is  given  by 
p  =  R  simp.  Replacing  R  from  (18.7.3),  we  hnd: 


^  2f  =  2Ftan 

1  -r  cos  Lp 

Similarly,  using  R  h  =  2F  or  F  -  h  =  R  -  F,  we  have: 


(f) 


„  ,  „l-COS(//  2 

F  -  h  =  F -  =  F  tan 


(f) 


1  -r  cos  Lp 

It  follows  that  h  and  p  will  be  related  by  the  equation  for  a  parabola: 


(18.7.4) 


(18.7.5) 


4FiF-h)=  p^ 


(18.7.6) 


In  terms  of  the  xyz-coordinate  system,  we  have  =  x^  -r  y^  and  z  =  -h,  so  that 
Eq.  (18.7.6)  becomes  the  equation  for  a  paraboloid  surface: 


4F  (F  +  z)= 


(18.7.7) 
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The  diameter  D,  or  the  radius  a  =  D/2,  of  the  reflector  and  its  focal  length  F  deter¬ 
mine  the  maximum  angle  (//.  It  is  obtained  by  setting  p  =  ain  Eq.  (18.7.4): 

t/^o  =  2atan  (18.7.8) 

Thus,  the  FID  ratio  determines  ipQ.  For  example,  if  FID  =  0.25,0.35,0.50,  then 
ipo  =  90°,  71°,  53°.  Practical  F/D  ratios  are  in  the  range  0.25-0.50. 


a  =  —  =  2F  tan 


18.8  Gain  and  Beamwidth  of  Reflector  Antennas 

To  determine  the  radiation  pattern  of  a  reflector  antenna,  one  may  use  Eq.  (17.4.2), 
provided  one  knows  the  aperture  helds  Ea,  Ha  on  the  effective  aperture  projected  on 
the  aperture  plane.  This  approach  is  referred  to  as  the  aperture-field  method  [21]. 

Alternatively,  the  current-distribution  method  determines  the  current  Js  on  the  sur¬ 
face  of  the  reflector  induced  by  the  incident  held  from  the  feed,  and  then  applies 
Eq.  (17.4.1)  with  J^s  =  0,  using  the  curved  surface  of  the  rehector  as  the  integration 
surface  (Jms  vanishes  on  the  rehector  surface  because  there  are  no  tangential  electric 
helds  on  a  perfect  conductor.) 

The  two  methods  yield  slightly  different,  but  qualitatively  similar,  results  for  the 
radiation  patterns.  The  aperture  helds  Ea,Ha  and  the  surface  current  are  determined 
by  geometrical  optics  considerations  based  on  the  assumptions  that  (a)  the  rehector 
lies  in  the  radiation  zone  of  the  feed  antenna,  and  (b)  the  incident  held  from  the  feed 
gets  rehected  as  if  the  rehector  surface  is  perfectly  conducting  and  locally  hat.  These 
assumptions  are  justihed  because  in  practice  the  size  of  the  rehector  and  its  curvature 
are  much  larger  than  the  wavelength  A. 

We  use  the  polar  and  azimuthal  angles  Lp  and  x  indicated  on  Fig.  18.7.2  to  charac¬ 
terize  the  direction  R  of  an  incident  ray  from  the  feed  to  the  rehector  surface. 

The  radiated  power  from  the  feed  within  the  solid  angle  dO  =  sin  ip  dip  dx  must  be 
equal  upon  rehection  to  the  power  propagating  parallel  to  the  z-axis  and  intercepting 
the  aperture  plane  through  the  area  dA  =  pdpdx,  as  depicted  in  Fig.  18.7.1. 

Assuming  that  t/feed  X)  is  the  feed  antenna’s  radiation  intensity  and  noting  that 
\Ea\^/2ri  is  the  power  density  of  the  aperture  held,  the  power  condition  reads: 


\Ea\^dA  = 


\Ea\^pdp  =  [/feed  (t/'.x)  sin  (18.8.1) 


where  we  divided  both  sides  by  dx-  Differentiating  Eq.  (18.7.4),  we  have: 

dp  =  2F^  — TT-TT^  =Rdfp 
2  cos2((///2) 

which  implies  that  pdp  =  sin  ip  dip.  Thus,  solving  Eq.  (18.8.1)  for  IF^  | ,  we  hnd: 


\EaiP,X)\  =  ^^'^rjUfeedi^,X) 


(18.8.2) 


where  we  think  of  Ea  as  a  function  of  p  =  2F  tan((///2)  and  X-  Expressing  R  in  terms 
of  p,  we  have  R  =  2F-h=F-\-  {F  -  h)=  F  p^/4F.  Therefore,  we  may  also  write: 
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\^ciip,X)  \  =  2  _^4p2  X'^PUfeedm^,X) 


(18.8.3) 


Thus,  the  aperture  helds  get  weaker  towards  the  edge  of  the  rehector.  A  measure  of 
this  tapering  effect  is  the  edge  illumination,  that  is,  the  ratio  of  the  electric  held  at  the 
edge  {p  =  a)  and  at  the  center  {p  =  0).  Using  Eqs.  (18.7.3)  and  (18.8.2),  we  hnd: 


\Ea{a,x)\  l  +  cosi/^o 

/  f^feed  i^^0fX) 

|£a(0,x)l  ■  2  V 

Dfeed  (0)  X) 

(edge  illumination) 


(18.8.4) 


In  Sec.  17.6,  we  dehned  the  directivity  or  gain  of  an  aperture  by  Eq.  (17.6.10),  which 
we  rewrite  in  the  following  form: 

Gd  =  (18.8.S) 

Ea 

where  Pa  is  the  total  power  through  the  aperture  given  in  terms  of  Ea  as  follows: 

1  r  f'pQ  f'^Tt 


r  fH^O  r^TT 

Pa  =  ^  \Ea\^dA=  [/feed  (<^,X)  Sin  (//d(//dx 

2/7  Ja  Jo  Jo 


(18.8.6) 


2/7  Ja  Jo  Jo 

and  we  used  Eq.  (18.8.1).  For  a  rehector  antenna,  the  gain  must  be  dehned  relative  to 
the  total  power  Pfeed  of  the  feed  antenna,  that  is. 


'  •  ^  max  a 

Pa  P  feed 


(18.8.7) 


The  factor  Cspi  =  Pa /Pfeed  is  referred  to  as  the  spillover  efficiency  or  loss  and  repre¬ 
sents  the  fraction  of  the  power  Pfeed  that  actually  gets  rehected  by  the  rehector  antenna. 
The  remaining  power  from  the  feed  “spills  over”  the  edge  of  the  rehector  and  is  lost. 

We  saw  in  Sec.  17.4  that  the  aperture  gain  is  given  in  terms  of  the  geometrical  area 
A  of  the  aperture  and  the  aperture-taper  and  phase-error  efficiencies  by: 


Ga  —  ^2  ^atl  ^pel  (18.8.8) 

It  follows  that  the  rehector  antenna  gain  can  be  written  as: 

(18.8.9) 

The  total  aperture  efficiency  is  =  Cati  Spei  ^spi.  In  practice,  additional  efficiency  or 
loss  factors  must  be  introduced,  such  as  those  due  to  cross  polarization  or  to  partial 
aperture  blockage  by  the  feed. 

Of  all  the  loss  factors,  the  ATE  and  SPL  are  the  primary  ones  that  signihcantly  affect 
the  gain.  Their  tradeoff  is  captured  by  the  illumination  efficiency  or  loss,  dehned  to  be 
the  product  of  ATE  and  SPL,  em  =  e^n  fispi- 

The  ATE  and  SPL  may  be  expressed  in  terms  of  the  radiation  intensity  l/feed  (tp.  X)  ■ 
Using  pdp  =  R^  sin  ipdip  =  pRdip  =  2FR  tan((p/2)d(p  and  Eq.  (18.8.2),  we  have: 

\Ea\dA  =  ^2r)[/feed  ^  2FR  tan  jdipdx  =  2F  ^|AFeed  tan  y  dip  dx 
\Ea\^dA  =  2/7Dfeed  ^  sinipdipdx  =  2/7Dfeed  sin(p  d(p  dx 

R‘^ 
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ATL,  SPL,  ILL,  and  Edge  Illumination 


0. 

0. 

0. 

0. 

0  10  20  30  40  50  60  70  80  90 

y/Q  (degrees) 

Fig.  18.8.1  Tradeoff  between  ATL  and  SPF. 

the  maximum  value  of  0.82  at  (//q  =  53.31°.  The  corresponding  edge  illumination  is 
0.285  or  -10.9  dB.  The  F/D  ratio  is  cot((//o/2)  /4  =  0.498. 

This  example  gives  rise  to  the  rule  of  thumb  that  the  best  tradeoff  between  ATL  and 
SPL  for  parabolic  reflectors  is  achieved  when  the  edge  illumination  is  about  -11  dB. 

The  value  0.82  for  the  efficiency  is  an  overestimate.  Taking  into  account  other  losses, 
the  aperture  efficiency  of  practical  parabolic  reflectors  is  typically  of  the  order  of  0.55- 
0.65.  Expressing  the  physical  area  in  terms  of  the  diameter  D,  we  can  summarize  the 
gain  of  a  parabolic  antenna: 

with  =  0.55-0.65  (18.8.16) 

As  we  discussed  in  Sec.  15.3,  the  3-dB  beamwidth  of  a  reflector  antenna  with  diameter 
D  can  be  estimated  by  rule  of  thumb  [1174]: 

(18.8.17) 

The  beamwidth  depends  also  on  the  edge  illumination.  Typically,  as  the  edge  attenu¬ 
ation  increases,  the  beamwidth  widens  and  the  sidelobes  decrease.  By  studying  various 
reflector  sizes,  types,  and  feeds  Komen  [1175]  arrived  at  the  following  improved  approx¬ 
imation  for  the  3-dB  width,  which  takes  into  account  the  edge  illumination: 

(18.8.18) 

where  Agdge  is  the  edge  attenuation  in  dB,  that  is,  Agdge  =  -20  log^o  [\Eai^Jo)  I  Fa  (0)  |  ] . 
For  example,  for  Aedge  =  11  dB,  the  angle  factor  becomes  67.5°. 

18.9  Aperture-Field  and  Current-Distribution  Methods 

In  the  previous  section,  we  used  energy  flow  considerations  to  determine  the  magnitude 
\Ea  \  of  the  aperture  held.  To  determine  its  direction  and  phase,  we  need  to  start  from 
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the  field  radiated  by  the  feed  antenna  and  trace  its  path  as  it  propagates  as  a  spherical 
wave  to  the  reflector  surface,  gets  reflected  there,  and  then  propagates  as  a  plane  wave 
along  the  z-direction  to  the  aperture  plane. 

Points  on  the  reflector  surface  will  be  parametrized  by  the  spherical  coordinates 
R,ilJ,X  as  shown  in  Figs.  18.7.1  and  18.7.2,  and  points  in  the  radiation  zone  of  the 
reflector  antenna,  by  the  usual  r,  0,  0. 

Let  R,  (^,x  be  the  unit  vectors  in  the  R,fR,X  directions.  The  relationships  of  i?,  (p,  x 
to  the  conventional  polar  coordinates  of  the  x'y'z'  coordinate  system  are:  R  =  r', 
(//  =  6\  but  X  =  -<P',  so  that  the  unit  vectors  are  R  =  f  ,  (//  =  0  ,  and  x  =  -4>  ■  (The 
primed  system  has  x'  =  x,  y'  =  -y,  and  x'  =  -z.)  In  terms  of  the  unprimed  system: 

R  =  X  sin  (p  cos  x  +  y  sin  (p  sin  x  -  z  cos  (p 

(p  =  xcos  Ip  cosx  +  ycos  (p  sinx  +  zsinp  (18.9.1) 

X  =  -xsinx  +  ycosx 

and  conversely, 

x  =  Rsmp  cos X  +  cos  p  cos x  -  X  sin x 
y  =  Rsin(// sinx  +  cos  (// sinx  +Xcosx  (18.9.2) 

z  =  -R  cos  p  (p  sin  p 

Because  the  reflector  is  assumed  to  be  in  the  radiation  zone  of  the  feed,  the  most 
general  held  radiated  by  the  feed,  and  incident  at  the  point  R,p,x  on  the  rehector 
surface,  will  have  the  form: 


p-J^R 

Ei  = 


(incident  held) 


(18.9.3) 


Because  of  the  requirement  R  -  Ei  =  0,  the  vector  function  f,-  must  satisfy  R  ■  =  0. 

As  expected  for  radiation  helds,  the  radial  dependence  on  R  is  decoupled  from  the 
angular  dependence  on  p,x-  The  corresponding  magnetic  held  will  be: 

1  ^  1  ^ 

Hi  =  -RxEi  =  -  ——  Rxfiip,x)  (18.9.4) 

rj  rj  K 

The  feed’s  radiation  intensity  [/feed  is  related  to  through  the  dehnition: 

Ut,,a(^P,X)=R^^\Ey  =  ^\fi(iR,x)\^  (18.9.S) 

Assuming  that  the  incident  held  is  rehected  locally  like  a  plane  wave  from  the  rehec¬ 
tor’s  perfectly  conducting  surface,  it  follows  that  the  rehected  helds  Er,Hr  must  satisfy 
the  following  relationships,  where  where  h  is  the  normal  to  the  rehector: 


hx  Er  =  -nx  Ei ,  h  ■  Er  =  n  ■  Ei 

hx  Hr  =  nx  Hi ,  h  ■  Hr  =  -n  ■  Hi 


(18.9.6) 


These  imply  that  \Er\  =  IT’/ 1,  \Hr\  =  |H/|,  and  that: 
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Er  =  -Ei  -r  2h(h  ■  Ei) 

(18.9.7) 

Hr  =  Hi  -  2h(h  ■  Hi) 

Thus,  the  net  electric  held  Ei  +  Er  is  normal  to  the  surface.  Fig.  18.9.1  depicts  these 
geometric  relationships,  assuming  for  simplicity  that  £,  is  parallel  to  p. 


Fig.  18.9.1  Geometric  relationship  between  incident  and  reflected  electric  helds. 


The  proof  of  Eq.  (18.9.7)  is  straightforward.  Indeed,  using  h  x  {Ei  +  Er)  =  0  and  the 
BAC-CAB  rule,  we  have: 

0  =  (h  X  {Ei  +  Er) )  xn  =  Ei  +  Er  -  n{h  •  Ei  +  h  •  Er)  =  Ei  +  Er  -  n{2h  •  Ei) 

It  follows  now  that  the  rehected  held  at  the  point  {R,p,x)  will  have  the  form: 


Q-jkR 

Er  =  -^fri^<X) 


(rehected  held) 


where  fr  satishes  \fr\  =  \fi\  and: 


fr  =  -fi  +  2h(h  ■  fi) 


(18.9.8) 


(18.9.9) 


The  condition  R  ■  f ,  =  0  implies  that  z  ■  =  0,  so  that  fr  and  Er  are  perpendicular 

to  the  z-axis,  and  parallel  to  the  aperture  plane.  To  see  this,  we  note  that  the  normal 
h,  bisecting  the  angle  zOPA  in  Fig.  18.9.1,  will  form  an  angle  of  p/2  with  the  z  axis,  so 
that  z  ■  h  =  cos{p/2).  More  explicitly,  the  vector  h  can  be  expressed  in  the  form: 


p  r.  p  ^  p  ^  ^  p 

n  =  -Rcos  —  +  p  sin  —  =  zcos  —  -  (xcosx  +  y  sinx) sin  — 


(18.9.10) 


Then,  using  Eq.  (18.9.2),  it  follows  that: 

z  ■  fr  =  -Z  ■  fi-\-2{z  ■  h)  {h-  fi) 


=  -  (-Rcos  p  +  p  sinp)  -fi^  2  cos  y  (-Rcos  y  -r  sin  y  )■/",- 


=  -{^  fi) 


r.  P  P 
sinp  -  2  cos  sm 
2  2 


=  0 
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Next,  we  obtain  the  aperture  field  Ea  by  propagating  Er  as  a  plane  wave  along  the 
z-direction  by  a  distance  h  to  the  aperture  plane: 

^-jk{R+h) 

Ea  =  =  - - - 

But  for  the  parabola,  we  have  R  h  =  2F.  Thus,  the  aperture  held  is  given  by: 


fa('R^X)  (aperture  held) 


(18.9.11) 


where  we  dehned  fa  =  fr^  so  that: 


-fi  +  2n(n  ■  fi) 


(18.9.12) 


Because  \fa\  =  \fr  \  =  If/ 1  =  V2/7t/feed,  it  follows  that  Eq.  (18.9.11)  is  consistent  with 
Eq.  (18.8.2).  As  plane  waves  propagating  in  the  z-direction,  the  rehected  and  aperture 
helds  are  Huygens  sources.  Therefore,  the  corresponding  magnetic  helds  will  be: 

Hf-  =  Z  X  Ef- ,  Ha  =  Z  X  Ea 

n  n 

The  surface  currents  induced  on  the  rehector  are  obtained  by  noting  that  the  total 
helds  are  Ei  +  Er  =  2h(h  ■  Ei)  and  Hi  +  Hr  =  2Hi  -  2h(h  ■  Hi).  Thus,  we  have: 

2  ^ 

Js=nx  {Hi  +  Hr)=2hxHi  = - ^Rxf/ 

h  K 

Jms  ~  X  {E i  +  Er)  =  0 

18.10  Radiation  Patterns  of  Reflector  Antennas 

The  radiation  patterns  of  the  rehector  antenna  are  obtained  either  from  the  aperture 
helds  Ea,Ha  integrated  over  the  effective  aperture  using  Eq.  (17.4.2),  or  from  the  cur¬ 
rents  Js  and  Jms  =  0  integrated  over  the  curved  rehector  surface  using  Eq.  (17.4.1). 

We  discuss  in  detail  only  the  aperture-held  case.  The  radiation  helds  at  some  large 
distance  r  in  the  direction  dehned  by  the  polar  angles  6,  (p  are  given  by  Eq.  (17.5.3).  The 
unit  vector  f  in  the  direction  of  6,<p  is  shown  in  Eig.  18.7.2.  We  have: 


_  ,,  e  1  +  COS0  ,  „  .  , , 

Ee  =jk  ^ - [fxCos4>  +  fysm4>\ 

^  1  +  COS0  1-^  ^  f 

2nT  - 2 - [fy  cos  <t)  -fx  sin  (l)\ 

where  the  vector  f  =  x/x  +  y/y  is  the  Eourier  transform  over  the  aperture: 


n27T  ^ 

Ea(p',x)  p'dp'dx 


(18.10.1) 


(18.10.2) 
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The  vector  r'  lies  on  the  aperture  plane  and  is  given  in  cylindrical  coordinates  by 
r'  =  p'p  =  p'  (xcosx  +  ysinx)-  Thus, 

k  -  r'  =  kp'  (it  cos  <p  sin  6  -rysincf  sin0  -r  zcos0)  ■  (xcosx  +  ysinx) 

=  kp'  sin0  (cos  cosx  +  sin  sin x)  =  kp'  sin  0  cos  (0  -  x) 


It  follows  that: 

(18.10.3) 

We  may  convert  this  into  an  integral  over  the  feed  angles  iR,  x  by  using  Eq.  (18.9.11) 
and  dp  =  R  dip,  p  =  2F  tan((///2),  and  pdp  =  2FR  tan((///2)  dip.  Then,  the  1/R  factor 
in  Ea  is  canceled,  resulting  in: 

(18.10.4) 

Given  a  feed  pattern  f/(t//,x),  the  aperture  pattern  fai'P^X)  is  determined  from 
Eq.  (18.9.12)  and  the  integrations  in  (18.10.4)  are  done  numerically. 

Because  of  the  condition  R  ■  f ,  =  0,  the  vector  f,  will  have  components  only  along 
the  (jj  and  x  directions.  We  assume  that  fi  has  the  following  more  specihc  form: 


(jj  Fisinx  +  xFz  cos  x  (y-polarized  feeds) 


(18.10.5) 


where  Fi,  F2  are  functions  of  ip,  x,  but  often  assumed  to  be  functions  only  of  ip,  repre¬ 
senting  the  patterns  along  the  principal  planes  x  =  90°  and  x  =  0°. 

Such  feeds  are  referred  to  as  “y-polarized”  and  include  y-directed  dipoles,  and 
waveguides  and  horns  in  which  the  electric  held  on  the  horn  aperture  is  polarized  along 
the  y  direction  (the  x-polarized  case  is  obtained  by  a  rotation,  replacing  X  by  x  +  90°. ) 
Using  Eqs.  (18.9.1)  and  (18.9.10),  the  corresponding  pattern  fa  can  be  worked  out: 


fa  =  -y[Fl  sill^  X  +  F2  COS^  x] 


-F2)cosxsinx] 


(18.10.6) 


If  Fi  =  F2,  we  have  fa  =  -yFi.  But  if  Fi  p  F2,  the  aperture  held  Ea  develops  a 
“cross-polarized”  component  along  the  x  direction.  Various  dehnitions  of  cross  polar¬ 
ization  have  been  discussed  by  Ludwig  [1180]. 

As  examples,  we  consider  the  cases  of  a  y-directed  Hertzian  dipole  feed,  and  waveg¬ 
uide  and  horn  feeds.  Adapting  their  radiation  patterns  given  in  Sections  16.2,  18.1,  and 
18.3,  to  the  R,ip,x  coordinate  system,  we  obtain  the  following  feed  patterns,  which  are 
special  cases  of  (18.10.5): 


fz(F'.X)=  Fd{(p  cos  ip  sin X  +  Xcosx)  (dipole  feed) 

fz(F'.X)=  ^w(tF.X)  (<Fsinx  +  xcosx)  (waveguide  feed)  (18.10.7) 

fii^^,X)=  FhiQJ,X)  (<Fsinx  +  xcosx)  (horn feed) 


where  F^  is  the  constant  F^  =  -j/7  (//)  /2  A,  and  F^/,  Fh  are  given  by: 
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fw(t/^,X) 


jabEp 

ttA 


(1  +  cos  (//) 


cos(TrVx)  sin(TrVy) 
1  -  4Vx  TTVy 


8A 


(1  +  cos  (//)Fi  (Vx,  o-fl)  Fo  (Vy,  o-^) 


(18.10.8) 


where  I,  I  are  the  current  and  length  of  the  Hertzian  dipole,  a,b  and  A,B  are  the  di¬ 
mensions  of  the  waveguide  and  horn  apertures,  and  Vx  =  (rz/A)sin(// cosx,  Vy  = 
(h/A)  sin  (// sinx  for  the  waveguide,  and  Vx  =  (A/A)sin(// cosx,  Vy  =  (5/A)sin(// sinx, 
for  the  horn,  and  Fi,Fo  are  the  horn  pattern  functions  dehned  in  Sec.  18.3.  The  corre¬ 
sponding  aperture  patterns  fa  are  in  the  three  cases; 


fa(^^X)=  -yFd[cosLlJsm^x  +  cos2x]  -xFrf[(cos(//  -  Dsinxcosx] 

-yFwi^^,X)  (18.10.9) 

fa(^^X)=  -fFh^J^x) 


In  the  general  case,  a  more  convenient  form  of  Eq.  (18.10.6)  is  obtained  by  writing  it 
in  terms  of  the  sum  and  difference  patterns: 

^  =  Fi  +  F2  ^  ^  ^  Fi  -  F2  ^  Fi=A+B,  F2=A-B  (18.10.10) 

Using  some  trigonometric  identities,  we  may  write  (18.10.6)  in  the  form: 


-y(A-£cos2x)  -x(£sin2x) 


(18.10.11) 


In  general.  A,  B  will  be  functions  of  (//,  x  (as  in  the  waveguide  and  horn  cases.)  If  we 
assume  that  they  are  functions  only  of  LjJ,  then  the  x-integration  in  the  radiation  pattern 
integral  (18.10.4)  can  be  done  explicitly  leaving  an  integral  over  ip  only.  Using  (18.10.11) 
and  the  Bessel-function  identities. 


r2TT 

gJUCOS((^-X) 

.  0 


cosnx 

sinnx 


dX  =  2TTf 


COS  n<p 
sin  n<p 


Jniu) 


(18.10.12) 


we  obtain: 


where  the  functions  /a  (^)  and  fsiO)  are  dehned  by; 

fAiO)  =  4TrFe“2^‘^^  A((//)  Jo  (^^^tan ysin^j  tan 

fsiO)  = -4TrFe“^^^^  J  5((//)  J2  tan  y  sin0  j  tan  y 
Using  Eq.  (18.10.13)  and  some  trigonometric  identities,  we  obtain: 


(18.10.13) 


(18.10.14) 


fxcos 0  -r /ysinj)  =  -(/U  -Kft)sinJ) 
/ycos 0  -fxSincp  =  -{fA  -fB)cos4> 
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It  follows  that  the  radiation  helds  (18.10.1)  are  given  by; 


(18.10.15) 


Example  18.10.1:  Parabolic  Reflector  with  Hertzian  Dipole  Feed.  We  compute  numerically  the 
gain  patterns  for  a  y-directed  Hertzian  dipole  feed.  We  take  E  =  lOA  and  D  =  40 A,  so  that 
F/D  =  0.25  and  ipo  =  90°.  These  choices  are  similar  to  those  in  [1178]. 

Ignoring  the  constant  F^  in  (18.10.7),  we  have  Fi  iip)=  cos  ip  and  F2  ( J')=  1.  Thus,  the 
sum  and  difference  patters  are  A{ip)=  (cos  ip  +  1) /2  and  B  {ip)=  (cos  ip  -  1)  12.  Up  to 
some  overall  constants,  the  required  gain  integrals  will  have  the  form: 

fAi0)=  FAiip,0)dqj,  fBi0)=  FBiip,0)dip  (18.10.16) 

Jo  Jo 


Fa{^P,  d)  =  (1  +  cos  Lp)  Jo  tany  sind^  tan  y 

Fb{lP,6)  =  (1  -  cos  Lp)  J2  (^^^tany  sind^tany 


(18.10.17) 


The  integrals  are  evaluated  numerically  using  Gauss-Legendre  quadrature  integration,  which 
approximates  an  integral  as  a  weighted  sum  [1267]: 


N 

/A(d)=  Y.WiFA{Lpi,e)=w'^¥A 

z=l 


where  w,,  Lpt  are  the  Gauss-Legendre  weights  and  evaluation  points  within  the  integration 
interval  [0,Lpo],  where  is  the  column  vector  with  zth  component  Ea  ( (Ez,  d) . 

For  higher  accuracy,  this  interval  may  be  subdivided  into  a  number  of  subintervals,  the 
quantities  w,,  Lpi  are  then  determined  on  each  subinterval,  and  the  total  integral  is  evalu¬ 
ated  as  the  sum  of  the  integrals  over  all  the  subintervals. 

We  have  written  a  MATLAB  function,  quadrs,  that  determines  the  quantities  w,,  Lpt  over 
all  the  subintervals.  It  is  built  on  the  function  quadr,  which  determines  the  weights  over 
a  single  interval. 

The  following  MATLAB  code  evaluates  and  plots  in  Fig.  18.10.1  the  E-  and  Ef-plane  patterns 
(18.10.15)  over  the  polar  angles  0  <  d  <  5°. 


F  =  10;  D  =  40;  psiO  =  2*acot(4*F/D)  ;  %  F/D  =  0.25,  z//o  =  90° 


ab  =  linspace(0,  psiO,  5); 

[w,psi]  =  quadrs(ab) ; 

c  =  cos(psi);  t  =  tan(psi/2); 

th  =  linspaceCO,  5,  251); 

for  i=l: 1 ength(th) , 

u  =  4*pi*F*si n(th(i)*pi/180) ; 


%  4  integration  subintervals  in  [0,  z/zq] 

%  quadrature  weights  and  evaluation  points 
%  uses  16  weights  per  subinterval 
%  cos  (//.  tan((///2)  at  quadrature  points 

%  angle  0  in  degrees  over  0  <  0  <  5° 

%u  =  2kF  sin0 


field  strength 
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Paraboloid  with  Dipole  Feed,  D  =  40  A, 


Paraboloid  with  Dipole  Feed,  D  =  SOX 


-5  -4  -3  -2  -1  0  1  2  3  4 

6  (degrees) 


-4  -3  -2  -1  0  1  2  3  4 

0  (degrees) 


Fig.  18.10.1  Parabolic  reflector  patterns  with  dipole  feed. 


FA  =  (1+c)  .*  besseljCO,  u*t)  .*  t; 
fA(i)  =  w’  "  FA; 

FB  =  (1-c)  .*  besselj(2,  u*t)  .*  t; 
fB(i)  =  w’  *  FB; 


%  integrand  of  (d) 

%  integral  evaluated  at  0 
%  integrand  of  (d) 


gh  =  abs((l+cos(th*pi/180))  .*(fA-fB))  ;  gh  =  gh/max(gh)  ;  %  gain  patterns 

ge  =  abs((l+cos(th*pi/180)) .*(fA+fB)) ;  ge  =  ge/max(ge) ; 

plot(-th ,ge , ’ - ’ ,  th,ge,  -th,gh,’ — ’,th,gh,’ — ’); 

The  graph  on  the  right  has  ipo  =  90°  and  D  =  80A,  resulting  in  a  narrower  main  beam.  □ 

Example  18.10.2:  Parabolic  Reflector  with  Waveguide  Feed.  We  calculate  the  reflector  radiation 
patterns  for  a  waveguide  feed  radiating  in  the  TEio  mode  with  a  y-directed  electric  field. 
The  feed  pattern  was  given  in  Eq.  (18.10.7).  Ignoring  some  overall  constants,  we  have  with 
Vx  =  (fl/A)sin(/y  cosx  and  Vy  =  (h/A)sin(/y  sin^: 

fi  =  (1  +  COSLP)  sm^TTVy)  +XCOSX)  (18.10.18) 

To  avoid  the  double  integration  in  the  ip  and  x  variables,  we  follow  Jones’  procedure 
[1178]  of  choosing  the  a,  b  such  that  the  E-  and  iT-plane  illuminations  of  the  paraboloid 
are  essentially  identical.  This  is  accomplished  when  a  is  approximately  a  =  1.37h.  Then, 
the  above  feed  pattern  may  be  simplified  by  replacing  it  by  its  E-plane  pattern: 


fi  =  (1  +  COSLP) - ^  {fpsinx  +XCOSX) 

TTVy 


(18.10.19) 


where  Vy  =  {b/\)sm(p.  Thus,  Fi  =  F2  and 

.  /  X  X  sin(Trh sinfiy/A)  .  ^ 

A{qj)=  (l  +  cosqj) - — — — —  and  B{qj)=0 

nb  smip/A 

The  radiated  field  is  given  by  Eq.  (18.10.15)  with  a  normalized  gain: 

niO)-  1  +“se  fA(0)  ^ 


(18.10.20) 


(18.10.21) 


field  strength 
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where  /a  (0)  is  defined  up  to  a  constant  by  Eq.  (18.10.14): 


(  AtxF  Uj  \  Uj 

/a(0)=J^  A((E)  Jo  tan  y  sin0j  tan  y  (18.10.22) 


We  choose  a  parabolic  antenna  with  diameter  D  =  40A  and  subtended  angle  of  ipo  =  60°, 
so  that  F  =  D  cot((Eo/2)  /4  =  17.3205A.  The  length  b  of  the  waveguide  is  chosen  such  as 
to  achieve  an  edge  illumination  of  -11  dB  on  the  paraboloid.  This  gives  the  condition  on 
b,  where  the  extra  factor  of  (1  +  cos  ip)  arises  from  the  space  attenuation  factor  1/R: 


Ei{ipo)\  _/l  +  cos(Eo\^  sin(TTh sin(Eo/A) 
|E,  (0)|  V  2  /  nb  sinipo/A 


10-11/20  ^  0.2818  (18.10.23) 


It  has  solution  b  =  0.6958A  and  therefore,  a  =  1.37h  =  0.9533A.  The  illumination  effi¬ 
ciency  given  in  Eq.  (18.8.12)  maybe  taken  to  be  a  measure  of  the  overall  aperture  efficiency 
of  the  reflector.  Because  2/7 [/feed  =  If/P  =  \fa\^  =  \A{ip)\^,  the  integrals  in  (18.8.12)  may 
be  calculated  numerically,  giving  Ca  =  0.71  and  a  gain  of  40.5  dB. 

The  pattern  function  /  a  (0)  maybe  calculated  numerically  as  in  the  previous  example.  The 
left  graph  in  Eig.  18.10.2  shows  the  E-  and  iT-plane  illumination  patterns  versus  ip  of  the 
actual  feed  given  by  (18.10.18),  that  is,  the  normalized  gains: 

2 

{I  +  cosip)^  sm{nbsmLp/A) 

4  nbsmip/A 

(l  +  cosip)^  cos{nasmip/A)  ^ 

4  1  -  4(nasmLp/A)^ 


grip)  = 
gnip)  = 


They  are  essentially  identical  provided  a  =  1.37b  (the  graph  actually  plots  the  square 
roots  of  these  quantities.)  The  right  graph  shows  the  calculated  radiation  pattern  g{6) 
(or,  rather  its  square  root)  of  the  paraboloid. 


Fig.  18.10.2  Feed  illumination  and  reflector  radiation  patterns. 


The  following  MATEAB  code  solves  (18.10.23)  for  b,  and  then  calculates  the  illumination 
pattern  and  the  reflector  pattern: 
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F  =  17.3205;  D  =  40;  psiO  =  2*acot(4’'F/D)  ;  %  (//q  =  60° 

f  =  i nl i ne( ’ (l+cos(x)) . A2/4  *  abs(si nc(b*si n(x)))  -  A’ , ’b’ , ’x’ , ’A’) ; 

Aedge  =  11; 

b  =  fzero(f ,0.8,optimset(’display’ , ’off ’) ,  psiO,  10A(-Aedge/20)) ; 
a  =  1.37  *  b; 

psi  =  linspace(-psiO,  psiO,  201);  ps  =  psi  *  180/pi; 

gE  =  abs((l+cos(psi)) . A2/4  .*  si nc(b*si n(psi ))) ; 
gH  =  abs((l+cos(psi)) . A2/4  .*  dsi nc(a*si n(psi ))) ; 

figure;  pi ot(ps , gE , ’ - ’ ,  ps,gH,’ — ’); 

[w,psi]  =  quadrs(linspace(0,  psiO,  5));  %  quadrature  weights  and  points 

s  =  sin (psi);  c  =  cos (psi);  t  =  tan (psi /2); 

A  =  (1+c)  .*  sinc(b*s);  %  the  pattern  A  ((//) 

thd  =  linspace(0,  5,  251);  th  =  thd*pi/180; 

for  i=l:length(th) , 

u  =  4*pi ''F*si  n(th(i))  ; 

FA  =  A  .*  besselj(0,  u*t)  .*  t; 
fA(i)  =  w’  "  FA; 
end 

g  =  abs((l+cos(th))  .*  f A) ;  g  =  g/max(g) ; 
figure;  plot(-thd,g, ,  thd,g); 

The  3-dB  width  was  calculated  from  Eq.  (18.8.18)  and  is  placed  on  the  graph.  The  angle 
factor  was  l.OSAedge  +  55.95  =  67.5,  so  that  /\03dB  =  67.S^\/D  =  67.5/40  =  1.69T  The 
gain-beamwidth  product  is  p  =  G(/\03dB)^=  10^^-^^^^  (1.69”) ^  =  32  046  deg^.  □ 

Example  18.10.3:  Parabolic  Reflector  with  Horn  Feed.  Fig.  18.10.3  shows  the  illumination  and 
reflector  patterns  if  a  rectangular  horn  antenna  feed  is  used  instead  of  a  waveguide.  The 
design  requirements  were  again  that  the  edge  illumination  be  -11  dB  and  that  D  =  40 A 
and  ipo  =  60”.  The  illumination  pattern  is  (up  to  a  scale  factor): 

fi  =  (1  +  cos  qj)F I  iv^,aa)  FoiVy,ab)  (tp  sinx  +  X  cos x) 

The  E-  and  iT-plane  illumination  patterns  are  virtually  identical  over  the  angular  range 
0  <  Lp  <  Lpo,  provided  one  chooses  the  horn  sides  such  that  A  =  1.485.  Then,  the 
illumination  field  may  be  simplified  by  replacing  it  by  the  E-plane  pattern  and  the  length  B 
is  determined  by  requiring  that  the  edge  illumination  be  -11  dB.  Therefore,  we  work  with: 

fi  =  (1  +  cosqj)Fo{Vy,ab)  {(psinx  +Xcosx)  ,  sin(/7 

Then,  A{ip)=  (1  +  cos  ip)Fo  (Vy,  at)  and  B{ip)=  0  for  the  sum  and  difference  patterns. 
The  edge  illumination  condition  reads  now: 

/I  +  cosLpoY  I  FoinB  smipo/\,ab)  I  ^  -,^-11/20 

V  2  ;  I  Fo{0,(Tb)  I  “ 
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Its  solution  is  5  =  0.7806A,  andhence  A  =  1.485  =  1.1553A.  The  left  graph  in  Fig.  18.10.3 
shows  the  E-  and  iT-plane  illumination  gain  patterns  of  the  actual  horn  feed: 


griOJ)  = 

(l  +  cos(//)^  FoinB  sinipo/^,  o-b) 

4  Fo(0,(Tb) 

5h((5)  = 

(l  +  cos(5)^  El  (ttA  sin (5o/ A,  CTfl) 

4  Ei(0,o-a) 

They  are  seen  to  be  almost  identical.  The  right  graph  shows  the  reflector  radiation  pattern 
computed  numerically  as  in  the  previous  example.  The  following  MATFAB  code  illustrates 
this  computation: 

[w,psi]  =  quad rs(l inspace (0,  psiO,  5));  % 4  subintervals  in  [0,  (//q] 

s  =  sin  (psi);  c  =  cos  (psi);  t  =  tan  (psi /2);  %  evaluate  at  quadrature  points 

Apsi  =  (1-i-c)  .*  (di  ffi  nt(B*s  ,  sb,  0));  %  the  pattern  A  (i//) 

thd  =  linspace(0,  8,  251);  th  =  thd’'pi/180; 

for  i=l: 1 ength(th)  , 

u  =  4*pi*F*sin(th(i))  ; 

FA  =  Apsi  .*  besselj(0,  u*t)  .*  t; 
fA(i)  =  w’  *  FA; 

end 

g  =  abs((l-i-cos(th))  .*  f A) ;  g  =  g/max(g); 

figure;  plot(-thd,g, ,  thd,g); 

The  horn’s  cr-parameters  were  chosen  to  have  the  usual  optimum  values  of  cr^  =  1.2593 
and  ab  =  1.0246.  The  3-dB  width  is  the  same  as  in  the  previous  example,  that  is,  1.69” 
and  is  shown  on  the  graph.  The  computed  antenna  efficiency  is  now  =  0.67  and  the 
corresponding  gain  40.24  dB,  so  that  p  =  G(A53dB)^=  (1590) 2  ^ 

for  the  gain-beamwidth  product.  □ 


Example  18.10.4:  Here,  we  compare  the  approximate  symmetrized  patterns  of  the  previous 
two  examples  with  the  exact  patterns  obtained  by  performing  the  double-integration  over 
the  aperture  variables  (5,  X- 

Both  the  waveguide  and  horn  examples  have  a  y-directed  two-dimensional  Fourier  trans¬ 
form  pattern  of  the  form: 

rLfJo  r2TT 

fA(0,(p)=  fy(0,(p)=  I  FAiip,X,0,<P)  dqjdx  (18.10.24) 

Jo  Jo 

where  the  integrand  depends  on  the  feed  pattern  A  (15,  y ) : 

tan|^  (18.10.25) 


and,  up  to  constant  factors,  the  function  A{(p,x)  is  given  in  the  two  cases  by: 


Aiqj,x)  =  (1  +  cos  (5) 


cos(ttVx)  sin(TTVy) 


A{Lp,x)  =  (1  +  cosLp)  Fi{v^,aa)  Fo{Vy,ab) 


(18.10.26) 


field  strength 


762 


18.  Aperture  Antennas 


18.11.  Dual-Reflector  Antennas 


763 


Feed  Illumination  Patterns  Paraboloid  Reflector  Pattern  Reflector  Pattern  with  Horn  Feed  Reflector  Pattern  with  Waveguide  Feed 


Fig.  18.10.3  Feed  and  reflector  radiation  patterns.  Fig.  18.10.4  Exact  and  approximate  reflector  radiation  patterns. 


where  =  {a / \)  sin  qj  cos x  and  Vy  =  (h/A)sin(/y  sinx  for  the  waveguide  case,  and 
Vx  =  (A/A)sin(/y  cosx  and  Vy  =  (R/A)  sin  (/y  sin x  for  the  horn. 

Once,  /a  (0,  0)  is  computed,  we  obtain  the  (un-normalized)  H-  and  R-plane  radiation  pat¬ 
terns  for  the  reflector  by  setting  0  =  0”  and  90”,  that  is, 

3h(0)=  |(l  +  cos0)/'A(0,o°)|^  0£(e)=  |(i  +  cose)fA(e,90'>)|^  (18.10.27) 

The  numerical  evaluation  of  Eq.  (18.10.24)  can  be  done  with  two-dimensional  Gauss-Eegendre 
quadratures,  approximating  the  integral  by  the  double  sum: 

JVi  JV2 

fA(0,0)=  X  Y.^iiPAiqJi,Xj)^2j  =  w[FaW2  (18.10.28) 

i=lj=l 

where  {wu,  ipt}  and  {w2j,Xj}  are  the  quadrature  weights  and  evaluation  points  over  the 
intervals  [0,  (Rol  and  [0, 2Tr],  andF^  is  the  matrix  Fa  (0z,Xj)-  The  function  quad  rs,  called 
on  these  two  intervals,  will  generate  these  weights. 

Eig.  18.10.4  shows  the  patterns  (18.10.27)  of  the  horn  and  waveguide  cases  evaluated  nu¬ 
merically  and  plotted  together  with  the  approximate  symmetrized  patterns  of  the  previous 
two  examples.  The  symmetrized  patterns  agree  very  well  with  the  exact  patterns  and  fall 
between  them.  The  following  MATEAB  code  illustrates  this  computation  for  the  horn  case: 

[wl,  psi]  =  quadrs(linspace(0,  psiO,  Ni));  %  quadrature  over  [0,  (//q],  iV,- =  5 
[w2  ,  chi]  =  quadrs(li  nspace(0,  2*pi  ,  Ni));  %  quadrature  over  [0,  2  tt],  iV,- =  5 

sinpsi  =  sin (psi);  cospsi  =  cos (psi);  tanpsi  =  tan (psi /2); 
sinchi  =  sin (chi);  coschi  =  cos (chi); 

for  i  =  l:1ength(chi)  ,  %  build  matrix  A  ((///,  xj)  columnwise 

Apsi(:,i)  =  diffint(A''sinpsi*coschi  (i) ,  sa,  1)  ... 

.*  di  ffi  nt(B*si  npsi ''si  nchi  (i )  ,  sb,  0); 
end 

Apsi  =  repmat (tanpsi  .''(1+cospsi) ,  1,  length(psi))  .*  Apsi ; 


for  i=l: 1 ength(th) , 

u  =  4*pi*F*sin(th(i)) ; 

FH  =  Apsi  .*  exp(j''u*tanpsi ''coschi ’)  ; 

FE  =  Apsi  .*  exp(j''U''tanpsi''sinchi ’) ; 
fH(i)  =  wl’  *  FH  "  w2; 
fE(i)  =  wl’  *  FE  "  w2; 
end 

gH  =  abs((l+cos(th))  . ''fH)  ;  gH  =  gH/max(gH)  ; 
gE  =  abs((l+cos(th))  . ''fE)  ;  gE  =  gE/max(gE); 


%u  =  2kF  sin0 
%  H-plane,  (^  =  0” 

%  T-plane,  (p  =  90° 

%  evaluate  double  integral 


%  radiation  patterns 


The  patterns  are  plotted  in  dB,  which  accentuates  the  differences  among  the  curves  and 
also  shows  the  sidelobe  levels.  In  the  waveguide  case  the  resulting  curves  are  almost 
indistinguishable  to  be  seen  as  separate.  □ 


18.11  Dual-Reflector  Antennas 

Dual-reflector  antennas  consisting  of  a  main  reflector  and  a  secondary  sub-reflector  are 
used  to  increase  the  effective  focal  length  and  to  provide  convenient  placement  of  the 
feed. 

Fig.  18.11.1  shows  a  Cassegrain  antenna^  consisting  of  a  parabolic  reflector  and 
a  hyperbolic  subreflector.  The  hyperbola  is  positioned  such  that  its  focus  F2  coincides 
with  the  focus  of  the  parabola.  The  feed  is  placed  at  the  other  focus,  Fi ,  of  the  hyperbola. 

The  focus  F2  is  referred  to  a  “virtual  focus”  of  the  parabola.  Any  ray  originating  from 
the  point  Fi  will  be  reflected  by  the  hyperbola  in  a  direction  that  appears  to  have  origi¬ 
nated  from  the  focus  F2,  and  therefore,  it  will  be  re-reflected  parallel  to  the  parabola’s 
axis. 

To  better  understand  the  operation  of  such  an  antenna,  we  consider  briefly  the  re¬ 
flection  properties  of  hyperbolas  and  ellipses,  as  shown  in  Fig.  18.11.2. 


th  =  1inspace(0,  8,  401)  *  pi/180; 


^Invented  in  the  17th  century  by  A.  Cassegrain. 
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Fig.  18.11.1  Cassegrain  dual-reflector  antenna. 

The  geometrical  properties  of  hyperbolas  and  ellipses  are  characterized  completely 
by  the  parameters  e,a,  that  is,  the  eccentricity  and  the  distance  of  the  vertices  from 
the  origin.  The  eccentricity  is  e  >  1  for  a  hyperbola,  and  e  <  1  for  an  ellipse.  A  circle 
corresponds  to  e  =  0  and  a  parabola  can  be  thought  of  as  the  limit  of  a  hyperbola  in  the 
limit  e  =  1. 


Fig.  18.11.2  Hyperbolic  and  elliptic  reflectors. 

The  foci  are  at  distances  Fi  and  F2  from  a  vertex,  say  from  the  vertex  V2,  and  are 
given  in  terms  of  rz,  e  as  follows: 

Fi=fl(e  +  1),  F2=a{e-1)  (hyperbola) 

Fi=a(l  +  e),  F2=ci{l-e)  (ellipse) 

The  ray  lengths  Ri  and  R2  from  the  foci  to  a  point  P  satisfy: 


Ri  -  R2  =  2a  (hyperbola) 
Ri  +  R2  =  2a  (ellipse) 


(18.11.2) 


18.11.  Dual-Reflector  Antennas 


765 


The  polar  representations  of  the  hyperbola  or  ellipse  may  be  given  in  terms  of  the 
polar  angles  (/^i  or  (/y2-  We  have: 


Ri  = 
Ri  = 


a{e^  -  1) 
e  cos  ipi  -  1' 
a{l  -  e^) 

1  -  e  cos  ipi  ’ 


_  a{e^  -  1) 
e  cos  (//2  +  1 
_  ail-e^) 

1  -  e  cos  ip2 


(hyperbola) 

(ellipse) 


(18.11.3) 


Note  that  we  can  write  aie^  -  1)  =  Fi  (e  -  1)  =  F2  (e  +  1).  For  the  hyperbola,  the 
denominator  of  Ri  vanishes  at  the  angles  Lpi  =  ±  acos  (1  /  e) ,  corresponding  to  two  lines 
parallel  to  the  hyperbola  asymptotes. 

In  the  cartesian  coordinates  x,  z  (dehned  with  respect  to  the  origin  O  in  the  hgure), 
the  equations  for  the  hyperbola  and  the  ellipse  are: 


(e^  -  l)z^  -  =  a^  {e^  -  1)  (hyperbola) 

(1  -  e^)z^  +  x^  =  (1  -  e^)  (ellipse) 


The  semi-major  axes  are  =  rz^  (e^  -  1)  or  rz^  (1  -  e^).  Because  of  the  constraints 
(18.11.2),  the  angles  ipi,  ip2  are  not  independent  of  each  other.  For  example,  solving  for 
LIJ2  in  terms  of  (pi,  we  have  in  the  hyperbolic  case: 


COS(//2  = 


cos  pi  -  2e  +  cos  pi 
-  2e  cos  pi  +  1 


This  implies  the  additional  relationship  and  the  derivative: 


l  +  cos(//2  _[  l  +  cos(/yi  We-1\ 
e  cos  (//2  +  1  \  e  cos  (/^i  -  1  y  V  e  +  1  y 

dp2  _  sin(//i  /  e  cos  p2  + 
dpi  smp2  \ecospi  -  1 J 


(18.11.5) 


(18.11.6) 


The  incident  ray  Ri  reflects  off  the  surface  of  either  the  hyperbola  or  the  ellipse  as 
though  the  surface  is  locally  a  perfect  mirror,  that  is,  the  local  normal  bisects  the  angle 
between  the  incident  and  reflected  rays.  The  angles  of  incidence  and  reflection  p  shown 
on  the  hgure s  are  given  by: 


.  Pi +  p2  .  ,  .  , 

p  =  - - -  (hyperbola) 


(18.11.7) 


To  determine  the  aperture  held  on  the  aperture  plane  passing  through  F2,  we  equate 
the  power  within  a  solid  angle  dQi  =  sinpidpidx  radiated  from  the  feed,  to  the  power 
rehected  within  the  cone  dQ2  =  sin  p2dp2dx  from  the  hyperbola,  to  the  power  passing 
through  the  aperture  dA  =  pdpdx- 


dP  =  Ui  {pi,x)  dOi  =  U2  ip2,x)  d02  =  dA 


(18.11.8) 
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where  Ui  is  the  radiation  intensity  of  the  feed,  and  U2  the  intensity  of  the  virtual  feed. 
The  second  of  Eqs.  (18.11.8)  may  be  solved  as  in  Eq.  (18.8.2)  giving: 

\Ea\  =  ^  (1  + COS  1/^2)  •^2/7Lr2 (1/^2, x)  (18.11.9) 

where  F  is  the  focal  length  of  the  parabola.  Erom  the  hrst  of  Eqs.  (18.11.8),  we  hnd: 


V^  = 


smiFidLiJ 


^-  =  ^1 


e  cos  -  1 


smipzdLlJz  '  "ecos(//2  +  l 
Inserting  this  into  Eq.  (18.11.9)  and  using  Eqs.  (18.11.6),  we  obtain: 

\Ea\  =  ^  (“^)  (1  +  cos(//i)^2/7[/i((//i,x) 


(18.11.10) 


(18.11.11) 


Comparing  with  Eq.  (18.8.2),  we  observe  that  this  is  equivalent  to  a  single  parabolic 
reflector  with  an  effective  focal  length: 


Teff  =  F 


e  +  1 
e-1 


(18.11.12) 


Thus,  having  a  secondary  reflector  increases  the  focal  length  while  providing  a  con¬ 
venient  location  of  the  feed  near  the  vertex  of  the  parabola.  Cassegrain  antenna  aperture 
efficiencies  are  typically  of  the  order  of  0.65-0.70. 


18.12  Lem  Antennas 

Dielectric  lens  antennas  convert  the  spherical  wave  from  the  feed  into  a  plane  wave 
exiting  the  lens.  Eig.  18.12.1  shows  two  types  of  lenses,  one  with  a  hyperbolic  and  the 
other  with  elliptic  prohle. 


Fig.  18.12.1  Lens  antennas. 

The  surface  prohle  of  the  lens  is  determined  by  the  requirement  that  the  refracted 
rays  all  exit  parallel  to  the  lens  axis.  Eor  example,  for  the  lens  shown  on  the  left,  the 
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effective  aperture  plane  is  the  right  side  AB  of  the  lens.  If  this  is  to  be  the  exiting 
wavefront,  then  each  point  A  must  have  the  same  phase,  that  is,  the  same  optical  path 
length  from  the  feed. 

Taking  the  refractive  index  of  the  lens  dielectric  to  be  n,  and  denoting  by  R  and  h  the 
lengths  FP  and  PA,  the  constant-phase  condition  implies  that  the  optical  length  along 
FPA  be  the  same  as  that  for  FVB,  that  is, 

R-\-nh  =  F -\-nho  (18.12.1) 

But,  geometrically  we  have  R  cos  Lp  -\-h  =  F  ho.  Multiplying  this  by  n  and  subtract¬ 
ing  Eq.  (18.12.1),  we  obtain  the  polar  equation  for  the  lens  prohle: 


Rincosip  -  1)  =  F {n  -  1) 


R  = 


F{n  -  1) 
n  cos  ip  -  1 


(18.12.2) 


This  is  recognized  from  Eq.  (18.11.3)  to  be  the  equation  for  a  hyperbola  with  eccen¬ 
tricity  and  focal  length  e  =  n  and  Fi  =  F. 

Eor  the  lens  shown  on  the  right,  we  assume  the  left  surface  is  a  circle  of  radius  Rq 
and  we  wish  to  determine  the  prohle  of  the  exiting  surface  such  that  the  aperture  plane 
is  again  a  constant-phase  wavefront.  We  denote  by  R  and  h  the  lengths  FA  and  PA. 
Then,  R  =  Rq  h  and  the  constant-phase  condition  becomes: 

Rq  nh  -\-  d  =  Rq  +  nho  (18.12.3) 

where  the  left-hand  side  represents  the  optical  path  FPAB.  Geometrically,  we  have 
R  cos  Lp  d  =  F  and  F  =  Rq  ho.  Eliminating  d  and  we  hnd  the  lens  prohle: 


(18.12.4) 


which  is  recognized  to  be  the  equation  for  an  ellipse  with  eccentricity  and  focal  length 
e  =  1/n  and  Fi  =  F. 

In  the  above  discussion,  we  considered  only  the  refracted  rays  through  the  dielectric 
and  ignored  the  rehected  waves.  These  can  be  minimized  by  appropriate  antirehection 
coatings. 
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19.1  Antenna  Arrays 

Arrays  of  antennas  are  used  to  direct  radiated  power  towards  a  desired  angular  sector. 
The  number,  geometrical  arrangement,  and  relative  amplitudes  and  phases  of  the  array 
elements  depend  on  the  angular  pattern  that  must  be  achieved. 

Once  an  array  has  been  designed  to  focus  towards  a  particular  direction,  it  becomes 
a  simple  matter  to  steer  it  towards  some  other  direction  by  changing  the  relative  phases 
of  the  array  elements— a  process  called  steering  or  scanning. 

Figure  19.1.1  shows  some  examples  of  one-  and  two-dimensional  arrays  consisting 
of  identical  linear  antennas.  A  linear  antenna  element,  say  along  the  z-direction,  has 
an  omnidirectional  pattern  with  respect  to  the  azimuthal  angle  <p.  By  replicating  the 
antenna  element  along  the  x-  or  y-directions,  the  azimuthal  symmetry  is  broken.  By 
proper  choice  of  the  array  feed  coefficients  an,  any  desired  gain  pattern  gi<p)  can  be 
synthesized. 

If  the  antenna  element  is  replicated  along  the  z-direction,  then  the  omnidirectionality 
with  respect  to  0  is  maintained.  With  enough  array  elements,  any  prescribed  polar  angle 
pattern  g{6)  can  be  designed. 

In  this  section  we  discuss  array  design  methods  and  consider  various  design  issues, 
such  as  the  tradeoff  between  beamwidth  and  sidelobe  level. 

For  uniformly-spaced  arrays,  the  design  methods  are  identical  to  the  methods  for 
designing  FIR  digital  hlters  in  DSP,  such  as  window-based  and  frequency-sampling  de¬ 
signs.  In  fact,  historically,  these  methods  were  hrst  developed  in  antenna  theory  and 
only  later  were  adopted  and  further  developed  in  DSP. 


19.2  Translational  Phase  Shift 

The  most  basic  property  of  an  array  is  that  the  relative  displacements  of  the  antenna  ele¬ 
ments  with  respect  to  each  other  introduce  relative  phase  shifts  in  the  radiation  vectors, 
which  can  then  add  constructively  in  some  directions  or  destructively  in  others.  This  is 
a  direct  consequence  of  the  translational  phase-shift  property  of  Fourier  transforms:  a 
translation  in  space  or  time  becomes  a  phase  shift  in  the  Fourier  domain. 


19.2.  Translational  Phase  Shift 
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Fig.  19.1.1  Typical  array  configurations. 


Figure  19.2.1  shows  on  the  left  an  antenna  translated  by  the  vector  d,  and  on  the 
right,  several  antennas  translated  to  different  locations  and  fed  with  different  relative 
amplitudes. 


Fig.  19.2.1  Translated  antennas. 

The  current  density  of  the  translated  antenna  will  be  Ja  (r)  =  J(r  -  d) .  By  dehnition, 
the  radiation  vector  is  the  three-dimensional  Fourier  transform  of  the  current  density, 
as  in  Eq.  (14.7.5).  Thus,  the  radiation  vector  of  the  translated  current  will  be: 

=  J  e^^'Vd(r)  =  J  J{r  -  d)  d^r  =  J  J(r')  d^r 

=  J(r;')dh'  =  ei'‘-'^F 
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where  we  changed  variables  to  r'  =  r  -  d.  Thus, 


Fa{k)= 


(translational  phase  shift) 


(19.2.1) 


19.3  Array  Pattern  Multiplication 

More  generally,  we  consider  a  three-dimensional  array  of  several  identical  antennas  lo¬ 
cated  at  positions  do,  di,  d2, . . .  with  relative  feed  coefficients  ao,ai,a2,  ■  ■  ■ ,  as  shown 
in  Fig.  19.2.1.  (Without  loss  of  generality,  we  may  set  do  =  0  and  ao  =  1.) 

The  current  density  of  the  nth  antenna  will  be  Jn  (r)  =  anJir  -  d„)  and  the  corre¬ 
sponding  radiation  vector: 

The  total  current  density  of  the  array  will  be: 

Jtot(r)=  floi(r-do)+fliJ(r-di)+fl2J(r-d2)+  ■  ■  ■ 
and  the  total  radiation  vector: 

F,^,ik)=  Fo  + Fi  +F2  +  ■  ■  ■  =  Fik)+aie^^-^^  F{k)+a2eJ^-^^  F{k)+  ■  ■  ■ 


The  factor  F{k)  due  to  a  single  antenna  element  at  the  origin  is  common  to  all  terms. 
Thus,  we  obtain  the  array  pattern  multiplication  property: 


-ftot  {k)=  A  {k)F{k)  (array  pattern  multiplication) 


(19.3.1) 


where  Aik)  is  the  array  factor: 


Aik)=  +  a2e^^'^^  +  ■  ■  ■ 


(array  factor) 


(19.3.2) 


Since  k  =  kr,  we  may  also  denote  the  array  factor  as  A  (f )  or  A  (6,  cf).  To  summarize, 
the  net  effect  of  an  array  of  identical  antennas  is  to  modify  the  single-antenna  radiation 
vector  by  the  array  factor,  which  incorporates  all  the  translational  phase  shifts  and 
relative  weighting  coefficients  of  the  array  elements. 

We  may  think  of  Eq.  (19.3.1)  as  the  input/output  equation  of  a  linear  system  with 
Aik)  as  the  transfer  function.  We  note  that  the  corresponding  radiation  intensities  and 
power  gains  will  also  be  related  in  a  similar  fashion: 


f/,o,(0,0)  =  |A(0,0)|2[/(0,0) 
G,o,(0,0)  =  |A(0,0)|2G(0,0) 


(19.3.3) 


where  [7(0,0)  and  G(0,  0)  are  the  radiation  intensity  and  power  gain  of  a  single  el¬ 
ement.  The  array  factor  can  dramatically  alter  the  directivity  properties  of  the  single¬ 
antenna  element.  The  power  gain  |  A  (0,  0)  of  an  array  can  be  computed  with  the  help 
of  the  MATLAB  function  gai  nld  of  Appendix  I  with  typical  usage: 


[g,  phi]  =  gai nld (d,  a,  Nph) ; 


compute  normalized  gain  of  an  array 
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Example  19.3.1:  Consider  an  array  of  two  isotropic  antennas  at  positions  do  =  0  and  di  =  xd 
(alternatively,  at  do  =  -{d/2)x  and  di  =  (d/2)x),  as  shown  below: 


z  ▲ 


The  displacement  phase  factors  are: 

gjfe  do  ^  ^  ^  gjkxd  ^  ^jkd  sin  9  cos  4> 

or,  in  the  symmetric  case: 

gjfe-do  _  Q-jkxd/2  _  ^-jk {d / 2)  sin 9  cos  4>  _  Qjkxd/2  _  ^jk (d/ 2)  sin 9  cos  4> 

Let  a  =  [rzo,  cii]  be  the  array  coefficients.  The  array  factor  is: 

A(e,<P)  + 

A(d,<p)  =  agg-A(‘ii^)syii0cos<t>  ^_^^k{di2)sm0cos4i  ^  (symmetric  case) 

The  two  expressions  differ  by  a  phase  factor,  which  does  not  affect  the  power  pattern.  At 
polar  angle  6  =  90®,  that  is,  on  the  xy-plane,  the  array  factor  will  be: 

A{(p)=  flo  + 

and  the  azimuthal  power  pattern: 

g{4>)=  \A{ct>)\^  =  + 

Note  that  kd  =  Znd/A.  Figure  19.3.1  shows  gicj))  for  the  array  spacings  d  =  0.2 5 A, 
d  =  0.50A,  d  =  A,  or  kd  =  tt/2,  tt,  2tt,  and  the  following  array  weights: 

a=  [ao,ai]=  [1,1] 

a=  [ao,ai]=  [1,-1]  (19.3.4) 

a=  [ao,ai]= 


The  first  of  these  graphs  was  generated  by  the  MATLAB  code: 

d  =  0.25;a=[l,l];  %£iisiii  units  of  A 

[g,  phi]  =  gainldCd,  a,  400);  % 400  phi’s  in  [0, tt] 

dbz(phi  ,  g,  30,  20);  %  30®  grid,  20-dB  scale 

As  the  relative  phase  of  ao  and  rzi  changes,  the  pattern  rotates  so  that  its  main  lobe  is  in 
a  different  direction.  When  the  coefficients  are  in  phase,  the  pattern  is  broadside  to  the 
array,  that  is,  towards  (p  =  90®.  When  they  are  in  anti-phase,  the  pattern  is  end-fire,  that 
is,  towards  0  =  0®  and  <p  =  180®. 
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d  =  0.25A,  a  =  [1, 1]  d  =  0.25A,  a  =  [1,  -1]  d  =  0.25A,  a  =  [1,  4] 

90°  90°  90° 


d  =  0.50A,  a  =  [1, 1] 


d  =  0.50A,  a  =  [1,  -1] 


d  =  0.50A,  a  =  [1,  41 


Fig.  19.3.1  Azimuthal  gain  patterns  of  two-element  isotropic  array. 


The  technique  of  rotating  or  steering  the  pattern  towards  some  other  direction  by  intro¬ 
ducing  relative  phases  among  the  elements  is  further  discussed  in  Sec.  19.9.  There,  we 
will  be  able  to  predict  the  steering  angles  of  this  example  from  the  relative  phases  of  the 
weights. 

Another  observation  from  these  graphs  is  that  as  the  array  pattern  is  steered  from  broad¬ 
side  to  endfire,  the  widths  of  the  main  lobes  become  larger.  We  will  discuss  this  effect  in 
Sects.  19.9  and  19.10. 

When  d  >  A,  more  than  one  main  lobes  appear  in  the  pattern.  Such  main  lobes  are  called 
grating  lobes  or  fringes  and  are  further  discussed  in  Sec.  19.6.  Fig.  19.3.2  shows  some 
additional  examples  of  grating  lobes  for  spacings  d  =  2A,  4A,  and  8A.  □ 
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d  =  2X,  a  =  [1,  1] 


d  =  4X,  a  =  [1,  1] 


d  =  SX,  a  =  [1, 1] 


Fig.  19.3.2  Grating  lobes  of  two-element  isotropic  array. 


Example  19.3.2:  Consider  a  three-element  array  of  isotropic  antennas  at  locations  do  =  0, 
di  =  dx,  and  d2  =  2dx,  or,  placed  symmetrically  at  do  =  -dx,  di  =  0,  and  d2  =  dx,  as 
shown  below: 


Z  A 


The  displacement  phase  factors  evaluated  at  0  =  90°  are: 

gjfe  do  ^  ^  gjfc  di  =  Qj^xd  ^  ^jkd  cos  4>  d2  ^  gj2kxd  ^  ^j2kdcos4> 

Let  a  =  [ao,ai,a2]he  the  array  weights.  The  array  factor  is: 

A  (</))  =ao  + 

Figure  19.3.3  shows  g(ip)=  \A  (</>)  P  for  the  array  spacings  d  =  0.25A,  d  =  0.50A,  d  =  A, 
or  kd  =  Tr/2,n,2n,  and  the  following  choices  for  the  weights: 

a  =  [ao,ai,a2]=  [1, 1, 1] 

a=  [ao,ai,a2]=  [1,  (-1),  {-1)^]=  [1,-1,1]  (19.3.5) 

a=  [ao,ai,a2]=  [1,  (-j),  {-j)^]=  [1,-X-l] 

where  in  the  last  two  cases,  progressive  phase  factors  of  180°  and  90°  have  been  introduced 
between  the  array  elements. 

The  MATLAB  code  for  generating  the  last  graph  was: 

d  =  1;  a  =  [1, -j , -1] ; 

[g,  phi]  =  gainldCd,  a,  400); 
dbzCphi,  g,  30,  20); 
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Fig.  19.3.3  Azimuthal  gains  of  three-element  isotropic  array. 


The  patterns  are  similarly  rotated  as  in  the  previous  example.  The  main  lobes  are  narrower, 
but  we  note  the  appearance  of  sidelobes  at  the  level  of  -10  dB.  We  will  see  later  that  as 
the  number  of  array  elements  increases,  the  sidelobes  reach  a  constant  level  of  about  -13 
dB  for  an  array  with  uniform  weights. 

Such  sidelobes  can  be  reduced  further  if  we  use  appropriate  non-uniform  weights,  but  at 
the  expense  of  increasing  the  beamwidth  of  the  main  lobes.  □ 

Example  19.3.3:  As  an  example  of  a  two-dimensional  array,  consider  three  z-directed  half¬ 
wave  dipoles:  one  at  the  origin,  one  on  the  x-axis,  and  one  on  the  y-axis,  both  at  a  distance 
d  =  A/ 2,  as  shown  below. 
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^2 


The  relative  weights  are  ao,ai,a2.  The  displacement  vectors  are  di  =  xd  and  dz  =  yd. 
Using  Eq.  (16.1.4),  we  find  the  translational  phase-shift  factors: 

gjfc-di  _  gjfexrf  _  gjfed  sin  0  cos  _  gjfeyrf  _  ^ikd  sinO  sin  (p 

and  the  array  factor: 


Aie,ct))=ao  +  ^  ^^^jkdsmesmcp 


Thus,  the  array’s  total  normalized  gain  will  be  up  to  an  overall  constant: 


^tot(0,0)=  |A(0,0)|2^(0,0)=  |A(0,0)|2 


cos(0.5Tr  cos  0)  1^ 

sin0  I 


The  gain  pattern  on  the  xy-plane  {6  =  90^^)  becomes: 

^tot(0)=  I  ao  +  \  ^ 


Note  that  because  d  =  A/ 2,  we  have  kd  =  n.  The  omnidirectional  case  of  a  single  element 
is  obtained  by  setting  ai  =  az  =  0  and  ao  =  1.  Fig.  19.3.4  shows  the  gain  gtoti4>)  for 
various  choices  of  the  array  weights  ao,ai,a2. 

Because  of  the  presence  of  the  az  term,  which  depends  on  sin  0,  the  gain  is  not  necessarily 
symmetric  for  negative  <p's.  Thus,  it  must  be  evaluated  over  the  entire  azimuthal  range 
-n  <  cf)  <  TT.  Then,  it  can  be  plotted  with  the  help  of  the  function  dbz2  which  assumes 
the  gain  is  over  the  entire  2tt  range.  For  example,  the  last  of  these  graphs  was  computed 
by: 


d  =  0.5;  a0=l;  al=2;  a2=2 ; 
phi  =  (0:400)  *  2*pi/400; 
psil  =  2*pi*d*cos(phi) ; 
psi2  =  2*pi*d*si n(phi) ; 

g  =  abs(a0  -i-  al  *  exp(j*psil)  -i-  a2  *  exp(j*psi2))  .  A2  ; 
g  =  g/max(g); 
dbz2(phi  ,  g,  45,  12) ; 

When  az  =  0,  we  have  effectively  a  two-element  array  along  the  x-axis  with  equal  weights. 
The  resulting  array  pattern  is  broadside,  that  is,  maximum  along  the  perpendicular  cf)  = 
90°  to  the  array.  Similarly,  when  fli  =  0,  the  two-element  array  is  along  the  y-axis  and  the 
pattern  is  broadside  to  it,  that  is,  along  0  =  0.  When  ao  =  0,  the  pattern  is  broadside  to 
the  line  joining  elements  1  and  2.  □ 

Example  19.3.4:  The  analysis  of  the  rhombic  antenna  in  Sec.  16.7  was  carried  out  with  the 
help  of  the  translational  phase-shift  theorem  of  Eq.  (19.2.1).  The  theorem  was  applied  to 
antenna  pairs  1,  3  and  2, 4. 
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ao=l,  ai=l,  02=0  00=1,01=0,02=1  Oo=0,  Oi=l,  02=1 

90°  90°  90° 


Fig.  19.3.4  Azimuthal  gain  patterns  of  two-dimensional  array. 


A  more  general  version  of  the  translation  theorem  involves  both  a  translation  and  a  rotation 
(a  Euclidean  transformation)  of  the  type  r'  =  R~^  (r  -  d),  or,  r  =  Rr'  +  d,  where  R  is  a 
rotation  matrix. 

The  rotated/translated  current  density  is  then  defined  as  jR,d(r)=  R~^Jir')  and  the  cor¬ 
responding  relationship  between  the  two  radiation  vectors  becomes: 


FR,i(k)=  ei'‘'^R-^F(R-'k) 


The  rhombic  as  well  as  the  vee  antennas  can  be  analyzed  by  applying  such  rotational 
and  translational  transformations  to  a  single  traveling-wave  antenna  along  the  z-direction, 
which  is  rotated  by  an  angle  ±  a  and  then  translated.  □ 

Example  19.3.5:  Ground  Effects  Between  Two  Antennas.  There  is  a  large  literature  on  radio¬ 
wave  propagation  effects  [19,34,43,1190-12061.  Consider  a  mobile  radio  channel  in  which 
the  transmitting  vertical  antenna  at  the  base  station  is  at  height  hi  from  the  ground  and 
the  receiving  mobile  antenna  is  at  height  hz,  as  shown  below.  The  ray  reflected  from  the 
ground  interferes  with  the  direct  ray  and  can  cause  substantial  signal  cancellation  at  the 
receiving  antenna. 
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The  reflected  ray  may  be  thought  of  as  originating  from  the  image  of  the  transmitting 
antenna  at  -hi,  as  shown.  Thus,  we  have  an  equivalent  two-element  transmitting  array. 
We  assume  that  the  currents  on  the  actual  and  image  antennas  are  I  (z)  and  pi  (z) ,  where 
P  =  -prM  is  the  reflection  coefficient  of  the  ground  for  parallel  polarization  (the  negative 
sign  is  justified  in  the  next  example),  given  in  terms  of  the  angle  of  incidence  a  by: 


P  -  -PTM  - 


cos  a  -  ^Iri^  -  sin^  a 
cos  a  +  -  sin^  a  ' 


e  .  a  no  y 

- J - =  Gr  -J—  crA 

Co  2tt 


where  n  is  the  complex  refractive  index  of  the  ground,  and  we  replaced  coco  =  2nf6o  = 
2nco€o/\  and  CoCq  =  l/po-  Numerically,  we  may  set  r/o/2TT  ^  60  Q.  From  the  geometry 
of  the  figure,  we  find  that  the  angle  a  is  related  to  the  polar  angle  6  by: 


tana  = 


rsinO 
hi  +  rcosO 


In  the  limit  of  large  r,  a  tends  to  6.  For  a  perfectly  conducting  ground  (cr  =  oo),  the 
reflection  coefficient  becomes  p  =  I,  regardless  of  the  incidence  angle. 

On  the  other  hand,  for  an  imperfect  ground  and  for  low  grazing  angles  (a  ^  90°),  the 
reflection  coefficient  becomes  p  =  -I,  regardless  of  the  conductivity  of  the  ground.  This 
is  the  relevant  case  in  mobile  communications. 

The  array  factor  can  be  obtained  as  follows.  The  two  displaced  antennas  are  at  locations 
di  =  hiz  and  d2  =  -hiz,  so  that  the  displacement  phase  factors  are: 

gjk  di  ^  gjkzhi  ^  ^jkhicosO  ^  g-jkzhi  ^  ^-jkhicosO 


where  we  replaced  kz  =  k  cos  6.  The  relative  feed  coefficients  are  1  and  p.  Therefore,  the 
array  factor  and  its  magnitude  will  be: 


^  ^jkhicosO  ^  p^-jkhi  cose  ^  ^jkhicos9  ^  p  e~^^) 

\A{6)\^  =  \l  +  p  \^ ,  where  A  =  2khicos6 


(19.3.6) 


The  gain  of  the  transmitting  antenna  becomes  Gtot  (0)=  \Ai6)\^  0(6),  where  0(6)  is  the 
gain  with  the  ground  absent.  For  the  common  case  of  low  grazing  angles,  or  p  =  -1,  the 
array  factor  becomes: 

\Ai6)  1^  =  1 1  -  1^  =  2-  2cos(Z\)=  4sin^  ^ 

At  the  location  of  the  mobile  antenna  which  is  at  height  ^2,  the  geometry  of  the  figure 
implies  that  cos  6  =  hz/r.  Thus,  we  have  A  =  2khi  cos  6  =  2khih2/r,  and 
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where  we  assumed  that  khih2/r  ^  1  and  used  the  approximation  sinx  ^  x.  Therefore, 
for  fixed  antenna  heights  hi,h2,  the  gain  at  the  location  of  the  receiving  antenna  drops 
like  1/r^.  This  is  in  addition  to  the  1/r^  drop  arising  from  the  power  density.  Thus,  the 
presence  of  the  ground  reflection  causes  the  overall  power  density  at  the  receiving  antenna 
to  drop  like  1/r^  instead  of  1/r^. 

For  two  antennas  pointing  towards  the  maximum  gain  of  each  other,  the  Friis  transmission 
formula  must  be  modified  to  read: 


P2 

Pi 


A  = 


2khih2 

r 


4TThih2 

\r 


(19.3.7) 


The  direct  and  ground-reflected  rays  are  referred  to  as  the  space  wave.  When  both  antennas 
are  close  to  the  ground,  one  must  also  include  a  term  in  A  (0)  due  to  the  so-called  Norton 
surface  wave  11201-1206]: 

A{6)=  1  +  pe~‘^^  +  (1  -  p)Fe~^^ 

space  wave  surface  wave 


where  F  is  an  attenuation  coefficient  that,  for  kr  »  1,  can  be  approximated  by  11193]: 

r  sin^  a  1  rr  n 

jkr {cos  a  +  u)^ 

At  grazing  angles,  the  space-wave  terms  of  A  (0)  tend  to  cancel  and  the  surface  wave  be¬ 
comes  the  only  means  of  propagation.  A  historical  review  of  the  ground-wave  propagation 
problem  and  some  of  its  controversies  can  be  found  in  11191].  □ 


Example  19.3.6:  Vertical  Dipole  Antenna  over  Imperfect  Ground.  Consider  a  vertical  linear  an¬ 
tenna  at  a  height  h  over  ground  as  shown  below.  When  the  observation  point  is  far  from 
the  antenna,  the  direct  and  reflected  rays  ri  and  r2  will  be  almost  parallel  to  each  other, 
forming  an  angle  6  with  the  vertical.  The  incidence  angle  a  of  the  previous  example  is 
then  a  =  6,  so  that  the  TM  reflection  coefficient  is: 


Ptm 


s/n^  -  sin^  Q  -nP  cos  Q 
s/n^  -  sin^  6  +  n^  cos  6  ’ 


=  er 


The  relative  permittivity  €r  =  e/co  and  conductivity  cr  (in  units  of  S/m)  are  given  below 
for  some  typical  grounds  and  typical  frequencies:^ 


Atu  Recommendation  ITU-R  P.527-3  on  the  “Electrical  Characteristics  of  the  Surface  of  the  Earth,”  1992. 
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ground  type 
very  dry  ground 
medium  dry  ground 
wet  ground 
fresh  water 
sea  water 


1  MHz  1 

100  MHz  1 

1  GHz 

er 

cr 

er 

cr 

er 

cr 

3 

10“^ 

3 

10-^ 

3 

1.5x10 

15 

10-^ 

15 

1.5x10-3 

15 

3.5X10 

30 

10-2 

30 

1.5x10-2 

30 

1.5x10 

80 

3x10-3 

80 

5x10-3 

80 

1.5x10 

70 

5 

70 

5 

70 

5 

According  to  Eq.  (16.1.6),  the  electric  fields  Ei  and  E2  along  the  direct  and  reflected  rays 
will  point  in  the  direction  of  their  respective  polar  unit  vector  6,  as  seen  in  the  above  figure. 
According  to  the  sign  conventions  of  Sec.  7.2,  the  reflected  field  PtmE2  will  be  pointing  in 
the  -0  direction,  opposing  Ei.  The  net  field  at  the  observation  point  will  be: 

E=  El-  PtmE2  =  Ojkri  - - FziO)  sin  6  -  ejkri  - - PtmFz  (6)  sin  6 

4nri  4nr2 

where  F(0)=  zFziO)  is  the  assumed  radiation  vector  of  the  linear  antenna.  Thus,  the 
reflected  ray  appears  to  have  originated  from  an  image  current  -PtmI  (z).  Using  the  ap¬ 
proximations  Vi  =  r  -h  cos  6  and  r2  =  r  +  h  cos  6  in  the  propagation  phase  factors 
and  we  obtain  for  the  net  electric  field  at  the  observation  point  {r,6): 

p-jkr 

E=ejkr] 

It  follows  that  the  (unnormalized)  gain  will  be: 

g(e)=  |f;,(0)sin0|^  |l 


The  results  of  the  previous  example  are  obtained  if  we  set  p  =  -Ptm-  For  a  Hertzian  dipole, 
we  may  replace  Fz{6)  by  unity.  For  a  half-wave  dipole,  we  have: 


Fig.  19.3.5  shows  the  resulting  gains  for  a  half-wave  dipole  at  heights  h  =  \/4  and  h  =  \/2 
and  at  frequencies  f  =  I  MHz  and  f  =  100  MHz.  The  ground  parameters  correspond  to 
the  medium  dry  case  of  the  above  table.  The  dashed  curves  represent  the  gain  of  a  single 
dipole,  that  is,  G(0)  =  |  cos(0.5ttcos  6)  /  sin0  | 

The  following  MATFAB  code  illustrates  the  generation  of  these  graphs: 


sigma=le-3;  ep0=8 . 854e-12 ;  er=15;  f=le6;  h  =  1/4; 
n2  =  er  -  j*sigma/ep0/2/pi/f ; 

th  =  linspaceCO, pi/2, 301) ;  c  =cos(th);  s2  =  sin(th).A2; 
rho  =  (sqrt(n2-s2)  -  n2*c) ./(sqrt(n2-s2)  +  n2*c) ; 

A  =  1  -  rho  .*  exp(-j*4*pi*h*cos(th))  ;  %arrayfactor 

G  =  cosCpi ''COs(th)/2)  ./si  n(th)  ;  G(1)=0;  %  half-wave  dipole  gain 

g  =  abs(G.  *A)  .  A2  ;  g  =  g/max(g)  ;  %  normalized  gain 


dbpCth,  g,  30,  12); 


%  polar  plot  in  dB 


780 


19.  Antenna  Arrays 


h  =  XI4,  f=  1  MHz  h  =  XI4,  f=  100  MHz 


Fig.  19.3.5  Vertical  dipole  over  imperfect  ground 


Thus,  the  presence  of  the  ground  significantly  alters  the  angular  gain  of  the  dipole.  For 
the  case  h  =  A/ 2,  we  observe  the  presence  of  grating  lobes,  arising  because  the  effective 
separation  between  the  dipole  and  its  image  is  2h  >  A/2. 

The  number  of  grating  lobes  increases  with  the  height  h.  These  can  be  observed  by  running 
the  above  example  code  with  f  =  I  GHz  (i.e.,  A  =  30  cm)  for  a  cell  phone  held  vertically  at 
a  height  of  h  =  6A  =  1.8  meters.  □ 

1 9.4  One-Dimensional  Arrays 

Next,  we  consider  uniformly-spaced  one-dimensional  arrays.  An  array  along  the  x-axis 
(see  Fig.  19.3.4)  with  elements  positioned  at  locations  Xn,  n  =  0,1,2, ,  will  have  dis¬ 
placement  vectors  =  x„x  and  array  factor: 

A(0,0)= 

n  n  n 

where  we  set  kx  =  A:  sin  0  cos  0.  For  equally-spaced  arrays,  the  element  locations  are 
Xn  =  nd,  where  d  is  the  distance  between  elements.  In  this  case,  the  array  factor  be- 
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comes: 

(19.4.1) 

Because  the  angular  dependence  comes  through  the  factor  kxd  =  kd  sin  6  cos  (p,  we  are 
led  to  dehne  the  variable: 


Lp  =  kxd  =  kd  sin  6  cos  <p  (digital  wavenumber) 
Then,  the  array  factor  may  be  thought  of  as  a  function  of  ip: 


(19.4.2) 


A{Lp)=  ^  (array  factor  in  digital  wavenumber  space)  (19.4.3) 


The  variable  (//  is  a  normalized  version  of  the  wavenumber  kx  and  is  measured  in 
units  of  radians  per  (space)  sample.  It  maybe  called  a  normalized  digital  wavenumber,  in 
analogy  with  the  time-domain  normalized  digital  frequency  co  =  OT  =  2Trf/fs,  which 
is  in  units  of  radians  per  (time)  sample.^  The  array  factor  A  (ip)  is  the  wavenumber 
version  of  the  frequency  response  of  a  digital  hlter  dehned  by 


Aico)  =  ^ Une 

n 


(19.4.4) 


We  note  the  difference  in  the  sign  of  the  exponent  in  the  dehnitions  (19.4.3)  and 
(19.4.4).  This  arises  from  the  difference  in  dehning  time-domain  and  space-domain 
Fourier  transforms,  or  from  the  difference  in  the  sign  for  a  plane  wave,  that  is. 


The  wavenumber  Lp  is  dehned  similarly  for  arrays  along  the  y-  or  z-directions.  In 
summary,  we  have  the  dehnitions: 

Lp  =  kxd  =  kd  sin  6  cos  cp  (array  along  x-axis) 

Lp  =  kyd  =  kd  sin  6  sin  cp  (array  along  y-axis)  (19.4.5) 

Lp  =  kzd  =  kd  cos  6  (array  along  z-axis) 

The  array  factors  for  the  y-  and  z-axis  arrays  shown  in  Fig.  19.1.1  will  be: 

A{0,(p)  =  ^  sine  sin  0 

n  n 

A{0,4>)  =  =  y 

n  n 

where  yn  =  nd  and  z„  =  nd.  More  generally,  for  an  array  along  some  arbitrary  direction, 
we  have  Lp  =  kd  cos  y,  where  y  is  the  angle  measured  from  the  direction  of  the  array. 
The  two  most  commonly  used  conventions  are  to  assume  either  an  array  along  the  z- 
axis,  or  an  array  along  the  x-axis  and  measure  its  array  factor  only  on  the  xy-plane,  that 
is,  at  polar  angle  6  =  90°.  In  these  cases,  we  have: 

Lp  =  kxd  =  kd  cos  (p  (array  along  x-axis,  with  6  =  90°)  ^  ^ 

Lp  =  kzd  =  kd  cos  6  (array  along  z-axis) 


+  Here,  D  denotes  the  physical  frequency  in  radians/sec. 
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For  the  x-array,  the  azimuthal  angle  varies  over  -n  <  p  <  n,  but  the  array  response 
is  symmetric  in  p  and  can  be  evaluated  only  for  0  <  p  <  n.  For  the  z-array,  the  polar 
angle  varies  over  0  <  6  <  n. 

In  analogy  with  time-domain  DSP,  we  may  also  dehne  the  spatial  analog  of  the  z-plane 
by  dehning  the  variable  z  =  and  the  corresponding  z-transform: 

(array  factor  in  spatial  z-domain)  (19.4.7) 

The  difference  in  sign  between  the  space-domain  and  time-domain  dehnitions  is  also 
evident  here,  where  the  expansion  is  in  powers  of  z”  instead  of  z“”.  The  array  factor 
A  ip)  may  be  called  the  discrete-space  Fourier  transform  (DSFT)  of  the  array  weighting 
sequence  Un,  just  like  the  discrete-time  Fourier  transform  (DTFT)  of  the  time-domain 
case.  The  corresponding  inverse  DSFT  is  obtained  by 

(inverse  DSFT)  (19.4.8) 

This  inverse  transform  forms  the  basis  of  most  design  methods  for  the  array  coeffi¬ 
cients.  As  we  mentioned  earlier,  such  methods  are  identical  to  the  methods  of  designing 
FIR  hlters  in  DSP.  Various  correspondences  between  the  helds  of  array  processing  and 
time-domain  digital  signal  processing  are  shown  in  Table  19.4.1. 

Example  19.4.1:  The  array  factors  and  z-transforms  for  Example  19.3.1  are  for  the  three  choices 


for  the  coefficients: 


Aiqj)  =  : 

A(z)  =  : 

L  +  z 

Aitp)  =  : 

i-ej'y, 

A(z)  =  : 

L  -  z 

Aitp)  =  : 

l-jelf. 

A(z)  =  : 

1  -Jz 

where  z  =  and  ip  =  kd  cos  <p. 

19.5  Visible  Region 

Because  the  correspondence  from  the  physical  angle-domain  to  the  wavenumber  p- 
domain  is  through  the  mapping  (19.4.5)  or  (19.4.6),  there  are  some  additional  subtleties 
that  arise  in  the  array  processing  case  that  do  not  arise  in  time-domain  DSP.  We  note 
hrst  that  the  array  factor  Aip)  is  periodic  in  p  with  period  2tt,  and  therefore,  it  is 
enough  to  know  it  within  one  Nyquist  interval,  that  is,  -n  <  p  <  n. 

However,  the  actual  range  of  variation  of  p  depends  on  the  value  of  the  quantity 
kd  =  2jtdl\.  As  the  azimuthal  angle  p  varies  from  0°  to  180°,  the  quantity  p  = 
kd  cos  p,  dehned  in  Eq.  (19.4.6),  varies  from  p  =  kd  to  p  =  -kd.  Thus,  the  overall 
range  of  variation  of  (//—called  the  visible  region— wiW  be: 


kd  <  p  <  kd  (visible  region) 


(19.5.1) 


19.5.  Visible  Region 
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discrete-time  signal  processing 

discrete-space  array  processing 

time-domain  sampling  tn  =  nT 
sampling  time  interval  T 
sampling  rate  1/T  [samples/sec] 
frequency  O 

digital  frequency  uo  =  QT 

Nyquist  interval  -n  <  co  <  n 
sampling  theorem  Q  <tt/T 
spectral  images 
frequency  response  A{(jo) 
z-domain  z  =  e^^ 
transfer  function  A{z) 

DTFT  and  inverse  DTFT 
pure  sinusoid 

windowed  sinusoid  w(n)e/^o” 
resolution  of  multiple  sinusoids 
frequency  shifting  by  AM  modulation 
hlter  design  by  window  method 
bandpass  FIR  hlter  design 
frequency-sampling  design 

DFT 

FFT 

space-domain  sampling  =  nd 
sampling  space  interval  d 
sampling  rate  1/d  [samples/meter] 
wavenumber  kx 
digital  wavenumber  ip  =  kxd 

Nyquist  interval  -n  <  Lp  <  n 
sampling  theorem  kx  <  n/d 
grating  lobes  or  fringes 
array  factor  A  (ip) 
z-domain  z  = 
transfer  function  A  (z) 

DSFT  and  inverse  DSFT 

narrow  beam 

windowed  narrow  beam  win) 
resolution  of  multiple  beams 
phased  array  scanning 
array  design  by  window  method 
angular  sector  array  design 
Woodward-Lawson  design 

Blass  matrix 

Butler  matrix 

Table  19.4.1  Duality  between  time-domain  and  space-domain  signal  processing. 


The  total  width  of  this  region  is  (//vis  =  2A:d.  Depending  on  the  value  of  kd,  the 
visible  region  can  be  less,  equal,  or  more  than  one  Nyquist  interval: 

d  <  \/2  ^  kd  <n  ^  (//vis  <  2Tr  (less  than  Nyquist) 

d  =  A/2  =>  kd  =  TT  ^  (//vis  =  277  (full  Nyquist)  (19.5.2) 

d  >  A/2  =>  kd  >  TT  ^  (//vis  >  277  (more  than  Nyquist) 

The  visible  region  can  also  be  viewed  as  that  part  of  the  unit  circle  covered  by  the 
angle  range  (19.5.1),  as  shown  in  Fig.  19.5.1.  If  kd  <  77,  the  visible  region  is  the  arc 
ZaZZ\)  with  the  point  z  =  moving  clockwise  from  Za  to  as  <p  varies  from  0  to  77. 
In  the  case  kd  =  n,  the  starting  and  ending  points,  Za  and  z^,  coincide  with  the  (//  =  77 
point  on  the  circle  and  the  visible  region  becomes  the  entire  circle.  If  kd  >  77,  the  visible 
region  is  one  complete  circle  starting  and  ending  at  Za  and  then  continuing  on  to  z^. 

In  all  cases,  the  inverse  transform  (19.4.8)  requires  that  we  know  A((//)  over  one 
complete  Nyquist  interval.  Therefore,  in  the  case  kd  <  n,  we  must  specify  appropriate 
values  of  the  array  factor  A  ((//)  over  the  invisible  region. 
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19.6  Grating  Lobes 

In  the  case  kd  >  77,  the  values  of  A((//)  are  over-specihed  and  repeat  over  the  visible 
region.  This  can  give  rise  to  grating  lobes  or  fringes,  which  are  mainbeam  lobes  in 
directions  other  than  the  desired  one.  We  saw  some  examples  in  Figs.  19.3.1  and  19.3.2. 

Grating  lobes  are  essentially  the  spectral  images  generated  by  the  sampling  process 
(in  this  case,  sampling  in  space.)  In  (//-space,  these  images  fall  in  Nyquist  intervals  other 
than  the  central  one. 

The  number  of  grating  lobes  in  an  array  pattern  is  the  number  of  complete  Nyquist 
intervals  htting  within  the  width  of  the  visible  region,  that  is,  m  =  (//vis/ 2 77  =  kd/n  = 
2d/A.  For  example  in  Fig.  19.3.2,  the  number  of  grating  lobes  are  m  =  4,8,16  for 
d  =  2A,  4A,  8A  (the  two  endhre  lobes  count  as  one.) 

In  most  array  applications  grating  lobes  are  undesirable  and  can  be  avoided  by  re¬ 
quiring  that  kd  <  277,  or  d  <  A.  It  should  be  noted,  however,  that  this  condition  does 
not  necessarily  avoid  aliasing— it  only  avoids  grating  lobes.  Indeed,  if  d  is  in  the  range 
A/2  <  d  <  A,  OY,  TT  <  kd  <  277,  part  of  the  Nyquist  interval  repeats  as  shown  in 
Fig.  19.5.1.  To  completely  avoid  repetitions,  we  must  have  d  <  A/2,  which  is  equivalent 
to  the  sampling  theorem  condition  1/d  >  2/ A. 

Grating  lobes  are  desirable  and  useful  in  interferometry  applications,  such  as  radio 
interferometry  used  in  radio  astronomy.  A  simple  interferometer  is  shown  in  Fig.  19.6.1. 
It  consists  of  an  array  of  two  antennas  separated  by  d  »  A,  so  that  hundreds  or  even 
thousands  of  grating  lobes  appear. 

These  lobes  are  extremely  narrow  allowing  very  small  angular  resolution  of  radio 
sources  in  the  sky.  The  receiver  is  either  an  adder  or  a  cross-correlator  of  the  two 
antenna  outputs.  For  an  adder  and  identical  antennas  with  equal  weights,  the  output 
will  be  proportional  to  the  array  gain: 

g{(t>)=  \i  +  ei'<d':os4>^2  =  2  +  2cos(fcdcos0) 

For  a  cross-correlator,  the  output  will  be  proportional  to  cos  (Or),  where  t  is  the 
time  delay  between  the  received  signals.  This  delay  is  the  time  it  takes  the  wavefront  to 
travel  the  distance  d  cos  <p,  as  shown  in  Fig.  19.6.1,  that  is,  t  =  (d  cos  (f)  /c.  Therefore, 

(2TTfdcos4)\ 

cos(f2T)=  cos  y - - - j  = 


cos{kd  cos  </)) 
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Fig.  19.6.1  Two-element  interferometer  and  typical  angular  pattern. 


In  either  case,  the  output  is  essentially  cos  (kd  cos  <p) ,  and  thus,  exhibits  the  grating- 
lobe  behavior.  Cross-correlating  interferometers  are  more  widely  used  because  they  are 
more  broadband. 

The  Very  Large  Array  (VLA)  radio  telescope  in  New  Mexico  consists  of  27  dish  an¬ 
tennas  with  25-m  diameters.  The  antennas  are  on  rails  extending  in  three  different 
directions  to  distances  of  up  to  21  km.  For  each  conhguration,  the  number  of  possible 
interferometer  pairs  of  antennas  is  27(27-l)/2  =  351.  These  351  outputs  can  be  used 
to  make  a  “radio”  picture  of  the  source.  The  achievable  resolution  is  comparable  to  that 
of  optical  telescopes  (about  1  arc  second.) 

The  Very  Long  Baseline  Array  (VLBA)  consists  of  ten  25-m  antennas  located  through¬ 
out  the  continental  US,  Puerto  Rico,  and  Hawaii.  The  antennas  are  not  physically  con¬ 
nected  to  each  other.  Rather,  the  received  signals  at  each  antenna  are  digitally  recorded, 
with  the  antennas  being  synchronized  with  atomic  frequency  standards,  and  then  the 
recorded  signals  are  digitally  cross-correlated  and  processed  off-line.  The  achievable 
resolution  is  about  one  milli-arc-second. 

We  note  hnally  that  in  an  interferometer,  the  angular  pattern  of  each  antenna  element 
must  also  be  taken  into  account  because  it  multiplies  the  array  pattern. 

Example  19.6.1:  In  Fig.  19.3.2,  we  assumed  isotropic  antennas.  Here,  we  look  at  the  effect  of 
the  element  patterns.  Consider  an  array  of  two  identical  z-directed  half -wavelength  dipole 
antennas  positioned  along  the  z-axis  at  locations  Zq  =  0  and  Zi  =  d.  The  total  polar  gain 
pattern  will  be  the  product  of  the  array  gain  factor  and  the  gain  of  each  dipole: 

gtotiO)=  |A(0)|2^dipoie(0)=  +  I  cos(0.5Tr cos 0)  I 

\  sm  6  \ 

Fig.  19.6.2  shows  the  effect  of  the  element  pattern  for  the  case  d  =  8\  and  uniform  weights 
a  =  [ao,  ai]=  [1, 1].  The  figure  on  the  left  represents  the  array  factor,  with  the  element 
pattern  superimposed  (dashed  gain).  On  the  right  is  the  total  gain. 

The  MATLAB  code  used  to  generate  the  right  graph  was  as  follows: 


d=8;  a=[l,l]; 
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array  gain  factor  total  gain 


Fig.  19.6.2  Grating  lobes  of  two  half -wavelength  dipoles  separated  by  d  =  8A. 


[g,  th]  =  gainldCd,  a,  400); 
gdip  =  dipole(0.5,  400); 
gtot  =  g  .*  gdip; 
dbpCth,  gtot,  30,  12); 

dbaddCl,  th,  gdip,  30,  12);  □ 


19.7  Uniform  Arrays 

The  simplest  one-dimensional  array  is  the  uniform  array  having  equal  weights.  For  an 
array  of  N  isotropic  elements  at  locations  x„  =  nd,  n  =  0, 1, . . .  -  1,  we  dehne: 

a=  [ao,ai,...,aN-i]=  (19.7.1) 

so  that  the  sum  of  the  weights  is  unity.  The  corresponding  array  polynomial  and  array 
factor  are: 


A(z) 

Aiip) 


1  r.  2  N-n  1  -  1 

—  [1  +  z  +  z2  +  ■  ■  ■  +  z^  A  =  ^ - r 

N  N  z  -  1 

N'-  ^  N  - 1 


(19.7.2) 


where  z  =  and  gj  =  kd  cos  <p  for  an  array  along  the  x-axis  and  look  direction  on  the 
xy-plane.  We  may  also  write  A  ((//)  in  the  form: 


sin  1 

A  — 

(f) 

JiN-l)qj/2 

N  sin  1 

(i: 

1 

(uniform  array) 


(19.7.3) 


The  array  factor  (19.7.2)  is  the  spatial  analog  of  a  lowpass  FIR  averaging  hlter  in 
discrete-time  DSP.  It  may  also  be  viewed  as  a  window-based  narrow-beam  design  using  a 
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rectangular  window.  From  this  point  of  view,  Eq.  (19.7.3)  is  the  DSFT  of  the  rectangular 
window. 

The  array  factor  has  been  normalized  to  have  unity  gain  at  dc,  that  is,  at  zero 
wavenumber  (//  =  0,  or  at  the  broadside  azimuthal  angle  (f)  =  90°.  The  normalized 
power  gain  of  the  array  will  be: 


sin(N(///2) 

2 

sin(  {Nkd/2)cos  (p) 

N  sin((///2) 

N  sin  {{kd/2)  cos  (p) 

(19.7.4) 


Although  (19.7.2)  dehnes  the  array  factor  for  all  ip  over  one  Nyquist  interval,  the 
actual  visible  region  depends  on  the  value  of  kd. 

Fig.  19.7.1  shows  A  (ip)  evaluated  only  over  its  visible  region  for  an  8-element  (N  =  8) 
array,  for  the  following  three  choices  of  the  element  spacing:  d  =  0.25A,d  =  0.5A,  and 
d  =  X.  The  following  MATLAB  code  generates  the  last  two  graphs: 

d=l;  N=8; 

a  =  uniformed,  90,  N) ; 

[g,  phi]  =  gainldCd,  a,  400); 

A  =  sqrt(g) ; 
psi  =  2*pi*d*cos(phi) ; 
plot(psi/pi,  A); 
figure(2) ; 

dbzCphi,  g,  45,  20); 


Fig.  19.7.1  Array  factor  and  angular  pattern  of  8-element  uniform  array. 
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As  (p  varies  from  0°  to  180°,  the  visible  regions  for  the  three  cases  are: 


d  =  0.2SA, 

(//  =  (77/2)cOS  (p 

-77/2  <  (//  <  77/2 

d  =  0.5A, 

(//  =  77  COS  (p  ^ 

-77  <  (//  <  77 

d  =  A, 

Lp  =  277  COS  (p  => 

-277  <  (//  <  277 

Thus,  in  the  hrst  case  the  visible  region  is  only  half  of  the  Nyquist  interval;  in  the 
second  case,  it  is  the  full  interval;  and  in  the  third  case,  the  Nyquist  interval  is  covered 
twice,  and  therefore,  grating  lobes  will  appear.  Because  ip  =  Irt  cos  <p,  the  grating  lobes 
at  (//  =  ±277  correspond  to  the  endhre  angles  of  (/)  =  0°  and  180°  (the  larger  width  of 
the  endhre  lobes  is  explained  in  Sec.  19.10.) 

The  N  -  1  zeros  of  the  array  polynomial  A  (z)  are  the  N-Xh  roots  of  unity,  except 
for  the  root  at  z  =  1,  that  is, 

Zi  =  ei^<,  i=l,2,...,N-l 

Because  these  zeros  lie  on  the  unit  circle,  they  will  correspond  to  nulls  in  the  angular 
pattern,  as  long  as  they  lie  in  the  visible  region.  For  d  =  0.2 5 A,  and  in  general  for  any 
d  <  A/ 2,  only  a  subset  of  these  zeros  will  fall  in  the  visible  region.  The  zeros  of  the 
8-element  array  patterns  of  Fig.  19.7.1  are  shown  in  Fig.  19.7.2. 

d  =  0.25A 


visible 

region 


Fig.  19.7.2  Zero  locations  and  visible  regions  of  8-element  uniform  array. 


The  two  most  important  features  of  the  uniform  array  are  its  3-dB  beamwidth  Aip^a^, 
or  A(/)3dB  in  angle-space,  and  its  sidelobe  level  R.  These  parameters  are  shown  in 
Fig.  19.7.3,  for  an  8-element  uniform  array  with  d  =  0.5A. 

For  N  larger  than  about  5-6,  the  sidelobe  level  becomes  independent  of  N  and  has 
the  limiting  value  of  =  13  dB.  Similarly,  the  beamwidth  in  (//-space— dehned  as  the 
full  width  of  the  mainlobe  at  the  half-power  level— takes  the  simple  form: 


Aip3dB  —  0.886 


277 

aT 


(3-dB  width  in  (//-space) 


(19.7.5) 


The  hrst  nulls  in  the  array  factor  about  the  mainlobe  are  at  ±(//i  =  ±2Tr/N,  and 
therefore,  2jtIN  represents  half  of  the  base  of  the  mainlobe. 

The  3-dB  width  in  angle  space  can  be  obtained  by  differentiating  the  equation 

(//  =  kdeosep,  that  is,  dip  =  (dip /d(p)d(p  =  i-kdsm(p)d(p.  Evaluating  the  derivative 
at  broadside  (cp  =  90°)  and  assuming  a  narrow  mainlobe,  we  have: 


dip 


Alp3dB  = 


A(p3dB  =  kd  A(/)3dB 
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Fig.  19.7.3  Mainlobe  width  and  sidelobe  level  of  uniform  array. 


Solving  for  we  obtain  Z\</>3dB  =  (kd)  =  0.886{2tt/N)  /  (Zud/A),  or 


2^<p3dB  =  0.886 


Nd 


(3-dB  width  at  broadside) 


(19.7.6) 


The  mainlobe  beamwidth  gets  narrower  with  increasing  N,  while  the  relative  sidelobe 
level  remains  the  same.  To  achieve  better  (lower)  sidelobe  levels,  one  must  use  non- 
uniform  weights  obtained  from  non-rectangular  windows. 

The  quantity  D  =  Nd  is  the  effective  aperture  of  the  array.  Thus,  we  recognize 
Eq.  (19.7.6)  as  the  classical  Rayleigh  limit  on  the  resolving  power  of  an  optical  system, 
which  states  that  the  angular  resolution  achieved  by  an  aperture  of  length  D  is  essentially 
A/D. 

The  beamwidth  expression  (19.7.5)  and  the  13-dB  sidelobe  level  can  be  justified  as 
follows.  The  peak  of  the  first  sidelobe  occurs  approximately  half-way  between  the  first 
two  nulls,  that  is,  at  (//  =  Zn/N.  More  precisely,  it  occurs  at  (//  =  2.8606tt/N.  Thus, 
the  sidelobe  level  in  dB  will  be: 


R  =  -201ogio 


Aiqj) 

AiO) 


(//=2.8606TT/iV 


-201ogio 


sin(1.4303Tr) 

N  sin(1.4303Tr/N) 


-201ogio 


sin(l. 430377) 
N{1.4303tt/N) 


-201ogio 


sin(l. 430377) 
1.430377 


13.26  dB 


where  we  used  the  small-x  approximation,  sinx  ^  x,  in  the  denominator,  which  is  justi¬ 
fied  whenN  is  large.  Setting  x  =  Nip  12,  the  sidelobe  peak  corresponds  to  the  secondary 
maximum  of  the  approximate  array  factor  sinx/x,  which  by  differentiation  leads  to  the 
equation  X  =  tanx,  having  solution  x  =  1.430377,  or  ip  =  2x/N  =  2.860677/N. 

The  3-dB  width  AipMB  is  twice  the  3-dB  or  half-power  frequency  ip3,  defined  to  be 
the  solution  of  the  equation: 


\Aiip3)\^ 


sm{Nip3/2) 
N  sin((//3/2) 


1 

2 


Because  ip3is  always  smaller  than  2tt IN,  it  will  be  small  for  large  N,  and  therefore, 
we  may  make  the  same  approximation  in  the  denominator  as  above,  giving  the  simplified 
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equation: 


siniNip3/2) 

2 

sinx3 

N1P3/2 

X3 

where  X3  =  N1P3/2.  The  quantity  X3  is  determined  to  be  the  constant  X3  =  0.44377. 
Thus,  ip3  =  2X3/N  =  0.443  (Zn/N),  and  Z\(//3dB  =  2(//3  =  0.886(277/N) . 


19.8  Array  Directivity 


The  value  of  kd  has  an  impact  also  on  the  directivity  of  an  array.  In  the  array  processing 
literature,  the  directivity  of  an  array  is  usually  defined  with  reference  to  a  z-directed 
array  consisting  of  isotropic  radiators.  The  wavenumber  is  ip  =  kd  cos  6  and  the  max¬ 
imum  of  the  array  factor  is  assumed  to  occur  at  broadside  6  =  90°,  or  ip  =  0.  This 
basically  means  that  the  array  factor  will  have  a  lowpass  shape  as  a  function  of  ip,  with 
a  maximum  value  at  dc  given  by 


|A(0)|  = 


N-l 


n=0 


It  follows  that  the  normalized  power  gain  of  the  array  will  be: 


gie)=c\A{e)\^ 


where  c  =  1/  |A  (0)  |^.  The  corresponding  beam  solid  angle  will  be: 


AO  =  277 


rTT  rlT 

g (6) sin  6  dO  =  Zn  \  c\A{6)\^  sin  6  dO 

Jo  Jo 


Changing  variables  of  integration  from  6  to  ip,  which  varies  over  the  visible  region 
(19.5.1),  we  obtain: 


4  ^  2tt 

=  n  \ 
kd  J-kd 


■  ?TTr 

c\A{ilJ)\^  dip  =  —  \  ^ 

J-kd  kd  J-kd  ^ 

Performing  the  integration,  we  get 


AO  =  477C  ^  UnCly 
n,m 


sin{kdin  -  m) ) 


kdin  -  m) 


Therefore,  the  directivity  of  the  array  becomes: 


D  = 


4tt  ^  _ „ _ 

AO  *  sin{kd{n  -  m)) 

kd{n-m) 


(19.8.1) 


In  the  particular  case  of  half -wavelength  spacing  d  =  A/ 2  or  kd  =  n,  the  sine  function 
acts  as  a  delta  function  5in  -  m),  and  the  sum  simplifies  into: 


D  = 


Zn:/\cin\^ 


(19.8.2) 
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The  maximum  of  this  quantity  is  reached  when  all  the  coefficients  are  equal  to  each 
other.  The  common  value  may  be  adjusted  so  that  their  sum  is  unity,  that  is: 

=  ^  ,  n  =  0,1, . . .  ,N  -  1 
The  maximized  value  of  D  becomes: 

Dmax  =  N  (19.8.3) 

Thus,  the  uniform  array  with  half-wavelength  spacing  achieves  maximum  directivity 
equal  to  the  number  of  array  elements.  This  result  is  analogous  to  hnding  the  optimum 
N-lap  lowpass  FIR  hlter  that  minimizes  the  noise  reduction  ratio,  that  is,  the  sum  of  the 
squares  of  its  coefficients. 

For  arbitrary  spacing  d,  it  is  shown  in  Problem  19.6  that  the  optimum  array  vec¬ 
tor  a  =  [ao,  Ui,...,  Un-i]^  that  maximizes  (19.8.1),  and  the  corresponding  maximum 
directivity,  are  given  by: 


a  =  A  ^U,  Dmax  = 


(19.8.4) 


where  u=  [1,1,...,!]^  is  a  vector  of  N  ones  and  A  is  the  so-called  prolate  matrix 
[1099]  with  matrix  elements: 


A 


nm 


sm(kd (n  -  m)) 
kd{n  -  m) 


0  <  n,m  <  N  -  1 


(19.8.5) 


The  coefficients  a  may  be  renormalized  such  that  their  sum  is  unity.  When  d  is  an 
integer  multiple  of  A  /2,  the  prolate  matrix  reduces  to  the  N xN  identity  matrix,  resulting 
into  (19.8.3). 


19.9  Array  Steering 

An  array  is  typically  designed  to  have  maximum  directive  gain  at  broadside,  that  is, 
at  0  =  90°  (for  an  array  along  the  x-axis.)  The  maximum  of  the  array  factor  Aiip) 
corresponds  to  (//  =  kd  cos  (p  =  0,  so  that  lAlmax  =  |7l(0)  |. 

We  wish  to  “electronically”  rotate,  or  steer,  the  array  pattern  towards  some  other 
direction,  say  (po,  without  physically  rotating  it.  The  corresponding  wavenumber  at  the 
desired  look-direction  will  be: 


Lpo  =  kd  cos  <po 


(steering  phase) 


(19.9.1) 


Such  steering  operation  can  be  achieved  by  wavenumber  translation  in  (//-space,  that 
is,  replacing  the  broadside  pattern  A  ((//)  by  the  translated  pattern  A  ((//  -  ipo).  Thus, 
we  dehne: 


A'((//)  =  A((//  -  Lpo) 


(steered  array  factor) 


(19.9.2) 


and  the  translated  wavenumber  variable. 


Lp'  =  Lp  -  Lpo  =  kd  (cos  p  -  cos  po) 


(steered  wavenumber) 


(19.9.3) 
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Then,  A'iip)=  A  (ip').  The  maximum  of  A' (ip)  will  coincide  with  the  maximum  of 
A  ((//'),  which  occurs  at  (//'  =  0,  or  equivalently  at  (//  =  po,  or  at  angle  p  =  po. 
Fig.  19.9.1  illustrates  this  wavenumber  translation  process  and  the  corresponding  ro¬ 
tation  of  the  angular  pattern,  for  an  11 -element  uniform  array  with  d  =  A/ 2,  steered 
from  broadside  to  po  =  60°.  The  MATLAB  code  for  the  last  two  graphs  was: 


d=0.5;  N=ll;  ph0=60; 
a  =  uniformed,  phO,  N) ; 

[g,  phi]  =  gainldCd,  a,  400); 
psi  =  2*pi*d*cos(phi) ; 
figure;  p1ot(psi/pi,  sqrt(g)); 
figure;  dbz(phi ,  g,  30,  20); 


%  steered  uniform  weights 
%  calculate  normalized  gain  g{4>) 
%  4>  to  ijj  transformation 
%  plot  in  ip  space 
%  azimuthal  gain  plot  in  dB 


gi<P) 


g(4>) 


Fig.  19.9.1  Array  steering  or  scanning  by  translation  in  wavenumber  space. 


It  follows  from  the  translation  theorem  of  Fourier  transforms  that  the  weight  coef- 
heients  of  the  translated  pattern  A'  (p)  will  be  given  by: 


so  that  we  have: 


(steered  array  weights) 


(19.9.4) 


A' ((/;)=  =  Aip) 

n  n  n 


Because  of  the  progressive  phase  factors  in  the  weights  aj,,  the  steered  or 

scanned  array  is  sometimes  called  a  phased  or  scanning  array. 

The  time-domain  version  of  array  steering  is  AM  modulation,  in  which  a  baseband 
signal  is  translated  up  in  frequency  by  modulating  with  it  a  sinusoidal  carrier,  much  like 
Eq.  (19.9.4).  Frequency  translation  is  also  used  in  DSP  for  mapping  a  lowpass  hlter  into 
a  bandpass  one  and  for  designing  hlter  banks.  We  will  use  it  in  Sec.  20.4  to  design  arrays 
with  angular  sector  patterns. 
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The  MATLAB  functions  stee  r .  m  and  scan .  m  of  Appendix  I  can  be  used  to  implement 
Eq.  (19.9.4).  Their  usage  for  even  or  odd  number  of  array  elements  is  discussed  in 
Sec.  20.1. 

Example  19.9.1:  In  Examples  19.3.1  and  19.3.2,  we  considered  the  three  cases  having  progres¬ 
sive  phases  ipo  =  0,  tt,  n/2.  These  may  or  may  not  correspond  to  a  physical  steering  angle 
00.  depending  on  whether  or  not  Lpo  lies  in  the  visible  region. 

In  the  case  00  =  nandd  =  0.25A,  wehave  0  =  O.Stt  cos  0,  and  therefore  it  is  not  possible 
to  find  a  solution  for  O.Sttcos  0o  =  0o  =  tt.  However,  the  array  factor  does  correspond 
to  a  pattern  rotated  towards  endfire.  This  can  be  seen  from  the  expression, 

|A(0)  I  =  |1  -  =  2  I  sin(0/2)  |  =  2  |  sin(0.25TTcos  0)  | 

which  is  maximum  towards  endfire  and  minimum  towards  broadside.  In  the  case  0o  = 
n/2  and  d  =  0.25A,  there  is  a  solution  to  O.5Trcos0o  =  0o  =  O.Stt,  that  is,  0o  =  0°, 
which  corresponds  to  the  maximum  of  the  steered  array. 

In  the  case  0o  =  tt  and  d  =  0.5A,  we  have  0  =  ttcos  0,  and  the  solution  to  the  equation 
TTCOS0O  =  TT  is  00  =  However,  because  the  phase  0o  =  tt  is  indistinguishable 
from  the  phase  0o  =  -tt  (both  lead  to  =  -1),  we  will  also  have  the  solution  to 

TT  cos  00  =  -TT,  which  is  00  =  180°. 

In  the  case  0o  =  n/2  and  d  =  0.5A,  the  solution  to  ttcos  0o  =  n/2  is  0o  =  60°,  which 
corresponds  to  the  maximum,  as  can  be  seen  in  Fig.  19.3.1. 

In  the  case  0o  =  ±tt  and  d  =  A,  we  have  0  =  2ttcos  0,  and  the  solutions  to  2ttcos  0o  = 
±TT  are  0o  =  60°  and  120°. 

Finally,  in  the  case  0o  =  n/2  and  d  =  A,  the  solution  to  2ttcos  0o  =  n/2  is  0°  =  75.5°. 
However,  there  is  another  grating  lobe  maximum  towards  0o  =  138.6°,  which  corresponds 
to  the  solution  of  2ttcos  0o  =  -3tt/2.  This  is  so  because  0o  =  n/2  and  0o  =  -3tt/2  are 
indistinguishable  phases,  both  leading  to  =  -j.  □ 


The  concepts  of  visible  region,  beamwidth,  and  the  condition  for  absence  of  grating 
lobes,  translate  with  minor  modihcations  to  the  case  of  a  steered  array.  As  the  angle  0 
varies  over  0®  <  0  <  180°,  the  translated  wavenumber  0'  of  Eq.  (19.9.3)  varies  over  the 
shifted  visible  region: 


-kd{l 


0' <  A:d(l  -  cos  0o)  (shifted  visible  region)  (19.9.5) 


where  its  total  width  is  again  2kd.  The  condition  for  absence  of  grating  lobes  is  obtained 
with  the  help  of  the  inequality: 


Ljj'l  <kd  \  cos  0  -  cos  00 1  <kd(  \  cos  0 1  +  |  cos  0o  I )  <  /^d  ( 1  +  I  cos  00 1 ) 


To  ensure  no  grating  lobes,  0'  must  remain  strictly  less  than  2tt,  which  results  in 
the  sufficient  condition:  kd(l  +  |  cos  0ol)  <  2tt,  or  replacing  kd  =  2nd/ 

(no  grating  lobes)  (19.9.6) 

At  broadside,  0o  =  90°,  this  reduces  to  the  earlier  condition  d  <  A.  At  endhre, 
00  =  0°  or  180°,  it  reduces  to  d  <  A/ 2. 
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19.10  Array  Beamwidth 

Because  the  steered  array  has  a  mainlobe  towards  the  direction  0o,  the  beamwidth  must 
be  calculated  by  linearizing  the  map  ip  =  kd  cos  0  about  0o,  that  is, 

Z\0  =  Z\0  =  I  - /i:dsin0ol  A0 

which  leads  to  the  3-dB  beamwidth  in  angle-space: 

2\03dB  ,  (3-dB  width  of  steered  array)  (19.10.1) 

kd  sin  00 

Eor  window-based  narrow-beam  design  methods,  the  beamwidth  A03dB  is  approxi¬ 
mately  equal  to  the  product  of  the  beamwidth  of  the  uniform  array,  Eq.  (19.7.5),  and  a 
so-called  broadening  factor  b,  whose  value  depends  on  the  choice  of  the  window.  Thus, 
we  have: 

(3-dB  width  in  0-space)  (19.10.2) 
Combining  Eqs.  (19.10.1)  and  (19.10.2)  and  replacing  kd  by  2nd/ we  get: 

b  ,  (3-dB  width  in  angle-space)  (19.10.3) 

sin  00  Nd 

The  3-dB  angles  will  be  approximately  0o  ±  A03dB/2.  Because  of  the  presence  of 
sin  00  in  the  denominator,  the  beamwidth  Z\03dB  will  broaden  as  the  array  is  steered 
from  broadside  to  endhre. 

Exactly  at  endhre,  0o  =  0°  or  180°,  Eq.  (19.10.3)  fails  and  the  beamwidth  must  be 
calculated  by  a  different  procedure.  At  0o  =  0°,  the  translated  wavenumber  0'  = 
0-00  becomes  ip'  =  kdicoscf  -  1).  Using  the  approximation  cosx  =  1  -  x^/2,  we 
may  relate  the  3-dB  angle  03  to  the  corresponding  3-dB  wavenumber  by: 

ip'-i  =  kd(cos(p3  -  ^)=  kd({l  -  (pl/2)-l)  =-tkd(Pl 

It  follows  that  the  3-dB  width  in  0-space  will  be  A03dB  =  2 1 03 1  =  kdcfl-  Solving  for 
03,  we  have  03  =  ^ApM^/kd.  Thus,  the  3-dB  width  in  angle  space  will  be  Z\03dB  =  203, 

^<p3dB  =  2^/ ,  (3-dB  width  at  endhre)  (19.10.4) 

V  kd 

The  same  expression  also  holds  for  endhre  towards  0o  =  180°.  Replacing  A03dB 
from  Eq.  (19.10.2),  we  hnd  the  width  in  angle  space: 


^<p3dB  =  2 


(3-dB  width  in  angle-space) 


(19.10.5) 
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To  summarize,  the  angular  3-dB  width  of  the  steered  array  can  be  computed  in  terms 
of  the  broadside  3-dB  width  in  wavenumber  space  by: 


f  1 

Ap3dB  =  - 

....  A(//3dB  , 

Kd  sm  po 

for  0°  <  00  <  180° 

r,  jApSdB 
[  kd  ^ 

for  00  =  0°,  180° 

(19.10.6) 


In  particular,  if  Eq.  (19.10.2)  is  used: 


Ap3dB  =  - 

0.886  A  ^ 
sin(/)o  Nd 

for  0°  <  00  <  180° 

2^0.886  A 

for  00  =  0°,  180° 

(19.10.7) 


In  degrees,  Eq.  (19.10.7)  reads  as: 


50.76°  A  , 

- h , 

sm<po  Nd 


107.86% 


for  0^  <  <po  <  180° 
for  </)o  =  0°,  180° 


(19.10.8) 


In  some  designs  such  as  binomial  arrays,  it  is  easier  to  determine  directly 

from  the  array  factor  A  ((//) .  In  other  designs,  it  is  more  convenient  to  estimate 
using  Eq.  (19.10.2). 

The  broadening  factor  b  depends  on  the  choice  of  the  window  and  its  sidelobe  level. 
The  larger  the  sidelobe  attenuation,  the  larger  the  broadening  factor.  Some  examples  of 
broadening  factors  for  different  windows  are  given  as  follows: 


Rectangular: 

Hamming: 

Taylor-Kaiser  [1090]: 


b  =  l,  (R  =  13  dB) 
b  =  2,  (R  =  40  dB) 
6(R  +  12) 


b  = 


155 


Dolph-Chebyshev  [1088]:  b  =  I  +  0.636  — 


1^^  cosh  &cosh?  (Ra)  -TT^^ 


where  R  and  Ra  represent  the  sidelobe  level  in  dB  and  absolute  units,  respectively, 

(sidelobe  level) 


R  =  201ogio(Rfl) 


Ra  =  10^ 


(19.10.9) 


Here,  R  and  Ra  represent  the  attenuation  of  the  sidelobe  and,  therefore,  R  >  0  and 
Ra  >  I-  The  corresponding  gain  of  the  sidelobe  relative  to  the  mainlobe  peak  will  be 
R~^  =  which  is  less  than  one. 

The  MATLAB  function  bwi  dth .  m  of  Appendix  I  implements  Eq.  (19.10.6).  Its  inputs 
are  the  quantities  d,  (po,  and  its  output  is  the  3-dB  width  in  degrees  Its 

usage  is: 

Dphi  =  bwi  dth  (d,  phiO,  Dpsi);  %  map  beamwidth  to  beamwidth 
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19.11  Problems 

19.1  Show  that  the  modified  Friis  formula  (19.3.7)  for  two  antennas  over  imperfect  ground  takes 
the  following  frequency-independent  form  in  the  limit  of  low  grazing  angles  and  hih2  ^  Ar: 


19.2  Consider  two  horizontal  dipoles  I  over  imperfect  ground,  oriented  along  the  x  and  y  direc¬ 
tions,  as  shown  below.  Show  that  the  effect  of  the  direct  and  ground-reflected  rays  can  be 
obtained  by  considering  an  image  dipole  pL 


By  considering  the  relative  directions  of  the  electric  field  along  the  direct  and  reflected  rays, 
show  that  the  resulting  in  array  factor  has  the  form: 

A(P)= 

with  p  =  Ptm  for  the  x-directed  case  and  p  =  Pte  for  the  y-directed  one,  where  Ptm,  Pte  are 
given  by  Eq.  (7.4.4)  with  n^  =  €r  -  J60crA. 

19.3  A  z-directed  half-wave  dipole  is  positioned  in  front  of  a  90°  corner  reflector  at  a  distance 
d  from  the  corner,  as  shown  below.  The  reflecting  conducting  sheets  can  be  removed  and 
replaced  by  three  image  dipoles  of  alternating  signs,  as  shown. 


a.  Thinking  of  the  equivalent  image  problem  as  an  array,  determine  an  analytical  expres¬ 
sion  for  the  array  factor  A{6,p)  as  a  function  of  the  polar  and  azimuthal  angles  6,  p. 

b.  For  the  values  d  =  0.5A,  d  =  \,  and  d  =  1.5A,  plot  the  azimuthal  pattern  A  (90°,  p) 
at  polar  angle  6  =  90°  and  for  -45°  <  p  <  45°. 

c.  For  the  cases  d  =  0.5A  and  d  =  1.5 A,  calculate  the  directivity  D  (in  dB  and  in  absolute 
units)  and  compare  it  with  the  directivity  of  a  single  half-wave  dipole  in  the  absence 
of  the  reflector. 

d.  Suppose  that  the  corner  reflector  is  flattened  into  a  conducting  sheet  lying  on  the  yz 
plane,  i.e.,  the  90°  angle  between  the  sheets  is  replaced  by  a  180°  angle.  Repeat  parts 
(a-c)  in  this  case. 


19.11.  Problems 
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19.4  Four  identical  isotropic  antennas  are  positioned  on  the  xy-plane  at  the  four  corners  of  a 
square  of  sides  a,  as  shown  below.  Determine  the  array  factor  A  (0)  of  this  arrangement  as 
a  function  of  the  azimuthal  angle  0.  (Assume  the  look  direction  is  on  the  xy-plane.) 


19.5  The  array  factor  of  a  two-element  array  is  given  by: 

g{cl))=  \ao  + aie^^l  =  - ^ - ,  lIj  =  — cos  cf) 

where  cf)  is  the  azimuthal  angle  (assume  6  =  90°)  and  ip,  the  digital  wavenumber.  The  array 
elements  are  along  the  x-axis  at  locations  Xq  =  0  and  Xi  =  d. 

a.  What  is  the  spacing  d  in  units  of  A?  Determine  the  values  of  the  array  weights,  a  = 
[ao,  fli] ,  assuming  that  ao  is  real-valued  and  positive. 

b.  Determine  the  visible  region  and  display  it  on  the  unit  circle.  Plot  \A{lJj)\'^  versus  ip 
over  the  visible  region.  Based  on  this  plot,  make  a  rough  sketch  of  the  radiation  pattern 
of  the  array  (i.e.,  the  polar  plot  of  gi<p)  versus  0  <  cp  <  2n). 

c.  Determine  the  exact  3-dB  width  of  this  array  in  angle  space. 


19.6  Defining  the  array  vector  a  and  the  prolate  matrix  A  via  Eqs.  (19.8.4)  and  (19.8.5),  show  that 
the  directivity  defined  in  Eq.  (19.8.1)  can  be  written  in  the  compact  form,  where  the  dagger 
t  indicates  the  conjugate  transposed  operation: 


D  = 


a+Aa 


(19.11.1) 


a.  Show  that  the  maximum  of  D  is  attained  for  a  =  A“^u  and  that  the  maximized  D  is 
f^max  =  u^A“^u.  Show  that  the  value  of  Dmax  is  not  affected  if  a  is  defined  with  an 
arbitrary  normalization  factor  p,  that  is,  a  =  juA“^u. 

b.  Show  that  an  equivalent  problem  is  the  minimization  problem: 

a^Aa  =  min,  subject  to  u^a  =  1 


c. 


Show  that  (19.11.1)  is  a  special  case  of  the  more  general  problem  of  the  maximization 
of  the  Rayleigh  quotient: 


D  = 


a^Qa 
af  Aa 


max 


where  A,Q  are  positive-definite  Hermitian  matrices.  Show  that  the  solution  of  this 
problem  is  the  eigenvector  corresponding  to  the  maximum  eigenvalue  A  =  Amax  of  the 
generalized  eigenvalue  problem  Qa  =  AAa.  Explain  how  this  formulation  leads  to  the 
same  solution  in  the  case  of  (19.11.1). 


d. 


Show  that  the  directivity  (19.11.1)  of  a  uniform  array  (a  =  u)  is  given  by  the  two  equiv¬ 
alent  forms: 


-Dunif  = 


lu^up 

ulAu 


N  +  2  X  (^-  1^1) 


sinikdn) 

kdn 
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19.7  Computer  Experiment— Optimum  Directivity.  Using  the  matrix  formulation  of  the  previous 
problem,  calculate  the  optimum  directivity  for  an  N-element  array  over  the  range  of  spacing 
values:  0.1  <  d/\  <  2  and  plot  it  versus  d.  Carry  this  out  for  the  values  N  =  S,  10, 15  and 
place  the  results  on  the  same  graph. 

The  directivity  D  of  (19.11.1)  can  be  evaluated  for  any  given  vector  of  array  weights.  Evaluate 
it  for  the  uniform  array  a  =  u  and  plot  the  results  on  the  same  graph  as  above.  You  should 
observe  that  directivity  of  the  uniform  array  comes  close  to  that  of  the  optimum  one  for 
most  (but  not  all)  of  the  spacings  d. 

For  each  d  and  for  the  case  N  =  15,  calculate  the  directivities  of  the  array  weights  a  designed 
with  the  MATLAB  function  taylorlp  of  the  next  chapter,  with  sidelobe  attenuations  of  R  = 
20  i?  =  30  dB,  and  place  them  on  the  same  graph. 
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20.1  Array  Design  Methods 

As  we  mentioned  in  Sec.  19.4,  the  array  design  problem  is  essentially  equivalent  to  the 
problem  of  designing  FIR  digital  biters  in  DSP.  Following  this  equivalence,  we  discuss 
several  array  design  methods,  such  as: 

1.  Schelkunoff  s  zero  placement  method 

2.  Fourier  series  method  with  windowing 

3.  Woodward-Lawson  frequency-sampling  design 

4.  Narrow-beam  low-sidelobe  design  methods 

5.  Multi-beam  array  design 

Next,  we  establish  some  common  notation.  One-dimensional  equally-spaced  arrays 
are  usually  considered  symmetrically  with  respect  to  the  origin  of  the  array  axis.  This 
requires  a  slight  redebnition  of  the  array  factor  in  the  case  of  even  number  of  array 
elements.  Consider  an  array  of  N  elements  at  locations  Xm  along  the  x-axis  with  element 
spacing  d.  The  array  factor  will  be: 

m  m 

where  kx  =  kcos<p  (for  polar  angle  6  =  n/2.)  If  N  is  odd,  say  N  =  2M  -r  1,  we  can 
debne  the  element  locations  Xm  symmetrically  as: 

Xm  =  ynd,  m  =  0,  ±1,  ±2, . . . ,  ±M 

This  was  the  debnition  we  used  in  Sec.  19.4.  The  array  factor  can  be  written  then  as 
a  discrete-space  Fourier  transform  or  as  a  spatial  z-transform: 


M 

M 

Am 

=  Y 

=  ao+Y  + 

m  =  -M 

m=l 

M 

M 

A(z) 

=  Y  ^mZ’^  = 

flo  +  X  [amZ™  + 

m  =  -M 

m=l 

(20.1.1) 
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where  ip  =  kxd  =  kd  cos  <p  and  z  =  On  the  other  hand,  if  N  is  even,  say  N  =  2M, 
in  order  to  have  symmetry  with  respect  to  the  origin,  we  must  place  the  elements  at  the 
half -integer  locations: 

x±m  =  ±{ynd  -  ^)  =  ±{m  -  ^)d,  m  =  l,2,...,M 
The  array  factor  will  be  now: 


(20.1.2) 


In  particular,  if  the  array  weights  am  are  symmetric  with  respect  to  the  origin,  am  = 
a-m,  as  they  are  in  most  design  methods,  then  the  array  factor  can  be  simplihed  into 
the  cosine  forms: 

M 

A((//)=  rzo  +  2  ^  rzm  cos(m(//),  (N  =  2M  +  1) 

(20.1.3) 

M 

A ((//)=  2  ^  rzm  COS ((m  -  1/2) (//)),  (N  =  2M) 

m=l 

In  both  the  odd  and  even  cases,  Eqs.  (20.1.1)  and  (20.1.2)  can  be  expressed  as  the 
left-shifted  version  of  a  right-sided  z-transform: 

(20.1.4) 

where  a  =  [do,  di, . . . ,  djv-i]  is  the  vector  of  array  weights  reindexed  to  be  right-sided. 
In  terms  of  the  original  symmetric  weights,  we  have: 


[do,  di, . 

■  ■ ,  div-i]  =  [a-M,  ■  ■ 

,  .  ,  O-i,  Oq,  Oi,  .  .  .  ,  Om]  , 

iN  = 

2M-r  1 

[do,  di, . 

■  ■ ,  div-i]  =  [a-M,  ■  ■ 

, . ,  a-i,ai, ...,  Om]  , 

iN  = 

2M) 

(20.1.5) 


In  time-domain  DSP,  a  factor  of  z  represents  a  time-advance  or  left  shift.  But  in  the 
spatial  domain,  a  left  shift  is  represented  by  z'^  because  of  the  opposite  sign  convention 
in  the  dehnition  of  the  z-transform.  Thus,  the  factor  represents  a  left  shift  by 

a  distance  (iV  -  l)d/2,  which  places  the  middle  of  the  right-sided  array  at  the  origin. 
For  instance,  see  Examples  19.3.1  and  19.3.2. 

The  corresponding  array  factors  in  (p -space  are  related  in  a  similar  fashion.  Setting 
z  =  we  have: 


(20.1.6) 
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Working  with  A  (ip)  is  more  convenient  for  programming  purposes,  as  it  can  be 
computed  by  an  ordinary  DTFT  routine,  such  as  that  in  Ref.  [48],  A  ((//)  =  dtft(a,  -ip). 
The  phase  factor  (toes  not  affect  the  power  gain  of  the  array;  indeed,  we 

have  |A((//)|2  =  |A((p)|2  =  |dtft(a, -(//)  |^. 

Some  differences  arise  also  for  steered  array  factors.  Given  a  steering  phase  ipo  = 
kd  cos  (po,  we  dehne  the  steered  array  factor  as  A'  ((p)  =  A  ((p  -  Lpo).  Then,  we  have: 

A'((p)=  A{ip  -  ipo)= 

It  follows  that  the  steered  version  of  A  (ip)  will  be: 


A' ((p)  =  ^^^^Aiip-ipo) 


(20.1.7) 


which  implies  for  the  weights: 


/2) 


n  =  0, 1, . . .  ,iV  -  1 


(20.1.8) 


This  simply  means  that  the  progressive  phase  is  measured  with  respect  to  the  middle 
of  the  array.  Again,  the  common  phase  factor  eJ^oiN-i)/2  usually  unimportant.  One 
case  where  it  is  important  is  the  case  of  multiple  beams  steered  towards  different  angles; 
these  are  discussed  in  Sec.  20.14.  In  the  symmetric  notation,  the  steered  weights  are  as 
follows: 


Uyy,  —  Um^ 


m  =  0,  ±1,  ±2, . . . ,  ±M,  (N  =  2M  -\-  1) 


^±m  ~ ^±m 


m  =  l,2,...,M,  {N  =  2M) 


(20.1.9) 


The  MATLAB  functions  scan  and  steer  perform  the  desired  progressive  phasing  of 
the  weights  according  to  Eq.  (20.1.8).  Their  usage  is  as  follows: 


ascan  =  scan (a,  psiO); 
asteer  =  steer(d,  a,  phO) ; 


%  scan  array  with  given  scanning  phase  ipo 
%  steer  array  towards  given  angle 


Example  20.1.1:  For  the  cases  N  =  7  and  A  =  6,  we  have  M  =  3.  The  symmetric  and  right¬ 
sided  array  weights  will  be  related  as  follows: 

a=  [uq,  O-i,  0-2,  0-4,  Us,  Uq]  =  [U-^,  0-2,  U-i,  Uq,  Ui,  02,  aA 

a=  [oq,  d-i,  0-2,  d'^,  0-4,  d-A  =  [a-^,a-2,a-i,ai,a2,aA 

For  A  =  7  we  have  (A  -  l)/2  =  3,  and  for  A  =  6,  (A  -  l)/2  =  5/2.  Thus,  the  array 
locations  along  the  x-axis  will  be: 

Xm  =  {-3d,  -2d,  -d,  0,  d,  2d,  3d} 

r5  3  113  5. 

Xm  —  |— 2^’  ~  2^'  ~  2^'  2^'  2^’  2^ 


Eq.  (20.1.4)  reads  as  follows  in  the  two  cases: 

A(z)  =  a-3Z~^  +  a-2Z~^  +  a-iz~^  +  rio  +  ciiz  +  a2Z^  +  a^z^ 

=  z~^  [a-3  +  a-2Z  +  a-iz^  +  oqz^  +  rziz^  +  a2Z^  +  rzsz®]  =  z“^A  (z) 
A(z)  =  a-'iZ~^'^  +  a-2Z~^''^  +  +  rziz^^^  +  a2Z^'^  +  rzsz^^^ 

=  z“^^^  [a-3  +  a-2Z  +  a-iz^  +  rziz^  +  a2z'^  +  rzsz^]  =  z~'^'^A{z) 
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If  the  arrays  are  steered,  the  weights  pick  up  the  progressive  phases: 
a-ie^^^,  ao, 

=  a-2e~^^^, 

=  ^“'^'^0/2 a_2e~^^^,  a-ie~^j^^,  aie~^j^^,  ^26“'^^'^°,  a3e~‘^^^^] 


where  ipo  =  kd  cos  0o  is  the  steering  phase.  □ 

Example  20.1.2:  The  uniform  array  of  Sec.  19.7,  was  defined  as  a  right-sided  array.  In  the 
present  notation,  the  weights  and  array  factor  are: 

1  ~  1  -  1 

a=  [do,di,...,dN-i]=  — [1,1,...,1],  A(z)=  — - - 

N  N  z  -  1 

Using  Eq.  (20.1.4),  the  corresponding  symmetric  array  factor  will  be: 


A(z)=  z  ^^^^A(z)  = 


^-{JV-l)/2 


1  z^  -  1 
N  z  -  1 


1  z^/^  -  z-^/^ 
N  zi/2  -  z“i/2 


Setting  z  =  we  obtain 


A((/y)  = 


which  also  follows  from  Eqs.  (19.7.3)  and  (20.1.6). 


(20.1.10) 

□ 


20.2  Schelkunoffs  Zero  Placement  Method 

The  array  factor  of  an  AT-element  array  is  a  polynomial  of  degree  N  -  1  and  therefore  it 
has  N  -  1  zeros: 


N-l 

Aiz)=  ^  a„z"  =  (z-Zi)(z-Z2)- •  •  (z-ZN-i)flN-i  (20.2.1) 

n=0 

By  proper  placement  of  the  zeros  on  the  z-plane,  a  desired  array  factor  can  be  de¬ 
signed.  Schelkunoffs  paper  of  more  than  45  years  ago  [1067]  discusses  this  and  the 
Fourier  series  methods. 

As  an  example  consider  the  uniform  array  that  has  zeros  equally  spaced  around 
the  unit  circle  at  the  AT-th  roots  of  unity,  that  is,  at  z,-  =  where  (//,■  =  Zni/N, 
i  =  1,2, . . .  ,N  -  1.  The  index  /  =  0  is  excluded  as  z  =  1  or  (//  =  0  corresponds  to  the 
mainlobe  peak  of  the  array.  Depending  on  the  element  spacing  d,  it  is  possible  that  not 
all  of  these  zeros  lie  within  the  visible  region  and,  therefore,  they  may  not  correspond  to 
actual  nulls  in  the  angular  pattern.  This  happens  when  <  A/2  for  a  broadside  array, 
which  has  a  visible  region  that  covers  less  than  the  full  unit  circle,  (//vis  =  2A:^^  <  Zn. 


20.2.  Schelkunoffs  Zero  Placement  Method 
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Uniform  Schelkunoff  d  =  A/4  Schelkunoff  d  =  A/8 


Fig.  20.2.1  Endfire  array  zeros  and  visible  regions  for  N  =  6,  and  d  =  A/4  and  d  =  A/8. 


Schelkunoff’s  design  idea  was  to  place  all  A/  -  1  zeros  of  the  array  within  the  visible 
region,  for  example,  by  equally  spacing  them  within  it.  Fig.  20.2.1  shows  the  visible 
regions  and  array  zeros  for  a  six-element  endfire  array  with  element  spacings  d  =  A/4 
and  d  =  A/8. 

The  visible  region  is  determined  by  Eq.  (19.9.5).  For  an  endfire  i<po  =  0)  array  with 
d  =  A/4  or  kd  =  ttI2,  the  steered  wavenumber  will  be  (//'  =  kdicoscf  -  cos<po)  = 
(cose/)  -  l)Tr/2  and  the  corresponding  visible  region,  -tt  <(//'<  0.  Similarly,  when 
d  =  A/ S  or  kd  =  Tr/4,  wehave  (//'  =  (cos  </)-l)Tr/ 4  and  visible  region,  -Tr/2  <(//'<  0. 

The  uniform  array  has  five  zeros.  When  d  =  A  /4,  only  three  of  them  lie  in  the  visible 
region,  and  when  d  =  A/8  only  one  of  them  does.  By  contrast  Schelkunoff’s  design 
method  places  all  five  zeros  within  the  visible  regions. 

Fig.  20.2.2  shows  the  gains  of  the  two  cases  and  compares  them  to  the  gains  of  the 
corresponding  uniform  array.  The  presence  of  more  zeros  in  the  visible  regions  results 
in  a  narrower  mainlobe  and  smaller  sidelobes. 

The  angular  nulls  corresponding  to  the  zeros  that  lie  in  the  visible  region  may  be 
observed  in  these  graphs  for  both  the  uniform  and  Schelkunoff  designs. 

Because  the  visible  region  is  in  both  cases  -2kd  <  ip'  <  0,  the  five  zeros  are  chosen 
as  z/  =  ej^\  where  (//,■  =  -2kdi/S,  i  =  1,  2, . . . ,  5.  The  array  weights  can  be  obtained 
by  expanding  the  zero  factors  of  Eq.  (20.2.1).  The  following  MATLAB  statements  will 
perform  and  plot  the  design: 

d=l/4;  kd=2*pi*d; 
i  =  1:5; 

psi  =  -2*kd*i/5; 
zi  =  exp(j*psi); 
a  =  flipl r(poly(zi)) ; 
a  =  steerCd,  a,  0) ; 

[g,  ph]  =  arrayCd,  a,  400); 
dbz(ph,  g,  45,  40); 

The  function  pol  y  computes  the  expansion  coefficients.  But  because  it  lists  them 
from  the  higher  coefficient  to  the  lowest  one,  that  is,  from  to  z®,  it  is  necessary  to 
reverse  the  vector  by  f  1  i  p1  r.  When  the  weight  vector  is  symmetric  with  respect  to  its 
middle,  such  reversal  is  not  necessary. 
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Uniform,  d  =  X/4 

90° 


Fig.  20.2.2  Gain  of  six-element  endfire  array  with  d  =  A/4  and  d  =  A/ 8. 


20.3  Fourier  Series  Method  with  Windowing 

The  Fourier  series  design  method  is  identical  to  the  same  method  in  DSP  for  designing 
FIR  digital  filters  [47,48].  The  method  is  based  on  the  inverse  discrete-space  Fourier 
transforms  of  the  array  factor. 

Eqs.  (20.1.1)  and  (20.1.2)  may  be  thought  of  as  the  truncated  or  windowed  versions 
of  the  corresponding  infinite  Fourier  series.  Assuming  an  infinite  and  convergent  series, 
we  have  for  the  “odd”  case: 

(20.3.1) 

Then,  the  corresponding  inverse  transform  will  be: 

m  =  0,±1,±2,...  (20.3.2) 


20.4.  Sector  Beam  Array  Design 
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Similarly,  in  the  “even”  case  we  have: 

(20.3.3) 

with  inverse  transform: 

m  =  1,2,...  (20.3.4) 

In  general,  a  desired  array  factor  requires  an  infinite  number  of  coefficients  to  be 
represented  exactly.  Keeping  only  a  finite  number  of  coefficients  in  the  Fourier  series 
introduces  unwanted  ripples  in  the  desired  response,  known  as  the  Gibbs  phenomenon 
[47,48].  Such  ripples  can  be  minimized  using  an  appropriate  window,  but  at  the  expense 
of  wider  transition  regions. 

The  Fourier  series  method  maybe  summarized  as  follows.  Given  a  desired  response, 
say  Arf  ((p) ,  pick  an  odd  or  even  window  length,  for  example  N  =  2M  +  1,  and  calculate 
the  N  ideal  weights  by  evaluating  the  inverse  transform: 

ad{m)=  —  {  dip  ,  m  =  0,  ±1, . . . ,  ±M  (20.3.5) 

2tt  J-tt 

then,  the  final  weights  are  obtained  by  windowing  with  a  length- A/  window  w(m) : 

aim)=  wim)adim) ,  m  =  0,  ±1, . . . ,  ±M  (20.3.6) 

This  method  is  convenient  only  when  the  required  integral  (20.3.5)  can  be  done  ex¬ 
actly,  as  when  Ad  (ip)  has  a  simple  shape  such  as  an  ideal  lowpass  filter.  For  arbitrarily 
shaped  Adifp)  one  must  evaluate  the  integrals  approximately  using  an  inverse  DFT 
as  is  done  in  the  Woodward-  Lawson  frequency-sampling  design  method  discussed  in 
Sec.  20.5. 

In  addition,  the  method  requires  that  ((p)  be  specified  over  one  complete  Nyquist 
interval,  -n  <  Lp  <  n,  regardless  of  whether  the  visible  region  Lp^is  =  is  more  or 
less  than  one  Nyquist  period. 

20.4  Sector  Beam  Array  Design 

As  an  example  of  the  Fourier  series  method,  we  discuss  the  design  of  an  array  with 
angular  pattern  confined  into  a  desired  angular  sector. 

First,  we  consider  the  design  in  (//-space  of  an  ideal  bandpass  array  factor  centered 
at  wavenumber  ipo  with  bandwidth  of  2(//^.  We  will  see  later  how  to  map  these  spec¬ 
ifications  into  an  actual  angular  sector.  The  ideal  bandpass  response  is  defined  over 
-TT  <  Lp  <  TT  as  follows: 


Abp  ((//) 


1,  Lpo  -  Lpt  <  Lp  <  Lpo  +  Lpt 
0,  Otherwise 
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For  the  odd  case,  the  corresponding  ideal  weights  are  obtained  from  Eq.  (20.3.2); 

1  rTT  -1  rtpo  +  ipb 

aB?{tn)=  —  \  dtp  =  —  \  1  •  e"-'™''' di/y 

27T  J-tt  27T 

which  gives: 

flBp(m)=  sin((/ybm)  ^  m  =  0,  ±1,  ±2, . . .  (20.4.1) 

nm 

This  problem  is  equivalent  to  designing  an  ideal  lowpass  response  with  cutoff  fre¬ 
quency  ipt  and  then  translating  it  by  Arp  ((//)=  Alp  ((//')=  -  ipo),  where  (//'  = 

Ljj  -  Lpo.  The  lowpass  response  is  dehned  as: 

,  f  1,  —ipb  ^ 

otherwise 

and  its  ideal  weights  are: 

1  fTT  ^  -1  riJJb 

au>{m)=  —  Alp ((//') dip'  =  — 

27T  J-7T  27T 

Thus,  as  expected,  the  ideal  weights  for  the  bandpass  and  lowpass  designs  are  related 
by  a  scanning  phase:  ^bp  (m)  =  (m) . 

A  more  realistic  design  of  the  bandpass  response  is  to  prescribe  “brickwall”  specih- 
cations,  that  is,  dehning  a  passband  range  over  which  the  response  is  essentially  flat  and 
a  stopband  range  over  which  the  response  is  essentially  zero.  These  ranges  are  dehned 
by  the  bandedge  frequencies  Lpp  and  Lps,  such  that  the  passband  is  lip  -  Lpol  <  Lpp  and 
the  stopband  \Lp  -  Lpo\  >  ips-  The  specihcations  of  the  equivalent  lowpass  response  are 
shown  in  Fig.  20.4.1. 


<  Lpb 


1  ■  dip'  = 


siniipbm) 


Fig.  20.4.1  Specifications  of  equivalent  lowpass  response. 

Over  the  stopband,  the  attenuation  is  required  to  be  greater  than  a  minimum  value, 
say  A  dB.  The  attenuation  over  the  passband  need  not  be  specihed,  because  the  window 
method  always  results  in  extremely  hat  passbands  for  reasonable  values  of  A,  e.g.,  for 
A  >  35  dB.  Indeed,  the  maximum  passband  attenuation  is  related  to  A  by  the  approxi¬ 
mate  formula  Apass  =  17.4(5  dB,  where  5  =  (see  Ref.  [48].) 

Most  windows  do  not  allow  a  user-dehned  choice  for  the  stopband  attenuation.  For 
example,  the  Hamming  window  has  A  =  54  dB  and  the  rectangular  window  A  =  21  dB. 


20.4.  Sector  Beam  Array  Design 
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The  Kaiser  window  is  the  best  and  simplest  of  a  small  class  of  windows  that  allow  a 
variable  choice  for  A. 

Thus,  the  design  specihcations  are  the  quantities  {ipp,ips,A}.  Alternatively,  we  can 
take  them  to  be  {ipp,Aip,A},  where  Aip  =  ips  -  ipp  is  the  transition  width.  We  prefer 
the  latter  choice.  The  design  steps  for  the  bandpass  response  using  the  Kaiser  window 
are  summarized  below: 


1.  From  the  stopband  attenuation  A,  calculate  the  so-called  D-factor  of  the  window 
(similar  to  the  broadening  factor): 


D  = 


A  -  7.95 
14.36 
0.922, 


if  A  >  21 
if  A  <  21 


(20.4.2) 


and  the  window’s  shape  parameter  a: 


a  = 


0.1102  (A  -  8.7),  if  A  >  50 

0.5842(A  -  21)0-4 -r0.07886(A  -  21),  21<A<50 


0, 


if  A  <  21 


(20.4.3) 


2.  From  the  transition  width  A(//,  calculate  the  length  of  the  window  by  choosing  the 
smallest  odd  integer  N  =  2M  +  1  that  satishes: 


Alp 


2ttD 


N-1 


(20.4.4) 


Alternatively,  if  N  is  given,  calculate  the  transition  width  Aip. 
3.  Calculate  the  samples  of  the  Kaiser  window: 


w(m)  = 


Io{a^/l  -  m^lM'^) 


m  =  0,  ±1, . . . ,  ±M 


(20.4.5) 


loia) 

where  Iq  (x)  is  the  modihed  Bessel  function  of  hrst  kind  and  zeroth  order. 

4.  Calculate  the  ideal  cutoff  frequency  ipb^Y  taking  it  to  be  at  the  middle  between 
the  passband  and  stopband  frequencies; 


1  /  X  1  . 

^^b  =  ^  +  ^s)  =^Jp  +  ^Aip 


(20.4.6) 


5.  Calculate  the  hnal  windowed  array  weights  from  a{m)=  w  (m)  rzBP  (m): 

a{m)=  w(m)e~-^^^Q  sin((//j?m)  ^  m  =  0,  ±1, . . . ,  ±M  (20.4.7) 
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Next,  we  use  the  above  bandpass  design  in  (//-space  to  design  an  array  with  an  angular 
sector  response  in  (//-space.  The  ideal  array  will  have  a  pattern  that  is  uniformly  flat  over 
an  angular  sector  [(pi,  <t> 2]- 


1,  (pi  <  <p  <  (p2 
0,  otherwise 


Alternatively,  we  can  dehne  the  sector  by  means  of  its  center  angle  and  its  width. 
Pc  =  ipi  +  </>2)  /2  and  pb  =  p2  -  Pi-  Thus,  we  have  the  equivalent  dehnitions  of  the 
angular  sector: 

Pc  =  -  iPi  +  P2)  Pi  =  Pc  -  -pb 

^  ^  (20.4.8) 

Pb  =  p2  -  Pi  p2  =  Pc  +  -pb 

For  a  practical  design,  we  may  take  [pi,p2]  to  represent  the  passband  of  the  re¬ 
sponse  and  assume  an  angular  stopband  with  attenuation  of  at  least  A  dB  that  begins 
after  a  small  angular  transition  width  Ap  on  either  side  of  the  passband. 

In  hlter  design,  the  stopband  attenuation  and  the  transition  width  are  used  to  deter¬ 
mine  the  window  length  N.  But  in  the  array  problem,  because  we  are  usually  limited  in 
the  number  N  of  available  array  elements,  we  must  assume  that  N  is  given  and  deter¬ 
mine  the  transition  width  Ap  from  A  and  N. 

Thus,  our  design  specihcations  are  the  quantities  {pi,p2,N,A},  or  alternatively, 
{pc,  pb,N,A}.  These  specihcations  must  be  mapped  into  equivalent  ones  in  (//-space 
using  the  steered  wavenumber  Lp'  =  kd (cos  p  -  cos  po). 

We  require  that  the  angular  passband  [pi,  P2]  be  mapped  onto  the  lowpass  pass- 
band  [-fpp,fpp]  in  (//'-space.  Thus,  we  have  the  conditions: 


Lpp  =  kd  cos  pi  -  Lpo 
-ipp  =  kd  cos  p2  -  Po 


They  may  be  solved  for  pp  and  po  as  follows: 

pp  =  ^kdicos  pi  -  cos  P2) 

Po  =  ^kdicos  pi  +  cos  P2) 

Using  Eq.  (20.4.8)  and  some  trigonometry,  we  have  equivalently: 


Setting  Po  =  kd  cos  po,  we  hnd  the  effective  steering  angle  po'- 

cospo  =  cos  ip  c)  cos  {^)  ^  po  =  ^iCos  {cos  ip  c)  cos  ipb/ 2)) 


(20.4.9) 


(20.4.10) 


(20.4.11) 


20.5.  Woodward-Lawson  Frequency-Sampling  Design 
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Note  that  po  is  not  equal  to  pc,  except  for  very  narrow  widths  pb- 

The  design  procedure  is  then  completed  as  follows.  Given  the  attenuation  A,  we 
calculate  the  window  parameters  D,  a  from  Eqs.  (20.4.2)  and  (20.4.3).  Since  N  is  given, 
we  calculate  the  transition  width  Ap  directly  from  Eq.  (20.4.4).  Then,  the  ideal  lowpass 
frequency  pb  is  calculated  from  Eq.  (20.4.6),  that  is, 

ipb  =  fpr)+  =  kdsm{4>c)sm{^)  +  (20.4.12) 

Finally,  the  array  weights  are  obtained  from  Eq.  (20.4.7).  The  transition  width  Ap 
can  be  approximated  by  linearizing  p  =  kd  cos  p  around  pi,  or  around  p2,  or  around 
pc-  We  prefer  the  latter  choice,  giving: 


kd  sin  pc  kdiN -1)  sin  pc 


(20.4.13) 


The  design  method  can  be  extended  to  the  case  of  even  iV  =  2M.  The  integral  (20.3.4) 
can  still  be  done  exactly.  The  Kaiser  window  expression  (20.4.5)  remains  the  same  for 
m  =  ±1,  ±2, . . . ,  ±M.  We  note  the  symmetry  w(-m)  =  w(m).  After  windowing  and 
scanning  with  po,  we  get  the  hnal  designed  weights: 


(20.4.14) 


The  MATLAB  function  sector  implements  the  above  design  steps  for  either  even  or 
odd  N.  Its  usage  is  as  follows: 


[a,  dph]  =  sectored,  phi,  ph2,  N,  A);  %  A=stopband  attenuation  in  dB 


Fig.  20.4.2  shows  four  design  examples  having  sector  [pi,p2]=  [45°,  75° ],  or  cen¬ 
ter  Pc  =  60°  and  width  pb  =  30°.  The  number  of  array  elements  was  iV  =  21  and 
N  =  41,  with  half -wavelength  spacing  d  =  A/2.  The  stopband  attenuations  were  A  =  20 
and  A  =  40  dB.  The  two  cases  with  A  =  20  dB  are  equivalent  to  using  the  rectangular 
window.  They  have  visible  Gibbs  ripples  in  their  passband.  Some  typical  MATLAB  code 
for  generating  these  graphs  is  as  follows: 


d=0.5;  phl=45;  ph2=75;  N=21;  A=20; 

[a,  dph]  =  sectored,  phi,  ph2,  N,  A); 
[g,  ph]  =  arrayCd,  a,  400); 
dbz(ph,g,  30,  80); 

addrayCphl,  ’  —  ’);  addray(ph2,  ’  —  ’); 


The  basic  design  tradeoff  is  between  N  and  A  and  is  captured  by  Eq.  (20.4.4).  Because 
D  is  linearly  increasing  with  A,  the  transition  width  will  increase  with  A  and  decrease 
with  N.  As  A  increases,  the  passband  exhibits  no  Gibbs  ripples  but  at  the  expense  of 
larger  transition  width. 


20.5  Woodward-Lawson  Frequency-Sampling  Design 

As  we  mentioned  earlier,  the  Fourier  series  method  is  feasible  only  when  the  inverse 
transform  integrals  (20.3.2)  and  (20.3.4)  can  be  done  exactly.  If  not,  we  may  use  the 
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frequency-sampling  design  method  of  DSP  [47,48].  In  the  array  context,  the  method  is 
referred  to  as  the  Woodward-Law  son  method. 

For  an  N-element  array,  the  method  is  based  on  performing  an  inverse  iV-point  DFT. 
It  assumes  that  N  samples  of  the  desired  array  factor  A  ((//)  are  available,  that  is,  A  ((p,  ) , 
z  =  0, 1, . . .  ,N  -  1,  where  (//,  are  the  N  DFT  frequencies: 

z  =  0, 1, . . .  -  1,  (DFT  frequencies)  (20.5.1) 

The  frequency  samples  A((p/)  are  related  to  the  array  weights  via  the  forward  N- 
point  DFT’s  obtained  by  evaluating  Eqs.  (20.1.1)  and  (20.1.2)  at  the  N  DFT  frequencies: 


M 

Aiipi)  =  rzo  +  X  ,  (N  =  2M  +  1) 

m=l 
M 

m=l 


(20.5.2) 


{N  =  2M) 


20.5.  Woodward-Lawson  Frequency-Sampling  Design 
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where  (p,  are  given  by  Eq.  (20.5.1).  The  corresponding  inverse  N-point  DFT’s  are  as 
follows.  For  odd  N  =  2M  +  1, 

m  =  0,  ±1,±2,...,±M  (20.5.3) 

and  for  even  N  =  2M, 

m  =  1,2,...,M  (20.5.4) 

There  is  an  alternative  dehnition  of  the  N  DFT  frequencies  (p,  for  which  the  forms  of 
the  forward  and  inverse  DFT’s,  Eqs.  (20.5. 2)-(20. 5.4),  remain  the  same.  For  either  even 
or  odd  N,  we  dehne: 

(alternative  DFT  frequencies)  (20.5.5) 

where  z  =  0, 1, . . .  ,iV  -  1  and  K  =  {N  -  1)  12. 

This  dehnition  makes  a  difference  only  for  even  iV,  in  which  case  the  index  i-K  takes 
on  all  the  half-integer  values  in  the  symmetric  interval  [-K,  K] .  For  odd  N,  Eq.  (20.5.5) 
amounts  to  a  re-indexing  of  Eq.  (20.5.1),  with  i-K  taking  values  now  over  the  symmetric 
integer  interval  [  -K,  K] . 

For  both  the  standard  and  the  alternative  sets,  the  N  complex  numbers  z,  =  are 
equally  spaced  around  the  unit  circle.  For  odd  N,  they  are  the  N-th  roots  of  unity,  that 
is,  the  solutions  of  the  equation  =  1.  For  the  alternative  set  with  even  N,  they  are 
the  N  solutions  of  the  equation  =  -1. 

The  alternative  set  is  usually  preferred  in  array  processing.  In  DSP,  it  leads  to  the 
discrete  cosine  transform.  The  MATLAB  function  woodward  implements  the  inverse  DFT 
operations  (20.5.3)  and  (20.5.4),  for  either  the  standard  or  the  alternative  dehnition  of 
(p/.  Its  usage  is  as  follows: 

a  =  woodward  (A ,  al  t)  ;  %  alt=0,l  for  standard  or  alternative 

The  frequency-sampling  array  design  method  is  summarized  as  follows:  Given  a  set 
of  N  frequency  response  values  A  ((//,  ),  z  =  0, 1, . . . ,  AT  - 1,  calculate  the  N  array  weights 
a  (m)  using  the  inverse  DFT  formulas  (20.5.3)  or  (20.5.4).  Then,  replace  the  weights  by 
their  windowed  versions  using  any  symmetric  length-N  window.  The  hnal  expressions 
for  the  windowed  weights  are,  for  odd  N  =  2M  +  1, 

m  =  0,  ±1,±2,...,±M  (20.5.6) 

and  for  even  N  =  2M, 

m  =  1,2,...,M  (20.5.7) 
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As  an  example,  consider  the  design  of  a  sector  beam  with  edges  at  (pi  =45°  and 
(p2  =  75°.  Thus,  the  beam  is  centered  at  <pc  =  60°  and  has  width  (pt  =  30°. 

As  p  ranges  over  [pi,p2],  the  wavenumber  (p  =  kd  cos  p  will  range  over  kd  cos  p2 
<  p  <  kd  cos  pi.  For  all  DFT  frequencies  pi  that  lie  in  this  interval,  we  set  A  ((//,)  =  1, 
otherwise,  we  set  A{pi)=  0.  Assuming  the  alternative  dehnition  for  pi,  we  have  the 
passband  condition: 

,  ,  ,  2TT{i-K) 

kd  cos  p2  < - — - <  kd  cos  pi 

Setting  kd  =  2Trd/\  and  solving  for  the  DFT  index  /  -  K,  we  hnd: 

ji  <i-K  <j2,  where  Ji  =  ^cosp2,  j2  =  ^cospi 

This  range  determines  the  DFT  indices  z  for  which  A  ((//,)=  1.  The  inverse  DFT 
summation  over  z  will  then  be  restricted  over  this  subset  of  z’s.  Fig.  20.5.1  shows  the 
response  of  a  20-element  array  with  half -wavelength  spacing,  d  =  A/ 2,  designed  with  a 
rectangular  and  a  Hamming  window.  The  MATLAB  code  for  generating  the  right  graph 
was  as  follows: 


d=0.5;  N=20;  phl=45;  ph2=75;  alt=l;  K=(N-l)/2; 
jl  =  N''d*cos(ph2*pi/180)  ; 
j2  =  N''d*cos(phl*pi/180)  ; 

i  =  (0:N-1);  %  DFT  index 

j  =  i  -  alt''K;  %  alternative  DFT  index 

A  =  (j>=jl)&(j<=j2)  ;  %  equals  1,  if  Jl  <  J<  J2 ,  and  0,  otherwise 

a  =  woodward  (A,  alt);  %  inverse  DFT 

w  =  0.54  -  0.46''cos(2*pi ''i/(N-l))  ;  %  Hamming  window 

awi  nd  =  a  .*  w;  %  windowed  weights 

[g,ph]  =  array  (0.5,  awind,  400);  %  array  gain 

dbz(ph,  g,  30,  80); 

addrayCphl, ’ — ’ ) ;  addray(ph2 , ’ — ’ ) I 


Fig.  20.5.1  Angular  sector  array  design  with  Woodward-Lawson  method. 

The  sidelobes  of  the  Hamming  window  are  down  approximately  at  the  expected  54- 
dB  level  (they  reach  54  dB  for  larger  N.)  The  design  is  comparable  to  that  of  Fig.  20.4.2. 


20.5.  Woodward-Lawson  Frequency-Sampling  Design 
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The  power  of  this  method  lies  in  the  ability  to  specify  any  shape  for  the  array  factor 
through  its  frequency  samples.  The  method  works  well  for  half -wavelength  spacing 
d  =  A/ 2,  because  all  N  DFT  frequencies  pi  lie  within  the  visible  region,  which  coincides 
in  this  case  with  the  full  Nyquist  interval,  -n  <  p  <  n. 

As  another  example,  we  consider  the  design  of  an  array  with  a  secant-squared  gain 
pattern,  which  is  relevant  in  air  search  radars  as  discussed  in  Sec.  15.11.  We  consider  an 
array  of  N  elements  along  the  z-direction  with  half -wavelength  spacing  d  =  A/ 2.  The 
corresponding  wavenumber  p  will  be  p  =  kzd,  or 

p  =  kd cos  6 

The  design  of  the  secant-squared  gain  pattern  requires  that  the  array  factor  itself 
have  a  secant  dependence.  Indeed, 

K 

g(0)=  \A{ilJ)\^  =  — za  ^  \A(ilJ)\  =  - - ^ 

cos2  0  I  cos  0 1 

Because  the  secant  pattern  is  dehned  only  up  to  an  angle  Omsx,  we  may  dehne  the 
theoretical  array  factor  in  the  normalized  form: 


A{e)  = 


if  0  <  0  < 


(20.5.8) 


As  6  varies  over  [0,  0max] ,  the  wavenumber  p  =  kd  cos  6  will  vary  over  [(//max,  kd] , 
where  (//max  =  kd  cos  0max-  Because  d  =  A/ 2,  we  have  kd  =  n  and  the  (//-range  becomes 
[pmax,  Tc].  Noting  that  cos  0max/  cos  6  =  pmaix/p,  we  can  rewrite  Eq.  (20.5.8)  in  terms 
of  (//: 

Aip)=<  P  (20.5.9) 

[  1,  if  0  <  (//  <  (//max 

We  symmetrize  A  (-(//)  =  A  ((//)  to  cover  the  entire  2Tr  Nyquist  interval  in  p.  Eval¬ 
uating  Eq.  (20.5.9)  at  the  N  DFT  frequencies  pi  =  2Tri/N,  we  obtain  the  array  weights 
by  doing  an  inverse  DFT  and  then  windowing  the  array  coefficients  with  a  Hamming 
window.  Fig.  20.5.2  shows  a  design  case  with  N  =  21  and  6max  =  70°.  The  hgure  com¬ 
pares  the  Hamming  and  rectangular  window  designs  to  the  exact  expression  (20.5.8). 
The  details  of  the  design  are  indicated  in  the  MATLAB  code: 

N=21;  K=(N-l)/2;  d=0.5;  thmax=70; 


psmax  =  2*pi''d  *  cos(thmax*pi/180)  ; 

Ai  =  ones(l,K+l); 
psi  =  2*pi"(0:K)/N; 

j  =  fi nd(psi) ; 

Ai(j)  =  psmax*(psi (j)>=psmax) ./psi (j)  +  (psi (j)<psmax) ; 
Ai  =  [Ai ,  Ai (K:-l:l)] ; 


%  half  of  DFT  frequencies 


%  non- zero  ip’s 
%  half  of  the  DFT  values 


%  all  the  DFT  values 


a  =  woodward(Ai ,  0)  /  N; 


%  inverse  DFT  with  alt=0 
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aw  =  a  (0.54  -  0.46*cos(2*pi*(0:N-l)/(N-l))) ;  %  Hamming 

th  =  (0:200)  *  90  /  200; 
ps  =  2*pi*d  *  cos(th*pi/180) ; 

A  =  abs(dtft(a,  -ps));  %  rectangular  design 

Aw  =  abs(dtft(aw, -ps))  ;  %  Hamming  design 

AO  =  psmax''(ps>=psmax)  ./ps  +  (ps<psmax)  ;  %  exact  pattern 


Hamming  window  Rectangular  window 


Fig.  20.5.2  Woodward-Lawson  design  of  secant-squared  array  gain. 


20.6  Discretization  of  Continuous  Line  Sources 

One-dimensional  arrays  may  be  thought  of  as  arising  from  the  spatial  sampling  of  con¬ 
tinuous  line  current  distributions.  Consider,  for  example,  a  current  I  (x)  flowing  along 
the  x-axis.  Its  current  density  is  Jx  (x,  y ,  x)  =  I  (x)  5  (y)  5  (z) ,  where  the  delta  functions 
conhne  the  current  on  the  x-axis.  The  corresponding  radiation  vector  will  have  only  an 
x-component: 

Fx  ikx,ky,kz)  =  J  Jx  y,  z)  QJ^xX+jkyy+jkzZ 

=  J  /  (x)  5  (y )  5  (z)  dxdydz  =  ^  I  (x)  e^^^^dx 

Thus,  Fxikx)  depends  only  on  the  kx  wavevector  component  and  is  the  spatial 
Fourier  transform  of  the  line  current  I  (x) : 


^  00 

Fxikx)  =  IMe-^^^^dx 

J  —00 


(20.6.1) 


In  spherical  coordinates,  kx  is  given  by  kx  =  k  sin  6  cos  (j),  with  k  =  2tt/\.  The  range 
of  kx  values  when  6,  0  vary  over  0  <  0  <  n  and  0  <  <p  <  Zn  is  the  “visible  region”. 
The  inversion  of  the  Fourier  transform,  however,  requires  knowledge  of  Fx  (kx)  over  all 
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kx,  and  in  such  case  the  inverse  is; 

/(x)=—  (20.6.2) 

2tt  j  — 00 

Suppose  now  that  the  current  I  (x)  is  sampled  at  the  regular  intervals  Xm  =  md 
with  spacing  d  and  integer  m.  The  sampled  current  may  be  represented  as  the  sum  of 
impulses: 

00  00 

i(x)=  Y.  I (Xm) s {x  -  Xm)  =  X  ImS{x-md)  (20.6.3) 

m=-oo  m=-oo 

where  we  set  Im  =  I i^m)  =  I itnd) .  Then,  the  corresponding  Fourier  transform  will  be: 

-  00 

fx(fex)=  Iix)e>'^-^dx=  X  X  (20.6.4) 

m=  — 00  m=  — 00 

This  has  precisely  the  form  of  an  array  factor  with  ip  =  kxd.  The  pattern  Fxikx) 
is  periodic  in  kx  with  period  kg  =  2Tr/d,  which  is  the  sampling  frequency  in  units 
of  radians/meter.  Equivalently,  Fxikx)  is  periodic  in  Lp  with  period  2Tr.  The  Poisson 
summation  formula  [47]  relates  Fxikx)  to  the  unsampled  pattern  Fxikx)  as  a  sum  of 
shifted  replicas: 

1 

Fxikx)  —  ^  Fxikx  — nkg)  (20.6.5) 

^  n=-oo 

Aliasing,  that  is,  the  overlapping  of  the  spectral  replicas,  can  be  avoided  only  if 
Fxikx)  is  bandlimited  to  within  the  Nyquist  interval,  \kx\  <  kg/ 2.  This  would  imply  that 
/  (x)  have  inhnite  extent. 

In  practice,  I  (x)  is  assumed  to  be  space-limited  with  a  hnite  extent,  say,  over  an  in¬ 
terval  -1/2  <  X  <  1/2.  In  this  case,  Fx  ikx)  cannot  be  bandlimited  and  therefore,  aliasing 
will  always  occur.  However,  if  the  pattern  F(kx)  attenuates  with  large  kx,  aliasing  may 
be  minimized  by  selecting  a  small  enough  d. 

Eqs.  (20.6.4)  and  (20.6.5)  provide  two  equivalent  ways  to  express  the  spectrum  of  the 
sampled  current.  Eq.  (20.6.4)  can  be  inverted  to  recover  the  current  samples  Im' 

Im  =  /-  FAkx)e-j’^'^’‘‘^  dkx  =  3^  FAiF)e-j""f  dip  (20.6.6) 

kg  J-ks/2  2tc  J-7t 

which  is  the  inverse  discrete-space  Eourier  transform  that  we  introduced  in  (19.4.8). 
By  using  the  z-domain  variable  z  =  ,  (20.6.4)  can  also  be  written  as  the  spatial  z- 

transform: 

00 

FAz)=  X  (20-6.7) 

m=-oo 

Next,  we  focus  on  hnite  line  sources  I (x),  -1/2  <  x  <  1/2.  Then,  (20.6.1)  reads: 

rl/2 

Fxikx)  =  I(x)e>'^’‘’‘dx  (20.6.8) 

J-//2 

It  proves  convenient  to  dehne  a  normalized  wavenumber  variable  u  by; 

u  =  ^  kx  =  u  =  Y^m0cos<p  (20.6.9) 
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and  define  a  scaled  pattern F{u)  =  F^ik^)  /I.  Then,  we  have  the  Fourier  relationships: 

r  00 

IM=  F  du  (20.6.10) 

J  — 00 

If  I  (x)  were  periodic  with  period  /,  then  Zn/l  would  be  its  fundamental  harmonic  and 
Zttu/I  would  be  interpreted  as  the  uth  harmonic.  Indeed,  the  continuous-line  version 
of  the  Woodward-Lawson  method  gives  u  just  such  an  interpretation.  Let  us  dehne  the 
periodic  extension  of  the  space-limited  I  (x)  with  period  /  to  be  the  sum  of  its  replicas: 


!{x)=  ^  Hx-nl)  (20.6.11) 

n=-oo 

Then,  I  (x) ,  being  periodic,  could  be  expanded  in  a  Fourier  series  with  coefficients: 

rl/2 

i{x)=  ^  Cp  =  y  (20.6.12) 

Because  7(x)  =  7 (x)  over  the  period  -1/2  <  x  <  1/2,  the  above  integral  for  the  pth 
coefficient  implies  from  (20.6.10)  that  Cp  =  F{u)  with  u  =  p.  Thus,  restricting  x  over 
its  basic  period,  we  have  the  representation: 

.  /  / 

7(x)=  y  --<x<-  (20.6.13) 

2  2 

The  pattern  F(u)  may  itself  be  expressed  in  terms  of  its  samples  F(p).  We  have 
from  (20.6.13): 

F(u)=4  7(x)e^'2™/^^fx=  y  F(p)7  or, 

i  J-l/2  p^oo  i  J-l/2 


F{u) 


Z  f(p) 

p  =  —  oo 


sin(Tr(u  -  p)) 
TT{u-p) 


(20.6.14) 


Eqs.  (20.6.13)  and  (20.6.14)  are  the  continuous-line  version  of  the  Woodward-Lawson 
method,  which  is  of  course  equivalent  to  the  application  of  Shannon’s  sampling  theorem 
to  the  space-limited  function  7  (x) ,  and  our  derivation  is  nothing  more  than  the  proof 
of  that  theorem. 

For  discrete  arrays,  we  must  sample  in  space  Xm  =  md,  not  in  frequency.  By  taking 
N  samples  over  the  length  /,  that  is,  d  =  l/N,  and  truncating  the  summation  in  (20.6.13) 
to  p  =  0, 1, . . . ,  N  -  1,  we  obtain  the  practical  version  of  the  Woodward-Lawson  method 
that  we  used  in  the  previous  section. 

For  an  N-element  hnite  array,  the  z-transform  Fx  (z)  of  Eq.  (20.6.7)  becomes  a  poly¬ 
nomial  of  degree  iV  -  1  in  z.  Such  an  array  can  be  designed  directly  in  discrete-space 
domain,  or  it  can  be  designed  by  mapping  a  given  continuous  line  source  pattern  to  the 
discrete  case.  This  can  be  accomplished  approximately  by  mapping  N  -  1  zeros  of  the 
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continuous  pattern  to  N-1  zeros  of  the  array  using  the  mapping  z  =  Since 

d  =  l/N,  the  mapping  from  u-space  to  (//-space  becomes  ip  =  kxd  =  2'rTud/l  =  2nu/N\ 

(20.6.15) 

Therefore,  if  Un,n  =  1,2, . . .  ,N  -1  are  the  iV-  1  zeros  of  the  pattern  F(u)  on  which 
the  design  is  to  be  based,  then,  we  may  dehne  the  corresponding  zeros  of  the  array  by: 

=  ^  n  =  l,2,...,N -1  (20.6.16) 

and  construct  the  array  pattern  polynomial  from  these  zeros: 

N-l 

Aiz)=  Yliz-Zn)  (20.6.17) 

n=l 

The  method  is  an  approximation  because  F(u)  generally  has  an  inhnity  of  zeros. 
However,  good  results  are  obtained  if  N  is  large  (e.g.,  N  >  10). 

To  clarify  the  above  dehnitions  and  Fourier  relationships,  we  consider  three  exam¬ 
ples:  (a)  the  uniform  line  source  and  how  it  relates  to  the  uniform  array,  (b)  Taylor’s 
one-parameter  line  source  and  its  use  to  design  Taylor-Kaiser  arrays,  and  (c)  Taylor’s 
ideal  line  source,  which  is  an  idealization  of  the  Chebyshev  array,  and  leads  to  the  so- 
called  Taylor’s  h  distribution.  A  uniform  line  source  has  constant  current: 


7(x) 


Jl,  if  -//2  <x<//2 
I  0 ,  otherwise 


(20.6.18) 


Its  pattern  is: 

F{u)=t  /(x)e''2™^^'dx  =  t  (20.6.19) 

/  J-l/2  I  J-l/2  TTU 

Its  zeros  are  at  the  non-zero  integers  Un  =  ±n,  for  n  =  1,2, _ By  selecting  the  hrst 

N  -  1  of  these,  Un  =  n,  for  n  =  1,  2, . . . ,  AT  -  1,  we  may  map  them  to  the  N-l  zeros  of 
the  uniform  array: 

z„  =  eF-^^rr/N  ^  ^j2TTn/N  ^  n  =  l,2,...,N  -1 


The  constructed  array  polynomial  will  be  then. 


,  N-l  ,  N-l 

X  0(2 -2")=  ^  ^ ^ — 

n=l  n=l  z  ± 


where  we  introduced  a  scale  factor  1  /N  and  multiplied  and  divided  by  the  factor  (z  - 1 ) . 
But  the  numerator  polynomial,  being  a  monic  polynomial  and  having  as  roots  the  Nth 
roots  of  unity,  must  be  equal  to  z^  -  1.  Thus, 
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which  has  uniform  array  weights,  am  =  l/N.  Replacing  z  =  have: 

4  ((//)=  —  ~  ^  =  sin(Ar(///2)  /[//(jv-i)/2  _  sin(7Tiz)  ^muiN-i) /n 

N  eJ^-l  iVsin((///2)  Nsminu/N) 

For  large  N  and  fixed  value  of  u,  we  may  use  the  approximation  sinx  ^  x  in  the 
denominator  which  tends  to  N  sininu/N)  -  N {nu/N)  =  ttu,  thus,  approximating  the 
sinTTu/TTU  pattern  of  the  continuous  line  case. 

Taylor’s  one-parameter  continuous  line  source  [1085]  has  current  7(x)  and  corre¬ 
sponding  pattern  F{u)  given  by  the  Fourier  transform  pair  [156]: 

sinh  )  /  , - \ 

F{u)=  - ^  ^  I{x)=  IqIttbJi-  {2x/l)^]  (20.6.20) 

where  -1/2  <  x  <  1/2  and  /o  ( ■ )  is  the  modihed  Bessel  function  of  hrst  kind  and  zeroth 
order,  and  B  is  a  positive  parameter  that  controls  the  sidelobe  level.  For  u  >  B,  the 
pattern  becomes  a  sine-pattern  in  the  variable  and  for  large  u,  it  tends  to  the 

pattern  of  the  uniform  line  source.  We  will  discuss  this  further  in  Sec.  20.10. 

Taylor’s  ideal  line  source  [1086]  also  has  a  parameter  that  controls  the  sidelobe  level 
and  is  is  dehned  by  the  Fourier  pair  [156]: 


F (u)  =  cosh 

h  (ttAVI  -  (2x//)2) 


I(x)  = 


Vl-  (2x/;)2 


(20.6.21) 


where  hi-)  is  the  modihed  Bessel  function  of  hrst  kind  and  hrst  order.  Van  der  Maas 
[1074]  showed  hrst  that  this  pair  is  the  limit  of  a  Dolph-Chebyshev  array  in  the  limit  of 
a  large  number  of  array  elements.  We  will  explore  it  further  in  Sec.  20.12. 


20.7  Narrow-Beam  Low-Sidelobe  Designs 

The  problem  of  designing  arrays  having  narrow  beams  with  low  sidelobes  is  equivalent  to 
the  DSP  problem  of  spectral  analysis  of  windowed  sinusoids.  A  single  beam  corresponds 
to  a  single  sinusoid,  multiple  beams  to  multiple  sinusoids. 

To  understand  this  equivalence,  suppose  one  wants  to  design  an  inhnitely  narrow 
beam  toward  some  look  direction  (p  =  (po.  In  (//-space,  the  array  factor  (spatial  or 
wavenumber  spectrum)  should  be  the  inhnitely  thin  spectral  line:^ 

A((//)=  2tt5{lIj  -  LjJo) 

where  ip  =  kd  cos  <p  and  Lpo  =  kd  cos  <po.  Inserting  this  into  the  inverse  DSFT  of 
Eq.  (20.3.2),  gives  the  double-sided  inhnitely-long  array,  for  -oo  <  m  <  oo: 

aim)=  f  A{Lij)e^^^^dLlJ  =  7;^  f  2Trd((//  -  dip  = 

2tt  J-tt  2tt  J-tt 

’*'To  be  periodic  in  ip,  all  the  Nyquist  replicas  of  this  term  must  be  added.  But  they  are  not  shown  here 
because  ipo  and  tp  are  assumed  to  lie  in  the  central  Nyquist  interval 
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This  is  the  spatial  analog  of  an  inhnite  sinusoid  ain)=  whose  spectrum  is  the 
sharp  spectral  line  A{(jo)=  2tt5{(jo  -  (joq).  A  hnite-duration  sinusoid  is  obtained  by 
windowing  with  a  length-N  time  window  w{n)  resulting  in  a  {n)=  w{n) 

In  the  frequency  domain,  the  effect  of  windowing  is  to  replace  the  spectral  line 
d  (co  -  coo)  by  its  smeared  version  W  (cv  -  cjOq)  ,  where  W  {00)  is  the  DTFT  of  the  window 
w{n).  The  spectrum  W (cv  -  coq)  exhibits  a  main  lobe  at  co  =  coo  and  sidelobes.  The 
main  lobe  gets  narrower  with  increasing  N. 

A  hnite  N-element  array  with  a  narrow  beam  and  low  sidelobes,  and  steered  towards 
an  angle  (po,  can  be  obtained  by  windowing  the  inhnite  narrow-beam  array  with  an 
appropriate  length-N  spatial  window  w(m).  For  odd  N  =  2M  -r  1,  or  even  N  =  2M,  we 
dehne  respectively: 

(20.7.1) 

In  both  cases,  the  array  factor  of  Eqs.  (20.1.1)  and  (20.1.2)  becomes: 

A{ip)=  W{ip  -  ipo)  (narrow  beam  array  factor)  (20.7.2) 

where  W (ip)  is  the  DSFT  of  the  window,  dehned  for  odd  or  even  N  as: 


(20.7.3) 


Assuming  a  symmetric  window,  w{-m)=  w(m),we  can  rewrite: 


M 

Wiip)  =  w(0)-r2  ^  wim)cosimLp)  (N  =  2M  -r  1) 

m=l 

(20.7.4) 

M 

W{ip)  =  2  ^  w(m)cos((m  -  l/2)ip)  (N  =  2M) 

m=l 


At  broadside,  ipo  =  0,(po  =  90°,  Eq.  (20.7.1)  reduces  torz(m)=  w(m)  and  the  array 
factor  becomes  A  ((//)  =  Wiip).  Thus,  the  weights  of  a  broadside  narrow  beam  array  are 
the  window  samples  a{m)=  w  (m) .  The  steered  weights  (20.7.1)  can  be  calculated  with 
the  help  of  the  MATLAB  function  scan,  or  steer: 


a  =  scan(w,  psiO) ; 
a  =  steer(d,  w,  phiO) ; 


The  primary  issue  in  choosing  a  window  function  w  (m)  is  the  tradeoff  between  fre¬ 
quency  resolution  and  frequency  leakage,  that  is,  between  main-lobe  width  and  sidelobe 
level  [47,48].  Ideally,  one  would  like  to  meet,  as  best  as  possible,  the  two  conhicting 
requirements  of  having  a  very  narrow  mainlobe  and  very  small  sidelobes. 
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Fig.  20.7.1  shows  four  narrow-beam  design  examples  illustrating  this  tradeoff.  All 
designs  are  7-element  arrays  with  half -wavelength  spacing,  d  =  A/ 2,  and  steered  to¬ 
wards  90®.  The  Dolph-Chebyshev  and  Taylor-Kaiser  arrays  were  designed  with  sidelobe 
level  of  =  20  dB. 


Uniform  Dolph-Chebyshev 


Fig.  20.7.1  Narrow  beam  design  examples. 

Shown  on  the  graphs  are  also  the  half-power  3-dB  circles  being  intersected  by  the 
angular  rays  at  the  3-dB  angles.  For  comparison,  we  list  below  the  designed  array  weights 
(normalized  to  unity  at  their  endpoints)  and  the  corresponding  3-dB  angular  widths  (in 
degrees): 


Uniform 

Dolph-Chebyshev 

Taylor-Kaiser 

Binomial 

1 

1.0000 

1.0000 

1 

1 

1.2764 

1.8998 

6 

1 

1.6837 

2.6057 

15 

1 

1.8387 

2.8728 

20 

1 

1.6837 

2.6057 

15 

1 

1.2764 

1.8998 

6 

1 

1.0000 

1.0000 

1 

14.5® 

16.4® 

16.8® 

24.6® 

The  uniform  array  has  the  narrowest  mainlobe  but  also  the  highest  sidelobes.  The 
Dolph-Chebyshev  is  optimum  in  the  sense  that,  for  the  given  sidelobe  level  of  20  dB,  it 
has  the  narrowest  width.  The  Taylor-Kaiser  is  somewhat  wider  than  the  Dolph-Chebyshev, 
but  it  exhibits  better  sidelobe  behavior.  The  binomial  array  has  the  widest  mainlobe  but 
no  sidelobes  at  all. 

Fig.  20.7.2  shows  another  set  of  examples.  All  designs  are  21-element  arrays  with 
half -wavelength  spacing,  d  =  A/ 2,  and  scanned  towards  60®. 


Uniform  Dolph-Chebyshev 


Fig.  20.7.2  Comparison  of  steered  21 -element  narrow-beam  arrays. 

The  Dolph-Chebyshev  and  Taylor  arrays  were  designed  with  sidelobe  level  ofR  =  25 
dB.  The  uniform  array  has  sidelobes  alR  =  13  dB.  Because  N  is  higher  than  in  Fig.  20.7.1, 
the  beams  will  be  much  narrower.  The  3-dB  beamwidths  are  in  the  four  cases: 

=  5.58®  Uniform 

=  6.44®  Dolph-Chebyshev 

=  7.03®  Taylor-Kaiser 

^<p3dB  =  15.64®  Binomial 

The  two  key  parameters  characterizing  a  window  are  the  3-dB  width  of  its  main  lobe, 
^'R3dB,  and  its  sidelobe  level  R  (in  dB).  For  some  windows,  such  as  Dolph-Chebyshev 
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and  binomial,  can  be  calculated  exactly.  In  others,  such  as  Taylor-Kaiser  and 

Hamming,  it  can  be  calculated  approximately  by  Eq.  (19.10.2),  that  is, 

(3-dB  width  in  (//-space)  (20.7.5) 

where  h  is  a  broadening  factor  that  depends  on  the  choice  of  window  and  increases 
with  the  sidelobe  attenuation  R.  As  discussed  in  Sec.  19.10,  once  A(//3dB  is  known,  the 
angular  3-dB  width  of  the  steered  array  can  be  computed  approximately  by: 


(20.7.6) 


This  is  an  adequate  approximation  in  practice.  In  succeeding  sections,  we  discuss 
the  binomial,  Dolph-Chebyshev,  and  Taylor-Kaiser  arrays  in  more  detail.  In  addition,  we 
discuss  prolate  arrays,  Taylor’s  h  distribution,  and  Villeneuve  arrays. 

We  hnish  this  section  by  summarizing  the  uniform  array,  which  is  based  on  the 
rectangular  window  and  has  b  =  1  and  sidelobe  level  R  =  13  dB.  Its  weights,  symmetric 
DSFT,  and  symmetric  z-transform  were  determined  in  Example  20.1.2: 


w 

Wiqj) 

Wiz) 


N 


[1,1,...,!] 


1  —  z 

N  —  z“i/2 


J. 

1 


(20.7.7) 


20.8  Binomial  Arrays 

The  weights  of  an  AT-element  binomial  array  are  the  binomial  coefficients: 

(N  -  1)' 

w(m)= — — — — ; - -,  m  =  0,1, . . .  ,N  -  1  (20.8.1) 

m\{N  -  1  -  m)\ 

Eor  example,  for  N  =  4  and  N  =  S  they  are: 

w=  [1,3, 3,1] 

w=  [1,4, 6,4,1] 

The  binomial  weights  are  the  expansion  coefficients  of  the  polynomial  (1  -r  z)^“^.  In¬ 
deed,  the  symmetric  z-transform  of  the  binomial  array  is  dehned  as: 

W (z)  =  (z^^^  -r  (1  -r  z)^~^  (20.8.2) 
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Setting  z  =  we  hnd  the  array  factor  in  (//-space: 


r 

Wiip)=  =  2cos(y) 


(20.8.3) 


This  response  falls  monotonically  on  either  side  of  the  peak  at  (//  =  0  until  it  becomes 
zero  at  the  Nyquist  frequency  (//  =  ±Tr.  Indeed,  the  z-transform  has  a  multiple  zero  of 
order  N  -  1  at  z  =  -1. 

Thus,  the  binomial  response  has  no  sidelobes.  This  is,  of  course,  at  the  expense  of 
a  fairly  wide  mainlobe.  The  3-dB  width  A(//3dB  can  be  determined  by  hnding  the  3-dB 
frequencies  ±(//3  that  satisfy  the  half-power  condition: 


\W(ilJ3)\^ 

|M^(0)|2 


[cos(f) 


The  solution  is: 


(//3  =  2  acos(2 


Therefore,  the  3-dB  width  will  be  A(//3dB  =  2(//3: 


2\t/^3dB  =  4acos  (2 


(20.8.4) 


Once  A(//3dB  is  found,  the  3-dB  width  Z\(/)3dB  in  angle  space,  for  an  array  steered 
towards  an  angle  <po,  can  be  found  from  Eq.  (20.7.6).  The  MATLAB  function  bi  nomi  al 
generates  the  array  weights  (steered  towards  </)o)  and  3-dB  width.  Its  usage  is: 


[a,  dph]  =  binomial (d,  phO,  N) ; 


'{)  binomial  array  coefficients  and  beamwidth 


Eor  example,  the  fourth  graph  of  the  binomial  response  of  Eig.  20.7.1  was  generated 
by  the  MATLAB  code: 


[a,  dph]  =  binomial (0. 5 ,  90,  5); 
[g,  ph]  =  array(0.5,  a,  200); 
dbz(ph,  g,  45,  40); 
addcirc(3,  40,  ’--’); 
addray(90  +  dph/2 ,  ’-’); 
addray(90  -  dph/2,  ’-’); 


%  array  weights  and  3-dB  width 
%  compute  array  gain 
%  plot  gain  in  dB  with  40-dB  scale 
%  add  3-dB  grid  circle 
%  add  rays  at  3-dB  angles 


20.9  Dolph-Chebyshev  Arrays 

Most  windows  have  largest  sidelobes  near  the  main  lobe.  If  a  window  is  designed  to 
achieve  a  minimum  sidelobe  attenuation  of  dB,  then  typically  R  will  be  the  atten¬ 
uation  of  the  sidelobes  nearest  to  the  mainlobe;  the  sidelobes  further  away  will  have 
attenuations  higher  than  R. 

Because  of  the  tradeoff  between  mainlobe  width  and  sidelobe  attenuation,  the  extra 
attenuation  of  the  furthest  sidelobes  will  come  at  the  expense  of  increased  mainlobe 
width.  If  the  attenuation  of  these  sidelobes  could  be  decreased  (up  to  the  level  of  the 
minimum  R),  then  the  mainlobe  width  would  narrow. 

It  follows  that  for  a  given  minimum  desired  sidelobe  level  R,  the  narrowest  mainlobe 
width  will  be  achieved  by  a  window  whose  sidelobes  are  all  equal  to  R.  Conversely, 
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for  a  given  maximum  desired  mainlobe  width,  the  largest  sidelobe  attenuation  will  be 
achieved  by  a  window  with  equal  sidelobe  levels. 

This  “optimum”  window  is  the  Dolph-Chebyshev  window,  which  is  constructed  with 
the  help  of  Chebyshev  polynomials.  The  mth  Chebyshev  polynomial  Tm  M  is: 

Tm  (x)  =  COS  (m  acos  (x) )  (20.9.1) 


If  |x|  >  1,  the  inverse  cosine  acos(x)  becomes  imaginary,  and  the  expression  can  be 
rewritten  in  terms  of  hyperbolic  cosines:  Tm  M  =  cosh(m  acosh(x) ) . 

Setting  X  =  cos  0,  or  6  =  acos  (x) ,  we  see  that  Tm  (x)  =  cos  (mO).  Using  trigonomet¬ 
ric  identities,  the  quantity  cos  (mO)  can  always  be  expanded  as  a  polynomial  in  powers 
of  cos  6.  The  expansion  coefficients  are  precisely  the  coefficients  of  the  powers  of  x  of 
the  Chebyshev  polynomial.  For  example,  we  have: 


cos(O0)=  1 
cos(10) =  cos  6 
cos(20)  =  2 cos^  6-1 
cos(30)  =  4cos^  0  -  3  cos  0 
cos  (40)  =  8  cos^  0-8  cos^  0  +  1 


To(x)=  1 
Ti  (x)=  X 
T2  (x)  =2x2-1 
Tb  (x)  =  4x^  -  3x 
T4  (x)  =  8x4  -8x2  +  1 


For  |x|  <  1,  the  Chebyshev  polynomial  has  equal  ripples,  whereas  for  |x|  >  1,  it 
increases  like  x^.  Moreover,  Tm  (x)  is  even  in  x  if  m  is  even,  and  odd  in  x  if  m  is  odd. 
Fig.  20.9.1  depicts  the  Chebyshev  polynomials  TqM  and  Tioix). 


Fig.  20.9.1  Chebyshev  polynomials  of  orders  nine  and  ten. 

The  Dolph-Chebyshev  window  is  dehned  such  that  its  sidelobes  will  correspond  to 
a  portion  of  the  equi-ripple  range  |x|  <  1  of  the  Chebyshev  polynomial,  whereas  its 
mainlobe  will  correspond  to  a  portion  of  the  range  x  >  1. 

For  either  even  or  odd  N,  Eq.  (20.7.4)  implies  that  any  window  spectrum  W (gj)  can 
be  written  in  general  as  a  polynomial  of  degree  N  -  1  in  the  variable  u  =  cos((///2). 
Indeed,  we  have  for  the  mth  terms: 

cos(m(//)=  cos  |^2myj  =  T2miu) 

cos({m  -  l/2)(//)=  cos  “  D  y)  =  T2m-i  («) 

Thus  in  the  odd  case,  the  summation  in  Eq.  (20.7.4)  will  result  in  a  polynomial  of 
maximal  degree  2M  =  N  -  1  in  the  variable  u,  and  in  the  even  case,  it  will  result  into  a 
polynomial  of  degree  2M  -  1  =  N  -  1. 
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The  Dolph-Chebyshev  [1068]  array  factor  is  dehned  by  the  Chebyshev  polynomial  of 
degree  N  -  lin  the  scaled  variable  x  =  xq  cos  ((/7/2) ,  that  is. 


WiLlJ)=  Tm-iM, 


X  =  Xq  cos 


(Dolph-Chebyshev  array  factor) 


(20.9.2) 


The  scale  factor  xq  is  always  xq  >  1  and  is  determined  below.  For  a  broadside  design, 
as  the  azimuthal  angle  <p  ranges  over  the  interval  0^  <  <p  <  180°,  the  wavenumber  gj  = 
kt/ cose/)  will  range  over  the  visible  region -kd  <  gj  <  kd.  The  quantity  x  =  XoCOs((k/2) 
will  range  from  Xmm  =  xq  cos  ikd/2)  to  the  value  x  =  xq,  which  is  reached  broadside  at 
(p  =  90°  or  (//  =  0,  and  then  x  will  move  back  to  Xmin.  Thus,  the  range  of  variation  of  x 
will  be  Xmin  <  X  <  Xq. 

Assuming  that  Xmin  is  in  the  interval  -1  <  Xmin  <  1,  we  can  split  the  interval 
[Xmin.Xo]  into  the  two  subintervals:  [Xmin,  1]  and  [I.Xq],  as  shown  in  Fig.  20.9.2.  We 
require  that  the  subinterval  [Xmin,  1]  coincide  with  the  sidelobe  interval  of  the  array 
factor  Wigj),  and  that  the  subinterval  [I.xq]  coincide  with  the  mainlobe  interval.  The 
zeros  of  the  Chebyshev  polynomial  within  [Xmin,  1]  become  the  sidelobe  zeros  of  the 
array  factor  and  get  repeated  twice  as  p  varies  over  [0°,  180°] . 

In  Fig.  20.9.2,  for  spacing  d  =  A/2,  we  have  kd  =  n  and  Xmin  =  xocos(kd/2) 
=  XoCOs(Tr/2)=  0.  Similarly,  we  have  Xmin  =  Xq  cos(3Tr/4)  =  -0.707xo  for  d  =  3 A/4, 
and  Xmin  =  Xo  cos(Tr/4)  =  0.707xo  for  d  =  A/4. 

The  relative  sidelobe  attenuation  level  in  absolute  units  and  in  dB  is  dehned  in  terms 
of  the  ratio  of  the  mainlobe  to  the  sidelobe  heights: 


=  R  =  20\ogio{Ra)  ,  = 

Wside 


Because  the  mainlobe  peak  occurs  at  (//  =  0  or  x  =  xq,  we  will  have  FFmain  = 
Tiv-i  (xo) ,  and  because  the  sidelobe  level  is  equal  to  the  Chebyshev  level  within  |x|  <  1, 
we  will  have  FFside  =  1-  Thus,  we  hnd: 


Ra  =  Tn-i{xo)=  cosh((JV-  l)acosh(xo)) 


(20.9.3) 


which  can  be  solved  for  Xq  in  terms  of  Ra- 


(  acosh(i^a)  \ 
^o  =  cosh(  J 


Once  the  scale  factor  xq  is  determined,  the  window  samples  w(m)  can  be  computed 
by  constructing  the  z-transform  of  the  array  factor  from  its  zeros  and  then  doing  an 
inverse  z-transform.  The  N  -  1  zeros  of  Tjv-i  (x)  are  easily  found  to  be: 

Tiv-i  (x)=  cos((A/ -  l)acos(x))  =  0  ^  x/  =  cos  1^^) 

for  z  =  1,  2, . . . ,  A/  -  1.  Solving  for  the  corresponding  wavenumbers  through  X/  = 
Xo  cos((//z/2),  we  hnd  the  pattern  zeros: 


(kz  =  2  acos(  — )  ,  z/ =  ,  z  =  1,  2, . . . ,  A/ -  1 

Xo 
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Fig.  20.9.2  Chebyshev  polynomials  and  array  factors  ford  =  A/2,  d  =  3A/4,  and  d  =  A/ 4. 


We  note  that  the  zeros  x,  do  not  have  to  lie  within  the  sidelobe  range  [Xmin,  1]  and 
the  corresponding  (//,  do  not  all  have  to  be  in  the  visible  region. 

The  symmetric  z-transform  of  the  window  is  constructed  in  terms  of  the  one-sided 
transform  using  Eq.  (20.1.4)  as  follows: 

iV-l 

W (z)  =  W (z)  =  n  (20.9.5) 

z  =  l 


The  inverse  z-transform  of  W (z)  are  the  window  coefficients  w(m).  The  MATLAB 
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function  dolph.m  of  Appendix  I  implements  this  design  procedure  with  the  help  of 
the  function  poly2.m,  which  calculates  the  coefficients  from  the  zeros. ^  The  typical 
MATLAB  code  in  dol  ph .  m  is  as  follows: 

N1  =  N-1;  %  number  of  zeros 

Ra  =  10A(R/20);  %  sidelobe  level  in  absolute  units 

xO  =  cosh(acosh(Ra)/Nl)  ;  %  scaling  factor 


i  =  1:N1; 

xi  =  cos(pi*Ci -0. 5)/Nl)  ; 
psi  =  2  *  acos(xi/x0); 
zi  =  exp(j*psi); 


%  Nl  zeros  of  Chebyshev  polynomial 
%  Nl  array  pattern  zeros  in  psi-space 
%  Nl  zeros  of  array  polynomial 


a  =  real  (pol  y2  (zi  )  )  ;  %  zeros-to-polynomial  form  (N  coefficients) 

The  window  coefficients  resulting  from  definition  (20.9.5)  are  normalized  to  unity 
values  at  their  end-points.  This  definition  differs  from  that  of  Eq.  (20.9.2)  by  the  scale 
factor  12. 

The  function  dol  ph  .m  also  returns  the  3-dB  width  of  the  main  lobe.  The  3-dB  fre¬ 
quency  (//3  is  defined  by  the  half-power  condition: 

W(q>i)=  Tn-i{x3)=  ^  ^  cosh((N-l)acosh(x3))  =  ^ 

Solving  for  X3  and  the  corresponding  3-dB  angle,  X3  =  Xq  cos((//3/2),  we  have: 

/acosh(iZa/V2)  \  {X3\  OAnc^ 

X3  =  coshl  - ^  ^ - I,  (//3  =  2  acos  —  j  (20.9.6) 

which  yields  the  3-dB  width  in  (//-space,  A(//3dB  =  2(//3.  The  3-dB  width  in  angle  space, 
^<p3dB,  is  then  computed  from  Eq.  (20.7.6)  or  (19.10.6). 

There  exist  several  alternative  methods  for  calculating  the  Chebyshev  array  coeffi¬ 
cients  [1072-1080,1082]  and  have  been  compared  in  [1081].  One  particularly  accurate 
and  effective  method  is  that  of  Bresler  [1075],  which  has  recently  been  implemented  by 
Simon  [1077]  with  the  MATLAB  function  chebarray  .m. 

Example  20.9.1:  The  second  graph  of  Fig.  20.7.1  was  generated  by  the  MATLAB  commands: 


[a,  dph]  =  dol  ph  (0.5,  90,  5,  20);  %  array  weights  and  3-dB  width 

[g.  ph]  =  array  (0.5,  a,  200);  %  compute  array  gain 

dbz(ph,  g,  45);  %  plot  gain  in  dB 

addcirc(3,  40,  ’--’);  %  add  3-dB  gain  circle 

addray(90  -i-  dph/2  ,  ’  —  ’);  %  add  3-dB  angles 

addray(90  -  dph/2,  ’--’); 


The  array  weights  and  3-dB  width  were  given  previously  in  the  table  of  Fig.  20.7.1.  The 
weights  are  constructed  as  follows.  The  scale  parameter  Xq  is  found  to  be  Xq  =  1.2933. 
The  zeros  x,,  (//,,  and  z,  are  found  to  be: 


/ 

Xz 

Zz 

1 

0.9239 

1.5502 

0.0206  +  0.9998J 

2 

0.3827 

2.5408 

-0.8249  +  0.5653J 

3 

-0.3827 

3.7424 

-0.8249  -  0.5653J 

4 

-0.9239 

4.7330 

0.0206  -  0.9998J 

ISee  Sec.  6.8  regarding  the  accuracy  of  po1y2  versus  poly. 
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It  follows  that  the  one-sided  array  polynomial  will  be: 

W (z)  =  (z  -  Zi)  (z  -  Z2)  (z  -  Z3)  (z  -  Z4)  =  z^  +  1.6085z^  +  1.9319z^  +  1.6085Z  +  1 

and  the  symmetric  z-transform: 

W{z)=  z-^W{z)=  +  1.6085Z+  1.9319  +  1.6085z-i  +  z-^ 

resulting  in  the  array  weights  w  =  [1.0000,  1.6085,  1.9319,  1.6085,  1.0000].  We  note 
that  the  array  zeros  come  in  conjugate  pairs.  Only  the  first  two  x,  and  ipi  lie  in  the  visible 
region  and  show  up  as  pattern  zeros  in  the  array  factor.  □ 

Example  20.9.2:  The  second  graph  of  Fig.  20.7.2  was  generated  by  the  MATLAB  commands: 

[a,  dph]  =  dolph(0.5,  60,  21,  25); 

[g,  ph]  =  array(0.5,  a,  200); 
dbz(ph,  g) ; 

The  function  dol  ph .  m  was  called  with  the  parameters  N  =  21,  =  20  dB  and  was  steered 

towards  the  angle  (po  =  60°.  □ 

Example  20.9.3:  As  another  example,  consider  the  design  of  a  nine-element  broadside  Dolph- 
Chebyshev  array  with  half-wavelength  spacing  and  sidelobe  attenuation  level  of  i?  =  20 
dB.  The  array  factor  is  shown  in  Fig.  20.9.2. 

The  absolute  attenuation  level  is  Ra  =  10^^^°  =  lo^^^^®  =  10,  that  is,  if  the  peak  is 
normalized  to  height  Ra  =  10,  the  sidelobes  will  have  height  of  unity.  The  scale  factor  Xq 
is  found  to  be  Xq  =  1.0708,  and  the  array  weights: 

w=  [1.0000,  1.0231,  1.3503,  1.5800,  1.6627,  1.5800,  1.3503,  1.0231,  1.0000] 

The  array  zeros  are  constructed  as  follows: 


/ 

Xz 

Pi 

Zz 

1 

0.9808 

0.8260 

0.6778  +  0.7352J 

2 

0.8315 

1.3635 

0.2059  +  0.9786J 

3 

0.5556 

2.0506 

-0.4616 +  0.8871J 

4 

0.1951 

2.7752 

-0.9336  +  0.3583j 

5 

-0.1951 

3.5080 

-0.9336  -  0.3583J 

6 

-0.5556 

4.2326 

-0.4616 -0.8871J 

7 

-0.8315 

4.9197 

0.2059  -  0.9786J 

8 

-0.9808 

5.4572 

0.6778  -  0.7352J 

The  3-dB  width  is  found  from  Eq.  (20.9.6)  to  be  =  12.51°.  □ 

In  order  for  the  Chebyshev  interval  [Xmm,  1]  to  be  mapped  onto  the  sidelobe  region 
of  the  array  factor,  we  must  require  that  Xmin  >  -1. 

If  d  <  A/ 2,  then  this  condition  is  automatically  satisfied  because  kd  <  n/2  and 
Xmin  =  XoCOs(kd/2)>  0.  (In  this  case,  we  must  also  demand  that  Xmin  <  1.  However, 
as  we  discuss  below,  when  d  <  A/ 2  Dolph’s  construction  is  no  longer  optimal  and  is 
replaced  by  the  alternative  procedure  of  Riblet.) 
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If  A/2  <  d  <  A,  then  n  <  kd  <  2Tr  and  Xmin  <  0  and  can  exceed  the  left  limit 
X  =  -1.  This  requires  that  for  the  given  sidelobe  level  R,  the  array  spacing  may  not 
exceed  a  maximum  value  that  satisfies  Xmin  =  xq  cos(A:dniax/2)  =  -1.  This  gives: 

kdinax  ~  2  acos  (  ^  =>  ^max  “  acos  (  ^  (20.9.7) 

An  alternative  way  of  phrasing  the  condition  Xmin  ^  - 1  is  to  say  that  for  the  given 
value  of  the  array  spacing  d  (such  that  A/2  <  d  <  A),  there  is  a  maximum  sidelobe 
attenuation  that  may  be  designed.  The  corresponding  maximum  value  of  xq  will  satisfy 
Xmin  =  Xo,maxCOs(kd/2)=  -1,  which  gives: 

Xo.max  =  TTTTToV  ^  -^fl.max  =  TjV-l  (Xq  max)  (20.9.8) 

cos{kd/2) 

Example  20.9.4:  Consider  the  case  d  =  3A/ 4,  R  =  20  dB,  N  =  9.  Then  for  the  given  R,  the 
maximum  element  spacing  that  we  can  have  is  dmax  =  0.8836A. 

Alternatively,  for  the  given  spacing  d  =  3A/4,  the  maximum  sidelobe  attenuation  that  we 
can  have  is  -Ra,max  =  577,  or,  Rmax  =  55.22  dB. 

An  array  designed  with  the  maximum  spacing  d  =  dmax  will  have  the  narrowest  mainlobe, 
because  its  total  length  will  be  the  longest  possible.  For  example,  the  following  two  calls 
to  the  function  dol  ph  will  calculate  the  required  3-dB  beamwidths: 

[w,  dphl]  =  dol  ph (0.75,  90,  9,  20);  %  spacing  d  =  3/4 

[w,  dph2]  =  dol  ph  (0 . 8836 ,  90,  9,  20);  %  spacing  d  =  dmax 

We  find  Api  =  8.34°  and  Apz  =  7.08°.  The  array  weights  w  are  the  same  in  the  two  cases 
and  equal  to  those  of  Example  20.9.3.  The  gains  are  shown  in  Fig.  20.9.3.  □ 


d  =  0.757.  d  =  =  0.88367. 


Fig.  20.9.3  Chebyshev  arrays  with  N  =  9,  R  =  20  dE,  d  =  3A/4  and  d  =  0.8836A. 


As  pointed  out  by  Riblet  [1069],  Dolph’s  procedure  is  optimal  only  for  element  spac- 
ings  that  are  greater  than  half  a  wavelength,  d  >  A/ 2.  For  d  <  A/ 2,  it  is  possible  to 
find  another  set  of  window  coefficients  that  would  result  into  a  narrower  main  lobe. 
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Riblet  modified  Dolph’s  method  to  obtain  an  optimal  design  for  both  cases,  d  <  \/2 
and  d  >  A/ 2,  but  only  for  an  odd  number  of  array  elements,  N  =  2M  +  1. 

It  follows  from  Eq.  (20.7.4)  that  if  N  is  odd,  the  array  factor  W  ((//)  can  be  expressed 
either  as  a  polynomial  in  the  variable  cos  ((///2)  or  as  a  polynomial  in  the  variable  cos  ip. 

Dolph’s  original  dehnition  of  Eq.  (20.9.2)  used  a  Chebyshev  polynomial  T2mM  of 
order  2M  =  AT  -  1  in  the  variable  x  =  Xq  cos((///2).  Riblet  used  instead  a  Chebyshev 
polynomial  Tm  (y)  of  order  M  in  the  new  variable  y  =  A  cos  (//  +  5,  where  the  constants 
A,B  are  to  be  determined  from  the  desired  spacing  d  and  sidelobe  attenuation  R.  The 
array  factor  is  dehned  as: 


Tniy),  y  =  Acos(// 


(Riblet’s  modihcation) 


(20.9.9) 


The  mainlobe  peak  of  height  at  0  =  90°  (or  (R  =  0)  will  correspond  to  a  value  yo 
such  that: 

Ra  =  TMiyo)=  cosh(Macosh(yo) )  (20.9.10) 


which  may  be  solved  for  yo: 


yo  =  cosh 


acosh(Rfl) 

M 


(20.9.11) 


We  note  that  yo  is  related  to  Xo  of  Eq.  (20.9.3)  by  yo  =  2Xo  -  1.  This  follows  from  the 
general  property  of  Chebyshev  polynomials  that: 


y  =  2x^  -  1  ^  T2mM=  Tm  (y) 


(20.9.12) 


Indeed,  setting  x  =  cos  6  and  y  =  cos (20)=  2cos^0  -  1  =  2x^  -  1,  we  have 
0  =  acos(x)  and  26  =  acos(y),  and  therefore: 


r2M(x)=  cos((2M)0)=  cos(M(20))  =  Tniy) 


As  the  azimuthal  angle  (j)  varies  over  0°  <  </>  <  180°  and  the  wavenumber  (R  over 
the  visible  region  -kd  <  fR  <  kd,  the  quantity  c  =  cos  ip  will  vary  from  c  =  cos  (kd)  at 
</)  =  0°  to  c  =  1  at  </)  =  90°,  and  then  back  to  c  =  cos{kd)  at  <p  =  180°. 

If  A/2  <  d  <  A,  then  n  <  kd  <  277  and  Lp  =  kd  cos  (p  will  pass  through  the  value 
ip  =  TT  before  it  reaches  the  value  ip  =  kd.  It  follows  that  the  quantity  c  will  go  through 
c  =  -1  before  it  reaches  c  =  cos  (kd).  Thus,  in  this  case  the  widest  range  of  variation 
of  c  =  cos  ip  is  -1  <  c  <  1. 

On  the  other  hand,  if  d  <  A/ 2,  then  kd  <  n  and  c  never  reaches  the  value  c  =  -1. 
Its  minimum  value  is  c  =  cos  (kd),  and  the  range  of  c  is  [cos  (kd),  1].  To  summarize, 
the  range  of  variation  of  c  will  be  the  interval  [co,  1] ,  where 

(20.9.13) 

Assuming  A  >  0,  it  follows  that  the  range  of  variation  of  y  =  A  cos  ip  -i-B  will  be  the 
interval  [Acq  +  R,  A  +  R]  .  The  parameters  A,  B  are  hxed  by  requiring  that  this  interval 
coincide  with  the  interval  [-l,yo]  so  that  the  right  end  will  correspond  to  the  mainlobe 
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peak,  while  the  left  end  will  ensure  that  we  use  the  maximum  size  of  the  equi-ripple 
interval  of  the  Chebyshev  variable  y.  Thus,  we  require  the  conditions: 


which  may  be  solved  for  A,  R: 


Aco  +  B  =  -1 
A  +  R  =  yo 


(20.9.14) 


1  -  Co 

(20.9.15) 

^  ^  1  +  ypco 

1  -  Co 

Eor  d  >  A/ 2,  the  method  coincides  with  Dolph’s  original  method.  In  this  case, 
Co  =  -1,  and  A,  R  become: 


(20.9.16) 


where  we  used  yo  =  2xo  -  1,  as  discussed  above.  It  follows  that  the  y  variable  will  be 
related  to  the  Dolph  variable  x  =  Xq  cos((///2)  by: 

y  =  Xq  cos  (R  +  Xq  -  1  =  xlicOSip  +  1)-1  =  2XoCOS^(y)  -  1  =  2x^  -  1 

and  therefore,  Eq.  (20.9.12)  implies  that  W (ip)  =  TMiy)=  T2mM. 

Once  the  parameters  A,B  are  determined,  the  window  w{m)  may  be  constructed 
from  the  zeros  of  the  Chebyshev  polynomials.  The  M  zeros  of  Tm  (y)  are: 


y,  =  cos 


(z  -  1/2)7T 
M 


,  z  =  l,2,...,M 


The  corresponding  wavenumbers  are  found  by  inverting  y,  =  A  cos  ipi  +  B: 


ipi  =  acos 


,  z  =  l,2,...,M 


The  2M  =  N  -  1  zeros  of  the  z-transform  of  the  array  are  the  conjugate  pairs: 
{ejVz  /  =  i,2,...,M 


The  symmetrized  z-transform  will  be  then: 


Wiz)=  z  (z)  =  z  ^  ( (z  -  (z  -  e  ) 


The  inverse  z-transform  of  W (z)  will  be  the  desired  array  weights  w(m).  This 
procedure  is  implemented  by  the  MATLAB  function  dol  ph2  .  m  of  Appendix  1.  We  note 
again  that  this  dehnition  differs  from  that  of  Eq.  (20.9.9)  by  the  scale  factor  A^  12. 
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The  function  dolph2  also  returns  the  3-dB  width  of  the  main  lobe.  The  3-dB  fre¬ 
quency  (//3  is  computed  from  the  half-power  condition: 


WiLlJ3)=  TMiys)-- 


Tniyo)  _  Ra 

V2  “  V2 


y3  =  cosh 


acosh{Ra/V2) 


Inverting  y3  =  A  cos  +  B,  we  obtain  the  3-dB  width  in  (//-space: 

qjs  =  acos  ^  =  2(//3  (20.9.17) 

For  the  case  d  >  A/2,  the  maximum  element  spacing  given  by  Eq.  (20.9.7)  can  also 
be  expressed  in  terms  of  the  variable  yo  as  follows: 


dmax  —  A  1 


1  ^  3  -  yo , 

—  acos  ( - , 

2tt  1-^yo 


(20.9.18) 


This  follows  from  the  condition  Xmin  =  Xocosikdmax/'^)  =  -!■  The  corresponding 
value  of  y  will  be  y  =  -1  =  1.  Using  Eq.  (20.9.16),  this  condition  reads: 


y  =  ^  COS(kdniax 


cos  {kdn 


Because  the  function  acos  always  returns  a  value  in  the  range  [0,  tt]  ,  and  we  want  a 
value  kdmax  >  tt,  we  must  invert  the  cosine  as  follows: 


kdrnax  —  27t  acos  ( 


which  implies  Eq.  (20.9.18). 


Example  20.9.5:  The  bottom  two  graphs  of  Fig.  20.9.2  show  the  array  factor  designed  using 
Dolph’s  and  Riblet’s  methods  for  the  case  N  =  9,  R  =  20  dB,  and  d  =  A/4.  The  Dolph 
weights  are  the  same  as  those  given  in  Example  20.9.3.  The  Riblet  weights  computed  by 
dol  ph2  are: 


w=  [1,  -3.4884,  7.8029,  -11.7919,  13.6780,  -11.7919,  7.8029,  -3.4884,  1] 


The  corresponding  array  gains  in  dB  are  shown  in  Fig.  20.9.4.  The  3-dB  widths  of  the  Dolph 
and  Riblet  designs  are  =  25.01°  and  2\(/)3dB  =  17.64°.  □ 

Next,  we  discuss  steered  arrays  [1070].  We  assume  a  steering  angle  0°  <  </)o  < 
180°.  The  endhre  case  <po  =  0°,  180°  will  be  treated  separately  [1071].  The  steered 
wavenumber  will  be: 

Lfj' =  Lfj  -  Lfj Q  =  kd  (cos  <p  -  cos  <po)  (20.9.19) 

where  (//q  =  kd  cos  (po.  The  corresponding  array  weights  and  array  factor  will  be: 

a{m)  =  e“^^^°w(m)  ,  -M  <  m  <  M 

(20.9.20) 

A  (ip)  =WiLp  -  ipo)=  Wiip')=  iMiy'),  y'  =  Acosip'  +  B 
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Dolph  design  Riblet  design 


Fig.  20.9.4  Dolph  and  Riblet  designs  of  Chebyshev  array  with  N  =  9,  R  =  20  dE,  d  =  A/4. 

where  we  assumed  that  N  is  odd,  N  =  2M  -r  1.  The  visible  region  becomes  now: 

kd{l  -  \  cos  (pol)  <  Lp'  <  kd{l  +  \  cos  (po \ ) 

In  order  to  avoid  grating  lobes,  the  element  spacing  must  be  less  than  the  maximum: 

(20.9.21) 

which  satishes  kdo{l  +  \  cos  4>o\)  =  2tt. 

The  Chebyshev  design  method  is  carried  out  in  the  same  way,  except  instead  of  using 
the  half-wavelength  spacing  A/2  as  the  dividing  line  between  the  Riblet  and  the  Dolph 
methods,  we  must  use  dQl2.  Thus,  the  variable  c  =  cos  ip'  =  cosiip  -  Lpo)  will  vary  in 
the  interval  [co,  1],  where  Eq.  (20.9.13)  is  now  replaced  by 

_  r  -1,  ifd  >  do/2 

I  cos(/i:d(l -r  I  cos </)ol) ),  ifd<do/2 
Replacing  1  -r  |  cos  <po\  =  \/do,  we  can  rewrite  this  as  follows: 


(20.9.22) 

The  solutions  for  A,B  will  still  be  given  by  Eq.  (20.9.15)  with  this  new  value  for  Cq. 
Note  that  when  d  <  do  12  the  quantities  A,B,  and  hence  the  array  weights  w(m),  will 
depend  on  (po-  Therefore,  the  weights  must  be  redesigned  for  each  new  value  of  (po, 
instead  of  simply  steering  the  broadside  weights  [1070]. 

When  d  >  do/2,  wc  have  Co  =  -1  and  the  weights  w(m)  become  independent  of 
(po-  In  this  case,  the  steered  weights  are  obtained  by  steering  the  broadside  weights. 

Example  20.9.6:  Eig.  20.9.5  shows  the  gain  of  an  array  steered  towards  cpo  =  60°,  with  N  =  9, 
R  =  20  dB,  and  element  spacing  d  =  A/4. 


834 


20.  Array  Design  Methods 


The  grating  lobe  spacing  is  do  =  A/  (1  +  cos (60”) )  =  2A/3,  and  the  dividing  line  between 
Dolph  and  Riblet  designs  will  he  do/ 2  =  A/ 3.  The  second  graph  shows  the  gain  of  a 
broadside  array,  which  is  steered  towards  60”.  It  demonstrates  that  the  plain  steering  of 
a  broadside  design  will  not  work  for  d  <  do/2.  The  array  weights  were  computed  by  the 
MATLAB  commands: 

al  =  dolph2(l/4,  60,  9,  20);  %  steered  array 

w  =  dolph  2  (1/4,  90,  9,  20);  %  broadside  array 

a2  =  steer(l/4,  w,  60);  %  steered  broadside  array 

The  3-dB  width  was  A03dB  =  26.66”.  It  was  obtained  using  Eq.  (20.9.17)  and  the  approx¬ 
imation  Eq.  (20.7.6).  The  first  graph  also  shows  the  3-dB  gain  circle  intersecting  the  rays 
at  the  3-dB  angles  <po  ±  2^<P36b/2,  that  is,  at  46.67”  and  73.33”.  We  note  also  that  the 
broadside  weights  w  were  given  in  Example  20.9.5.  □ 

Steered  design  Steered  broadside 


Fig.  20.9.5  Nine-element  array  with  d  =  \/4  steered  towards  60”. 

Endfire  Dolph-Chebyshev  arrays  require  special  treatment.  DuHamel  has  shown  how 
to  modify  Riblet’s  design  for  this  purpose  [1071].  The  key  idea  is  not  to  use  a  steering 
angle  <po  =  0°  or  <po  =  180®,  but  rather  to  make  (po,  and  the  corresponding  steering 
phase  l/Jq  =  kd  cos  <po,  a  free  design  parameter. 

The  steered  wavenumber  will  still  be  (//'  =  kd  cos  <p  -  kd  cos  <po  =  kd  cos  (f)  -  l/jq 
and  the  array  factor  and  array  weights  will  still  be  given  by  Eq.  (20.9.20). 

The  three  parameters  {A,£,  (//qI  are  determined  by  the  following  conditions.  For  a 
forward  endfire  array  (with  mainlobe  peak  towards  0  =  0®,)  we  require  that  y'  =  yo  at 
0  =  0,  or,  at  (//'  =  kd  -  i/jQ.  Moreover,  we  require  that  the  two  endpoints  y'  =  -1  and 
y'  =  1  of  the  equi-ripple  range  of  the  Chebyshev  polynomial  are  reached  at  0'  =  0  and 
at  0  =  180®,  or,  0'  =  -kd  -  00-  These  three  conditions  can  be  stated  as  follows: 

A  cos  {kd  -  0o)  +5  =  yo 

A  +  £  =  -l  (20.9.23) 


Acosikd  +  0o)+5  =  1 
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For  a  backward  endfire  array  (with  mainlobe  towards  0  =  180®,)  we  must  replace 
00  by  -00-  The  solution  of  Eqs.  (20.9.23)  is: 


(20.9.24) 


where  in  the  solution  for  0o,  the  plus  (minus)  sign  is  chosen  for  the  forward  (backward) 
endfire  array.  Bidirectional  endfire  arrays  can  also  be  designed.  In  that  case,  we  set 
00  =  0  and  only  require  the  first  two  conditions  in  (20.9.23),  which  become 

A  cos  (kd)  +B  =  yo 


with  solution: 


(20.9.26) 


In  all  three  of  the  above  endfire  designs,  we  must  assume  d  <  A/2  in  order  to  avoid 
grating  lobes.  The  MATLAB  function  dol  ph  3 .  m  of  Appendix  I  implements  all  three  cases. 

Example  20.9.7:  Eig.  20.9.6  shows  three  endfire  designs  for  a  nine-element  array  with  quarter- 
wavelength  spacing  d  =  A/4,  and  sidelobe  level  of  R  =  20  dB.  The  array  weights  and  3-dB 
widths  were  computed  as  follows: 

[al,  dphl]  =  dolph3(l,  1/4,  9,  20);  %  forward  endfire 

[a2,  dph2]  =  dolph3(-l,  1/4,  9,  20);  %  backward  endfire 

[a3,  dph3]  =  dolph  3  (2,  1/4,  9,  20);  %  bidirectional  endfire 


The  first  argument  of  dolph3  takes  on  one  of  the  three  values  {1,  -1,2},  for  forward, 
backward,  and  bidirectional  designs.  In  the  forward  and  backward  cases,  the  array  weights 
are  already  scanned  by  the  effective  scanning  phase  ±0o-  The  calculated  array  weights 
are  in  the  three  cases: 


Because  the  backward  case  is  obtained  by  the  replacement  0o  ^  -0o,  its  weights  will  be 
the  conjugates  of  those  of  the  forward  case. 

The  3-dB  widths  are  in  the  three  cases:  A03dB  =  22.85”,  22.85”,  22.09”.  The  graphs  also 
show  the  3-dB  gain  circles  intersecting  the  gains  at  the  3-dB  angles.  □ 


836 


20.  Array  Design  Methods 


Forward  Backward  Bidirectional 


Fig.  20.9.6  Forward,  backward,  and  bidirectional  endfire  designs. 


20. 1 0  Taylor  One-Parameter  Source 

In  Sec.  20.4,  we  used  the  Kaiser  window  to  design  a  sector  array  pattern.  That  de¬ 
sign  problem  was  equivalent  to  designing  an  FIR  lowpass  digital  hlter  using  the  window 
method.  Here,  we  use  the  Kaiser  window  to  design  a  narrow  beam  array— a  problem 
equivalent  to  the  spectral  analysis  of  windowed  sinusoids  [47,48,1090]. 

The  broadside  array  weights  are  equal  to  the  window  coefficients  a{m)=  w(m), 
dehned  up  to  an  overall  normalization  constant  by: 

(20.10.1) 

where  m  =  ±1,  ±2, . . . ,  ±M,  or  m  =  0,  ±1,  ±2, . . . ,  ±M,  for  even  or  odd  number  of  array 
elements,  N  =  2M  or  N  =  2M  +  1. 

This  window  is  based  on  Taylor’s  one-parameter  continuous  line  source  [1085],  and 
is  obtained  by  setting  =  md  with  d  =  //(2M)  inEq.  (20.6.20),  so  that  2x^//  =  m/M, 

Hxm)=h  (nB^l  -  i2xm/iv)  =  lo 


Thus,  we  note  that  the  Kaiser  window  shape  parameter  a  is  related  to  Taylor’s  pa¬ 
rameter  Bby  a  =  ttB.  The  parameter  B  or  a  control  the  sidelobe  level.  The  continuous 
line  pattern  of  (20.6.20), 


sinh  sin  -  B^^ 


TX^Vi^  -  £2 


(20.10.2) 


has  a  hrst  null  at  Uq  =  ^/B^  +  1,  and  therefore,  the  hrst  sidelobe  will  occur  for  u  >  Uq. 
For  this  range,  we  must  use  the  sine-form  of  F(u)  and  to  hnd  the  maximum  sidelobe 
level,  we  must  hnd  the  maximum  of  the  sine  function  (for  argument  other  than  zero). 
This  can  be  determined,  for  example,  by  the  MATLAB  command:^ 


x0=fminbnd(’sinc(x) ’ ,  1,2,  optimset(’TolX’ ,eps)) ;  rO  =  abs(si nc(xO)) ; 
^MATLAB’s  sine  function  is  defined  as  sinc(x)  =  sirnTx/nx. 
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which  yields  the  values: 


xo  =  1.4302966532 
To  =  |sinc(xo)  I  =  0.2172336282 
Ro  =  -201ogio(ro)=  13.2614588840  dB 


(20.10.3) 


The  sidelobe  level  Ra  (in  absolute  units)  is  dehned  as  the  ratio  of  the  pattern  at  u  =  0 
to  the  maximum  sidelobe  level  Vq,  that  is. 


1  sinh(TrB) 
ro  ttB 


and  in  dB,  R  =  20  log^o  (Ra ) . 


sinh(TrB) 

ttB 


(20.10.4) 


(20.10.5) 


To  avoid  having  to  solve  (20.10.4)  for  B  for  a  given  Ra,  Kaiser  and  Schafer  [1090] 
have  developed  an  empirical  formula  in  terms  of  the  sidelobe  level  R  in  dB,  which  is 
valid  across  the  range  13  <  R  <  120  dB: 

r  0,  R<  13.26 

ttB  =  \  0.76609(R  -  13. 26)0-^ -r0.09834(R  -  13.26),  13.26  <R<  60  (20.10.6) 


0.12438(R-r6.3), 


60<R<  120 


For  R  <  13.26,  w(m)  becomes  the  rectangular  window.  The  broadening  factor  b, 
and  the  3-dB  width  in  (//-space  can  also  be  expressed  in  terms  of  the  dB  sidelobe  level 
R  by  the  following  empirical  formula  valid  for  20  <  R  <  100  dB: 


b  =  0.01330R  -r  0.9761 ,  A(//3dB  =  0.886  - 


(20.10.7) 


The  3-dB  width  in  angle  space,  is  then  calculated  from  Eq.  (20.7.6).  The  3-dB 

beam  width  may  be  more  accurately  calculated  by  hnding  it  in  u-space,  say  Au,  and 
then  transforming  it  to  (//-space  using  Eq.  (20.6.15),  AiRmb  =  2ttAu/N.  The  width  Au 
is  given  by  Z\u  =  2u3,  where  U3  is  the  solution  of  the  half-power  condition: 


|f(«3)|^  =  i|F(0)|^ 


sinh  yn^B^  -  ul 
TT^jB^  -  ul 


1  sinh(TrB) 
V2  ttB 


(20.10.8) 


Eor  small  values  of  B,  the  right-hand  side  becomes  less  than  one,  and  we  must  switch 
the  left-hand  side  to  its  sine  form.  This  happens  when  B  <  Be,  where 


1  sirLh(TrBc) 

a/2  ttBc 


Be  =  0.4747380492 


(20.10.9) 


which,  through  (20.10.5),  corresponds  to  a  sidelobe  attenuation  of  Re  =  16.27  dB.  Rather 
than  using  the  above  empirical  formulas,  Eqs.  (20.10.4)  and  (20.10.8)  may  be  solved 
numerically  in  MATLAB.  The  function  taylorbw  implements  the  solution,  returning  the 
values  of  B  and  Au,  for  any  vector  of  sidelobe  attenuations  R\ 
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[B  ,  Du]  =  tayl  orbw(R)  ;  %  Taylor  parameter  B  and  beamwidth  Au 

It  is  built  on  the  functions  sin  he  and  asinhc  for  computing  the  hyperbolic  sine 
function  and  its  inverse; 

y  =  si  nhc  (x)  ;  %  hyperbolic  sine  function,  sinhc(x)  =  sinh(TT  x)  /tt  x 

X  =  asi  nhc  (y)  ;  %  inverse  function,  finds  the  x  that  satisfies  sinhc(x)  =  y 

For  small  x,  the  equation  y  =  sinh(x)  /x  is  solved  for  x  by  using  the  Taylor  series 
expansion  y  =  sinh(x)x  ^  1  +  x^/6  +  x^/120;  for  larger  x,  it  is  solved  by  the  iteration 
sinh(Xn)  /Xn_i  =  y,  or,  x„  =  asinh(yxn_i),  for  n  =  1,2, _ 

Once  the  5-parameter  is  determined,  the  array  weights  w(m)  can  be  computed  from 
(20.10.1)  using  the  built-in  function  besseli,  and  then  steered  towards  an  angle  (po 
using  Eq.  (20.7.1).  In  this  case,  to  avoid  grating  lobes,  the  element  spacing  must  be  less 
than  the  maximum:  _ 

(20.10.10) 

As  discussed  in  Sec.  20.9,  in  order  for  the  visible  region  is  (//-space  to  cover  at  least 
one  Nyquist  period,  the  element  spacing  d  must  be  in  the  range; 

y<d<do  (20.10.11) 

The  MATLAB  function  tayl  o rip  of  Appendix  I  implements  this  design  procedure 
and  invokes  the  function  taylorbw.  The  outputs  of  the  function  are  the  steered  array 
weights  and  the  3-dB  width.  It  has  usage: 

[a,  dph]  =  taylorlpCd,  pho,  N,  R)  ;  %  Taylor  l -parameter  line  source 

Example  20.10.1:  Fig.  20.10.1  depicts  the  gain  of  a  14-  and  a  15-element  Taylor-Kaiser  array 
with  half -wavelength  spacing  d  =  A/2,  steered  towards  (po  =  60°.  The  sidelobe  level  was 
5  =  20  dB.  The  array  weights  were  obtained  by: 

[al,  dphl]  =  taylorlpCO. 5 ,  60,  14,  20); 

[a2,  dph2]  =  taylorlpCO. 5 ,  60,  15,  20); 

The  graphs  in  Fig.  20.10.1  can  be  produced  by  the  following  commands: 

[gl,phl]  =  gainld(0.5,  al,  720);  %  compute  normalized  gain  at  720  angles 

dbz(phl,gl);  %  make  azimuthal  plot  of  the  gain 

addei  rc(3)  ;  %  add  3-dB  circle 

addray  (60-dphl/2)  ;  addray(60-i-dphl/2)  ;  %  add  rays  at  3-dB  angles 

The  array  weights  are  already  steered  towards  60°.  The  designed  unsteered  weights  were 
in  the  two  cases: 

wi  =  [1.0000,  1.3903,  1.7762,  2.1339,  2.4401,  2.6749,  2.8224, 

2.8224,  2.6749,  2.4401,  2.1339,  1.7762,  1.3903,  1.0000] 


W2  =  [1.0000,  1.3903,  1.7762,  2.1339,  2.4401,  2.6749,  2.8224,  2.8728 
2.8224,  2.6749,  2.4401,  2.1339,  1.7762,  1.3903,  1.0000] 
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The  corresponding  3-dB  widths  were  =  9.68°  and  =  9.03°,  with  the  second 

being  slightly  narrower  because  the  array  is  slightly  longer.  The  graphs  show  how  the  rays 
at  the  two  3-dB  angles  intersect  the  3-dB  gain  circles.  The  maximum  and  minimum  array 
spacings  are  from  (20.10.10):  do  =  2A/3  and  do/2  =  A/3.  □ 

iV=14  iV=15 


Fig.  20.10.1  Taylor-Kaiser  arrays  with  A  =  14  and  N  =  15,  and  d  =  A/2. 


Example  20.10.2:  Fig.  20.10.2  depicts  the  gain  of  a  31 -element  endfire  array  with  spacing  d  = 
A/4  and  sidelobe  level  R  =  20  dB,  steered  towards  the  forward  direction,  po  =  0°,  and  the 
backward  one,  po  =  180°. 

The  maximum  and  minimum  array  spacings,  calculated  from  Eq.  (20.10.10)  for  po  =  0° 
and  po  =  180°,  are  do  =  A/2  and  do/2  =  A/4.  We  have  chosen  d  =  do/2  =  A/4. 

The  3-dB  widths  are  in  both  cases  Ap^^^  =  43.12°.  The  graphs  also  show  the  3-dB  circle 
intersecting  the  3-dB  angle  rays.  □ 

Forward  Backward 


Fig.  20.10.2  Taylor-Kaiser  endfire  arrays  with  A  =  31  and  d  =  A/4. 

The  design  method  of  the  section  was  based  on  sampling  the  current  distribution 
directly,  as  in  Eq.  (20.10.1),  rather  than  using  the  procedure  of  mapping  the  pattern 
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zeros  as  outlined  in  Eqs.  (20.6.15)-(20.6.17).  A  variation  of  the  design  method  array  that 
uses  the  latter  procedure  is  discussed  in  Problem  20.1. 


20. 1 1  Prolate  Array 

Kaiser  has  noted  [1089,1090]  that  the  Kaiser  window  function  (20.10.1)  is  an  excellent 
approximation  to  the  0th  order  discrete  prolate  spheroidal  sequence  that  maximizes  the 
energy  concentration  in  a  given  frequency  interval  [1092-1101]. 

Using  the  prolate  sequence  as  a  window  for  array  design  provides  a  slight  improve¬ 
ment  over  the  Taylor -Kaiser  case  in  the  sense  of  having  a  slightly  narrower  beamwidth 
while  meeting  the  sidelobe  specihcation  more  precisely.  The  prolate  array  can  be  de¬ 
signed  very  quickly  using  the  inverse  power  iteration. 

Given  an  iV-dimensional  array  a  =  [rzo,  ,  ■  ■  ■ ,  ^iv-i ]  ^  with  array  pattern  Aiifj), 
the  discrete  prolate  spheroidal  performance  index  which  measures  the  concentration  of 
energy  within  the  wavenumber  interval  [-(pc,  tpcl  is  dehned  by; 


—  lAmi^dip 

3  =  .  -  (20.11.1) 

—  \A((p)\^dip 
2tt  J-tt 

The  integration  range  in  the  denominator  may  be  changed  to  be  the  visible  region 
[-kd,  kd]  if  so  desired  [1094],  but  the  design  technique  remains  essentially  the  same. 
Inserting  the  array  pattern, 

N-l 

A((/y)=  y  (20.11.2) 

n=0 

into  (20.11.1),  we  may  express  the  performance  index  J  as  a  Rayleigh  quotient  involving 
the  so-called  prolate  matrix  [1093,1101]: 


J  = 


a+Aa 

a+a 


(20.11.3) 


where  the  dagger  denotes  the  Hermitian  conjugate  and  the  prolate  matrix  is  dehned  by 
its  matrix  elements: 


sin((pc(ti  -  m))  _  sin {ZnW in  -  m)) 
TT{n-m)  Ttin-m) 


n,m  =  0, 1,...,N-  1  (20.11.4) 


where  we  set  (pc  =  ^nW  for  later  convenience.  This  matrix  is  the  convolution  matrix 
arising  from  the  impulse  response  of  the  ideal  lowpass  hlter  with  cutoff  (pc- 

The  problem  of  maximum  energy  concentration  is  to  hnd  that  hnite  sequence  a  that 
maximizes  the  performance  index  J.  This  problem  has  been  studied  extensively  both  for 
discrete  and  continuous  time  sequences,  see  [1095]  for  a  nice  review.  The  maximization 
of  the  Rayleigh  quotient  is  realized  by  the  maximum  eigenvector  of  the  prolate  matrix 
A,  that  is,  the  eigenvector  belonging  to  the  maximum  eigenvalue,  say,  Aq: 


Aa  =  Ao  a 


(20.11.5) 
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The  prolate  matrix  is  notoriously  ill-conditioned  having  approximately  2NW  eigen¬ 
values  that  are  very  near  one,  and  the  remaining  eigenvalues  decreasing  rapidly  to  zero. 
The  following  table  lists  the  eigenvalues  in  decreasing  order  for  the  case  N  =  21  and 
W  =  0.2,  so  that  2NW  =  8.4,  its  condition  number  being,  cond(A)  =  5.1063x10^®; 


z 

Ai 

z 

A,- 

0 

0.99999999998517786000 

11 

0.00131552671490021500 

1 

0.99999999795514627000 

12 

0.00007986915605618046 

2 

0.99999987170540139000 

13 

0.00000365494381482577 

3 

0.99999517388508363000 

14 

0.00000012731149204486 

4 

0.99987947149714795000 

15 

0.00000000336154097643 

5 

0.99792457099956200000 

16 

0.00000000006621668668 

6 

0.97588122145542644000 

17 

0.00000000000094327944 

7 

0.83446090480119717000 

18 

0.00000000000000920186 

8 

0.45591142240913063000 

19 

0.00000000000000004034 

9 

10 

0.11887181858959120000 

0.01567636516215985600 

20 

0.00000000000000001958 

These  were  generated  by  the  following  MATLAB  code: 

N  =  21;  W  =  0.2; 
n  =  0:N-1;  f  =  2*W*si nc(2*W*n) ; 

A  =  toeplitz(f ,f) ; 
lambda  =  svd(A); 

The  eigenvectors  of  the  prolate  matrix  are  referred  to  as  the  discrete  prolate  spheroidal 
sequences  (DPSS),  and  the  hrst  2NW  of  them  are  relevant  in  multitaper  methods  of  spec¬ 
tral  analysis  [1100]  . 

For  the  array  problem,  we  are  interested  only  in  the  maximum  eigenvector.  A  simple 
way  to  compute  it  is  by  the  power  iteration,  that  is,  =  Aa^-i  =  A”ao.  However, 
because  the  corresponding  eigenvalue  Aq  and  the  next  highest  one  are  so  close  to  unity, 
the  iteration  will  be  very  slow  converging. 

A  more  efficient  approach  is  to  apply  the  inverse  power  iteration  on  the  matrix 
Q  =  7  -  A,  that  is,  an+i  =  Q~^3Ln  =  Q“”ao.  This  iteration  converges  to  the  minimum 
eigenvector  of  Q,  which  is  the  same  as  the  maximum  eigenvector  of  A.  The  minimum 
eigenvalue  of  Q  is  1  -  Aq,  which  is  very  small  and  its  inverse  (1  -  Ao)“^  very  large, 
causing  the  iteration  to  converge  very  fast. 

For  the  array  problem  one  needs  to  know  the  relationship  of  the  bandwidth  parame¬ 
ter  W  to  the  desired  sidelobe  level  R  and  the  array  length  N.  Because  the  Taylor-Kaiser 
window  is  a  good  approximation  to  the  maximum  eigenvector,  one  expects  to  have  a 
relationship  among  the  parameters  W,B,N,R.  As  pointed  out  by  Kaiser  and  Walden 
[1089,1097],  this  relationship  is  approximately  W  =  B/N. 

We  have  improved  this  relationship  slightly  by  using  the  results  of  [1101]  to  arrive 
at  the  following  empirical  formula,  which  works  well  over  the  range  14<R<120dB: 


This  leads  to  the  following  design  procedure.  Given  N  and  R,  we  calculate  B  using 
the  function  taylorbw,  described  in  Sec.  20.10,  then  calculate  W  from  (20.11.6),  and 
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construct  the  prolate  matrix  A,  and  Q  =  I  -  A,  then,  apply  the  inverse  power  iteration 
initialized  with  the  unit  vector  ao=  [1,0,0,...,0]^: 

a  =  [1,0,0, 
for  n  =  1,  2,  .  .  .  ,  Niter, 
a  =  Q^^a 

The  algorithm  is  insensitive  to  the  choice  of  the  initial  vector  ao  and  converges  ex¬ 
tremely  fast,  requiring  about  1-3  iterations  (we  use  3  by  default). 

We  determine  the  3-dB  width  by  simply  equating  it  to  that  of  the  Taylor  array,  that 
is,  Aijj  =  ZttAu/N,  where  Au  is  also  obtained  from  the  function  tayl  orbw.  Even  so,  the 
prolate  array’s  mainlobe,  as  a  whole,  is  slightly  narrower  than  that  of  the  Taylor  array. 
The  MATLAB  function  prol  implements  the  above  procedure: 

[a,  dph]  =  prol  (d,phO,N,R)  ;  %  prolate  array 

The  function  prol  mat  constructs  the  prolate  matrix  for  given  N,  W: 

A  =  prol  mat  (N  ,  W)  ;  %  prolate  matrix 

Fig.  20.11.1  shows  a  design  example  with  N  =  21  and  R  =  30.  The  left  graph 
plots  the  array  patterns  |A((//)  |  for  the  prolate  and  Taylor  designs  at  broadside.  The 
right  graph  shows  the  same  prolate  array  steered  towards  60°.  The  3-dB  width  is  also 
indicated  on  the  hgure.  We  note  that  the  Taylor  array  has  a  slightly  wider  mainlobe  and 
slightly  lower  sidelobes,  whereas  the  prolate  design  meets  the  sidelobe  specihcation 
exactly.  The  graphs  were  computed  by  the  following  MATLAB  code: 

d  =  0.5;  N  =  21;  R  =  30;  phO  =  90; 

[at,Dt]  =  tayl  0  rip  (d ,  phO ,  N ,  R)  ;  %  Taylor  design 

[ap,Dp]  =  prol  (d  ,  phO ,  N  ,  R)  ;  %  Prolate  design 

f  =  linspace(-l,  1, 1001)  ;  psi  =  pi*f;  %  normalized  wavenumber  i/y 

At  =  20*logl0(abs(dtft(at , -psi)))  ;  At  =  At-max(At)  ;  %  compute  pattern 

Ap  =  20*logl0(abs(dtft(ap, -psi))) ;  Ap  =  Ap-max(Ap) ; 

figure;  p1ot(f,Ap,  f ,At, ’ — ’); 

ap  =  s tee r  (d  ,  ap ,  60)  ;  %  redesign  steered  towards  60° 

[gp,phi]  =  gai nld(d , ap ,  720)  ;  %  normalized  gain 

figure;  dbz(phi ,gp) ; 

Fig.  20.11.2  compares  the  corresponding  array  weights  of  the  prolate  and  Taylor 
designs  for  the  cases  N  =  21  and  N  =  41,  and  R  =  30  dB. 


20. 1 2  Taylor  Line  Source 

Taylor’s  ideal  line  source  pattern  [1086],  given  in  Eq.  (20.6.21),  has  a  mainlobe  when 
|ii|  <  A  and  equiripple  sidelobes  when  \u\  >  A.  The  equiripple  behavior  arises  from 
the  fact  that  the  pattern  switches  to  its  cosine  form  when  |u|  >  A,  as  shown  below: 


20.1 2.  Taylor  Line  Source 
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A^=21,  i?  =  30dB 


Fig.  20.11.1  Prolate  array  design. 


=  21,  i?  =  30  dB  N=41,  R  =  30  dB 


Fig.  20.11.2  Comparison  of  prolate  and  Taylor  array  weights. 


fcosh  (ttVA^  -  uA  ,  if  |iz|  <A 

Fiu)=\  /  ^ _ /  (20.12.1) 

[cos  -  A2  j  ,  if  |iz|  >A 

■  ■  •  -5A  -3A  -A  0  A  3A  5A  ■■■ 

The  sidelobe  level  (in  absolute  units)  is  the  ratio  of  the  mainlobe  peak  height  IT (0)  |  = 
cosh(TrA)  to  the  sidelobe  height,  which  is  unity: 

Ra  =  cosh(TrA)  ^  A  =  —acosh(Ra)  (20.12.2) 

TT 

The  pattern  F{u)  may  be  thought  of  as  a  limiting  form  of  the  Chebyshev  array  when 
the  number  N  of  array  elements  becomes  large  [1074].  To  see  this,  we  consider  the 
Chebyshev  polynomial  FnM=  cosh(Ng),  where  x  =  coshg.  In  the  limit  of  large  N 


844 


20.  Array  Design  Methods 


and  small  5,  with  the  product  kept  constant,  we  can  use  the  approximation 

X  =  coshg  ^  1  +  ^  g  ^  a/2x  -  2  ^  Tn{x)  -  cosh  (Na/2x  -  2^  (20.12.3) 

For  an  N-element  array,  the  Chebyshev  pattern  is  dehned  by  Eqs.  (20.9.2)  and  (20.9.3): 

A ((//)=  Tn_i  cos  yj  ,  Ra  =  TN-i{xo)  (20.12.4) 

Recalling  that  Qj  =  Znu/N,  it  follows  that  Qj  will  be  small  in  the  limit  of  large  N  and 
fixed  u,  thus,  we  may  apply  the  approximation  cos((///2)  ^  1  -  / 8.  Then,  using  the 

Chebyshev  approximation  (20.12.3),  we  have: 

Aip)  ^  cosh  ^{N  -1) 

=  cosh  -  l)H2xo  -  2)  -  (  ~  j  j 


We  also  have  Ra  =  T^-i  (xo)-  cosh  {{N  -  1) V2xo  -  2).  Comparing  with  (20.12.2), 
we  may  identify  ttA  =  (N  -  1)  V2xo  -  2.  We  also  note  that  in  the  large-N  limit: 

(iV-l)(//  iN-l)2'nu 

2  “  m 

It  follows  that  the  limiting  form  of  A  ((//)  is  precisely  the  pattern  (20.12.1). 

Taylor  introduced  a  modihcation  of  the  ideal  pattern  so  the  hrst  few  sidelobes,  say 
the  hrst  h,  are  essentially  equiripple  at  the  given  sidelobe  level  R,  while  the  remaining 
ones  follow  the  sin  ttu/ttu  attenuation  rate  of  the  uniform  array.  The  method  essentially 
preserves  the  mainlobe  width  and  sidelobe  level  of  the  Chebyshev  array,  while  allowing 
the  far  sidelobes  to  decay  faster. 

The  zeros  of  the  simTu/nu  pattern  occur  at  the  integers  Un  =  ±n,  n  =  1,2,..., 
whereas  the  zeros  of  the  ideal  pattern  (20.12.1)  occur  at  the  locations: 


^Jun  -  A'^  =  in  -  O.S)  =>  Un  =  n  =  l,2,... 

Taylor  dehned  a  new  pattern  such  that  its  zeros  are: 


(20.12.5) 


±(j^lA'^  +  (n-  0.5)2  ^  for  n  =  1,  2, . . . ,  h  -  1 
±n,  for  n>  fi 


(20.12.6) 


The  scale  parameter  a  is  selected  to  allow  a  smooth  transition  between  the  two  sets 
of  zeros,  that  is,  requiring  the  matching  condition: 


cr^A^  -r  in  -  0.5)^  =  fi 


VA2  +  (fi-0.S)2 


(20.12.7) 


The  3-dB  width  of  the  ideal  pattern  is  obtained  from  the  condition: 


cosh  (  tt^A^  -  U3 


cosh(TrA) 


Au  =  2u3 


(20.12.8) 
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The  3-dB  width  of  the  modihed  pattern  is  a  times  larger: 

Au  =  2u3(J  =  2a^A^  -  ^acosh^  cosh(TrA)^  (20.12.9) 

As  discussed  by  Taylor  [1086],  the  minimum  acceptable  value  for  h  should  be  such 
that  da/dh  <  0.  This  gives  the  constraint: 

n>2A^  +  1  (20.12.10) 

Eqs.  (20.12.6)-(20.12.10)  dehne  completely  the  properties  of  the  modihed  pattern. 
An  N-element  array  approximating  Taylor’s  modihed  pattern  can  be  designed  by  the 
procedure  outlined  in  Eqs.  (20.6.16)  and  (20.6.17),  that  is,  selecting  the  hrst  N  -1  zeros 
of  the  continuous  pattern  as  the  zeros  of  the  discrete  pattern. 

In  particular,  given  the  parameters  N,R,h,  we  calculate  A  from  (20.12.2)  and  a  from 
(20.12.7),  and  dehne  the  N  -  1  conjugate  zeros: 

(jVA2  +  in  -  0.5)2  ^  for  1  <  n  <  h  -  1 

Un  =  -n,  forn<n<N-n  (20.12.11) 

for  N-h-rl<n<N-l 

Then,  we  dehne  the  array’s  zeros  in  (//-space  and  z-domain: 

=  n  =  l,2 . N-l  (20.12.12) 

and  convolve  them  to  get  the  array  pattern  polynomial: 

N-l 

A(z)=W(z-Zn)  (20.12.13) 

n=l 

The  hrst  and  last  h  -  1  zeros  are  conjugate  pairs  by  construction;  the  middle  ones 
come  in  conjugate  pairs  because  for  each  n  in  the  range  h  <  n  <  N-h,  the  integer  N-n 
is  also  in  the  same  range  and  has  a  conjugated  zero:  zn-u  =  e^'27T(iv-n)/iv  ^  ^ 

z*.  An  exception  is  in  the  case  when  N  is  even,  for  which  n  =  N/2  corresponds  to  a 
real  zero. 

The  3-dB  width  of  the  array  is  calculated  from  Aip  =  2jtAuIN.  This  design  method 
is  implemented  by  the  MATLAB  function  tayl  ornb  with  usage: 

[a,dph]  =  tayl  ornb(d  ,  phO  ,  N  ,  R,  nbar)  ;  %  Taylor’s  n-bar  line  source  array  design 

Fig.  20.12.1  shows  two  design  examples.  The  left  graph  has  iV  =  21,  R  =  30  dB,  and 
h  =  5,  while  the  right  graph  has  N  =  41,  R  =  40  dB,  and  h  =  10.  The  required  minimum 
values  for  h,  calculated  from  (20.12.10),  were  h  =  4.48  and  h  =  6.69,  respectively. 

In  order  for  the  middle  range  of  ns  in  (20.12.11)  to  be  nontrivial,  we  must  necessarily 
have  h  <  N/2,  which  combined  with  the  restriction  (20.12.10)  implies  a  minimum  value 
for  the  array  length: 


JV  >  4A2  +  2 


(20.12.14) 
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N=21,  R  =  30dB,  n  =  5  N  =  41,  R  =  40  dB,  n  =  10 


-1  -0.5  0  0.5  1  -1  -0.5  0  0.5  1 

\\f  in  units  of  7i  \j/  in  units  of  n 


Fig.  20.12.1  Taylor  n  line  source  array  design. 

The  following  table  lists  some  representative  values  of  the  minimum  N\ 


R  dB 

h 

N 

R  dB 

h 

N 

15 

2 

4 

50 

9 

18 

20 

2 

5 

55 

11 

22 

25 

3 

7 

60 

12 

25 

30 

4 

8 

65 

14 

29 

35 

5 

11 

70 

16 

33 

40 

6 

13 

75 

18 

37 

45 

7 

15 

80 

20 

41 

20. 1 3  Villeneuve  Arrays 

Taylor’s  h  pattern  was  based  on  the  ideal  continuous  line  source  distribution  (20.12.1), 
which  was  the  limit  of  a  Dolph-Chebyshev  array.  The  design  of  an  N-element  array  was 
accomplished  by  the  usual  method  of  mapping  N-1  continuous-case  zeros  to  the  N-1 
zeros  of  the  array. 

Villeneuve  [1102]  introduced  an  alternative  design  method  whose  starting  point  was 
a  true  iV-element  Chebyshev  array,  instead  of  the  ideal  limiting  form.  The  modihed  array 
was  designed  by  choosing  its  hrst  (and  last)  h-1  zeros  to  coincide  with  the  (stretched) 
zeros  of  the  Chebyshev  array,  and  the  remaining  zeros  to  coincide  with  zeros  of  an 
AT-element  uniform  array. 

We  recall  from  Sec.  20.9  that  the  N-1  zeros  of  and  N-element  Chebyshev  array  are 
constructed  by: 

x„  =  cos  ^  (^)  ’  (20.13.1) 

for  n  =  1,  2, . . . ,  AT  -  1,  where  xq  is  determined  by  Tn{xo)  =  Ra,  and  Ra  is  the  sidelobe 
level  in  absolute  units.  Villeneuve  modihed  the  above  zeros  as  follows: 
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h(j2  acos 


for  1  <  n  <  n  -  1 


for  h  <  n  <  N  -  h 


(20.13.2) 


-cr  2  acos 


for  N-n  +  l<n<N-l 


where  Xn  are  given  as  in  (20.13.1).  By  construction,  we  have  iRn-u  =  for  1  <  n  < 
h-1,  which  implies  that  the  hrst  and  last  h  zeros  are  conjugate  pairs. 

The  scale  factor  a  is  fixed  by  requiring  a  smooth  transition  between  the  two  sets  of 
zeros  aln  =  h,  that  is, 

2TTfi  ___fi2n-l)TT\ 


a  2  acos  —  = 

Vxo/ 


where  Xn  =  cos 


2(N-1) 


(20.13.3) 


With  Zn  =  ,  the  array  polynomial  is  then  formed  by 


A(z)=  n 


The  3-dB  width  of  the  new  design  is  taken  to  be  a  times  greater  than  that  of  the 
Dolph-Chebyshev  case.  The  MATLAB  function  vi  1 1  e  implements  this  method: 


[a,dph]  =  ville(d,phO,N,R,nbar) ; 


%  Villeneuve  array  design 


The  method  applied  to  the  two  examples  of  Fig.  20.12.1  produces  virtually  identical 
graphs,  and  we  do  not  repeat  them  here. 


20. 1 4  Multibeam  Arrays 

An  array  can  form  multiple  narrow  beams  towards  different  directions.  For  example, 
suppose  it  is  desired  to  form  three  beams  towards  the  steering  angles  <pi,  </)2,  and  <p3. 
The  weights  for  such  a  multibeam  array  can  be  obtained  by  superimposing  the  weights 
of  a  single  broadside  array,  say  w(m),  steered  towards  the  three  angles.  Dehning  the 
corresponding  scanning  phases  (//,  =  kd  cos  </>,,  z  =  1,  2,  3,  we  have: 

aim)  =  Aie~‘^^^^wim)  +A2e~^^^'^wim)  +A2e~^^^^wim) 

where  m  =  0,  ±1,±2,...,  ±M  and  we  assumed  an  odd  number  of  array  elements  N  = 
2M  +  1.  The  complex  amplitudes  Ai,  A2,  A3  represent  the  relative  importance  of  the 
three  beams.  The  corresponding  array  factor  becomes: 

Aiqj)  =  AiWiHJ  -  i/^i)  +A2W ((//  -  (//2)  +A3W {ip  -  fR 3) 

and  will  exhibit  narrow  peaks  towards  the  three  steering  angles.  More  generally,  we 
can  form  L  beams  towards  the  angles  </>,,/  =  1,  2, ...  ,L  by  superimposing  the  steered 
beams: 

m  =  0,  ±1,  ±2, . . . ,  ±M  (20.14.1) 
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where  (//,  =  kd  cos  </>,,/  =  1,2,...,  L.  For  an  even  number  of  array  elements,  N  =  2M, 
we  replace  Eq.  (20.14.1)  with: 

m  =  1,2,...,M  (20.14.2) 

For  either  even  or  odd  N,  the  corresponding  array  factor  will  be  the  superposition: 

(multi-beam  array  factor)  (20.14.3) 

The  basic  broadside  array  weights  w(m)  can  be  designed  to  achieve  a  desired  side- 
lobe  level  or  beam  width.  As  the  broadside  beam  w(m)  is  steered  away  from  90®,  the 
beamwidths  will  broaden.  To  avoid  grating  lobes,  the  element  spacing  d  must  be  less 
the  quantity  do  (and  greater  than  do/ 2): 

do  =  mind/,  where  d,-  =  - ^  ,  /  =  1,  2, . . . ,  I 

z  1  +  \  cos  (pi  I 

This  minimum  is  realized  at  the  beam  angle  closest  to  endhre.  If  the  steering  angles 
are  closer  to  each  other  than  about  one  3-dB  beamwidth,  the  mainlobes  will  begin  to 
merge  with  each  other  reducing  the  resolvability  of  the  individual  beams.  This  behavior 
is  analogous  to  the  problem  of  frequency  resolution  of  multiple  sinusoids. 

The  MATLAB  function  multbeam.m  of  Appendix  I  implements  Eqs.  (20.14.1)  and 
(20.14.2).  Its  inputs  are  the  vector  of  broadside  array  weights  w— which  can  be  de¬ 
signed  beforehand  using  for  example  dolph2  or  taylorlp— and  the  beam  angles  and 
amplitudes  pi,  Ai. 

Example  20.14.1:  Fig.  20.14.1  shows  the  gains  of  two  21-element  three-beam  arrays  with  half¬ 
wavelength  spacing,  and  steered  towards  the  three  angles  of  45®,  90®,  and  120®.  The 
broadside  array  was  designed  as  a  Taylor-Kaiser  array  with  sidelobe  level  of  i?  =  20  and 
R  =  30  dB. 

The  relative  amplitudes  of  the  three  beams  were  equal  to  unity.  The  MATLAB  code  used 
to  generate  the  right  figure  was: 

w  =  taylorlpCO.  5  ,  90,  21,  30);  %  unsteered  weights 

a  =  mul  tbeam(0 . 5  ,  w,  [1,1,1],  [45,  90,  120]);  %  equal-amplitude  beams 

[g>  ph]  =  array (d,  a,  400);  %  compute  gain 

dbz  (ph  ,  g)  ;  %  plot  gain  in  dB 

add  ray  (45);  add  ray  (-45);  %  add  ±  45®  grid  rays 

We  note  the  broadening  of  the  beam  widths  of  the  larger  beam  angles.  The  left  array 
has  narrower  mainlobes  than  the  right  one  because  its  sidelobe  attenuation  is  less.  But,  it 
also  exhibits  more  constructive  interference  between  mainlobes  causing  somewhat  smaller 
sidelobe  attenuations  than  the  desired  one  of  20  dB.  □ 

Equations  (20.14.1)  and  (20.14.2)  generalize  the  Woodward-Lawson  frequency  sam¬ 
pling  design  equations  (20.5.6)  and  (20.5.7)  in  the  sense  that  the  steering  phases  (//,■  can 
be  arbitrary  and  do  not  have  to  be  the  DFT  frequencies. 
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i?  =  20  dB 


i?  =  30  dB 


Fig.  20.14.1  Multi-beam  arrays  with  R  =  20  and  =  30  dB  sidelobes. 


However,  if  the  (pi  are  chosen  to  be  the  DFT  frequencies  given  by  Eq.  (20.5.1)  or 
(20.5.5),  and  the  broadside  array  is  chosen  to  be  a  length-N  uniform  array,  w(m)  =  1, 
then  the  inverse  DFT  expressions  (20.5.6)  and  (20.5.7)  can  be  thought  of  as  dehning 
N  beams— called  the  Woodward-Lawson-Butler  beams— steered  towards  the  DFT  angles 
pi  =  acos  {(p i / kd) ,  that  is,  towards 

pi  =  acos  f  =  acos  (  )  =  acos  ( ,  z  =  0, 1, . . .  ,iV  -  1  (20.14.4) 

\kdj  \NkdJ  \NdJ 

The  array  weights  will  be  given  then  by  the  inverse  DFT: 

N-l 

a{m)=  -  X  (20.14.5) 

^  i=0 

and  the  corresponding  array  factor  by: 

1 

M  S  -  tpi)  (20.14.6) 

where  W ip)  =  sm{Np / 2)  /  sinip / 2)  is  the  array  factor  of  the  uniform  window.  The 
DFT  values  are  identihed  as  the  relative  beam  weights  A,  =  A  (pi)  /N. 

A  single  Butler  beam,  say  the  jth  beam,  can  be  turned  on  by  choosing  A/  =  d//.  By 
successively  turning  on  the  Butler  beams  one  by  one,  the  array  will  act  as  a  scanning 
array.  Fig.  20.14.2  depicts  such  a  multi-beam  array  structure.  The  inverse  DFT  box 
implements  Eq.  (20.14.5).  The  inputs  are  the  “beams”  A/  and  the  outputs  are  the  weights 
a{m). 

Somewhat  before  the  advent  of  the  EFT  algorithm,  Butler  proposed  a  hardware  re¬ 
alization  of  the  inverse  DFT  network,  which  was  quickly  recognized  to  be  equivalent  to 
the  EFT  algorithm  [1103,1104,1106-1109].  The  DFT  matrix  realization  of  this  network 
is  called  the  Blass  matrix  in  the  antenna  array  context  [18,10]. 

Example  20.14.2  :  Fig.  20.14.3  shows  the  individual  Butler  beams  turned  on  successively  for 
an  eight-element  array.  Both  the  standard  and  alternative  DFT  frequency  sets  are  shown. 
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Fig.  20.14.2  Woodward-Lawson-Butler  beam  matrix  network  for  N  =  S. 


There  are  eight  beams  in  each  graph.  For  the  standard  DFT  set,  the  two  endfire  beams 
count  as  one,  that  is,  the  z  =  0  beam. 

The  sidelobes  are  at  the  13-dB  level  because  these  are  scanned  versions  of  the  uniform 
array.  The  mainlobes  intersect  exactly  half-way  between  the  DFT  frequencies  ipi,  that  is, 
the  zth  beam  intersects  the  neighboring  ones  at  ip  =  ipi  +  n/N  =  2Tr  (z  +  0.5)  /N.  These 
intersection  points  are  approximately  4  dB  down  (3.92  dB  to  be  exact)  from  the  main  peaks. 
The  4-dB  gain  circle  intersects  the  gain  curves  at  these  points.  □ 


Standard  DFT  Beams 

90“ 


Alternative  DFT  Beams 

90“ 


Fig.  20.14.3  Woodward-Lawson-Butler  beams  for  N  =  S. 


20.15  Problems 

20.1  Computer  Experiment— Taylor’s  one-par ameter/fi  array  design.  Taylor’s  h  distribution  of 
Sec.  20.12  can  also  be  applied  to  Taylor’s  one-parameter  continuous  distribution  of  Sec.  20.10. 
First,  show  that  the  zeros  of  Eq.  (20.10.2)  occur  at 


Wi 


+  zi2 , 


n  =  1,2,... 


20.15.  Problems 
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Then,  choose  n  such  that  n  <  N/2  and  define  an  N-element  array  by  its  N  -  1  zeros: 


, 

for  1  <  zi  <  zi  -  1 

n , 

for  fi  <  n  <  N  -  h 

-(jJb^  +  {N  -  n)^ , 

for  N-h  +  l<n<N-l 

Fix  the  parameter  cr  such  that  crV-B^  +  =  n.  Then,  define  the  array  polynomial: 

JV-l  ^ 

A{z)=  Yliz  -  Zn)  ,  =  Zn  =  u  =  1,2, . . . ,  N  -  1  (20.15.2) 

n=l  ^ 

Write  a  MATLAB  function  that  implements  this  procedure,  and  takes  as  input  the  parameters 
N,R,h  and  outputs  the  array  weights  and  3-dB  width. 

Apply  your  function  to  the  following  example  N  =  21,  R  =  30  dB,  n  =  5,  with  half¬ 
wavelength  spacing  d  =  A/ 2.  You  will  notice  that,  like  the  prolate  array,  the  mainlobe  is 
slightly  narrower  and  the  sidelobe  level  slightly  better  matched  than  the  Taylor-Kaiser  array. 
On  the  same  graph,  plot  the  array  patterns  \A{ip)\  in  dB  for  the  present  design,  the  Taylor 
Kaiser  and  the  prolate  arrays  designed  with  the  same  specifications.  Vary  h  to  understand 
its  effect  on  the  design. 

20.2  Computer  Experiment— Villeneuve  array  design.  Redesign  the  examples  shown  in  Fig.  20. 12. 1 
using  Villeneuve’s  array  design  method  and  plot  the  array  responses  together  with  those  of 
that  figure.  Vary  the  parameters  N,R,h  and  compare  the  range  of  similarity  of  the  Villeneuve 
versus  the  Taylor  h  method. 
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21.1  Hallen  and  Pocklington  Integral  Equations 

In  Sec.  14.4,  we  determined  the  electromagnetic  fields  generated  by  a  given  current 
distribution  on  a  thin  linear  antenna,  but  did  not  discuss  the  mechanism  by  which  the 
current  distribution  is  set  up  and  maintained.  In  Chap.  16,  we  assumed  that  the  currents 
were  sinusoidal,  but  this  was  only  an  approximation.  Here,  we  discuss  the  integral 
equations  that  determine  the  exact  form  of  the  currents. 

An  antenna,  whether  transmitting  or  receiving,  is  always  driven  by  an  external  source 
held.  In  transmitting  mode,  the  antenna  is  driven  by  a  generator  voltage  applied  to  its 
input  terminals,  and  in  receiving  mode,  by  an  incident  electric  held  (typically,  a  uniform 
plane  wave  if  it  is  arriving  from  far  distances.)  In  either  case,  we  will  refer  to  this  external 
source  held  as  the  “incident”  held  Lin- 

The  incident  held  -^in  induces  a  current  on  the  antenna.  In  turn,  the  current  generates 
its  own  held  E,  which  is  radiated  away.  The  total  electric  held  is  the  sum  £tot  =  T"  + 
Ein-  Assuming  a  perfectly  conducting  antenna,  the  boundary  conditions  are  that  the 
tangential  components  of  the  total  electric  held  vanish  on  the  antenna  surface.  These 
boundary  conditions  are  enough  to  determine  the  current  distribution  induced  on  the 
antenna. 

Fig.  21.1.1  depicts  a  z-directed  thin  cylindrical  antenna  of  length  /  and  radius  a,  with 
a  current  distribution  I  (z)  along  its  length.  We  will  concentrate  only  on  the  z-component 
Ez  of  the  electric  held  generated  by  the  current  and  use  cylindrical  coordinates. 

For  a  perfectly  conducting  antenna,  the  current  is  essentially  a  surface  current  at 
radial  distance  p  =  a  with  surface  density  Jsiz)=  zl  (z)  /Zna,  where  in  the  “thin- 
wire  approximation,”  we  may  assume  that  the  density  is  azimuthally  symmetric  with  no 
dependence  on  the  azimuthal  angle  <p.  The  corresponding  volume  current  density  will 
be  as  in  Eq.  (14.4.2); 


J(r)  =  Js(z)5(p  -  a)=  il(z)5(p  -  =  z7z(r) 
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Fig.  21.1.1  Thin-wire  model  of  cylindrical  antenna. 


Following  the  procedure  of  Sec.  14.4,  we  obtain  the  z-component  of  the  vector  potential: 


A  r  (  Jz(r  )e  ^  ,  IJ 

Aziz,p,(b)  =  —  - =  —  , 

^  ^  4tt  }v'  R  4tt  }v‘ 

112  r2rTjf^^i^g-JkR  ^ 

acp  az 


i 


nz’)6{p^-a)£^,  , 

.  - -P  dp  d4>  dz 

ZnaR 


4Tr  J-; 


rUd.  rd.1 

J-//2  Jo 


ZttR 


where  =  |r  -  r' |  =  ^{z  -  z')^  +  lp  -  P'P-  Because  p'  =  a,  we  have: 

Ip  -  p'  \  ^  =  p^  +  -  2p  '  p'  =  p^  +  -  2pa  cosicf)'  -  <p) 


and  because  (p'  appears  only  through  the  difference  cp'  -  (p,  we  may  change  the  variable 
of  integration  from  <p'  to  p'  -  <p.  This  implies  that  Az  will  be  cylindrically  symmetric, 
that  is,  independent  of  p.  It  follows  that: 


u 

Az(z,  p)=  —  I{z')Giz  -  z' ,  p)dz' 
477  J-//2 


-1/2 

where  we  dehned  the  exact  thin-wire  kernel: 


G{z  -  z' ,  p)  = 


'--hi 


2tt  Q-jkR 


dp' 


(21.1.1) 


(21.1.2) 


with  R  =  -^|(z^rz^y2Tp2T^^2Tr^^^^^os^.  In  the  limit  of  a  thin  antenna,  a  ^  0, 
Eq.  (21.1.1)  reduces  to: 

u 

Az{z,p)=—  I{z')Gg,pp{z- z',p)dz'  (21.1.3) 

477  J-//2 

where  Gapp  {z  -  z' ,  p)  is  the  approximate  or  reduced  thin-wire  kernel: 

Gapp  (z  —  Z  ,  p)  =  - 


(21.1.4) 
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withi?  =  ^{z  -  z')^+P^.  Eq.  (21.1.3)  is  the  same  as  (14.4.3)  because  the  limit  a  =  0  is 
equivalent  to  assuming  that  the  current  density  is  a  line  current  J(r)  =  z  7  (z)  (5  (x)  5  (y) , 
as  given  by  Eq.  (14.4.1). 

Given  the  vector  potential  Aziz,  p),  the  z-component  of  the  electric  held  generated 
by  the  current  is  obtained  from  Eq.  (14.4.6): 

J(vpeEz{z,p)=  idl  +  k^)Aziz,p)  (21.1.5) 

The  values  of  the  vector  potential  Az  and  the  electric  held  Ez  on  the  surface  of  the 
wire  antenna  are  obtained  by  setting  p  =  a: 

u 

Aziz,a)= —  I{z)G{z-z',a)dz'  (21.1.6) 

477  J-//2 

To  simplify  the  notation,  we  will  denote  Aziz,  a)  and  Giz  -  z' ,  a)  by  Aziz)  and 
Giz  -  z').  The  boundary  condition  on  the  surface  is  that  the  z-component  of  the  total 
electric  held  vanish,  that  is,  at  p  =  rz: 


Tz.tot  iz,a)=  Ez  (z,  a)  -\-Ez,m  iz,  a)=0 


Thus,  with  Ez  iz)  =  Ez  iz,  a)  and  Tm  iz)  =  Ez,m  iz,  a) ,  we  have  Ez  iz)  =  -Tin  iz) ,  and 
Eq.  (21.1.5)  can  be  expressed  in  terms  of  the  z-component  of  the  incident  held: 


idl  k^)Aziz)=  -jwpeEiniz) 


(21.1.7) 


Either  kernel  can  be  used  in  Eq.  (21.1.6).  If  the  approximate  kernel  Gapp  iz)  is  used, 
then  it  is  still  meaningful  to  consider  the  boundary  conditions  at  the  cylindrical  surface 
(i.e.,  at  p  =  rz)  of  the  antenna,  as  shown  on  the  right  of  Eig.  21.1.1. 

To  summarize,  given  an  incident  held  E^^iz)  that  is  known  along  the  length  of  the 
antenna,  Eq.  (21.1.7)  may  be  solved  for  Aziz)  and  then  the  integral  equation  (21.1.6) 
can  be  solved  for  the  current  I  iz) . 

Depending  on  how  this  procedure  is  carried  out,  one  obtains  either  the  Hallen  or 
the  Pocklington  equations.  Solving  Eq.  (21.1.7)  by  formally  inverting  the  differential 
operator  (0|  -r  k^)  and  combining  with  (21.1.6),  we  obtain  Hallen’s  integral  equation: 


u 

—  Iiz')Giz  -  z')dz'  =  -jcjopeidl  -i-  k^)~^Eu 

477  J-//2 


iz) 


(Hallen) 


(21.1.8) 


Alternatively,  applying  the  differential  operator  (0|  -r  k^)  directly  to  Eq.  (21.1.6)  and 
combining  with  (21.1.7) ,  we  obtain  Pocklington’s  integral  equation: 


477 


liz')  idl  k^)Giz  -  z')dz  =  -juopeEiniz) 


(Pocklington) 


(21.1.9) 


The  two  integral  equations  must  be  solved  subject  to  the  constraint  that  the  current 
I  iz)  vanish  at  the  antenna  ends,  that  is,  7(//2)  =  7(-//2)  =  0.  The  exact  and  approxi¬ 
mate  kernels  evaluated  on  the  antenna  surface  are: 


1 


,(z-z')  = 


-jkR 


e-JkR  I - 

^  dp' ,  R  =  ^ iz  -  z')^-\-2a^  -  2a^  cos  p' 
,  R  =  ^iz  -  z')^+^7^ 


(21.1.10) 


21.2.  Delta-Gap,  Frill  Generator,  and  Plane-Wave  Sources 
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The  inverse  differential  operator  in  the  right-hand  side  of  Eq.  (21.1.8)  can  be  rewritten 
as  an  integral  convolutional  operator  acting  on  E]^.  We  discuss  this  in  detail  in  Sec.  21.3. 
We  will  then  consider  the  numerical  solutions  of  these  equations  using  either  the  exact 
or  the  approximate  kernels.  The  numerical  evaluation  of  these  kernels  is  discussed  in 
Sec.  21.7. 

21.2  Delta-Gap,  Frill  Generator,  and  Plane-Wave  Sources 

Although  the  external  source  held  -£”111  (z)  can  be  specihed  arbitrarily,  there  are  two  spe¬ 
cial  cases  of  practical  importance.  One  is  the  so-called  delta-gap  model,  which  imitates 
the  way  a  transmitting  antenna  is  fed  by  a  transmission  line.  The  other  is  a  uniform 
plane  wave  incident  at  an  angle  on  a  receiving  antenna  connected  to  a  load  impedance. 
Fig.  21.2.1  depicts  these  cases. 


%  y. 


1/2  Hz) 

t 

I(z) 

t 

u  + 

''.C 

S 

Tin  ^ 

in 

<-2a 

Fig.  21.2.1  External  sources  acting  on  a  linear  antenna. 


The  left  hgure  shows  the  delta-gap  model  of  a  generator  voltage  applied  between 
the  upper  and  lower  halves  of  the  antenna  across  a  short  gap  of  length  Az.  The  applied 
voltage  Vo  can  be  thought  of  as  arising  from  an  electric  held— the  “incident”  held  in  this 
case— which  exists  only  within  the  gap,  such  that 

rAz/2 

Vo=\  E^{z)dz  (21.2.1) 

J-Azl2 

A  simplihed  case  arises  when  we  take  the  limit  Az  0.  Then,  approximately,  Vo  = 
TinAz,  or  Tin  =  Vq/Az.  In  order  to  maintain  a  hnite  value  of  Vo  in  the  left-hand  side  of 
Eq.  (21.2.1),  Tin  must  become  commensurately  large.  This  means  that  in  this  limit. 


Tin(z)=  Vo(5(z) 


(delta-gap  model  of  incident  held) 


(21.2.2) 


King  [3]  has  discussed  the  case  of  a  hnite  Az.  An  alternative  type  of  excitation  input 
is  the  frill  generator  [6,7]  dehned  by: 


2\n(b/a) 


R 


a 


g  j^Rb 

Rb 


Ra  =  Vz2  +  rz2 
Rb  =  Vz2  + 


(21.2.3) 
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where  b  >  a.  The  case  of  a  receiving  antenna  with  a  uniform  plane  wave  incident  at  a 
polar  angle  6  and  such  that  the  propagation  vector  k  is  co-planar  with  the  antenna  axis 
is  shown  on  the  right  of  Fig.  21.2.1. 

The  electric  held  vector  is  perpendicular  to  k  and  has  a  space  dependence  Eoe~J^'^. 
For  a  thin  antenna,  we  may  evaluate  the  held  along  the  z-axis,  that  is,  we  set  x  =  y  =  0 
so  that  because  kz  =  -kcos  0.  Then,  the  z-component  of  the 

incident  held  will  be: 


Tin  (z)  =  To  sin  6  ^ 


(incident  uniform  plane  wave) 


(21.2.4) 


If  the  wave  is  incident  from  broadside  (0  =  tt/2),  then  Tin  (2)  =  Ro,  that  is,  a  constant 
along  the  antenna  length.  And,  if  0  =  0  or  tt,  then  Tin  (z)  =  0. 


21.3  Solving  Hallen’s  Equation 

Instead  of  working  with  the  vector  potential  Az  (z)  it  proves  convenient  to  work  with  a 
scaled  version  of  it  that  has  units  of  volts  and  is  dehned  as: 

V(z)=  2JcAz(z)  (21.3.1) 

where  c  is  the  speed  of  light.  We  note  that  V  (z)  is  not  the  scalar  potential  qp  (z)  along  the 
antenna  length.  From  the  Lorenz  condition,  Eq.  (14.4.5),  we  have  dzAz  =  -jcopeqpiz) . 
Multiplying  by  2jc  and  noting  that  cuoep  =  co/c  =  k,  we  hnd: 

dzV{z)=2k(p{z)  (21.3.2) 

Multiplying  both  sides  of  Eq.  (21.1.7)  by  2jc,  we  can  rewrite  it  as: 


{dl  +  k0V{z)=2kEin(z) 


(21.3.3) 


Similarly,  Eq.  (21.1.6)  becomes: 


jh  r" 

2tt  J-h 


G{z  -  z')I  {z')dz'  =  V  (z) 


(21.3.4) 


where  g  =  sJpTe,  and  for  later  convenience,  we  introduced  the  half-length  h  =  1/2  of 
the  antenna.  Eqs.  (21.3.3)-(21.3.4)  represent  our  rescaled  version  of  Hallen’s  equations. 

Formally,  we  can  write  V  (z)  =  2k(0|  +  k^)“^Tin(z),  but  we  prefer  to  express  V  (z) 
as  an  integral  operator  acting  on  Tin(z).  A  particular  solution  of  (21.3.3)  is  obtained 
with  the  help  of  the  Green’s  function  T  (z)  for  this  differential  equation: 


idl  +  k^)Eiz)=  2k5iz) 


(21.3.5) 


The  general  solution  of  Eq.  (21.3.3)  is  obtained  by  adding  the  most  general  solution 
of  the  homogeneous  equation,  (0|  +  k^)  V  (z)  =  0,  to  the  Green’s  function  solution: 

V(z)  =  +  T(z  -  z')Tin(z')r/z' 

J-h 


(21.3.6) 


21.3.  Solving  Hallen’s  Equation 


857 


With  a  re-definition  of  the  constants  Ci,  C2,  we  can  also  write: 

rh 

V(z)  =  Cl  coskz  +  C2  sinkz  +  F(z  -  z')£’in(z')dz'  (21.3.7) 

J-h 

In  fact,  F  (z)  itself  is  dehned  up  to  an  arbitrary  solution  of  the  homogeneous  equa¬ 
tion.  IfF(z)  satishesEq.  (21.3.5),  sodoesFi(z)=  F(z)-rCie^^^-rC2e“^^^,  with  arbitrary 
constants  Ci,  C2.  Some  possible  choices  for  F (z)  are  as  follows.  They  differ  from  each 
other  by  a  homogeneous  term: 


(21.3.8) 


where  u(z)  is  the  unit-step  function.  All  satisfy  Eq.  (21.3.5)  as  well  as  the  required 
discontinuity  conditions  on  their  hrst  derivative,  that  is, 

F'i0+)-F'i0-)=2k  (21.3.9) 


This  discontinuity  condition  is  obtained  by  integrating  Eq.  (21.3.5)  over  the  small 
interval  -e  <  z  <  e  and  then  taking  the  limit  e  ^  0  and  assuming  that  F(z)  itself  is 
continuous  at  z  =  0.  Depending  on  the  choice  of  F  (z) ,  the  corresponding  solution  V  (z) 
of  Eq.  (21.3.3)  can  be  written  in  the  equivalent  forms  (each  with  different  Ci,  C2): 


V(z) 

V(z) 

V(z) 

V(z) 


J-h 

rh 

-r  C2e'^^^ -r  sin(k|z  -  z'|)E’in(z')dz' 

J-h 

-r  C2e“^^^  +  2  {  sin(k(z  -  z') )E’in(z')dz' 

J-h 

+  C2e“^^^  -  2  J  sin(k(z  -  z'))Fin{z')dz' 


(21.3.10) 


We  will  use  mostly  the  hrst  and  second  choices  for  F(z),  that  is,  F(z)= 
and  F(z)  =  sink|z|.  Combining  the  solution  for  V (z)  with  Eq.  (21.3.4),  we  obtain  the 
equivalent  form  of  Hallen’s  integral  equation  for  an  arbitrary  incident  field: 


(21.3.11) 


or,  alternatively. 


in  f ^ 

—  G{z  -  z') I {z')dz' =  Cl  cos kz C2smkz F{z  -  z')Fin{z')dz' 

2tt  j-h  J-h 
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The  constants  Ci,C2  are  determined  from  the  end  conditions  I{h)=  I{-h)=  0. 
Next,  we  consider  the  particular  forms  of  Eq.  (21.3.11)  in  the  delta-gap  and  plane-wave 
cases.  In  the  delta-gap  case,  we  have  Tm  (z)  =  (z)  and  the  integral  on  the  right-hand 

side  can  be  done  trivially,  giving: 

rh  rh 

F {z  -  z')Finiz')dz' =  F (z  -  z')Vo5{z')dz'  =  VoFiz) 

J-h  J-h 

Thus,  we  have  the  integral  equation: 


z')I  {z')dz' 


Cl  coskz  -r  C2  sinkz  -r  VoF{z) 


We  expect  the  current  I  (z)  to  be  an  even  function  of  z  (because  Tin  (z)  is),  and  thus 
we  may  drop  the  C2  term.  Using  T(z)=  sink|z|  as  our  Green’s  function  choice,  we 
obtain  Hallen’s  equation  for  the  delta-gap  case: 

(21.3.12) 

This  equation  forms  the  basis  for  determining  the  current  on  a  center-driven  lin¬ 
ear  antenna.  We  will  consider  several  approximate  solutions  of  it  as  well  as  numerical 
solutions  based  on  moment  methods. 

We  can  verify  that  V  (z)  correctly  gives  the  potential  difference  between  the  upper 
and  lower  halves  of  the  antenna.  Differentiating  V  (z)  about  z  =  0  and  using  Eq.  (21.3.2), 
we  have: 


V'(0-r)-V'(0-)=  2kVo  =  2k((p(0-r)-(p(0-))  ^  (p(O-r) -(p(O-)  =  Vo 

As  a  second  example,  consider  the  case  of  an  antenna  receiving  a  uniform  plane  wave 
with  incident  held  as  in  Eq.  (21.2.4).  Using  F(z)  =  as  the  Green’s  function,  the 

convolution  integral  of  F  (z)  and  Tin  (z)  can  be  done  easily  giving: 

r  jQ-jh\z-z  |£  sin0e^^^  dz'  =  ,  (homogeneous  terms) 

J-h  ksinO 

where  the  last  terms  are  solutions  of  the  homogeneous  equation,  and  thus,  can  be  ab¬ 
sorbed  into  the  other  homogeneous  terms  of  V  (z) .  Because  the  current  is  not  expected 
to  be  symmetric  in  z,  we  must  keep  both  homogeneous  terms,  resulting  in  Hallen’s 
equation  for  a  receiving  antenna: 

(21.3.13) 


21.4  Sinusoidal  Current  Approximation 

Here,  we  look  at  simplihed  solutions  of  Eq.  (21.3.12),  which  justify  the  common  sinu¬ 
soidal  assumption  for  the  current.  We  work  with  the  approximate  kernel. 
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Inspecting  the  quantity  Gapp  (z  -  z')  =  IR  in  the  integral  equation  (21.3.12),  we 
note  that  as  the  integration  variable  z'  sweeps  past  z,  the  denominator  becomes  very 
large,  because  R  =  a  dX  z'  =  z.  Therefore,  the  integral  is  dominated  by  the  value  of  the 
integrand  near  z'  =  z.  We  can  write  approximately. 


2tt  j-h 


Gapp(z  -  z')Iiz')dz'  ^  Ziz)Iiz)^  ZI{z) 


(21.4.1) 


where  Z  (z)  is  a  sort  of  an  average  value  of  jr/Gapp  (z  -  z')  I2jt  in  the  neighborhood  of 
z'  =  z.  This  quantity  varies  slowly  with  z  and  we  may  approximate  it  with  a  constant, 
say  Z.  Then,  Hallen’s  equation  (21.3.12)  becomes  approximately: 

Z7(z)=  V(z)=  Cl  coskz  +  Vo  sink|z| 

This  shows  that  I(z)  is  approximately  sinusoidal.  The  constant  Ci  is  hxed  by  the 
end-condition  I {h)=  0,  which  gives; 

oi  T1  jz 

Cl  coskh  +  Vo  sinkh  =  0  ^  Ci  = -Vo - 

cos  xh 

so  that  I  (z)  becomes: 

ZI (z)  =  -Vo — Tsinkh  coskz  -  cos  kh  sinklzH  =  -Vo — sm(k{h  -  |z|) ) 
coskh  cos  kh 

Solving  for  I  (z) ,  we  obtain  the  common  standing-wave  expression  for  the  current: 


7(z)=7(0) 


sm{k{h  -  |z|)) 


Vo  sinkh 
Z  coskh 


(21.4.2) 


where  7(0)  is  the  input  current  at  z  =  0.  The  crude  approximation  of  Eq.  (21.4.1)  can 
be  rehned  further  using  King’s  three-term  approximation  discussed  in  Sec.  21.6.  From 
Eq.  (21.4.2),  the  antenna  input  impedance  is  seen  to  be: 


-Z  cot  kh 


(21.4.3) 


21.5  Reflecting  and  Center-Loaded  Receiving  Antennas 

A  similar  approximation  to  Hallen’s  equation  can  be  carried  out  in  the  plane-wave  case 
showninFig.  21.2.1.  We  distinguish  three  cases:  (a)Zi  =  0,  corresponding  to  a  reflecting 
parasitic  antenna  with  short-circuited  output  terminals,  (b)  Z^  =  oo,  corresponding  to 
open-circuited  terminals,  and  (c)  arbitrary  Zi,  corresponding  to  a  center-loaded  receiving 
antenna.  See  Ref.  [12]  for  more  details  on  this  approach. 

By  hnding  the  short-circuit  current  from  case  (a)  and  the  open-circuit  voltage  from 
case  (b),  we  will  determine  the  output  impedance  of  the  receiving  antenna,  that  is,  the 
Thevenin  impedance  Za  of  the  model  of  Sec.  15.4,  and  show  that  it  is  equal  to  the 
input  impedance  (21.4.3)  of  the  transmitting  antenna,  in  accordance  with  the  reciprocity 
principle.  We  will  also  show  from  case  (c)  that  the  angular  gain  pattern  of  the  receiving 
antenna  agrees  with  that  of  the  transmitting  one. 
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Starting  with  the  short-circuited  case,  the  approximation  of  Eq.  (21.4.1)  applied  to 
(21.3.13)  gives: 

ZI(z)=V(z)=Cie>^^  +  C2e-j'^^  + 

k  sin0 

The  end-point  conditions  Iih)=  I{-h)=  0  provide  two  equations  in  the  two  un¬ 
knowns  Cl,  C2,  that  is. 


+  C2e>^^  +  ,  =  0 

ksmO 


with  solution: 


Eq  sm(kh  (1  +  cos  6)) 
k  sin  6  sin  kh  cos  kh 


G2  =  - 


Eq  sm{kh{l  -  cos  6)) 
k  sin  6  sin  kh  cos  kh 


Then,  the  current  7  (z)  becomes: 


I(z)= 

Z  k  sin  0 

For  normal  incidence,  0  =  90°,  we  have  Ci  =  C2  and  Eq.  (21.5.1)  becomes: 


(21.5.1) 


I  (2)  =  (cos  kh  -  cos  kz) 

Zk coskh 


(21.5.2) 


For  0  =  0  and  0  =  tt,  the  z-component  of  the  incident  held  is  zero,  Tin  (z)  =  0,  and 
we  expect  7  (z)  =  0.  This  can  be  verihed  by  carefully  taking  the  limit  of  Eq.  (21.5.1)  at 
0  =  0,n,  with  the  seemingly  diverging  term  2Eo/k  sin  0  getting  canceled. 

The  short-circuit  current  at  the  output  terminals  is  obtained  by  setting  z  =  0  in 
Eq.  (21.5.1): 

/sc=/(0)=  t[C,  +  C2  +  -r^^] 

Z  ksm0 

Inserting  the  expressions  for  Ci,  C2,  we  hnd: 


2Eo  coskh  -  cos  {kh  cos  0) 
Zk  cos  kh  sin  0 


(21.5.3) 


For  the  open-circuit  case,  the  incident  held  will  induce  an  open-circuit  voltage  across 
the  gap,  and  therefore,  the  scalar  potential  cp  (z)  will  be  discontinuous  at  z  =  0.  In 
addition,  the  current  must  vanish  at  z  =  0.  Therefore,  we  must  apply  Eq.  (21.3.13) 
separately  to  the  upper  and  lower  halves  of  the  antenna.  Using  cos  kz  and  sin  kz  as  the 
homogeneous  terms,  instead  of  we  have  the  approximation: 


Z7(z)=  V(z) 


Cl  coskz  +  G2  sin  kz  +  z>0 

ksin0 

Di  coskz  +  D2  sin  kz  +  cos  0  z<0 
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The  conditions  7(0+)  =  I ih)=  0  and  7(0-)  =  I {-h)=  0  provide  four  equations  in 
the  four  unknowns  Ci ,  C2 , 71i ,  D2.  They  are: 

Cl  +  ,  =  0,  Cl  cos kh  +  C2  sinkh  +  .  cose  ^  q 

ksmO  k  sin  6 

Di  +  =  0,  Dicoskh-D2Sinkh+  '^^o  -jkh cose 

ksinO  k  sin  6 


with  solution: 


Cl  =Di 

2Eoicoskh-eJ^^^^^^) 
k  sin  6  sinkh 


2Eo  {cos  kh  - 

k  sin  6  sinkh 


The  open-circuit  voltage  is  Voc  =  cp(0+)-g9(0-).  Using  Eq.  (21.3.2),  we  have: 


V'(0+)-V'(0-)=  2kVoc  =  k{C2-D2) 


Voc  =  -(C2-D2) 


and  using  the  solution  for  C2,D2,  we  hnd: 


2Eo  cos  kh  -  cos  (kh  cos  6) 
k  sinkh  sin0 


(21.5.4) 


Having  found  the  short-circuit  current  and  open-circuit  voltage,  we  obtain  the  cor¬ 
responding  output  Thevenin  impedance  by  dividing  Eq.  (21.5.4)  and  (21.5.3): 


-Z  cotkh 


(21.5.5) 


where  the  minus  sign  is  due  to  the  fact  that  7sc  is  flowing  into  (instead  of  out  of)  the  top 
antenna  terminal.  We  note  that  Eq.  (21.5.5)  agrees  with  (21.4.3)  of  the  transmitting  case. 

Equations  (21.5.3)  and  (21.5.4)  are  special  cases  of  a  more  general  result,  which  is  a 
consequence  of  the  reciprocity  principle  (for  example,  see  [34]).  Given  an  incident  held 
on  a  receiving  linear  antenna,  the  induced  short-circuit  current  and  open-circuit  voltage 
at  its  terminals  are  given  by: 

(21.5.6) 

where  7  (z)  is  the  current  generated  by  Vo  when  the  antenna  is  transmitting.  Inserting 
Eq.  (21.4.2)  into  (21.5.6),  we  can  easily  derive  Eqs.  (21.5.3)  and  (21.5.4).  We  will  use 
(21.5.6)  in  Sec.  22.2  to  derive  the  mutual  impedance  between  two  antennas. 

Einally,  we  consider  case  (c)  of  an  arbitrary  load  impedance  Zi.  The  current  will  be 
continuous  across  the  gap  but  it  does  not  have  to  vanish  at  z  =  0.  The  voltage  difference 
across  the  gap  will  be  equal  to  the  voltage  drop  across  the  load,  that  is,  Vl  =  -Zil  (0) . 
The  approximate  Hallen  equation  is  now: 

Cl  coskz  +  C2  sinkz  +  ^  z>0 

k  sinO 

Di  coskz  +  D2  sinkz  +  cose  ^  z<0 

A:sin0 
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where  Di  =  Ci  because  of  the  continuity  of  7  (z)  at  z  =  0.  The  end  conditions,  7(h)  = 
7(-h)  =  0,  give: 

Cl  cos  kh  +  C2  sinkh  +  — ^  q 


Cl  coskh  -  D2  sinkh 


^0  ikh  cos  0  ^  Q 


Moreover,  we  have  the  discontinuity  condition: 


V'(0+)-V'(0-)=  2kVi  =  k(C2  -D2) 
Ohm’s  law  at  the  load  gives: 

Vl  =  -ZlI i0)=  (Ci  +  T^) 

Z  \  ksmO  J 


Vl  =  -{C2-D2) 


^(r  I 

Za  V  ^  ksinO 


Z  \  k  sin  6  J  Za  \  k  sin  6  J 

where  we  used  Eq.  (21.5.5).  Solving  the  above  four  equations  for  Ci,  C2,D2,  Vl,  we  hnd 
eventually: 


Zl  2Eo  coskh  -  cos(kh  cos  0)  VocZi 


Za  Zik  sinkh 


Za  +  Zl 


(21.5.7) 


This  is  equivalent  to  the  Thevenin  model  that  we  used  in  Sec.  15.4.  The  power 
delivered  to  the  load  will  be  proportional  to  |  Vi  |  ^ ,  which  is  proportional  to  the  gain 
pattern  of  a  transmitting  dipole,  that  is. 


cos  kh  -  cos  (kh  cos  6) 
sin  6 


21.6  King’s  Three-Term  Approximation 

To  improve  the  crude  sinusoidal  approximation  of  Eq.  (21.4.1),  we  must  look  more  care¬ 
fully  at  the  properties  of  the  kernel.  Separating  its  real  and  imaginary  parts,  we  have: 

jri  jri  _  kr]  fsinki?  .coski?] 

—  Gapp(z-z  )-  —  ^  -  —  [—LjT  kR  J 

Eor  R  near  zero,  the  imaginary  part  becomes  very  large  and  we  may  apply  the  ap¬ 
proximation  (21.4.1)  to  it.  But,  the  real  part  remains  hnite  at  i?  =  0.  Eor  kR  <  tt, 
which  will  be  guaranteed  if  kh  <  tt,  the  sine  function  can  be  very  well  approximated  by 
cos(ki?/2)^  cos(k|z-z'|/2)  as  can  be  verihed  by  plotting  the  two  functions.  Therefore, 

-  cos(ki?/2)  ^  cos(k(z  -  z') /2),  for  kR  <  tt  (21.6.1) 

kR 

Using  this  approximation  for  the  real  part  of  the  kernel,  and  applying  the  approx¬ 
imation  of  Eq.  (21.4.1)  to  its  imaginary  part.  King  has  shown  [4,71]  that  an  improved 
approximation  of  the  convolution  integral  is  as  follows: 

^  C  G,pp  (z -z') I (z' ) dz'  cos +JXI(z)  (21.6.2) 

2tt  J-h  2 
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where  R,X  are  appropriate  constants,  which  are  real  if  I  (z)  is  real.  The  approximation 
also  assumes  that  the  current  is  symmetric,  7  (z)  =  7  (-z) .  Indeed,  we  have: 


jri  ^  ^  r  /fc(z-z').  xoskRl^.  ,,  ,  , 

S  J_.  ^  ^  J_.  [cos(^— )  )* 

The  hrst  term  is  of  the  form  R  cos  ikz/2),  the  second  term  vanishes  because  of  the 
assumed  even  symmetry  of  7  (z),  and  the  third  term  is  of  the  form  jXI  (z).  It  follows 
that  the  Hallen  equation  (21.3.12)  can  be  approximated  by: 

kz 

R  cos(  — )  +  jXI (z)  =V(z)=  Cl  cos  kz  +  Vosmk\z\ 

This  shows  that  the  current  7  (z)  is  a  linear  combination  of  the  sinusoidal  terms 
sinA:|z|,  cos  kz,  and  cos  ikz/2),  and  leads  to  King’s  three-term  approximation  for  the 
current  [4,71],  which  incorporates  the  condition  7(h)  =  0.  There  are  two  alternative 
forms: 


7(z)  =  Ai7i  (z)  +A272  (z)  +A373  (z)  =  A[I[  (z)  +A^7^  (z)  +A^7^  (z) 


(21.6.3) 


where  the  expansion  currents  are  dehned  by: 


1 1  (z)  =  sinkizl  -  sinkh 

12  (z)  =  cos  kz  -  cos  kh 


I[iz)  =sin(k(h-  |z|)) 
72  (z)  =  cos  kz  -  cos  kh 


(21.6.4) 


I^iz)  =  cos  (kz/ 2)  -  cos  (kh/ 2)  \  I'^iz)  =  cos  {kz/ 2)  -  cos  (kh/ 2) 


Using  the  trigonometric  identity  7i  (z)  =  7^  (z)  tankh-I'i  (z)  /  cos  kh,  the  relationship 
between  the  primed  and  unprimed  coefficients  is: 


cos  kh  sinkh  cos  kh  A2 


a;  =  A3 


(21.6.5) 


The  condition  number  of  the  transformation  matrix  is  1/ 1  cos  kh  \ ,  and  the  transfor¬ 
mation  breaks  down  when  coskh  =  0,  that  is,  when  the  antenna  length  I  =  2h  is  an 
odd-multiple  of  A/ 2.  In  that  case,  only  the  unprimed  form  may  be  used.  Otherwise, 
the  primed  form  is  preferable  because  the  term  I[  (z)  =  sin(k  (h  -  |z| ) )  has  the  conven¬ 
tional  standing-wave  form.  We  will  work  with  the  unprimed  form  because  it  is  always 
possible.  The  MATLAB  function  ki  ngprime  transforms  the  unprimed  coefficients  into 
the  primed  ones: 


Aprime  =  kingprime(L,A) ; 


%  converts  from  unprimed  to  primed  form 


To  determine  the  expansion  coefficients  Ai ,  A2,  A3,  we  insert  Eq.  (21.6.3)  into  Hallen’s 
equation  (21.3.12)  and  get: 


AiVi  (z)  +A2U2  iz)  +A3y3  (z)  =  V(z)  =  Cl  coskz  +  Vq  sink|z| 


(21.6.6) 
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where  ^ 

Vi(z)=/P-  \  G^pp(z-z’)Ii(z')dz’ ,  /  =  1,2,3  (21.6.7) 

2tt  J-h 

At  z  =  h,  we  have: 

AiViih)+A2V2ih)+A2V2ih)=Vih)=  Cicoskh  +  Vosinkh  (21.6.8) 

Subtracting  Eqs.  (21.6.6)  and  (21.6.8),  and  dehning  Vdi  iz)  =  Vi  (z) -Vi  (h) ,  we  have: 

AiVrfi  iz)  -^A2Vd2  iz)  -^AsVds  iz)  =  Ci  (coskz  -  coskh)  +Vo(sink|z|  -  sinkh) 
Using  the  dehnition  (21.6.4),  we  can  write: 

AiVdi  iz)  +A2Vd2  iz)  +A3Vd3  iz)  =  Cih  iz)  +V0/1  (z)  (21.6.9) 

Introducing  the  difference  kernel  Gdiz  -  z')=  Capp  (z  -  z')  -Capp  ih  -  z') ,  we  have: 

Vdi{z)=  /P-  C  Gdiz-z')Ii{z')dz' ,  (=1,2,3  (21.6.10) 

2tt  j-h 

The  improved  approximation  (21.6.2)  applied  to  the  difference  kernel  gives: 

—  {  Gdiz  -  z')Iiz')dz'  =  R  icos  ikz  /  2)- cos  ikh/ 2))  +  jXIiz)  =  Rl^iz) -\-jXI  iz) 
2tt  j-h 

Therefore,  applying  it  to  the  three  separate  currents  h  iz) ,  I2  iz) ,  iz) ,  wc  obtain: 

Vdiiz)=Viiz)-Viih)=Rihiz)+jXiIiiz)  ,  z  =  1,2,3  (21.6.11) 

Inserting  these  approximations  in  Eq.  (21.6.6),  we  have: 

Ai  [Rih  iz)  +jXiIi  iz)  ]  +  A2  [R2I3  iz)  +jX2l2  iz)  ]  +  A3  [R3I3  iz)  +JA373  (z)  ]  = 

=  Ci72(z)+Vo/i(z) 

Dehning  Z3  =  i?3  +  jX^  and  matching  the  coefficients  of  7i  (z)  ,72  (z)  ,73  (z)  in  the 
two  sides,  gives  three  equations  in  the  four  unknowns  Ai,  A2,  A3,  Ci: 

jAiAi  =  Vo.  JX2A2  —  Cl  =  0,  RiAi  +  R2A2  +  Z3A3  =  0 

The  fourth  equation  is  (21.6.8).  Thus,  we  obtain  the  linear  system: 


■  JXi 

0 

0 

0 

■  Ai  - 

"  Vo 

0 

JX2 

0 

-1 

A2 

0 

Ri 

R2 

23 

0 

As 

0 

Vlih) 

V2{h) 

Viih) 

-coskh 

Cl 

Vo  sinkh 

(21.6.12) 


The  matrix  elements  can  be  determined  by  evaluating  the  dehning  approximations 
(21.6.11)  at  z-points  at  which  the  currents  7/(z)  take  on  their  maximum  values.  Eor 
7i  iz),  the  maximum  occurs  atzi  =  Oif  h  <  A/4  andatzi  =  h  -  A/4  if  A/4  <  h  <  5A/8. 
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For  I2  (z)  and  I3  (z),  the  maxima  occur  at  z  =  0.  Thus,  the  dehning  equations  for  the 
matrix  elements  are: 

Vrfi  (zi)  =  Vi  (zi)  -Vi  (h)  =  Rih  izi)+jXih  (zi) 

Vd2  (0)  =  V2  (0)  -V2  ih)  =  R2h  (0)  +JX2/2  (0)  (21.6.13) 

Vd3i0)=V3{0)-V3{h)=  Z^hiO) 

The  coefficients  Ri,Xi,R2,X2  are  obtained  by  extracting  the  real  and  imaginary 
parts  of  these  expressions.  The  left-hand  sides  can  be  computed  by  direct  numerical 
integration  of  the  dehnitions  (21.6.7).  The  expected  range  of  applicability  of  the  3-term 
approximation  is  for  antenna  lengths  /  <  1.2 5  A  (see  [4,71].)  However,  it  works  well  even 
for  longer  lengths. 

The  MATLAB  function  ki  ng  implements  the  design  equations  (21.6.12)  and  (21.6.13). 
It  has  usage: 

A  =  ki  ng  (L  ,  a)  ;  %  King’s  3-term  sinusoidal  approximation 

where  L,  a  are  the  antenna  length  and  its  radius  in  units  of  A  and  the  output  A  is  the 
column  vector  of  the  coefficients  A,.  If  the  length  is  an  odd-multiple  of  A/ 2,  then  A  = 
[Ai,  A2,  Ab]^,  otherwise,  A  =  [A^,  A2,  A^]^. 

The  numerical  integrations  are  done  with  a  32-point  Gauss-Legendre  quadrature  in¬ 
tegration  routine  implemented  with  the  function  quad  r,  which  provides  the  appropriate 
weights  and  evaluation  points  for  the  integration. 

Example  21.6.1:  Fig.  21.6.1  compares  the  three-term  approximation  to  the  standard  sinusoidal 
approximation,  /(z)=  sm{k{h  -  |z|)),  and  to  the  exact  numerical  solution  of  Hallen’s 
equation  for  the  two  cases  of  /  =  A  and  /  =  1.5 A.  The  antenna  radius  was  a  =  0.005 A. 


I  =  l.OX,  a  =  0.005?1  I  =  1.5X,  a  =  0.005X 


zlX  zlX 


Fig.  21.6.1  Three-term  approximation  for  /  =  A  and  /  =  1.5 A. 

In  the  full-wavelength  case,  the  sinusoidal  approximation  has  I  (0)  =  0,  which  would  imply 
infinite  antenna  impedance.  The  three-term  approximation  gives  a  nonzero  value  for  I  (0) . 
The  computed  three-term  coefficients  are  in  the  two  cases: 


Ai  “ 

-2.6035J 

"  Ai  “ 

-2.1403J 

A2 

=  10“^ 

0.2737  +  0.2779J  , 

A2 

=  10“^ 

7.7886  -  3.6840J 

A3 

0.2666  +  0.2376J 

_  ^3  _ 

0.8688  +  2.4546J 

866 
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We  used  the  unprimed  representation  for  both  cases  (the  primed  one  coincides  with  the 
unprimed  one  for  the  case  /  =  A  because  cos  kh  =  -1  and  the  transformation  matrix 
(21.6.5)  becomes  the  identity  matrix.)  The  graphs  were  generated  by  the  following  example 
code  (for  the  /  =  1.5 A  case): 

L  =  1.5;  h  =  L/2  ;  a  =  0.005;  %  length  and  radius 

k  =  2 ''pi  ;  %  wavenumber  in  units  of  A  =  1 

M  =  30;  %  number  of  cells  is  2  *  M -I- 1 

[In,zn]  =  hdelta(L,a,M,’e’);  %  numerical  solution  of  Hallen  equation  with  exact  kernel 

In  =  In(M-i-l:end)  ;  %  keep  only  upper  half  of  the  values 

zn  =  zn(M-i-l:end) ; 

A  =  ki  ng  (L ,  a)  ;  %  King’s  three-term  approximation 

z  =  0:h/150:h;  %  evaluation  points  on  upper  half 

Ik  =  abs  (ki  ngeval  (L ,  A ,  z)  )  ;  %  evaluate  King’s  three-term  current 

B  =  ki  ngf  i  t(L,In,zn,l);  %fit  one-term  sinusoidal  current 

II  =  abs  (ki  ngeval  (L ,  B ,  z)  )  ;  %  evaluate  one-term  sinusoidal  current 

C  =  kingfit(L,In,zn,3);  %fit  three-term  current  to  the  numerical  values 

13  =  abs  (ki  ngeval  (L ,  C ,  z)  )  ;  %  evaluate  fitted  three-term  current 

p1ot(z,Ik, ,  z,I3,’:’,  z,Il,’ — ’,  zn,abs(In), 

The  currents  Ii  (z)  and  I3  (z)  represent  the  one-term  and  three-term  fits  to  the  numerical 
samples  In  at  the  points  Zn,  as  described  below.  □ 

As  is  evident  from  the  above  example.  King’s  three-term  approximation  does  not 
work  particularly  well  for  larger  antenna  lengths  (about  /  >  1.2 5 A).  This  can  be  at¬ 
tributed  to  the  crude  approximation  of  computing  the  coefficients  A/  by  matching  the 
dehning  currents  only  at  one  point  along  the  antenna  (at  the  current  maxima). 

It  turns  out,  however,  that  the  three-term  approximation  is  very  accurate  if  htted  to 
the  “exact”  current  as  computed  by  solving  Hallen’s  equation  numerically,  with  a  range 
of  applicability  of  up  to  about  /  =  2A.  With  a  4-term  ht,  the  range  increases  to  /  =  3 A. 

Typically,  numerical  methods  generate  a  set  of  N  current  values  In  at  N  points  z„, 
n  =  1,2,. ..  ,N,  along  the  antenna.  These  values  can  be  htted  to  a  three-term  expression 
of  the  form  of  Eq.  (21.6.3)  using  the  least-squares  criterion: 

N  3 

J  =  y  1^  =  min,  where  ls(z)=  Y^Aili(z)  (21.6.14) 

n=l  z=l 

where  J  is  minimized  with  respect  to  the  three  coefficients  Ai,  A2,  A3.  This  is  equiva¬ 
lent  to  hnding  the  least-squares  solution  of  the  overdetermined  iVx  3  linear  system  of 
equations  (assuming  N  >  3): 


■  h  (zi) 

hizi) 

h  (zi) 

'h  ~ 

hiZn) 

hiZn) 

hiZn) 

r 

A2  = 

L^3  J 

In 

_  h  (zn) 

h  {zn) 

hiz^)  _ 

_In  _ 
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Writing  this  system  in  the  compact  matrix  form  SA  =  I,  its  MATLAB  solution  is 
obtained  by  the  backslash  operation:  A  =  S\l.  More  generally,  one  may  perform  the  ht 
to  p  =  1,  2,  3, 4  sinusoidal  terms,  that  is. 


Is(z)=  Y^Aili(z) 


(21.6.16) 


For  p  =  1,  2,  3,  the  basis  currents  Uiz)  are  as  in  Eq.  (21.6.4).  For  p  =  I,  the  basis 
is  always  dehned  as  7i(z)=  sm{kh  -  k\z\).  For  p  =  4,  the  hrst  two  basis  currents, 
1 1  (z)  ,72  (z),  are  as  in  (21.6.4),  and  the  last  two  are: 


hiz)  =  cos(kz/4)  -  cos(kh/4) 
Uiz)  =  cos(3kz/4) -  cos(3k/7/4) 


(21.6.17) 


The  MATLAB  function  kingfit  solves  the  system  of  equations  (21.6.15),  or  its  more 
general  version,  and  returns  the  coefficients  A,.  It  has  the  following  usage,  where  p  is 
the  desired  number  of  terms: 


A  =  kingfit(L,In,zn,p) ; 


%  jE7-term  fit  to  sinusoidal  currents 


The  function  ki  ngeva!  evaluates  the  p-term  approximation  (21.6.16)  at  a  given  num¬ 
ber  of  z-points: 


I  =  kingeval (L,A,z) ; 


%  evaluate  p-term  expression  I  (z)  at  the  points  z 


where  the  number  of  terms  p  is  determined  from  the  number  of  coefficients  A,.  The  right 
graph  of  Fig.  21.6.1  compares  King’s  and  the  least-squares  three-term  approximations. 

The  four-term  approximation  is  justihed  as  follows.  The  three-term  case  was  based 
on  the  approximation  sinkR/kR  ^  cos  {kR/2).  To  improve  it,  we  consider  the  identity: 

sinkR  sinikR/2)  sin(feJ?/4)  r,,.^ 

^iT  "  kR/2  cos(feJ?/2)=  cos  (kR/ 4)  cos  {kR/2) 

The  three-term  case  is  obtained  by  replacing  sm{kR/2)  /  ikR/2)  ^  1,  which  is  ap¬ 
proximately  valid  for  <  A/ 2.  A  better  approximation  is  obtained  from  the  second 
identity  by  setting  sm{kR/2)  /  {kR/2)  ^  1.  This  results  in  the  approximation: 


sin  k  R  1 

-  cos  {kR / 4)  cos  {kR/ 2)  =  -[cos{kR/4)  +  cos{3kR/4)] 

Ki\  iL 


(21.6.18) 


which  is  well  satished  up  to  <  3A/2.  Using  the  same  arguments  that  led  to  Eq.  (21.6.2), 
we  now  obtain  the  approximation: 


jji  r 

2tt  J-h 


kz  3kz 

J  ^Gapp(z-z')7(z')dz'  ^i?cos(  — )  +R'cos{  —  )  +  jXI{z)  {21.6.1[ 


where  R,R' ,X  are  appropriate  constants.  Thus,  Hallen’s  equation  (21.3.12)  can  be  ap¬ 
proximated  as: 

kz  3k  z 

Rcos{  —  )  +i?'cos(^p)  +  jXI{z)=  V{z)=  Cicoskz  +  Vosink|z| 
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which  implies  that  7  (z)  can  be  written  as  the  sum  of  four  sinusoidal  currents,  7i  (z) ,  72  (z) 
given  by  Eq.  (21.6.3),  and  73(z),74(z),  given  by  (21.6.17). 

Fig.  21.6.2  compares  the  three-term  and  four-term  hts  for  the  two  antenna  lengths 
/  =  A  and  /  =  3A.  For  the  /  =  A  case,  the  two  hts  are  virtually  indistinguishable.  The 
antenna  radius  was  a  =  0.005  A  and  the  “exact”  numerical  solution  was  computed  using 
the  exact  kernel  with  2M  +  1  =  101  segments.  The  graphs  can  be  generated  by  the 
following  example  code: 

L=3;  a=0.005;  M=50; 

[Ie,z]  =  hdelta(L,a,M,’e’)l  %  solve  Hallen  equation  with  exact  kernel  and  delta-gap  input 

A  =  ki ngfi t (L , le , z , 3) ;  13  =  ki ngeval (L ,A, z) ; 

B  =  ki  ngfi  t  (L ,  le ,  z ,  4)  ;  14  =  ki  ngeval  (L ,  B ,  z)  ; 

p1ot(z, real (le) , ’ . ’  ,  z , real (14) , ’ - ’ ,  z, real (13),’  —  ’); 


Fig.  21.6.2  Three-  and  four-term  approximations  for  /  =  A  and  /  =  3A. 

We  will  look  at  further  examples  later  on.  The  main  advantage  of  such  hts  is  that 
they  provide  simple  analytical  expressions  for  the  current,  which  can  be  used  in  turn  to 
compute  the  radiation  pattern.  We  saw  in  Eq.  (16.1.7)  that  the  radiation  intensity  of  a 
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linear  antenna  is  given  by 


Ui0)=  \F AO)  l^sin^e 


where  FziO)  is  the  z-component  of  the  radiation  vector: 


FziO)= 

J-h 


For  the  p-term  current  given  by  Eq.  (21.6.16),  we  have: 


P  rh  P 

Fzi0)=  (21.6.20) 

z=l  i=l 

The  individual  radiation  vectors  FiiO)  are  given  by  closed-form  expressions  as  fol¬ 
lows.  For  Ii  (z)  and  I[  (z) ,  we  have: 

FiiO)  =  {smk\z\  -  smkh)e‘^^^^^^^dz  = 

J-h 

1  (1  -  cos (kh  cos  6) coskh)  cos  6  -  sin {kh  cos  6) sin kh 

=  —  ^ ^ -  (21.6.21) 

k  cos  6  sin^  6 

,  ■  /  7  7  71  |\  ikzcosO^  2  cosikhcos6)-coskh 

FAO)  =  \  smikh  -  k\z\)A'^^^°^^dz  =  - - - 

J-h  k  Sim  0 

The  rest  of  the  radiation  vectors  are  obtained  from  the  following  integral,  with  the 
parameter  values  tx  =  1,  1/2,  1/4,  3/4: 


rh 

[cosikaz)  -  COS dz  ■■ 

J-h 


a  (a  +  cos  6) sin{kh  {a  -  cos  6))  -  (a  -  cos  6) sin{kh  {a  -r  cos  6)) 
k  cos  0  (cx^  -  cos^  6) 


(21.6.22) 


21  -  7  Evaluation  of  the  Exact  Kernel 

Numerical  methods  for  Hallen’s  and  Pocklington’s  equations  require  the  numerical  eval¬ 
uation  (and  integration)  of  the  exact  or  approximate  kernel.  A  sample  of  such  numerical 
methods  is  given  in  Refs.  [1207-1266]. 

The  evaluation  of  the  approximate  kernel  is  straightforward.  The  exact  kernel  re¬ 
quires  a  more  careful  treatment  because  of  its  singularity  at  z  =  0.  Here,  we  follow 
[1260]  and  express  the  exact  kernel  in  terms  of  elliptic  functions  and  discuss  its  numer¬ 
ical  evaluation.  The  exact  kernel  was  dehned  in  Eq.  (21.1.2): 

1  I - 

G{z,p)= —  ——d<p',  R  =  Jz^  +  -  2pa  cos  (p'  (21.7.1) 

277  Jo  K 


870 


21.  Currents  on  Linear  Antennas 


The  distance  R  may  be  written  in  the  alternative  forms: 


R  =  yz2  -r  (p  -r  rz)2-2prz(l  -r  cos  <p') 


■■  ^Jz^  ip  rz)2-4przcos2  i<p' /2) 
■■  ^^/z2^X(pTXy2^^4pfl^in^ 


(21.7.2) 


where  we  dehned: 


Rmax  =  yjz'^+  (p  +  aA,  K  = 


■\Jz'^  +  ip  +  a) 


(21.7.3) 


and  made  the  change  of  variables  <p'  =  n  +  26.  Under  this  change,  the  integration  range 
[0, 277]  in  (p'  maps  onto  [-77/2,  77/2]  in  6,  and  because  R  is  even  in  6,  that  range  can 
be  further  reduced  to  [0, 77/2] ,  resulting  into  the  expression  for  the  kernel: 


Giz,p)  = 


2 


77  Jo  R 


2  Sin^  0 

^max  Jo  VT  -  sin^  6 


dO  (21.7.4) 


where  Rmax  represents  the  maximum  value  of  R  as  0  varies.  The  approximate  kernel 
corresponds  to  the  limit  rz  =  0  or  x  =  0.  The  connection  to  elliptic  functions  comes 
about  as  follows  [1267-1271].  The  change  of  variables. 


da 

0  Vl  -  sin^  a 


Vl  -  sin^  9 


(21.7.5) 


dehnes  9  indirectly  as  a  function  of  u.  The  Jacobian  elliptic  functions  sn(u,x)  and 
dn(u,  k)  are  then  dehned  by 


sn(u,  k)  =  sin9 


dn(u,  k)  =  Jl  -  x^sn^  (u,  k)  =  sin^  i 


(21.7.6) 


where  k  is  referred  to  as  the  elliptic  modulus.  The  complete  elliptic  integrals  of  the  hrst 
and  second  kinds  are  given  by: 


0  V 1  -  sin^  9 


FiK)=  \  ^1-K^sin^9d9  (21.7.7) 


Thus,  when  9  =  77/2,  then  u  =  R(x).  With  these  dehnitions,  Eq.  (21.7.4)  can  be 


written  as: 


Giz,p)  = 


2  rK{K) 


T^Rmax  Jo 


g— JfctZniax  dn(li,K') 


Changing  variables  from  u  to  uKiK) ,  we  may  write: 


G{Z,P)=^^^  \\-JI<Rm^dn(i,K.K) 

T^Rmax  Jo 


(21.7.8) 


(21.7.9) 
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For  points  on  the  surface  of  the  antenna  wire  {p  =  a),  the  kernel  and  the  quantities 
Rmax  and  k  simplify  into: 

n  rTT/2  p—jkR  '?K(w) 

G(z)=  —  — - — dO  =  — - —  g-jfci?maxdn(uif,/<)  (exact  kernel)  (21.7.10) 

7T  Jo  R  trivmax  Jo 


-  4rz2  -  4rz2  sin^  6  =  i^maxVl  -  sin^  6  and 
^ — 7  2^2  2a 

tax  =  Vz2  +  4a^  ,  K  =  - -  =  , 


(21.7.11) 


As  u  varies  over  the  interval  0  <  u  <  1,  the  quantity  dn(ui^,  x)  stays  bounded, 
varying  over  the  range: 

k'  <  dniuK,K)<  1  (21.7.12) 


where  we  introduced  the  complementary  modulus: 


Vl  - 


Vz2  +  4a'^ 


(21.7.13) 


Therefore,  the  integral  in  Eq.  (21.7.10)  remains  bounded  and  less  than  one  in  magni¬ 
tude  for  all  values  of  z.  On  the  other  hand,  the  factor  K^k)  incorporates  the  logarithmic 
singularity  at  z  =  0.  Indeed,  as  z  ^  0,  the  moduli  k  and  k'  tend  to  1  and  0,  respectively, 
andi^(x)  behaves  asln(4/x')  [12701: 


(21.7.14) 


where  we  replaced  Rmsx  -  2rz  as  z  ^  0.  Thus,  the  kernel  behaves  like 


G{z)^  — In 
Tta 


(21.7.15) 


The  MATLAB  function  kernel  implements  Eq.  (21.7.10)  to  compute  G(z)  at  any 
vector  of  z  points.  For  smaller  values  of  z,  it  uses  the  asymptotic  form  (21.7.15).  It  has 


G  =  kernel (z , a, ’ e ’ ) ; 
G  =  kernel (z,a, ’a’)  ; 


%  exact  kernel 
%  approximate  kernel 


It  employs  the  following  set  of  MATLAB  functions  for  the  evaluation  of  the  complete 
elliptic  integrals  and  the  function  dn(ui^,  k)\ 

K=ellipK(k);  %  elliptic  integral  K{k)  at  a  vector  of  x’s 

E  =  ellipE(k);  %  elliptic  integral  E{k)  at  a  vector  of  k’s 

V  =  1  andenv (k)  ;  %  Landen  transformations  of  a  vector  of  k’s 

W  =  snv(u,k);  %sn(uJf,K')  function  at  a  vector  of  u ’sand  a  vector  of  x’s 

W  =  dnv  (u  ,  k)  ;  %  dn{uK,  k)  function  at  a  vector  of  u’s  and  a  vector  of  k’s 


These  are  based  on  a  set  of  similar  functions  developed  for  the  implementation 
of  elliptic  hiters  [1272-12751  that  were  modihed  here  to  handle  a  vector  of  moduli  k 
arising  from  a  vector  of  z  points.  Using  these  functions,  the  integral  in  Eq.  (21.7.10)  is 
implemented  with  a  3  2 -point  Gauss-Legendre  integration  over  the  interval  0  <  u  <  1. 
Let  Wi,Ui,i=  1,  2, . . . ,  32,  denote  the  weights  and  evaluation  points  obtained  by  calling 
the  quadrature  function  quadr: 
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[w,u]  =  quadr(0, 1, 32) ; 


%  32-point  Gauss-Legendre  integration  over  the  interval  [0, 1] 


Then,  Eq.  (21.7.10)  can  be  evaluated  by 

32 

Q  (^z)  =  ^  g-Jfcf^max  dn(UiJf,K') 

ttRmdiX 

The  function  kernel  has  an  additional  input  parameter,  method. 


(21.7.16) 


kernel (z,a, ’e’ , method) ; 


%  exact  kernel 


that  allows  one  to  select  faster  but  somewhat  less  accurate  methods  of  computing  the 
kernel.  The  method  of  Eq.  (21.7.16)is  selected  with  method  =  3.  The  integral  in  (21.7.10) 
can  be  expanded  approximately  as  follows  [12601: 


rl  rK 

J(k)=k  \  max  dn{uK,K)  ^ 

max  dn(ii,K) 

Jo  Jo 

—  g— r  g— Jfcf^max  (dn(u,K')  —  1 ) 

Jo 

-  [  \l -JkR,nax(dniu,K)-l)  + 


(dn(u,  k) -ly  du 


Using  the  dehnitions  (21.7.5)-(21.7.7),  we  hnd: 


TT  9 

{dn{u,  K)-l)du  =  —  -  K ,  {dn{u,  k) -l)  du  =  K  +  E  -  n 
Jo  2  Jo 


Thus,  J  (k)  can  be  written  approximately  as 


J{k)=  j  e  J^^maxdn(u,x)  _  g  Jki^max  +  JkRmax  “  y 


2 


This  leads  to  the  following  approximations  for  the  kernel  G  (z) .  If  only  the  linear 
term  in  Ok^max)  is  kept,  then 


max  f  /  7j  \ 

—  ^K+jkRm^  [K--) 


and,  if  both  the  linear  and  the  quadratic  terms  are  kept. 


K  +  jki^niax  yK  2  /  ^ 


{K  +  E-tt] 


(21.7.17) 


(21.7.18) 


Eqs.  (21.7.17)  and  (21.7.18)  are  selected  with  the  method  =  1,2,  respectively,  and 
provide  faster  alternatives  to  the  slower  but  more  accurate  method  of  Eq.  (21.7.16). 

Because  =  1-k'^,  floating  point  accuracy  limits  the  values  of  k'^  to  be  greater  than 
about  the  machine  epsilon,  that  is,  k'  >  ^/e,  which  for  MATLAB  gives  e  =  2.22x10“^® 
and  k'  >  =  1.49x10“^.  Since  for  small  z  we  have  k'  =  z/2a,  this  limitation  trans¬ 

lates  to  a  minimum  value  of  z  below  which  the  elliptic  function  calculations  cannot  be 
used  and  one  must  use  the  asymptotic  form  (21.7.15): 


=  K  =  Je 


Zmin  =  (2.98x10  ^)a 


(21.7.19) 


2 1 .7.  Evaluation  of  the  Exact  Kernel 
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An  alternative  computation  method,  which  will  also  help  rehne  the  asymptotic  form 
(21.7.15),  is  based  on  a  straightforward  series  expansion  of  the  integral  in  (21.7.10): 

rl  rK 

J{k)=K  \  g-i^^maxdn(uJf,/<)  ^  g-Jki?niaxdn(u,/<) 

Jo  Jo 


(-jki^max)' 


m\  Jo 


dn^  (u,  k)  du 


Dehning  the  integrals. 


JmiK)=  dn^  {u,K)du=  dO ,  m>0  (21.7.20) 


we  have: 


The  hrst  few  of  these  are: 


J{K)=  X 

m=0 


JoM  =K(k) 


(21.7.21) 


JiM  =E(k) 

JsiK)  =  +  k'^) 


(21.7.22) 


JiiK)  =  -[2{1  +  k'^)E(k)-k'^K{k)] 

where  k'^  =  1  -  k^.  The  rest  can  be  computed  from  the  following  recursion  [1270]: 


Jm+l  (^)  = 


(m  -  1)  (1  +  -  2)K'^Jm-3iK) 


m>4  (21.7.23) 


Separating  the  m  =  0  term  from  the  rest,  the  kernel  can  be  written  in  the  form: 

G{z)= —^{K{k)+C(k))  ,  C{K)=  X  U(K)  (21.7.24) 

TTRu^x 

In  the  limit  k  ^  1,  the  quantities  Jm  (k)  have  a  hnite  limit,  with  the  exception  of 
Jo{k),  which  diverges  as  Jo  iK)=  K{k)=  ln(4/x').  For  example,  the  term  k'^K{k)  in 
J4  (k)  converges  to  zero: 


lim  k'^K{k)  =  lim  k'^  In  f  4)  =  0 

K^l  K'^0  \K  J 


In  this  limit,  the  integrals  in  (21.7.20)  can  be  done  in  closed  form  and  expressed  in 
terms  of  the  gamma  function  [1267]: 


rTT/2  ^  ?  I 


(21.7.25) 
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Therefore,  the  term  C{k)  in  (21.7.24)  also  has  a  hnite  limit  given  by: 

C(l)=  2.  - ^ - Jm(l)  (21.7.26) 

where  we  replaced  Rmax  =  2a.  Then,  the  asymptotic  form  (21.7.15)  of  the  kernel  may 
be  modihed  by  adding  the  constant  C  (1) : 

G(z)=  —  [lnf4^) +C(1)]  ,  asz-0  (21.7.27) 

Tra  L  V  |z|  /  J 

In  the  function  kernel,  we  use  this  approximation  for  |z|  <  Zmin,  where  the  series 
for  C(l)  converges  very  fast  requiring  about  4-5  terms  for  typical  values  of  the  radius, 
such  as  O.OOIA  <  a  <  O.OIA. 

For  |z|  >  Zmin,  one  may  use  the  series  expansion  (21.7.24).  The  smaller  the  z,  the 
smaller  the  number  of  terms  required  for  convergence  of  the  sum.  For  example,  for  the 
case  a  =  0.00 5  A  and  for  some  typical  values  of  z,  the  number  of  terms  were: 


z/A 

3 

2 

1 

0.5 

0.05 

0.005 

0.0005 

M 

76 

58 

38 

22 

10 

7 

7 

The  method  (21.7.24)  is  selected  by  the  value  method  =  4  in  the  function  kernel .  We 
have  included  all  four  methods  described  by  Eqs.  (21.7.16)-(21.7.18),  and  (21.7.24)  as 
options  in  kernel .  The  default  method  is  that  of  Eq.  (21.7.18)  selected  with  method  =  2. 


21.8  Method  of  Moments 


The  method  of  moments  (MoM)  refers  to  a  family  of  numerical  methods  for  solving 
integral  equations  [1213-1219].  We  summarize  the  method  in  the  context  of  solving 
Hallen’s  equations  for  a  delta-gap  input,  and  later  on,  we  apply  it  to  the  cases  of  arbitrary 
incident  helds  and  Pocklington’s  equation.  For  an  antenna  of  length  /,  half-length  h  = 
1/2,  and  radius  a,  Hallen’s  equation  reads: 

Giz  -  z')Iiz')dz' =  V{z)=  Cicoskz +  Vosmk\z\  (21.8.1) 

2tt  j-h 

where  G{z  -  z')  is  the  exact  or  the  approximate  kernel.  The  antenna  is  divided  into 
N  =  2M  +  1  segments  of  width  A  =  l/N  =  2h/  (2M  -r  1),  as  shown  in  Fig.  21.8.1,  with 
centers  at  the  positions: 

Zm  =  ynA,  -M  <  m  <  M  (21.8.2) 

and  the  current  is  expanded  into  a  sum  of  basis  functions: 

M 

Iiz')=  X  ImB{z'-Zm)  (21.8.3) 

m  =  -M 

where  B{z'  -  Zm)  are  localized  functions  centered  on  the  mth  segment.  For  example, 
in  the  case  of  pulse  basis  functions  shown  in  Fig.  21.8.1,  we  have: 


I  1,  if  |z'  -  Zml  < 
[  0,  otherwise 


(21.8.4) 
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h-  h  4- -  h  H 

Fig.  21.8.1  Pulse-function  segments  along  an  antenna,  with  N  =  11,  M  =  5. 


Other  basis  functions  are  possible  such  as  triangular,  sinusoidal,  or  even  plain  delta- 
functions,  and  we  will  consider  them  in  succeeding  sections.  Because  of  the  localized 
nature  of  the  basis,  the  expansion  (21.8.3)  is  referred  to  as  a  sub-domain  expansion. 
Alternatively,  entire-domain  basis  functions  can  be  used  that  are  defined  over  the  entire 
length  /  of  the  antenna.  Substitution  of  I  (z')  into  the  Hallen  equation  gives: 


^  y  /m  [  G(z-z')B{z' -Zm)dz'  =  V(z)  (21.8.S) 

The  localized  nature  of  B  {z'  -  Zm)  restricts  this  integral  to  be  over  the  mth  segment. 
Next,  a  local  weighted  average  is  formed  about  each  point  z„  =  nA  by  using  another 
local  weighting  (or  testing)  function  Wiz  -  Zn),  which  is  centered  on  z„  : 


277 


W (z  -  Zn) Z (z  -  z' ) B  iz'  -  Zm)  dzdz 


W{z-  Zn)V  (z)  dz 


This  may  be  written  in  the  NxN  matrix  form: 


M 

^  Znmim  —  > 

m=-M 

-M  <  n  <  M 

(21.8.6) 


where  we  defined 

Znm  =  ^{  \  W(Z  -  Zn)G(z- z')B(z' -  Zm)  dzdz' 

271  )-h  J-h 

v„  =  W(z-  z„)V(z)  dz 
J-h 


(21.8.7) 


Two  popular  choices  for  the  weighting  function  are  the  Galerkin  and  the  point¬ 
matching  or  collocation  choices.  In  the  Galerkin  method  the  weighting  function  is  taken 
to  be  the  same  as  the  basis  function,  and  in  the  point-matching  case,  it  is  a  delta  function: 


W (z  -  Zn)  =  6iz  -  Zn)  (point-matching) 

W {z  -  Zn)  =  B{z  -  Zn)  (Galerkin) 


(21.8.8) 
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Thus,  in  the  point-matching  method,  Eqs.  (21.8.7)  reduce  to: 

Znm  =  Tp-  \  G{Zn- z')B(z' -  Zm)  dz' 

2tt  J-h  (21.8.9) 

Vn=V  (Zn)  =  Cl  COSkZn  +  Vq  Sink|Zn| 


Similarly,  in  the  Galerkin  method,  we  have: 

rh  rh 


Znm  — 


f  B{z  -  Zn)G{z  -  z)B{z  -  Zm)  dzdz 
277  j-h  J-h 


rh 

Vn  = 

J-h 


(21.8.10) 


B{z  -  Zn)V{z)  dz 


In  succeeding  sections,  we  will  consider  the  following  cases  and  discuss  how  to 
compute  the  quantities  Znm  and  v^: 


-  Delta-function  basis  with  point  matching 

-  Pulse-function  basis  with  point  matching 

-  Pulse-function  basis  with  Galerkin  weighting 

-  Triangular  basis  with  point  matching 

-  Sinusoidal  spline  basis  (NEC  basis)  with  point  matching 

-  Method  of  moments  for  Hallen’s  equation  with  arbitrary  incident  field 

-  Method  of  moments  for  Pocklington’s  equation 

We  will  also  consider  the  following  issues  that  have  been  discussed  extensively  in  the 
literature  regarding  the  existence  of  solutions  of  Hallen’s  equation  (21.8.1)  with  delta- 
gap  input  [1244-1256]: 

1.  The  approximate  kernel  is  non-singular  at  z  =  0.  Yet,  the  numerical  solution  of 
Hallen’s  equation  using  the  approximate  kernel  does  not  converge  and  becomes 
unusable  for  increasing  number  of  segments  N  and/or  for  increasing  radius  a, 
whereas  the  solution  based  on  the  exact  kernel  does  converge.  However,  for  mod¬ 
erate  values  of  N,  one  does  get  useful  results  from  the  approximate  kernel. 

2.  In  fact,  the  approximate-kernel  Hallen  equation  for  a  delta-gap  input  does  not, 
strictly  speaking,  have  a  solution,  whereas  the  one  with  the  exact  kernel  does. 

3.  The  input  impedance  of  the  antenna,  Zq  =  Vq/I (0),  for  the  delta-gap  case  does 
not  converge  to  a  constant  value  for  the  approximate  kernel  as  N  increases,  but  it 
does  so  for  the  exact  kernel.  Generally,  numerical  methods  get  the  resistive  part 
of  Zq  fairly  accurately,  but  have  a  hard  time  for  the  reactive  part. 

4.  The  solution  7  (z)  for  the  exact  kernel  in  the  delta-gap  case  has  a  logarithmic 
singularity  at  z  =  0  of  the  form: 

I{z)^  -j  ln(k|z|),  z^O  (21.8.11) 

Therefore,  one  may  wonder  if  the  numerical  solutions  have  any  use.  However,  this 
logarithmic  singularity  is  confined  to  a  very  narrow  range  around  z  =  0  and  for 
all  other  values  of  z,  the  exact-kernel  solution  is  accurate  and  useful. 
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5.  King’s  empirical  three- term  approximation  for  the  current  is  also  very  accurate 
(except  in  the  immediate  vicinity  of  the  logarithmic  singularity  at  z  =  0),  if  htted 
to  the  exact-kernel  solution. 

21.9  Delta-Function  Basis 

Here,  we  discuss  numerical  solutions  of  (21.8.1)  using  a  delta-function  basis  with  point 
matching.  The  basis  functions  are  dehned  by: 

B{z'  -Zm)=  -Zm)A  (21.9.1) 

Fig.  21.9.1  depicts  the  delta  functions  as  narrow  pulses  of  width  5.  The  factor  is 
needed  to  give  I  {z')  the  right  dimensions. 


H - h - h - H 


Fig.  21.9.1  Delta-function  segments  along  an  antenna,  with  N  =  ll,  M  =  S. 


Inserting  this  basis  into  Eq.  (21.8.9),  we  hnd 

Znm  =  ^Gizn  -  Zm)A  ,  -M<n,m<M 
2tt 

Vn  =  Cicoskzn  +  Vosmk\Zn\ ,  -M  <  n  <  M 


(21.9.2) 


Because  Zn-Zm  =  {n-m)A,  the  diagonal  entries  correspond  to  the  evaluation 
of  the  kernel  G(z)  at  z  =  0.  For  the  approximate  kernel,  G(0)  is  hnite  (corresponding 
to  the  small  but  hnite  radius  R  =  a).  But  for  the  exact  kernel,  G(0)  is  inhnite  because 
of  its  logarithmic  singularity  at  z  =  0.  A  reasonable  way  of  modifying  Znn  is  to  replace 
the  inhnitely  thin  delta-function  by  a  hnite-width  pulse: 

^  u{z  +  6/2)-u{z  -  s/2) 

B(z)=  5(z)A  —  — - 5 — - —A 

o 

where  u(z)  is  the  unit-step.  Then,  Eq.  (21.9.3)  gives  in  the  case  n  =  m\ 

Znn  =  ^\  G(Zn- z')B{z'  -  Zn)  dz'  =  ^  ^  \  G(z)dz 
2tt  J-h  o  2tt  J-5/2 

where  we  used  the  even-ness  of  G(z).  The  best  choice  for  5  which  yields  results  com¬ 
parable  to  the  other  bases  is  the  value  5  =  A,  giving: 

in 

Znn  =  ^\  G(z)dz,  -M<n<M  (21.9.3) 

ZTT  j-A/2 
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We  evaluate  this  integral  numerically  using  Gauss-Legendre  integration.  However, 
one  could  also  use  quadrature  rules  [1234,1235]  that  are  more  appropriate  for  the  loga¬ 
rithmic  singularity  of  G  (z) .  The  above  method  of  regularizing  the  impedance  matrix  by 
local  averaging  about  the  singularity  region  is  akin  to  alternative  discretizations  based 
on  locally-corrected  Nystrom  methods  that  replace  the  integral  equation  by  a  quadrature 
integration  rule,  such  as  Gauss-Legendre  [1240-1243]. 

With  the  dehnitions  (21.9.2)  and  (21.9.3),  the  matrix  equation  (21.8.6)  maybe  written 
in  the  compact  form: 

ZI=y=  Cic-r  Vos  (21.9.4) 


where  Z  is  theNxN  matrix  with  matrix  elements  Znm  and  /,  s,  c  are  the  column  vectors 
with  elements  In,  Cn  =  coskz^,  and  Sn  =  sinA:|z„|,  for  n  =  -M, . . .  ,M.  The  vector  /  is 
symmetric  about  its  middle,  that  is,  I-n  =  In,  and  similarly  for  c,  s.  Therefore,  we  have: 


Im 

“  Vm 

Cm 

Sm 

h 

Vi 

Cl 

Si 

lo 

,  y  = 

Vo 

,  c  = 

Co 

,  S  = 

So 

h 

Vi 

Cl 

Si 

_  Im  _ 

_  Vm  _ 

_  Cm  _ 

_  Sm  _ 

(21.9.5) 


The  matrix  Z  is  a  symmetric  Toeplitz  matrix  because  the  matrix  element  Znm  de¬ 
pends  only  on  the  difference  \n  -  m\.  Taking  advantage  of  the  Toeplitz  nature  of  Z 
and  the  symmetry  of  the  vectors  (21.9.5),  the  matrix  system  (21.9.4)  can  be  replaced  by 
one  essentially  half  its  size,  thus,  speeding  up  the  solution.  To  see  this,  we  partition  the 
vector  /  into  its  upper  (negative-z),  middle,  and  lower  (positive-z)  parts: 


1  = 

o 

,  h  = 

t-H  (M 

.  ii  = 

Im 

_  h 

Im 

h 
_  h 

The  upper  part  /f  is  the  reverse  of  the  lower  part  h.  The  reversal  operation  can  be 
expressed  as  a  matrix  operation: 


/f  =Jh,  J  = 


0  1 
1  0 

0  0 


where  J  is  the  MxM  reversing  matrix  J,  that  is,  the  matrix  with  ones  along  its  antidiag¬ 
onal.  Then,  the  impedance  matrix  Z  and  Eq.  (21.9.4)  can  be  partitioned  in  a  compatible 
way  as  follows: 


- 

■  If  ■ 

a™ 

flo 

lo 

= 

Vo 

B 

a 

A 

h 

(21.9.6) 
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where  we  have  separated  the  middle  column  and  row  of  Z.  Because  Z  satishes  the 
reversal  invariance  condition  Z{n,m)=  Zi-n,  -m) ,  the  upper-left  block  will  be  the 
reverse  of  the  lower-right  block  A,  and  the  upper-right,  the  reverse  of  the  lower-left. 
Moreover,  because  Z  is  symmetric,  we  have  A^  =  A^  =  A  and 

The  reverse  of  a  matrix  is  obtained  by  reversing  its  columns  and  then  reversing  its 
rows,  an  operation  which  is  equivalent  to  multiplication  by  the  reversing  matrix  J  from 
left  and  right: 

=  JAJ 

Writing  out  the  three  sub-block  equations  of  Eq.  (21.9.6),  we  obtain: 

+  a^7o  +  B^h  =  vf 
a^^/f  +  aolo  +  a^/i  =  vo 
BI^  +  a/o  +  All  ~ 

But,  the  hrst  is  exactly  the  reverse  of  the  last,  and  therefore  redundant.  Noting  that 
a^^/f  =  a^/i  and  B/f  =  BJIi,  we  obtain  the  reduced  system: 

+  2a^/i  =  Vo 

a/o  +  (A  +  BJ)  Ii  =  Vi 
which  can  be  written  in  the  reduced  block  matrix  form: 


ao  2dj  ]  r  ^0  ]  ^  r  Vo 

a  A  +  B  J  /i  vi 


(21.9.7) 


Thus,  we  can  replace  the  NxN  system  (21.9.4)  or  (21.9.6)  by  the  (M  +  1)  x  (M  +  1) 
system  (21.9.7)  acting  only  on  half -vectors.  We  will  write  Eq.  (21.9.7)  in  the  following 
compact  form: 

Z/  =  v=  Cic  + Vosl  (21.9.8) 


where  Z  is  constructed  from  Z  according  to  (21.9.7)  and  the  vectors  are  the  half -vectors: 


Next,  we  impose  the  condition  that  /m  =  0  from  which  the  constant  Ci  can  be 
determined.  This  condition  can  be  written  vectorially  in  the  form  I  =  0,  where  = 
[0, . . . ,  0, 1] .  Solving  (21.9.8)  for  /,  we  obtain: 


(21.9.10) 


Multiplying  both  sides  by  u^,  we  obtain  the  condition: 


u^/=CiU^Z  ^c  +  VqU^Z  =  0 
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which  may  be  solved  for  Ci: 

(21.9.11) 

The  two  equations  (21.9.10)  and  (21.9.11)  provide  the  complete  solution  of  the  dis¬ 
cretized  Hallen  equation.  The  MATLAB  function  hdel  ta  implements  the  above  solution 
procedure.  It  has  usage: 

[IjZjCnd]  =  hdel  ta(L  ,  a,  M  ,  ker  ,  basi  s)  ;  %  solve  Hallen  equation  with  delta-gap  input 

The  string  parameter  inputs  ker  and  basi  s  take  the  possible  values: 

ker=’e’,’a’  %  exact  or  approximate  kernel 

basi  S=’p’,  ’t’,  ’n’,  ’d’  %  pulse,  triangular,  NEC,  or  delta-function  basis 

where  the  choice  basi  s=  ’  d  ’  applies  in  this  section.  This  function  solves  the  half  system 
(21.9.8),  but  returns  the  full  N-dimensional  symmetric  vector  / of  Eq.  (21.9.5).  The  quan¬ 
tity  z  is  the  N-dimensional  vector  of  sampled  z-points  (21.8.2),  and  end  is  the  condition 
number  of  the  matrix  Z  that  is  being  inverted.  The  quantities  L,  a  are  the  antenna  length 
and  radius  in  units  of  A,  and  M  has  the  same  meaning  as  above. 

The  matrix  inversions  required  in  (21.9.10)  can  be  implemented  efficiently  by  MAT- 
LAB’s  backslash  operation  Z\  [c,  s] .  The  function  assumes  Vq  =  1.  Therefore,  the  input 
impedance  of  the  antenna  will  be  Zq  =  VqHq  =  l//o,  where  /q  is  the  middle  of  the 
output  vector  /  (i.e.,  the  sample  /(M  +  1)  in  MATLAB  indexing.) 

Internally,  the  function  hdelta  calls  the  functions  hmat  and  hwrap  to  construct  the 
impedance  matrices  Z  and  Z: 

[Z,B]  =  hmat  (L  ,  a,  M  ,  ker  ,  basi  s)  ;  %  construct  the  (2M -l- l)x(2M -l- l)  Hallen  impedance  matrix 

Zwrap  =  hwrap  (Z)  ;  %  wrap  impedance  matrix  to  size  (M  -i-  1)  x  (M  -i-  1) 

where  B  is  a  tridiagonal  matrix  that  is  applicable  only  in  the  NEC  basis  case,  as  explained 
in  Sec.  21.12,  and  is  equal  to  the  identity  matrix  otherwise. 

East  Toeplitz  solvers  can  also  be  used,  based  on  the  Levinson  recursion  and  fast 
Cholesky  factorizations  [48].  However,  we  found  that  the  built-in  linear  system  solver 
of  MATLAB  is  much  faster  for  sizes  of  the  order  M  =  20-200. 

Example  21.9.1:  To  clarify  the  structure  of  the  impedance  matrix  Z  and  show  how  to  wrap  it 
efficiently  into  the  half-size  of  (21.9.7),  consider  the  case  N  =  7  or  M  =  3.  Because  Z 
is  Toeplitz  and  symmetric,  it  can  be  built  from  the  knowledge  of  its  first  column  or  first 
row.  The  first  column  is  Zn-M  =  Zn+M,o,  for  -M  <  n  <  M.  Setting  m  =  n  +  M,  so  that 
m  =  0, 1, . . . ,  2M,  the  first  column  (and  first  row)  consists  of  the  numbers: 

am  =  Zm,o,  m  =  0, 1,...,2M 
Therefore,  the  full  matrix  Z  will  have  the  form: 

CIq  Cli  0-2  ^3  ^4  ^5 

Cli  CIq  Cli  Cl2  dl  ^4 

C\.2  d\  CIq  di  d2  d^ 

Z  =  di  d2  di  dQ  d\  d2 

d\  di  d2  di  dQ  d\ 

ds  d4  di  d2  d\  dQ 

dQ  ds  d4  di  d2  d\ 


dQ 

ds 

d4 

d2 

dl 

dQ 


(21.9.12) 
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where  we  partitioned  it  as  in  Eq.  (21.9.7),  with  submatrices: 


ao 

ai 

a2 

a\ 

as 

az 

ai 

A  = 

ai 

ao 

ai 

,  B  = 

as 

a4 

as 

,  a  = 

Cl2 

a2 

ai 

ao 

ao 

as 

a^ 

^3 

Therefore,  the  wrapped  version  of  Z  will  be: 


ao 

2ai 

2az 

2a3 

ao  2dZ 

ai 

ao  +  az 

ai  +  as 

az  T  a4 

a  A  +  BJ  \~ 

az 

ai  +  as 

ao  +  a4 

ai  +  as 

_  as 

az  +  a4 

ai  +  as 

ao  +  ao 

(21.9.13) 


This  matrix  can  be  constructed  quickly  as  follows.  Once  the  numbers  am,^  =  0, 1, ... ,  2M 
are  computed,  take  the  first  and  last  M  +  1  numbers,  that  is,  define  the  two  row  vectors: 


f—  \_aQ,ai,a2,ci'i,a4^,as,ciQ\ 


g—  \_ciQ,ai,a2,ci-i^  ,  h—  [^3, ^4, ^5, 


Then,  form  the  Toeplitz  matrix  whose  first  column  and  first  row  are  g,  and  add  it  to  the 
Hankel  matrix  whose  first  column  is  g  and  last  row  is  h.  This  is  accomplished  easily  by  the 
built-in  MATLAB  functions  toepl  i  tz  and  hankel : 


toeplitz  {g,  g)  +  hankel  (^,  h)  = 


2ao 

2ai 

2az 

2a3 

2ai 

ao  +  az 

ai  +  as 

az  +  a4 

2az 

ai  +  as 

ao  +  a4 

ai  +  ao 

2a3 

az  +  a4 

ai  +  as 

ao  +  ao 

Then,  replace  the  first  column  by  half  its  value.  These  procedures  are  incorporated  into  the 
function  hwrap.  We  note  that  the  full  matrix  Z  can  also  be  constructed  using  the  function 
toeplitz  by: 

Z  =  toeplitz  (f,  f) 

This  is  how  Z  is  constructed  by  the  function  hmat.  □ 

21.10  Pulse  Basis 

The  delta  function  discretization  scheme  described  in  the  previous  section  yields  com¬ 
parable  results  to  the  other  bases.  Here,  we  look  at  the  pulse-function  basis,  which  was 

defined  by  Eq.  (21.8.4)  and  shown  in  Fig.  21.8.1.  For  the  point-matching  case,  the  matrix 

elements  Znm  are  given  by  Eq.  (21.8.9): 

in  in 

Znm  =  i—  \  G{Zn-  z')B{z'  -  Zm)  dz'  =  ^  \  G{Zn  -  z')  dz' 

2TT  j-h  2TT  Jzm-^/2 


or,  changing  integration  variable  to  z  =  z'  - 
in 

Znm  =  ^  \  Gizn  -  Zm  -  z)  dz ,  -M  <  n,m  <  M 

ZTT  J-Z\/2 


(21.10.1) 
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The  integration  range  can  be  folded  in  half  giving: 
in 

Znm  =  ^\  [G(z„-Zm-z)+G{Zn-Zm+z)]dz  (21.10.2) 

2tt  Jo 

The  function  hmat  with  the  option,  basis=’p’,  may  be  used  to  evaluate  Znm,  for 
both  the  exact  and  the  approximate  kernels.  A  3  2 -point  Gauss-Legendre  quadrature 
integration  rule  is  used  to  evaluate  the  integral  in  (21.10.2).  The  Hallen  matrix  equation 
is  again  given  by  (21.9.4): 

ZI=v  =  Cic  + VoS  (21.10.3) 

and  may  be  solved  using  the  techniques  of  the  previous  sections.  The  function  hdel  ta 
solves  (21.10.3)  with  the  option,  basi  s=  ’  p  ’ . 

For  the  Galerkin  case,  the  matrix  equation  (21.10.3)  has  the  same  form  but  with  some 
redefinitions  of  the  quantities  Z,  c,  s.  The  matrix  elements  Znm  are  given  by  (21.8.10): 


G(z  -  z')  dzdz 


Jn_\ 

rh  rh 

B(Z  -  Zn 

)C(: 

2tt  J 

l-h  J-h 

rZn+A/2 

rZm+A/2 

C(z 

2n  J 

'z„-A/2 

Jzm-A/2 

JjL\ 

rA/2  p 

\/2 

G{z„ 

!  -  Z, 

2tt  j 

l-Z\/2  J- 

-A/2 

where  we  changed  variables  to  x  =  z  -  z„  and  x'  =  z'  -  Zm-  Defining  a  new  integration 
variable  z  =  x  -  x',  then  one  of  the  remaining  integrations  can  be  done  giving: 

Znm  =  —[  {A  -  \z\)G{Zn  -  Zm z)  dz ,  -M  <  n,m  <  M  (21.10.4) 

ZTT  j^A 

Similarly,  the  right-hand  side  vector  vof  (21.10.3)  has  components: 

rh  rA/2 

Vn  =  Biz  -  Zn)Viz)  dz  =  V (z„  +  x)  dx 
J-h  J-A/2 


rA/2  rA/2 

=  Cl  COSk(z„  +  x)  dx  +  Vo  Smk\Zn  x\dx=  CiCn  +  VoSn 

J-A/2  J-A/2 

where  the  individual  terms  Cn,Sn  can  be  calculated  explicitly: 


cos  k  {Zn  +  x)  dx  =  -  sin  —  cos  kz, 


■  ,  ,  ,  J  4.2  (kA\  ,  2  .  (kA\  .  ,  , 

Sn=  Sink  z„  +  X  ax  =  -  Sim  —  o(n)  +  - sm  —  Sink  z„ 

J-A/2  k  \  A  )  k  \  2  J 


(21.10.5) 


where  5in)  is  the  Kronecker  delta,  and  z„  =  nA,  for  -M  <  n  <  M.  The  Galerkin 
method  yields  very  comparable  results  to  the  point  matching  case. 

Some  examples  of  the  point-matching  case  with  pulse-function  basis  were  shown  in 
Figs.  21.6.1  and  21.6.2.  Some  further  examples  are  given  below  based  on  [1253,1254]. 
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a=0.005?i,M=50  a=0.005?i,  M=50 


zlX  zlX 


Fig.  21.10.1  Real  and  imaginary  parts  of  I  (z)  for  half-wave  dipole,  M  =  50  and  M  =  100. 

Fig.  21.10.1  compares  the  solutions  of  (21.10.3)  using  the  exact  and  the  approximate 
kernels  for  a  dipole  of  length  /  =  0.5 A  and  radius  a  =  0.005 A. 

The  upper  two  graphs  show  the  real  and  imaginary  parts  of  the  current  samples  In 
(joined  here  by  straight  lines)  using  M  =  50,  which  corresponds  to  N  =  2M  +  1  =  101 
segments.  The  lower  two  graphs  show  the  case  of  M  =  100.  We  note  that  for  the 
approximate  kernel,  the  solution  oscillates  wildly  near  the  center  and  the  end-points 
of  the  antenna— a  behavior  attributed  to  the  non-existence  of  solutions  of  the  Hallen 
equation  Eq.  (21.8.1)  in  this  case.  Fig.  21.10.2  depicts  the  case  of  a  half-wave  dipole  with 
a  larger  radius  a  =  0.008A  and  M  =  100,  for  which  the  oscillations  get  worse. 

We  have  not  superimposed  King’s  three-term  fit  because  it  is  virtually  indistinguish¬ 
able  from  the  exact-kernel  solution.  The  graphs,  including  the  3-term  fit,  maybe  gener¬ 
ated  by  the  following  example  MATLAB  code: 

L=0.5;  a=0.005;  M=100; 

[le  ,  z]  =  hdel  ta(L,a,M,’e’,’p’);  %  solution  of  Hallen  equation  with  exact  kernel 

la  =  hdelta(L,a,M,’a’,’p’);  %  solution  of  Hallen  equation  with  approximate  kernel 

A=kingfit(L,Ie,z,3);  %  three-term  coefficients  fitted  to  exact-kernel  solution 

1 3  =  ki  ngeval  (L ,  A ,  z)  ;  %  evaluate  3-term  current  at  the  sample  points  z 

figure;  pi  ot(z , real  (le) , ’ - ’ ,  z , real (la) , ’ : ’ ,  z, real (13),’  —  ’); 
figure;  plot(z,imag(Ie) , ,  z , imag(Ia) , ’ : ’ ,  z,imag(I3) , ’ — ’); 
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a=0.008?i,M=100  a=0.008?i,  M=100 


z/X  z/X 


Fig.  21.10.2  Current  on  half-wave  dipole  of  radius  a  =  0.008A  and  M  =  100. 

In  Fig.  21.10.3,  we  compare  how  well  the  logarithmic  behavior  of  Eq.  (21.8.11)  near 
z  =  0  fits  the  computed  current  /(z„) . 


a=0.005?i,M=50  a=0.005?i,  M=50 


zlX  zlX 


Fig.  21.10.3  Logarithmic  behavior  of  the  solution  near  z  =  0. 

To  make  the  comparison,  we  adjust  the  asymptotic  form  (21.8.11)  to  match  the 
computed  value  at  the  the  closest  z-point  to  zero,  that  is,  at  Zi  =  A.  The  adjusted 
asymptotic  current  is  then, 

Jiog(^)-  -J  In  —  +/(zi),  z^O  (21.10.6) 

q  zi 

so  that  it  satisfies  /iog(zi)=  /(zi).  For  the  case  a  =  0.005 A  and  M  =  50,  Fig.  21.10.3 
plots  the  imaginary  part  of  the  computed  current  I  (z)  based  on  the  exact  kernel,  to¬ 
gether  with  the  corresponding  three-term  fit,  and  the  asymptotic  current  7iog  (z) . 

The  graph  on  the  left  is  over  the  interval  0  <  z  <  0.25A,  whereas  the  graph  on  the 
right  shows  only  the  narrow  interval  0  <  z  <  0.05A,  and  both  graphs  use  an  expanded 
vertical  scale  compared  to  that  of  Fig.  21.10.1.  The  logarithmic  behavior  is  evident.  We 
note  also  that  the  three-term  fit  agrees  very  well  with  the  computed  current  except  in  a 
narrow  interval  about  z  =  0. 
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Finally,  we  look  at  the  stability  of  the  numerical  solutions  based  on  the  exact  and 
approximate  kernels  as  the  number  of  segments  M  increases.  Fig.  21.10.4  depicts  the 
calculated  input  admittance  Yq  =  h/Vo  as  a  function  of  the  number  of  segments  M. 


Conductance  (milli siemens)  Susceptance  (millisiemens) 


Fig.  21.10.4  Input  admittance  of  half-wave  dipole  vs.  number  of  segments  M. 

The  conductance  Go  =  Re  (To)  converges  for  both  the  exact  and  approximate  kernel 
solutions.  However,  the  susceptance  Bq  =  ImCTo)  diverges  for  the  approximate  kernel 
case,  and  converges  for  the  exact  kernel— the  two  agreeing  well  only  for  M  ^  30. 

Fig.  21.10.5  depicts  the  dependence  of  the  condition  number  of  the  Hallen  impedance 
matrix  Z  on  the  number  of  segments  M.  We  note  the  relative  well-conditioning  of  the 
exact-kernel  case.  The  above  graphs  may  be  computed  with  the  following  MATLAB  code: 

L=0.5;  a=0.005; 

for  M=l: 1:100, 

[I,z,cnd]  =  hdelta(L,a,M, ’e’ , ’p’) ;  Ye(M)  =  I(M+1);  ce(M)  =  end; 

[I,z,cnd]  =  hdelta(L,a,M, ’a’ , ’p’) ;  Ya(M)  =  I(M+1);  ca(M)  =  end; 
end 

M=l:l:100; 

figure;  plot(M, real (Ye) , ’ - ’ ,  M , real (Ya) , ’ . ’ ) ; 
figure;  plot(M,imag(Ye) , ,  M , imag(Ya) , ’ . ’ ) ; 
figure;  semi logy(M , ee , ’ - ’ ,  M,ea, 

For  very  small  antenna  radius,  the  exact  and  approximate  kernels  produce  essentially 
the  same  current  solutions.  Fig.  21.10.6  shows  the  input  impedance  Zq  =  R  jX  = 
Vq/Iq  versus  the  antenna  length  in  the  interval  0.3A  <  /  <  0.7A,  and  for  the  two  radii 
a  =  0.0005A  and  O.OOOOOIA. 

The  calculation  was  carried  out  using  a  pulse  basis  and  the  approximate  kernel  with 
M  =  100  segments,  but  one  could  just  as  well  have  used  the  exact  kernel  or  a  trian¬ 
gular  basis  with  very  little  difference  in  the  results.  The  graphs  are  similar  to  those 
of  Fig.  16.3.1  and  show  the  resonant  length  at  about  0.48A-0.49A.  The  graphs  were 
produced  with  the  MATLAB  code: 

L  =  linspaceCO. 3,0.7,41) ; 
a  =  [0.0005,  0.00001] ; 


,  ohm 
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M  =  100; 

for  i=l: 1 ength(L) , 
for  k=l: length (a) , 

I  =  hde1ta(L(i) ,a(k) ,M, ’a’ , ’p’) ;  Z(i,k)  =  1/I(M+1); 
end 
end 

figure;  p1ot(L,  real (Z( : , 1)) ,  L,  real (Z( : , 2)) ,  ’ — ’); 

figure;  p1ot(L,  imag(Z( : , 1)) ,  L,  imag(Z( : , 2)) ,  ’ — ’); 


Resistance  Reactance 


l/X  l/X 

Fig.  21.10.6  Input  impedance  versus  antenna  length. 


21.11  Triangular  Basis 

For  the  triangular  basis,  the  current  expansion  (21.8.3),  reads 

M 

I(z')=  Y.  ImB(z'-Zm) 

m  =  -M 


(21.11.1) 
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where  B{z)  is  the  triangular  function: 


B{z)  = 


if  |z|  <  Z\ 
otherwise 


(21.11.2) 


The  triangular  basis  functions,  depicted  in  Fig.  21.11.1,  have  duration  2 A,  that  is, 
twice  as  long  as  the  pulse  case.  The  linear  combination  of  (21.11.1)  is  equivalent  to 
connecting  the  sample  values  Im  by  straight  line  segments. 


-  h - h - H 


Fig.  21.11.1  Triangular  basis  functions  with  N  =  11,  M  =  5. 


The  antenna  is  divided  into  N  =  2M  segments  of  width  =  1/2M  =  h/M,  and  the 
(2M  +  1)  points  Zm  =  mA  ,  -M  <  m  <  M,  lie  at  the  end  points  of  these  segments.  As 
depicted  in  Fig.  21.11.1,  the  influence  of  the  last  current  sample  Im  at  zm  (and  I-m  at 
Z-m)  may  be  thought  of  as  extending  beyond  the  end  of  the  antenna  by  an  additional 
segment.  The  vanishing  of  the  current  at  the  ends  of  the  antenna  is  enforced  by  the 
conditions  Im  =  I-m  =  0. 

For  point-matching,  the  Hallen  impedance  matrix  (21.8.9)  will  be  given  as  follows: 


Znm  =  ^\  G{Zn- z’)B(z' -  Zm)  dz' 

2tt  J-h 


iTT  J-h 
irj  / 

-TT  Jzm-ZS  V 


-Zm\ 


2tT  Jzm-A 

c 

2tt  j-A 


^G{zn-z')dz'  (21.11.3) 


which  differs  by  a  factor  of  A  from  the  Galerkin  case  of  the  pulse  basis,  Eq.  (21.10.4). 
The  Hallen  matrix  equation  remains  the  same  as  (21.9.4): 


ZI=y=  Cic  + VoS  (21.11.4) 

with  the  same  right-hand  vectors,  that  is,  Cn  =  cos  kzn  and^n  =  smk\Zn\,  -M  <  n  <  M. 
It  may  be  solved  by  the  function  hmat,  called  with  the  option,  basis=’t’.  A  32-point 
Gauss-Legendre  quadrature  is  used  to  compute  the  integrals  in  (21.11.3). 

The  exact  and  approximate  kernel  current  solutions  and  input  admittance  exhibit 
the  same  behavior  in  the  triangular  basis  as  in  the  pulse  basis. 

Using  the  exact  kernel,  the  triangular  basis  converges  faster  than  the  pulse  basis 
as  the  number  of  segments  M  increases.  Fig.  21.11.2  compares  the  convergence  of  the 
input  admittance  of  a  half-wave  dipole  with  radius  a  =  0.00 5  A  for  the  two  bases. 
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Conductance  (millisiemens) 


Susceptance  (millisiemens) 


- pulse 

- triangular 


0  10  20  30  40  50  60  70  80  90  100 

M 


Fig.  21.11.2  Input  admittance  computed  with  pulse  and  triangular  basis  functions. 


21.12  NEC  Sinusoidal  Basis 


The  Numerical  Electromagnetics  Code  (NEC)  is  a  widely  used  public-domain  program 
for  modeling  antennas  and  other  structures  [1227].  The  program  solves  Pocklington’s 
equation  using  point-matching  and  a  spline-like  sinusoidal  basis.  A  similar  basis  was 
originally  used  by  [1211].  For  a  linear  antenna,  the  basis  is  dehned  by: 


B{z)  = 


A-  -r  sink(z  -r  A)  -rC-  cos  kiz  -r  A) , 
Ao  Bo  sin  kz  -r  Co  cos  kz , 

A+  -r  5+  sink(z  -  A)  -rC+  cosk(z  -  A)  , 


3A 


A 

<  z  < - 

2  2 

A  A 

- <  z  <  — 

2  2 


A 

2 


2 


(21.12.1) 


where  A  is  the  segment  length  dehned  as  usual  by  A  =  2h/  (2M  -r  1 ) .  The  basis  function 
B  (z)  is  shown  on  the  left  of  Fig.  21.12.1.  It  extends  over  three  consecutive  segments. 


Fig.  21.12.1  NEC  sinusoidal  basis  functions. 

The  A,B,C  coefficients  are  determined  by  imposing  the  spline-like  conditions  that 

(a)  the  three  pieces  of  B  (z)  join  continuously,  as  do  their  slopes,  at  the  points  z  =  ±A/2, 

(b)  at  the  end-points  z  =  ±3A/2,  the  function  B  (z)and  its  derivative  vanish,  and  (c)  at 
the  center  z  =  0,  B  (0)  is  normalized  to  one.  These  conditions  provide  nine  equations 
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for  the  nine  coefficients,  with  solution: 


Ao  = 


1  -  2ci 


= 


1  +  —  2c^ 

,  5+  =  + 


Bo  =  0,  Co  =  ■ 


=  - 


Cz^ 


2(l  +  cz^-2c^)  ’  "  ■  2(l  +  cz^-2c^)  ’  "  2(1  +  c^-24) 


(21.12.2) 


(21.12.3) 


where  Ca,Sa  are  shorthands  for  the  quantities: 


(kA\  .  (kA\ 

Ca  =  cos  —  j  ,  5,^  =  sm  —  j 

The  current  expansion  in  terms  of  this  basis  is  as  follows: 

M 

1(Z)=  Y.  bmB{z-Zm) 

m=-M 

where  Zm  =  ynA,  -M  <  m  <  M  and  the  coefficients  bm  are  to  be  determined. 


h-A^ 

h - - h 


(21.12.4) 

(21.12.5) 


Fig.  21.12.2  NEC  sinusoidal  basis  with  N  =  11,  M  =  5. 


Fig.  21.12.2  depicts  (21.12.5).  Actually,  the  NEC  basis  handles  the  two  end  segments 
centered  at  z±m  separately  [1227]  and  uses  the  following  expansion  instead  of  (21.12.5): 

(M-l) 

I(z)=b-MBL(z  -  Z-m)+  Y  bmB(z  -  Zm)+bMBR(Z  -  Zm)  (21.12.6) 

m  =  -(M-l) 

where  (z)  and  Biiz)  are  given  by: 


Br{z)  = 


AR  +  ^R  sinkiz  +  A)  +C?  cos A:(z  +  A)  ,  <  z  <  -^ 


Aq  +  Bq  sinkz  +  Cq  cos  kz , 


A  A 

- <  z  <  — 

2  2 


(21.12.7) 


and  Bl  (z)  =  Br  (-z),  where  the  coefficients  are  determined  by  requiring  (a)  the  conti¬ 
nuity  of  the  two  pieces  and  their  derivatives  at  z  =  -A/2,  (b)  the  vanishing  of  Br  (z) 
at  z  =  A/ 2,  (c)  the  vanishing  of  Br^z)  and  its  derivative  at  z  =  -3A/2,  and  (d)  the 
normalization  condition  Br{0)=  1.  These  give: 

1 


= 


1  -r  3ca  -  4q 

^  l-4ci 
^  1  +  3ca-  4c^ 


B^  = 


- 

/In  — 


B^  =  - 


Sa 

1^3ca-4(^ 
Sa 


=  — 


Ca 

1  -r  3ca  -  4cl 


1  -r  3ca  -  4q 


rR  - 


3ca 


(21.12.8) 


1  -r  3ca  -  4ci 


890 


21.  Currents  on  Linear  Antennas 


The  functions  Biiz) and  BRiz)  are  depicted  on  the  right  of  Fig.  21.12.1,  and  are 
shown  as  dashed  curves  at  the  antenna  ends  in  Fig.  21.12.2.  Because  of  the  end  condi¬ 
tions  I±M  =  0,  it  makes  very  little  difference  whether  one  uses  (21.12.5)  or  (21.12.6).  We 
will  use  the  former. 

Because  Biz)  straddles  three  adjacent  segments  and  B(±A)^  0,  the  value  of  the 
current  at  a  sample  point  z„  will  receive  contributions  from  the  two  adjacent  samples 
Zn-i  and  z„+i.  For  -M  <  n  <  M,  we  have  from  (21.12.5): 

In  =  IiZn)=  bn-lBiZn  -  Zn-i) +bnB  {Zn  -  Zn) +bn+lB  {Zn  -  Zn+i) 

=  bn-iB  (A)  -\-bnB  (0)  -\-bn+iB  (—A) 
or,  noting  that  B  (0)  =  1  and  dehning  =  B  (A)  =  B  (-A) , 

In  =  Pbn-l  bn  Pbn+l  ,  -M  <  Yl  <  M  (21.12.9) 

and  for  the  end  points: 

I-M  =  b-M  +  Pb-M+i ,  Im  =  PbM-i  +  bM  (21.12.10) 


Eqs.  (21.12.9)  and  (21.12.10)  can  be  arranged  into  a  tridiagonal  matrix,  for  example. 


r^-3i 

“  1 

p 

0 

0 

0 

0 

0  ■ 

ffc-sl 

1-2 

1 

p 

0 

0 

0 

0 

b-2 

I-l 

0 

1 

p 

0 

0 

0 

b-1 

1  = 

lo 

= 

0 

0 

p 

1 

p 

0 

0 

bo 

h 

0 

0 

0 

p 

1 

p 

0 

bl 

h 

0 

0 

0 

0 

p 

1 

p 

b2 

.h  _ 

_  0 

0 

0 

0 

0 

1  _ 

.b3  . 

=  Xb 


(21.12.11) 


It  follows  from  Eq.  (21.12.1)  that  the  parameter  p  is  equal  to  A+  -r  C+,  or, 

^  =  B(A)=~ — ^  (21.12.12) 

2{\  +  Ca-2cI) 

For  the  pulse  and  triangular  bases,  the  matrix  S  is  equal  to  the  identity  matrix  be¬ 
cause  in  these  cases  p  =  B  (A)  =  0. 

Next,  we  determine  the  solution  of  Hallen’s  equation  with  point  matching.  Inserting 
the  expansion  (21.12.5)  into  (21.8.1),  and  evaluating  it  at  the  sample  point  Zn,  we  obtain 
the  matrix  equation  for  the  coefficients  bm- 

M 

^  Znmbm  =  CiCOSkZn  +  VoSmk\Zn\  ,  -M  <  Yl  <  M  (21.12.13) 

m  =  -M 


or,  written  compactly, 

Zb=  Cic-r  Vos 

where  the  matrix  elements  Znm  are  given  by: 

in 


Z-nm  — 

27T  . 


[  G(Zn- z')B(z'  -  Zm)dz' 
iTT  J-ft 

/n 

=  —  B(z)G(Zn  -  Zm  -z)dy 

2TT  J-^AI2 


(21.12.14) 


(21.12.15) 
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Substituting  (21.12.11)  into  (21.12.14),  we  obtain, 

2S-i/=  Cic  +  Vos  (21.12.16) 

This  has  the  same  form  as  (21.9.4)  with  the  replacement  Z  Z'B^^  and  therefore, 
it  can  be  solved  by  the  same  method.  The  MATLAB  function  hdelta  implements  the 
solution  with  the  option,  basi  s=  ’  n  ’ . 

The  function  hmat  calculates  Z,  and  it  also  optionally,  outputs  the  matrix  'B,  which 
is  required  in  (21.12.16).  The  integral  in  (21.12.15)  is  calculated  with  Gauss-Legendre 
quadrature.  The  basis  function  B  (z)  may  be  evaluated  with  the  help  of  the  MATLAB 
function  hbasi  s,  with  usage: 

B  =  hbasi  S  (z  ,  Del  ta ,  basi  s)  ;  %  evaluate  basis  function  £  (z)  at  a  vector  of  z’s 

where  Del  ta  is  the  value  of  Z\  and  the  string  basi  s  can  take  the  possible  values  ’  p  ’ ,  ’  t  ’ , 

’  n  ’ ,  ’  nR ’ ,  ’  nL  ’ ,  for  pulse,  triangular,  and  NEC  basis  (the  last  two  options  evaluate  the 
rightmost  and  leftmost  NEC  basis  functions.) 

The  NEC  basis  for  the  Hallen  equation  has  very  comparable  performance  to  the  pulse 
basis  with  point  matching— the  two  agreeing  to  within  one  percent  or  so,  and  hence,  we 
do  not  give  any  further  examples. 


21.13  Hallen ’s  Equation  for  Arbitrary  Incident  Field 

Here,  we  discuss  the  solution  of  Hallen’s  equation  (21.3.11)  with  arbitrary  incident  held: 

G{z  -  z')I  iz')dz' =  C2e~^^^ {  F  {z  -  z)E\^{z)dz  (21.13.1) 

2tt  J-h  J-h 

In  applying  the  method  of  moments,  we  expand  the  current  and  the  incident  held 
with  respect  to  a  given  basis  B  (z) : 

M 

I  (z  )  =  ^  IfnB{z  —  Zyn) 

m=-M 

(21.13.2) 

M 

Eini^  )  —  ^  EfnB{z  —  Zyn) 

m=-M 

We  consider  only  the  point-matching  case.  Sampled  at  the  points  z„  =  nAz,  the 
convolution  of  the  incident  held  with  the  Green’s  function  F  (z)  becomes: 

rh  M  .h 

F{Zn-z')Ein{z')dz'  =  y  Em\  E  {Zn  -  z')B(z'  -  Zm)dz' 

m=-M 


We  dehne  the  Green’s  matrix  Fnm,  for  -M  <  n,m  <  M  by 


rh  rh 

Fnm=  F{Zn- Z)B{Z  -  Zm)dz  =  F  (Zn  -  Zm  -  z)  B  (z)  dz  (21.13.3) 

J-h  J-h 


892 


21.  Currents  on  Linear  Antennas 


It  follows  that  the  discretized  Hallen  equation  (21.13.1)  takes  the  form: 

M  M 

y  Znmim  =  +  X  (21.13.4) 

m=-M  m=-M 

where  Znm  are  dehned  as  in  the  previous  sections: 

rh  rh 

Znm=\  G(Zn- Z')B(Z'  -  Zm)dz'  =  \  G{Zn  -  Zm  -  z)B(z)  dz 
J-h  J-h 

Eq.  (21.13.4)  can  be  written  in  the  compact  form: 

Z/=  CiSi  -b  C2S2  +FE  (21.13.5) 

where  Si  and  S2  are  column  vectors  with  elements  Siin)=  and  S2in)= 
Dehning  the  iVx2  matrix  S  =  [si,S2]  and  the  two-dimensional  column  vector  of  con¬ 
stants  C  =  [Cl,  C2]^,  we  write  Eq.  (21.13.5)  in  the  form: 

ZI=SC  +  FE  (21.13.6) 

Eor  the  NEC  basis,  the  expansion  (21.13.2)  has  the  modihed  form: 

M  M 

I(z')=  y  bmB(z'  -  Zm)  ,  Emiz')=  y  ZmBiz!  -  Zm)  (21.13.7) 

m=-M  m=-M 

where  the  vectors  of  the  coefficients  bm  and  em  are  related  to  the  values  of  the  current 
and  held,  Im  and  Em,  at  the  sample  points  Zm  via  the  tridiagonal  matrix  S  of  (21.12.11): 

I=Bb,  E=Be  (21.13.8) 

The  discretized  Hallen  equation  now  takes  the  form: 

Zb  =  SC  +  Fe  (21.13.9) 

and  expressed  in  terms  of  /  and  E: 

Z'B~^I=  SC+F‘B~^E  (21.13.10) 

Eor  the  pulse,  triangular,  and  delta  bases  B  is  replaced  by  the  identity  matrix.  It 
is  not  possible  to  wrap  this  equation  in  half  because  E  is  not  necessarily  symmetric 
about  its  middle.  The  constants  C  must  be  found  by  imposing  the  two  independent  end 
conditions  I (zm)  =  I  {-zm)  =  0.  These  conditions  can  be  written  compactly  as: 

U^I=0 

where  U  =  [utop.Ubotl  and  Utop  =  [1,0,...,0]^  selects  the  top  entry  of  the  vector  /, 
while  Ubot  =  [0, . . . ,  0, 1]  ^  selects  the  bottom  entry.  Solving  for  /,  we  have: 


(21.13.11) 
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Multiplying  from  the  left  by  the  matrix  U^,  we  obtain  the  condition: 

U^I=  U'^'BZ~^SC+  0 


which  may  be  solved  for  C : 

C=  (21.13.12) 

Eqs.  (21.13.11)  and  (21.13.12)  describe  the  complete  solution  of  the  discrete  Hallen 
equation  (21.13.10).  The  MATLAB  function  hfi  el  d  implements  the  solution,  with  usage: 

[IjZjCnd]  =  hfield(L,a,E,ker,basis);  %  Hallen’s  equation  with  arbitrary  incident  E-field 

where  instead  of  the  parameter  M,  it  has  as  input  the  vector  E  of  the  samples  of  the 
incident  held.  The  dimension  N  =  2M  +  1  is  extracted  from  the  length  of  E.  The  strings 
ker  and  basis  have  the  same  meaning  as  for  the  function  hdelta. 

The  functions  hdelta  and  hfi  el  d  produce  practically  identical  output  in  the  delta- 
gap  case,  that  is,  when  the  incident  held  is: 

E=  [0,  0,  .,0,  0,  ...,0,0]^  (21.13.13) 

M  zeros  M  zeros 

The  middle  entry  imitates  the  delta-gap  Vo<5  (z)  ^  Vo /A  near  z  =  0.  For  the  case  of  a 
held  incident  at  a  polar  angle  6  as  in  Eq.  (21.2.4),  the  sampled  vector  E  will  have  entries: 

£„  =£0  8111  Zn  =  nA,  -M  <  n  <  M  (21.13.14) 

Fig.  21.13.1  compares  the  current  solutions  using  hdel  ta  and  hfi  el  d  with  the  input 
of  Eq.  (21.13.13),  for  the  case  of  a  half-wave  dipole  of  radius  a  =  0.005A,  using  a  pulse 
basis  with  M  =  50  and  the  exact  kernel. 

real  part  imaginary  part 


z/l  zix 


Fig.  21.13.1  Comparison  of  delta-gap  and  held  solutions  for  a  half-wave  dipole. 


For  larger  values  of  M,  the  results  of  the  two  methods  are  indistinguishable.  The 
following  example  MATLAB  code  can  be  used  to  generate  these  graphs: 
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L=0.5;  a=0.005;  M  =  30;  D  =  L/(2’'M-hl)  ; 

E  =  zeros  (2*M-i-l ,  1)  ;  E(M-i-l)=l/D;  %  define  £  by  Eq.  (21.13.13) 

[If,z]  =  hfield(L,a,E, ’e’ , ’p’)  ;  %  field  input 

[Id,z]  =  hdel  ta(L , a , M ,  ’  e  ’  ,  ’  p ’ )  ;  %  delta-gap  input 

figure;  p1ot(z, real (If) , ,  z , real (Id) , ’ . ’ ) ; 
figure;  plot(z,imag(If) , ,  z,imag(Id) , ’ . ’) ; 

Next,  we  discuss  the  computation  of  the  matrix  elements  Fnm  for  different  basis 
functions.  It  follows  from  Eq.  (21.13.3)  and  the  even-ness  of  B  (z)  that  Fnm  is  a  Toeplitz 
and  symmetric  matrix  and,  therefore,  it  depends  on  n,m  through  the  difference  |  n  -  m  | . 
Thus,  it  can  be  constructed  by  Fnm  =  f\n-m\,  where  fm  is  given  by 

rh 

fm=  F{mA  -  z)B{z)  dz ,  m  =  0, 1,...,2M  (21.13.15) 

J-h 

Once  the  vector  f=  [fo,fi,...,  /’2m]  is  computed,  the  matrix  F  can  be  constructed  as 
a  Toeplitz  matrix  whose  hrst  row  or  hrst  column  is  f,  by  calling  the  function  toepl  i  tz: 

F  =  toeplitz  (f,  f) 

For  the  Green’s  function  F  (z)  we  choose, 

F(z)  =  sink|z| 

although  any  of  those  listed  in  Eq.  (21.3.8)  could  have  been  chosen.  The  integrals  in 
(21.13.15)  can  be  done  in  closed  form  resulting  in  the  following  expressions  for  fm  in 
the  various  bases.  For  the  delta-function  basis  B{z)=  5  (z)Z\,  we  have: 

f m  =  F  {m  A)  A  =  sin  {km  A)  A  ,  0  <  m  <  2M  (21.13.16) 


For  the  pulse  basis,  fm  is  given  by 


which  gives: 


rA/2 

fm=  sin{k\mA  -  z\)dz 

J-A/2 

^  sin  (^)  sin(kmA)  ,  1  <  m  <  2M 

fo  =  f(l-cos^) 


For  the  triangular  basis,  we  have: 


with  the  result: 


.  2(l-cosM)  . 

fm  = - T^-T - sm{kmA)  ,  1  <  m  <  2M 

la 

.  2{kA-sinkA) 


(21.13.17) 


(21.13.18) 


(21.13.19) 
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For  the  NEC  basis,  fm  is  defined  by 


r3A/2 

fm=  B{z)sm{k\mA  -  z\)dz 

J-3A/2 

where  B  (z)  is  given  by  (21.12.1),  and  we  obtain: 

fm  =  ^  I  cos  — —  cos  smikmA)  ,  2  <  m  <  2M 

.  2  r  kA  ^  ^  kA  .  3kAl 

^  -  cosM  +  —  sin  —  J 


kA 

kA 

/  kA 

3kA 

5kA\1 

cos 

+ 

sm  — — 

-r  sm  — — 

-  sm  — — 

2 

4 

V  2 

2 

2  Ji 

where  D  is  the  normalization  factor: 


D  =  1  +  cos 


kA 

cos  — —  cos  kA 


(21.13.20) 


As  in  the  delta-gap  case,  the  pulse  and  NEC  bases  give  almost  identical  results,  while 
the  triangular  basis  converges  the  fastest.  For  large  M,  all  bases  produce  virtually  the 
same  result  if  the  exact  kernel  is  used.  The  approximate  kernel  solutions  suffer  from 
the  same  type  of  oscillations  as  in  the  delta-gap  case. 

Fig.  21.13.2  shows  the  current  induced  on  a  half-wave  dipole  antenna  of  radius  a  = 
0.005A  by  a  plane  wave  incident  from  broadside.  Setting  6  =  90°  in  (21.13.14)  results 
into  constant  T-held  samples  Em  =  Eq,  for  -M  <  m  <  M.  To  illustrate  the  convergence 
properties,  the  current  was  computed  using  a  triangular  basis  with  M  =  30,  and  then 
using  a  pulse  basis  with  successively  increasing  values  of  M  =  30,  50,  100,  converging 
to  the  triangular  case.  The  M  =  50, 100  cases  for  a  triangular  basis  are  not  shown 
because  they  are  indistinguishable  from  the  M  =  30  case. 


Current  Magnitude 


Fig.  21.13.2  Current  on  half-wave  dipole  induced  by  plane  wave  incident  from  broadside. 
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21.14  Solving  Pocklington ’s  Equation 

In  this  section,  we  discuss  the  numerical  solution  of  Pocklington’ s  equation  (21.1.9)  for 
arbitrary  incident  held.  Rearranging  some  constants,  we  can  write  it  in  the  form: 

{dl  +  k^)^{  G{z  -  z')I{z')dz' =  2kEmiz)  (21.14.1) 

2tt  j-h 

where  G{z)  is  the  exact  or  the  approximate  kernel.  Eq.  (21.14.1)  must  be  solved  sub¬ 
ject  to  the  end-point  conditions  Ii±h)=  0.  Its  numerical  solution  has  been  studied 
extensively  [1207-1263]. 

In  our  method  of  solution  we  use  point  matching  and,  following  Ref.  [1226],  ap¬ 
ply  a  hnite-difference  approximation  to  the  Helmholtz  operator  (0|  -r  k^)  to  convert 
(21.14.1)  into  a  matrix  equation  for  the  current.  The  method  generates  essentially  the 
same  solutions  as  the  Hallen  equation  and  is  efficiently  implement  able,  making  use  of 
the  numerical  tools  that  we  developed  in  the  previous  sections  for  computing  the  Hallen 
impedance  matrix  for  different  bases. 


Znm  =  TT-  G{Zn  -  Zm  -z)B{z)dz 
2tt  J-h 


(21.14.2) 


For  convenience,  we  write  (21.14.1)  in  the  form: 


(0? -r  k^)  V(z)  =  2k£’in(z)  ,  V(z)=  —  f  G(z-z)I{z)dz  (21.14.3) 

2tt  J-h 

Evaluating  (21.14.3)  at  the  N  =  2M  -r  1  sample  points  z„  =  nA,  -M  <  n  <  M,  where 
the  spacing  Z\  is  given  by  Z\  =  2h/  (2M  -r  1)  in  the  pulse,  NEC,  and  delta-function  bases, 
and  A  =  h/M  in  the  triangular  basis,  we  have: 

{dl  +  k^)V{Zn)=2kEiniz„)  ,  V(z„)=^[  Gizn  -  z')I(z')dz'  (21.14.4) 

2tt  J-h 

Following  [1226],  we  replace  the  second  derivative  in  z  by  the  hnite  difference: 

^  V(z„+i)-2V(z„)-rV(z„_i) 

Denoting  =  V (Zn)  and  En  =  Emizn),  Eq.  (21.14.4)  becomes: 


■k^Vn  =  2kE„ 


which  can  be  re-written  as: 


V^n+i  ~  2(x\^yi  V^Yi-i  —  Efid  (21.14.5) 

where  we  dehned  a  =  1  -  k^A^/2  and  d  =  2kA^,  and  we  must  restrict  n  to  the  range 
-(M-l)<  n  <M-1.  Eq.  (21.14.5)  may  be  written  in  the  following  tridiagonal  matrix 
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form  that  displays  all  the  samples  and  -M  <  n  <  M,  shown  here  for  M  =  3: 


“0  0  0  0  0  0  oir^-3l  ro  0  0  0  0  0  oirf-s' 

1  -2cx  1  0  0  0  0  V-2  0  1  0  0  0  0  0  £-2 

0  1  -2cx  1  0  0  0  V-i  0  0  1  0  0  0  0  £-1 

0  0  1  -2cx  1  0  0  Vo  =  0001000  Eq  d 

0  0  0  1  -2cx  1  0  Vi  0000100  Ei 

0  0  0  0  1  -2cx  1  V2  0  0  0  0  0  1  0  £2 

_0  0  0  0  0  0  oj  Lvs  J  Lo  0  0  0  0  0  oj  Lfs  _ 

(21.14.6) 

where  the  top  and  bottom  rows  of  zeros  are  redundant  and  have  been  added  to  make 
these  matrices  square,  both  having  rank  (N  -2).  We  may  write  (21.14.6)  compactly  as: 


V-3- 

“0 

0 

0 

0 

0 

0 

0 

V-2 

0 

1 

0 

0 

0 

0 

0 

V-1 

0 

0 

1 

0 

0 

0 

0 

Vo 

= 

0 

0 

0 

1 

0 

0 

0 

Vi 

0 

0 

0 

0 

1 

0 

0 

V2 

0 

0 

0 

0 

0 

1 

0 

V3  _ 

_0 

0 

0 

0 

0 

0 

0 

J4V=  QEd 


(21.14.7) 


We  note  that  ^  is  a  projection  matrix  and  so  is  its  complement  T  =  I  -  which 
enforces  the  end-point  conditions  /±m  =  0: 


TI=  (/-£)/  = 


“  1 

0 

0 

0 

0 

0 

0“ 

'I-3~ 

“/-3  ■ 

0 

0 

0 

0 

0 

0 

0 

1-2 

0 

0 

0 

0 

0 

0 

0 

0 

I-l 

0 

0 

0 

0 

0 

0 

0 

0 

lo 

= 

0 

0 

0 

0 

0 

0 

0 

0 

h 

0 

0 

0 

0 

0 

0 

0 

0 

h 

0 

_0 

0 

0 

0 

0 

0 

1  _ 

.h  _ 

_/3  _ 

(21.14.8) 


The  samples  Vn  can  be  represented  in  terms  of  the  Hallen  impedance  matrix  and 
current  samples  In  with  respect  to  a  particular  basis  B  (z) .  Inserting  the  expansion, 


I{z)=  y  ImB(z-Zm) 

m  =  -M 


into  (21.14.4),  we  have: 


^  in 

Vn=  X  G{Zn- Zm- z)B(z)dz 

m±M  27T  ]-h 

with  Znm  given  by  (21.14.2).  Vectorially,  we  may  write 

V=  ZI 

For  the  NEC  basis,  we  have  instead: 


M 

^  Enmin 

m=-M 


I(z)=  ^  bmBiz  -  Zm)  ,  and. 


M  .  rh  M 

Vn  =  ^  G{Zn  —  Zm  ~  Z.)B  {z)  dz  =  2_,  Enm^m  t 

277  j-h 


^here,  /  is  the  identity  matrix. 
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V=Zb,  with  I=Bb  ^  V=  ZB^^I 
with  B  dehned  as  in  (21.12.11).  Combining  with  (21.14.7),  we  obtain: 

2AZB-^I=  QEd 


(21.14.9) 


(21.14.10) 


Using  (21.14.8)  and  the  idempotent  property  Q}  =  Q,  we  have  I  =  QI  =  Q}L  Making 


this  replacement  into  (21.14.10),  we  obtain: 

(JAZB-^Q)(QI)=  iQE)d 


(21.14.11) 


This  is  the  discretized  Pocklington  equation  for  the  current.  The  operation  ^ 

simply  extracts  the  middle  portion  of  the  matrix  JAZB~^,  and  QI  and  QE  extract  the 
middle  portions  of  /  and  E.  Indeed,  we  have 

“oooooooirT-31  ro  “ 

0  1  0  0  0  0  0  E-2  E-2 

0  0  1  0  0  0  0  E-i  E-i  roj 

QE=  0001000  Eo  =  Eo  =  E 

0000100  El  El  fo^ 

0000010  E2  E2 

.oooooooJLfsJ  Lo 

and  similarly,  2AZB~^  and  have  the  structures: 


2AZB-^Q 


where  Z  is  an  (N-2)  x  {N-2)  non-singular  matrix.  Thus,  (21.14.11)  is  equivalent  to: 


"0 

0^ 

0“ 

J42S-1  = 

a 

z 

b 

0 

0^ 

0 

"0 

0^ 

0“ 

0 

z 

0 

0 

0^ 

0 

"0 

0^ 

0“ 

0 

z 

0 

0 

0^ 

0 

Z/=  Ed 


with  solution: 


\I=Z-^Ed\,  I=QI 


(21.14.12) 


(21.14.13) 


The  MATLAB  function  pf  i  el  d  implements  the  above  solution  procedure: 
[I,Z,cnd]  =  pfield(L,a,E,ker,basis)  ;  solve  Pocklington’s  equation 


where  I,  E,  z  are  the  vectors  of  sampled  values  In,  En,  Zn  =  nA,  the  quantity  end  is  the 
condition  number  of  the  Pocklington  impedance  matrix  Z,  and  the  string  constants  ker 
and  basi  s  take  the  possible  values: 

ker=’e’,’a’,  %  exact  or  approximate  kernel 

basi  s=’p’,  ’t’,  ’n’,  ’d’,  %  pulse,  triangular,  NEC,  or  delta-function  basis 


21.14.  Solving  Pocklington’s  Equation 


899 


The  condition  number  of  the  Pocklington  matrix  Z  can  be  one  or  more  orders  of 
magnitude  larger  than  that  of  the  Hallen  matrix  Z.  Yet,  the  computed  currents  by  the 
functions  pf  i  el  d  and  hf  i  el  d  are  remarkably  close  to  each  other  and  virtually  indistin¬ 
guishable  over  a  wide  range  of  the  parameters  L,  a,  M. 

The  large  condition  number  is  due  to  the  Helmholtz  operator  ( -r  )  —represented 
in  discrete  form  by  the  matrix  which  causes  the  Pocklington  kernel  to  become  less 
well-behaved  than  the  Hallen  kernel.  This  has  been  a  primary  concern  in  all  the  numerical 
methods  for  solving  Pocklington’s  equation. 

Fig.  21.14.1  shows  the  currents  computed  by  the  Pocklington  and  Hallen  methods 
induced  on  a  half-wave  dipole  antenna  of  radius  a  =  0.00 5 A  by  a  plane  wave  incident 
from  broadside  (left  graph)  and  by  a  delta-gap  input  (right  graph). 

Real  and  Imaginary  Parts  Real  and  Imaginary  Parts 


Fig.  21.14.1  Comparison  of  Pocklington  and  Hallen  equation  solutions. 

The  top  curves  represent  the  real  parts  of  the  currents  and  the  bottom  ones,  the 
imaginary  parts.  We  used  a  triangular  basis  with  the  exact  kernel  and  M  =  30  seg¬ 
ments.  The  condition  numbers  of  the  impedance  matrices  Z  and  Z  were  17  and  377, 
respectively.  The  following  MATLAB  code  illustrates  the  computation: 

L  =  0.5;  a  =  0.005;  M  =  30;  ker  =  ’e’;  basis  =  ’t’; 

if  basis==’t’,  D  =  L/(2*M) ;  else  D  =  L/(2*M+1);  end 

E  =  zeros(2*M+l,  1)  ;  E(M+1)  =  1/D;  %  delta-gap  input 

%  E  =  ones(2*M-i-l,  1)  ;  %  plane-wave  input 

[If,zf,cf]  =  hfie1d(L,a,E,ker,basis)  ;  %  Hallen 

[Ip,zp,cp]  =  pfie1d(L,a,E,ker,basis)  ;  %  Pocklington 

p1ot(zf , real (If) , ’ . ’ ,  zp,  real (Ip) ,  zf , imag(If) , ’ . ’ ,  zp,  imag(Ip),  ’-’); 

To  see  the  dramatic  difference  between  the  Hallen  and  Pocklington  impedance  ma¬ 
trices  Z  and  Z,  Fig.  21.14.2  plots  the  singular  values  of  these  matrices  (normalized  to 
their  maximum  value)  for  the  case  of  a  half-wave  dipole  of  radius  a  =  0.00 5 A  using  a 
triangular  basis  with  M  =  100  and  the  exact  kernel.  The  computed  condition  numbers 
for  Z  and  Z  were  59  and  1185,  respectively. 

The  numerical  solution  of  Pocklington’s  equation  has  similar  properties  as  the  Hallen 
case,  such  as,  the  triangular  basis  converging  faster  than  the  other  bases  with  increasing 
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singular  values  of  Z  singular  values  of  Z 


Fig.  21.14.2  Singular  values  of  the  impedance  matrices  Z  and  Z  for  A=2M+ 1=201. 


M,  and  the  use  of  the  approximate  kernel  causing  oscillations  at  the  end-points  of  the 
antenna  (and  at  the  center  for  delta-gap  input.) 

This  chapter  dealt  with  the  currents  on  a  single  linear  antenna.  The  case  of  several 
antennas  forming  an  array  and  interacting  with  each  other  is  treated  in  Chap.  22. 

Hallen’s  and  Pocklington’s  integral  equations  generalize  into  a  system  of  several 
coupled  integral  equations  for  the  currents  on  the  antennas.  We  solve  the  coupled 
Hallen  equations  in  the  case  of  delta-gap  center-driven  antennas.  The  linearity  of  the 
equations  allows  us  to  collect  them  together  into  a  block  matrix  system  from  which  the 
currents  on  each  antenna  can  be  obtained. 

One  simplihcation  arises  in  the  case  of  an  array  of  identical  antennas.  Then,  the 
block  linear  system  can  be  wrapped  in  half  much  like  it  was  done  in  Sec.  21.9,  thus, 
reducing  the  computational  cost. 

The  case  of  an  array  of  non-identical  antennas  is  also  considered  and  we  obtain 
solutions  for  Yagi-Uda  arrays  with  parasitic  reflector  and  director  antennas. 


21.15  Problems 


21.1  Plot  the  approximations  of  sinkR/kR  given  in  Eqs.  (21.6.1)  and  (21.6.18)  versus  R  in  the 
range  R  <  2\  and  verify  their  validity.  Prove  the  identity: 


sin  kR 
kR 


sin(kR/8) 

kR/8 


cos(kR/8)cos(kR/4)cos(kR/2) 


which  leads  to  the  approximation: 


sinkR 

kR 


cos  (kR/8)  cos  (kR/4)  cos  (kR/2) 


Determine  the  range  of  applicability  of  this  approximation  and  plot  it  together  with  the 
previous  two  cases.  Show  that  it  leads  to  a  six-term  sinusoidal  fit  for  the  current.  What  are 
the  current  basis  functions  //  (z) ,  /  =  1, 2, . . . ,  6,  in  this  case? 

21.2  Computer  Experiment-Solving  Hallen’s  Equation.  Consider  a  dipole  antenna  of  length  /  = 
0.5A  and  radius  a  =  0.005A. 
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a.  For  each  of  the  values  M  =  20,  50, 100, 200,  solve  Hallen’s  equation  for  a  delta-gap 

input  with  voltage  Vo  =  1  volt  using  both  the  exact  and  the  approximate  kernels.  Plot 
the  real  and  imaginary  parts  of  the  current  Im  =  I  (^m)  versus  Zm  over  the  right  half 
of  the  antenna,  that  is,  0  <  <  h,  where  h  =  1/2. 

b.  Fit  to  the  computed  current  samples  Im  of  the  exact  kernel  to  King’s  three-term  approx¬ 
imation.  Then,  place  the  fitted  points  on  the  same  graphs  as  in  part  (a).  Discuss  how 
well  or  not  the  three-term  approximation  fits  the  exact-kernel  and  the  approximate- 
kernel  current. 

Repeat  by  using  a  two-term  approximation.  Discuss  how  well  or  not  the  two-term 
approximation  fits  the  exact-kernel  and  the  approximate-kernel  current. 

c.  To  illustrate  the  logarithmic  singularity  near  z  =  0,  evaluate  the  limiting  expression  at 
the  points  Zm,  rn  =  1, 2, . . . ,  M,  for  M  =  200  (the  point  Zq  =  0  is  to  be  skipped): 

^  ,  .  4kaVo  , 

hogiZm)=  -J — ^ —  ln(k|z^|)  +  const. 

Adjust  the  constant  so  that  this  expression  agrees  with  the  exact-kernel  current  at  the 
point  Zi ,  that  is,  I\og  (zi )  =  /i .  Then,  plot  the  imaginary  parts  of  Im  and  I\og  {Zm )  versus 
Zm- 

d.  Repeat  parts  (a-c)  for  the  antenna  radius  a  =  0.001  and  then  for  a  =  0.008.  Discuss 
the  effect  of  changing  the  radius  on  the  quality  of  the  solution,  both  for  the  exact  and 
the  approximate  kernel  cases. 

e.  Repeat  parts  (a-d)  for  the  antenna  length  /  =  l.OA.  Comment  on  the  success  of  the 
exact  versus  approximate  kernel  calculations  versus  the  parameters  /,  a,M. 

f.  For  each  value  of  M  and  current  solution  Im,  -M  <  m  <  M,  the  input  impedance  of 
the  antenna  can  be  calculated  from  the  center  sample  Iq,  that  is,  Zq  =  Vq/Iq.  Similarly, 
the  input  admittance  is: 

Yo=^  =  ^=Go  +JBa 

Zo  Vo 

where  Go,Bo  are  its  real  and  imaginary  parts,  that  is,  the  input  conductance  and  sus- 
ceptance. 

For  each  of  the  values  M  =  1, 2, . . . ,  100,  calculate  the  corresponding  conductance  and 
susceptance,  Go(M),5o(M),  using  the  exact  and  the  approximate  kernels  and  plot 
them  versus  M.  Use  the  length  and  radius  /  =  0.5A  and  a  =  0.005 A. 

This  is  a  time-consuming  question.  It  requires  that  you  solve  the  Hallen  equation 
for  each  value  of  M  for  the  exact  and  approximate  kernels  and  pick  the  center  value 
Jq.  Discuss  the  convergence  properties  of  the  exact  versus  the  approximate  kernel 
calculation. 
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Coupled  Antennas 


22.1  Near  Fields  of  Linear  Antennas 


In  calculating  mutual  coupling  effects  between  closely-spaced  linear  antennas,  we  need 
to  know  the  fields  produced  by  an  antenna  at  near  distances.  The  helds  generated  by  a 
thin  wire  antenna  with  current  I  (z)  were  worked  out  in  Sec.  14.4. 

We  summarize  these  results  here.  All  held  components  can  be  obtained  from  the 
knowledge  of  the  z-component  of  the  magnetic  vector  potential  Aziz,p): 


R  =  ^p2+  (z-z')2  (22.1.1) 


where  h  is  the  half-length  of  the  antenna,  h  =  1/2,  and  the  geometry  is  shown  in 
Fig.  22.1.1.  We  have  used  the  approximate  thin-wire  kernel  because  it  differs  little  from 
the  exact  kernel  for  distances  p  >  a  (typically,  when  p  >  5a.) 


Az  (z,p)  = 


4tt  J-h 


f 

J-h 


p-jkR 

Iiz')^—dz' 


Fig.  22.1.1  Fields  of  a  thin  wire  antenna. 
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Then,  the  non-zero  held  components  Ez,Ep,H(i)  can  be  constructed  from  the  two 
alternative  sets  of  formulas: 


(22.1.2) 


As  a  hrst  approximation,  we  will  assume  that  the  current  I  (z)  is  sinusoidal.  This 
is  justihed  only  when  the  antenna  length  is  near  half  a  wavelength  A/ 2.  Most  coupled 
antenna  arrays  that  are  used  in  practice,  such  as  Yagi-Uda,  satisfy  this  condition.  Thus, 
we  assume  that: 

(22.1.3) 

where  we  distinguish  between  the  current  7o  at  z  =  0  and  the  maximum  current  Im  = 
Iq/  sinkh.  For  half-wavelength  antennas,  we  have  kh  =  n/Z,  Iq  =  Im,  and  the  current 
becomes  I  (z)  =  Iq  cos  kz. 

In  principle,  one  could  insert  Eq.  (22.1.3)  into  (22.1.1)  and  perform  the  required 
integrations  to  get  Az.  However,  for  the  purpose  of  determining  the  helds,  this  is  not 
necessary.  Combining  (22.1.1)  and  (22.1.2),  we  obtain  Pocklington’s  equation: 

jcviJeEz  =  dlAz k^Az  =  —  \  I {z' )  {d\,  +  k^) G {z  -  z' )  dz'  (22.1.4) 

47T  J -h 

where  we  denoted  G(z  -  z')  =  IR  and  replaced  by  d\r.  Next,  we  use  the  differ¬ 
ential  identity: 

lid^f  k^)  G  -  G{dlf  k^)I  =  dz'  [idz'G  -  Gdz' I] 

Because  of  the  assumed  form  (22.1.3),  I  (z')  satishes  the  Helmholtz  equation,  (0^'  + 
k^)Iiz')=  0,  and  therefore,  the  integrand  of  (22.1.4)  becomes  a  complete  derivative: 

I{z'){d\f  +k^)G{z  -  z')=  dz'  [liz')dz'Giz  -  z')-G{z  -  z')dz'I{z')]  (22.1.5) 

Integrating  the  hrst  term,  we  obtain: 
h 

dz'  [Hz')dz'Giz  -  z')]dz'  =  I (h)  d z' G (z  -  h)  -I i-h)  d z' G (z  +  h)  =  0 
-h 

where  we  used  the  end-conditions  I{h)=  I {-h)  =  0.  The  second  term  in  (22.1.5)  is  a 
little  trickier  because  dz'I  iz')  is  discontinuous  at  z  =  0.  Splitting  the  integration  range, 
we  obtain: 

J  ^dz'[Giz  -  z')dz'Iiz')]dz'  =  Q  ^  +  £  ^  dz'[G{z  -  z')dz'Iiz')]dz' 

=  [G{z)I'{0-)-G{z^h)I'i-h)]  -r  [G{z  -  h)I' (h) -Giz)I' (0^)] 

=  klm[2  cos khGiz)-Giz  -  h)-G{z  +  h)] 


j(JOiAeEz  =  dlAz  +  k^Az 
dpipHcj))  =jwepEz 
jweEp  =  -dzHcf) 
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where  we  used  7'(0±)=  +kImCoskh  and  E  i±h)=  +klm-  Inserting  this  result  into 
Eq.  (22.1.4)  and  rearranging  some  constants,  we  hnd: 

EAz,p)=  {z  -  h) +G{z +  h) -2  cos  khGiz)]  (22.1.6) 

47T 

The  quantities  G  (z  -  h) ,  G  (z  -r  h) ,  G  (z)  can  be  written  conveniently  as  follows: 

G(z)  =  — — ,  Ro  =  ^p2+z2 

p  1  I - 

G{z-h)  =  ^-—,  Ri=Jp^+iz-h)^  (22.1.7) 

Ri 

p  -jkR  2  I - 

Giz  +  h)  =  R2=Jp^  +  (z  +  h)^ 

K2 

where  Ro,Ri,R2  are  recognized  to  be  the  distances  from  the  center  and  the  two  ends 
of  the  antenna  to  the  observation  point,  as  shown  in  Fig.  22.1.1.  Thus,  we  can  write: 

(22.1.8) 

Next,  we  determine  77(^  from  Ampere’s  law  in  (22.1.2)  by  noting  that  pEz  is  a  complete 
derivative  with  respect  to  p.  Indeed,  for  any  of  the  quantities  R,  we  have: 

p  -jkR  p  -jkR  1 

dp{e-J^^)=  -jk{dpR)e-j^^  =  =>  ^ 

Applying  this  result  to  all  three  terms  of  Eq.  (22.1.8),  we  have: 

pEz  (z,  p)  =  _  2  cos  kh 

Inserting  this  into  Ampere’s  law,  0p(p77(^)=  jcjoe  pEz,  and  rearranging  some  con¬ 
stants,  we  hnd: 

dpipH(i))=  +  p-J^R2  _  2coskhe~^^^^] 

which  can  be  integrated  trivially,  giving: 

(22.1.9) 

A  possible  integration  constant  in  p  is  dropped  because  the  held  must  vanish  when 
its  source  vanishes,  that  is,  when  Im  =  0.  Finally,  we  obtain  Ep  from  Faraday’s  law  in 
(22.1.2).  Noting  the  differentiation  property: 

dz  (e“^^^)  =  -jk  ^ 


22.2.  Self  and  Mutual  Impedance 


905 


we  obtain  from  jcveEp  =  -dzHcf)-. 


Ep{z,p)  = 


jrjlm 

4np 


7  —  h 


(22.1.10) 


It  is  worth  also  to  verify  that  the  exact  expressions  for  the  helds  give  correctly  the 
radiation  helds  that  were  derived  in  Sec.  16.3.  At  large  distances,  we  can  make  the 
approximations: 

Rq  =  r,  Ri  =  r-hcos6,  R2  =  r  +  hcos6 

where  r  is  the  radial  distance  and  6  the  polar  angle.  Replacing  p  =  r  sin  0,  the  magnetic 
held  (22.1.9)  becomes  approximately: 

H^(r,9)=  j^-jk{r-hcos9)  _^g-jk(r+hcos0)  -  2  cos  kh  ] 

^  Atty  sin  0 

which  simplihes  into: 


jlm^  cosikh  cos  6)- cos  kh 
^  Zttv  sm0 


(22.1.11) 


This  agrees  with  the  results  of  Sec.  16.3. 


22.2  Self  and  Mutual  Impedance 

The  mutual  coupling  between  antennas  cannot  be  ignored  if  the  antennas  are  near  each 
other.  The  mutual  impedance  is  a  measure  of  such  proximity  effects  [2,1277-1289]. 

Consider  two  parallel  center-driven  linear  dipoles,  as  shown  in  Fig.  22.2.1.  Their 
distance  along  the  x-direction  is  d  and  their  centers  are  offset  by  b  along  the  z-direction. 


Fig.  22.2.1  Parallel  linear  dipoles. 

If  antenna- 1  is  driven  and  antenna- 2  is  open-circuited,  the  near  held  generated  by 
the  current  on  antenna-1  will  cause  an  open-circuit  voltage,  say  1/21, oc  on  antenna-2.  The 
mutual  impedance  of  antenna-2  due  to  antenna- 1  is  dehned  to  be: 


(22.2.1) 
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where  Ii  is  the  input  current  on  antenna-1.  Reciprocity  implies  that  Z12  =  Z21.  More 
generally,  if  both  antennas  are  driven,  then,  the  relationship  of  the  driving  voltages  to 
the  input  currents  is  given  by: 


Vi  =  Ziili  -r  Z12/2 
V2  =  Z21/1  Z22I2 


(22.2.2) 


The  quantities  Zn,  Z22  are  the  self  impedances  of  the  two  antennas  and  are  approx¬ 
imately  equal  to  the  input  impedances  of  the  isolated  antennas,  that  is,  when  the  other 
antenna  is  absent.  If  antenna- 2  is  open-circuited,  so  that  1 2  =0,  then  the  second  of 
Eqs.  (22.2.2)  gives  (22.2.1). 

In  order  to  derive  convenient  expressions  that  allow  the  calculation  of  the  mutual 
and  self  impedances,  we  use  the  reciprocity  result  given  in  Eq.  (21.5.6)  for  the  short- 
circuit  current  and  open-circuit  voltage  induced  on  a  receiving  antenna  in  the  presence 
of  an  incident  held. 

If  antenna-2  is  open-circuited  and  the  z-component  of  the  electric  held  generated 
by  antenna-1  and  incident  on  antenna-2  is  £21  (z),  then  according  to  Eq.  (21.5.6),  the 
induced  open-circuit  voltage  will  be: 


V2i,oc  =  -7^[  E2i(z)h(z)dz  (22.2.3) 

h  J-h2 

where  ^2  =  /2/2,  and  I2  (z),  I2  =  h  (0)  are  the  current  and  input  current  on  antenna-2 
when  it  is  transmitting.  It  follows  from  dehnition  (22.2.1)  that: 


^21  =  — —  f  E2l{z)l2{z)dz 
h  hh  J-h2 


(22.2.4) 


Assuming  that  the  currents  are  sinusoidal, 

sm(k{hi  -  |z|))  ■  n  n  1 

hiz)  =  h - - =  Imism(k{hi  -  |z|)) 

smkhi 

hiz)  =  h - —TT - =  Im2smikih2  -  \z\)) 

smk/72 

then,  according  to  Eq.  (22.1.8)  the  electric  held  £21  iz)  along  antenna-2  will  be: 


Eziz)  = 


Jjlhnl 

4tt 


Q-jkRi 

Ri 


Q-jkR2 


R2 


Q-j^Ro 
2  coskhi  — — 
Rq 


(22.2.5) 


where  -h2  <  z  <  h2,  and  Ri,R2,Ro  are  dehned  in  Fig.  22.2.1: 

Ro  =  +  (z  +  bV 

Ri  = 

R2  =  +  (z  +  b  +  hi)2 


(22.2.6) 
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Inserting  Eq.  (22.2.5)  into  (22.2.4)  and  rearranging  some  constants,  we  find  the  final 
expression  for  the  mutual  impedance  Z21: 

(22.2.7) 


(22.2.8) 

This  is  the  mutual  impedance  referred  to  the  input  terminals  of  the  antennas.  If 
one  or  both  of  the  antennas  have  lengths  that  are  multiples  of  A,  then  one  or  both  of 
the  denominator  factors  sinkhi,  sinkhz  will  vanish  resulting  in  an  inhnite  value  for  the 
mutual  impedance. 

This  limitation  is  caused  by  the  sinusoidal  current  assumption.  We  saw  in  Chap.  21 
that  the  actual  input  currents  are  not  zero  in  a  real  antenna.  On  the  other  hand,  in  most 
applications  of  Eq.  (22.2.7)  the  lengths  differ  slightly  from  half -wavelength  for  which  the 
sinusoidal  approximation  is  good. 

The  dehnition  (22.2.4)  can  also  be  referred  to  the  maximum  currents  by  normalizing 
by  the  factor  Imilmz,  instead  of  I1I2-  In  this  case,  the  mutual  impedance  is  Z2im  = 
Z21  sinkhi  sinkhz,  that  is, 

Z2im  =  ^  f  '  Fiz)dz  (22.2.9) 

4Tr  j-h2 

The  self-impedance  of  a  single  antenna  can  be  calculated  also  by  the  same  formula 
(22.2.7).  Evaluating  the  near-held  on  the  surface  of  the  single  antenna,  that  is,  atd  =  a, 
where  a  is  the  antenna  radius,  and  setting  ^2  =  hi  and  h  =  0  in  Eq.  (22.2.6),  we  hnd: 

(22.2.10) 


(22.2.11) 

Rq  =  V a^  z?- ,  Ri  =  ^Ja'^  {z  —  hi)^ ,  R2  =  {z  hi)^  (22.2.12) 

The  MATLAB  function  i  mped  implements  Eq.  (22.2.7),  as  well  as  (22.2.10).  It  returns 
both  Z21  and  Z2im  and  has  usage: 

[Z21,Z21m]  =  i  mped(L2  ,  LI ,  d  ,  b)  %  mutual  impedance  of  dipole  2  due  to  dipole  1 

[Z21,Z21m]  =  i  mped  (L2  ,  LI ,  d)  %  I?  =  0,  side-by-side  arrangement 

[Z  ,  Zm]  =  i  mped  (L  ,  a)  %  self  impedance 

where  all  the  lengths  are  in  units  of  A.  The  function  uses  16-point  Gauss-Legendre 
integration,  implemented  with  the  help  of  the  function  quadr,  to  perform  the  integral 
in  Eq.  (22.2.7). 

In  evaluating  the  self  impedance  of  an  antenna  with  a  small  radius,  the  integrand 
F{z)  varies  rapidly  around  z  =  0.  To  maintain  accuracy  in  the  integration,  we  split  the 
integration  interval  into  three  subintervals,  as  we  mentioned  in  Sec.  21.10. 
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Example  22.2.1:  Because  the  function  imped  uses  an  even  length  (that  is,  16)  for  the  Gauss- 
Legendre  integration,  the  integrand  F  (z)  is  never  evaluated  at  z  =  0,  even  if  the  antenna 
radius  is  zero.  This  allows  us  to  estimate  the  self-impedance  of  an  infinitely  thin  half¬ 
wavelength  antenna  by  setting  I  =  0.5  and  a  =  0\ 

Z  =  imped(0.5,0)=  73.0790  +  42. 5151J  Q 

Similarly,  for  radii  a  =  0.001  A  and  0.00 5 A,  we  find: 

Z  =  imped(0.5, 0.001)  =  73.0784  +  42.2107J  Q 
Z  =  imped(0.5, 0.005)  =  73.0642  +  40.6319J  Q 

A  resonant  antenna  is  obtained  by  adjusting  the  length  L  such  that  the  reactance  part  of  Z 
becomes  zero.  The  resonant  length  depends  on  the  antenna  radius.  For  zero  radius,  this 
length  is  L  =  0.48574823  and  the  corresponding  impedance,  Z  =  67.1843  Q.  □ 

Example  22.2.2:  Consider  two  identical  parallel  half -wavelength  dipoles  in  side-by-side  arrange¬ 
ment  separated  by  distance  d.  The  antenna  radius  is  a  =  0.001  and  therefore,  its  self 
impedance  is  as  in  the  previous  example.  If  antenna- 1  is  driven  and  antenna-2  is  parasitic, 
that  is,  short-circuited,  then  Eq.  (22.2.2)  gives: 

Vi  =  Zii/i  -t  Z12I2 
0  =  Z21/1  -t  Z22f2 


Solving  the  second  for  the  parasitic  current  h  =  -I1Z21/Z22  and  substituting  in  the  first, 
we  obtain  driving-point  impedance  of  the  first  antenna: 


where  we  used  Z12  =  Z21  and  Z22  =  Zn.  The  ratio  Z^i/Zfi  quantifies  the  effect  of  the 
coupling  and  the  deviation  of  Z^  from  Zn.  For  example,  we  find  the  values: 


d 

0.125A 

0.25A 

0.50A 

0.75A 

l.OOA 

|Z2i/Zii|2 

0.58 

0.35 

0.15 

0.08 

0.05 

Thus,  the  ratio  decreases  rapidly  with  increasing  distance  d.  Fig.  22.2.2  shows  a  plot  of 
Z21  versus  distance  d.  □ 


For  separations  d  that  are  much  larger  than  the  antenna  lengths,  the  impedance  Z21 
falls  like  1/d.  Indeed,  it  follows  from  Eq.  (22.2.6)  that  for  large  d,  all  three  distances 
Ro,Ri,R2  become  equal  to  d.  Therefore,  (22.2.8)  tends  to: 

p-jM 

F{z)  ^  (2-2  coskhi)  sin(k{h2  -  |z|)) 

which,  when  inserted  into  (22.2.7),  gives  the  asymptotic  form: 


j/7 (1  -  coskhi)  (1  -  cos kh2)  e 
TT sinkhi  sin kh2  kd 


for  large  d 


(22.2.13) 


The  envelope  of  this  asymptotic  form  was  superimposed  on  the  graph  of  Fig.  22.2.2. 
The  oscillatory  behavior  of  Z21  with  distance  is  essentially  due  to  the  factor 
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Fig.  22.2.2  Mutual  impedance  between  identical  half-wave  dipoles  vs.  separation. 


An  alternative  computation  method  of  the  mutual  impedance  is  to  reduce  the  inte¬ 
grals  (22.2.7)  to  the  exponential  integral  Ei  (z)  defined  in  Appendix  F,  taking  advantage 
of  MATLAB’s  built-in  function  expi  nt. 

By  folding  the  integration  range  [-hi,  hi]  in  half  and  writing  sin(k(h2  -  |z|) )  as  a 
sum  of  exponentials,  Eq.  (22.2.7)  can  be  reduced  to  a  sum  of  terms  of  the  form: 

rhi  ^-jkR  I - 

Gizo,s)=  — R  =  Jd^  +  (z  -  zq)^  ,  5  =  ±1  (22.2.14) 

Jo  R 

which  can  be  evaluated  in  terms  of  Ei  (z)  as; 

G  (zo,s)  =  [El  (Juo)  -Ei  O'wi)  ]  (22.2.15) 

with 

uo  =  k  _  szo 

ui=k  ^d^  +  (hi  -  zo)2  +sihi  -  zq) 

Indeed,  the  integral  in  (22.2.7)  can  be  written  as  a  linear  combination  of  10  such  terms: 

rhi  10 

E(z)dz  =  Y,CiG(Zi,Si)  (22.2.16) 

J-hi 

with  the  following  values  of  z/,  C/,  and  5/,  where  Ci  =  /  (2j) ; 


S  b  1  -4cicoskhi  10  b  -1  -4c*coskhi 


The  MATLAB  function  Gi  implements  the  “Green’s  function  integral”  of  (22.2.14). 
The  function  i  mped2,  which  is  an  alternative  to  i  mped,  uses  (22.2.16)  to  calculate  (22.2.7). 
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The  input  impedance  (22.2.10)  deserves  a  closer  look.  Replacing  the  exponential 
integrals  in  (22.2.16)  in  terms  of  their  real  and  imaginary  parts, 

Ei(Ju)=  -y  -\nu  +  Cin{u)+J(Si{u)-^) 

as  defined  in  Eq.  (E.27),  then  (22.2.10)  can  be  expressed  in  the  following  form,  where  we 
set  Zii  =  Zin  =  Rin  +  jXin,  hi  =  h,  and  /  =  2h\ 


Zin  —  Rin  +  J^ir 


_/7^  A  +jB 
2tt  sin^  kh 


(22.2.17) 


With  the  definitions  /+  =  Vrz^  +  h^  ±  h  and  L±  =  +  4h^  ±  2h,  we  obtain: 

A  =Cin(k/+)+Cin(k/_)-2Cin(kfl) 

+  -  cos  kl  [2Cin(k/+)  -Cin(kL+)  +2Cin(k/_)  -Cin(kL_)  -2Cin(kfl)  ]  (22.2.18) 

+  1  sin W  [25/ (kl-)-Si (fei.)  +5/ (fei+)  -25/ {kl+ )  ] 

B  =5/(fe/+)+5/(W_)-25/(fea) 


+  -  cos  kl  [25/  (W+)  -5/  (fei+)  +25/  (fe/-)  -5/  (fei.)  -25/  (ka)  ] 


+  -smkl  2Cin(k/+)-Cin(/iI+)+Cin(/iI-)-2Cin(k/-)+21n 


(22.2.19) 


These  expressions  simplify  substantially  if  we  assume  that  the  radius  a  is  small,  as 
is  the  case  in  practice.  In  particular,  assuming  that  ka  1  and  a  h,  the  quantities 
l±  and  L±  can  be  approximated  by: 


ir.li  . 

1+  —  2.h  —  / ,  I-  —  -  —  — 

/+  / 


(22.2.20) 


Noting  that  Si  (x)  and  Cm  (x)  vanish  at  x  =  0,  we  may  neglect  all  the  terms  whose 
arguments  are  kl-,  kL-,  or  ka,  and  replace  kl+  =  kl  and  kL+  =  2kl,  obtaining: 


A  =  Cinikl)  +  ^coskl[2Cinikl)-Cini2kl)]  +  Isink/  [5/ (2k/) -25/ (*;/)]  (22.2.21) 


B  =  Si  (kl)  +  i  cos  kl  [25/  (kl)  -Si  (2k/)  ]  +  ^  sink/  2Ci„ (k/)  -Cm (2k/)  +2ln[^] 

(22.2.22) 

We  note  that  A  is  independent  of  the  radius  a  and  leads  to  the  same  expression  for 
the  radiation  resistance  that  we  found  in  Sec.  16.3  using  Poynting  methods. 

An  additional  approximation  can  be  made  for  the  case  of  a  small  dipole.  Assuming 
that  kh  1,  in  addition  to  ka  1  and  a  h,  we  may  expand  each  of  the  above  terms 
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into  a  Taylor  series  in  the  variable  kh  using  the  following  Taylor  series  expansions  of 
the  functions  Si  (x)  and  Cm  (x) : 


Si  (x)  ^  X  — ^x^  +  x^ , 
18  600  ’ 


(22.2.23) 


Such  expansions,  lead  to  the  following  input  impedance  Z  =  R  jX  to  the  lowest 
non-trivial  order  in  kl : 


Zin  —  Rin  +  j^ir. 


n_ 

In 


.4(1+1)] 
kl  \ 


(small  dipole) 


(22.2.24) 


where  L  =  \n{2a/l).  The  resistance  R  is  identical  to  that  obtained  using  the  Poynting 
method  and  assuming  a  linear  approximation  to  the  sinusoidal  antenna  current,  which 
is  justihed  when  kh  1\ 


Iiz)  =  Io 


sm{k{h  -  |z|) ) 
sin  k  h 


lo 


kih-\z\) 

kh 


(22.2.25) 


22.3  Coupled  Two-Element  Arrays 

Next,  we  consider  a  more  precise  justihcation  of  Eq.  (22.2.2)  and  generalize  it  to  the 
case  of  an  arbitrary  array  of  parallel  linear  antennas.  Fig.  22.3.1  shows  two  z-directed 
parallel  dipoles  with  centers  at  locations  (xi ,  yi )  and  (X2 ,  y2 )  ■ 

We  assume  that  the  dipoles  are  center-driven  by  the  voltage  generators  Vi,V2-  Let 
/i  (z) ,  1 2  (z)  be  the  currents  induced  on  the  dipoles  by  the  generators  and  by  their  mu¬ 
tual  interaction,  and  let  hi,h2  be  the  half-lengths  of  the  antennas,  and  ai,a2,  their 
radii.  Then,  assuming  the  thin-wire  model,  the  total  current  density  will  have  only  a 
z-component  given  by: 

Jz{x,y',z')  =  Ii{z')6{x  -xi)6{y'  - yi) +/2 (z')d(x'  -X2)d(y'  -y2)  (22.3.1) 


Fig.  22.3.1  Array  of  two  linear  antennas. 
It  follows  that  the  magnetic  vector  potential  will  be: 


R 


Jzix'  ,y'  ,z')dx'dy'dz' , 


=  |r  -  r'l 
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where  p  =  xx  +  yyis  the  cylindrical  radial  vector.  Inserting  (22.3.1)  and  performing 
the  x',y'  integrations,  we  obtain: 


AAz,p)^^ 


iL  r 

iTT  J-hi 


hi  p-jkRi 


R^ 


h{z')dz'  +  ^ 


~jkR2 


I2  iz')dz' 


(22.3.2) 


where,  as  shown  in  Fig.  22.3.1,  i?i,i?2  are  the  distances  from  the  z'  point  on  each  antenna 
to  the  (x,y,  z)  observation  point,  that  is. 


=  A/(z-z')2  +  (x-Xi)2  +  (y-yi)2  =  ^J{z  -  z'V  +  \p  -  di\^ 

■2  =  ■^(z-z')2  +  (x-X2)2  +  (y-y2)2  =  -^(z-z')2  +  |p-d2p 


(22.3.3) 


where  di  =  (xi,yi)  and  d2  =  (X2,y2)  are  the  xy-locations  of  the  antenna  centers.  The 
z-component  of  the  electric  held  generated  by  the  two  antenna  currents  will  be: 

jwepEz(z,p)=  (dl  +  k'^)Az(z,p) 

Working  with  the  rescaled  vector  potential  V{z,p)=  2 jcAz  iz,p),  we  rewrite: 


/n  p  ill  p  -^^^2 

Z  +  ^  <22.3.4) 


{dl  +  k^)V{z,p)=  -2kEz(z,p)  (22.3.S) 

Denoting  by  Vi  (z)  and  V2  (z)  the  values  of  V  (x,y,  z)  on  the  surfaces  of  antenna-1 
and  antenna-2,  we  obtain  from  Eq.  (22.3.4): 

Viiz)=Vniz)+Vi2iz) 

(22.3.6) 

V2iz)=V2l{z)^V22iz) 


The  z-components  of  the  electric  helds  induced  on  the  surfaces  of  antenna- 1  and 
antenna- 2  are  obtained  by  applying  Eq.  (22.3.5)  to  each  term  of  (22.3.6): 

E’i(z)  =  E’ii(z)+E’i2(z) 

(22.3.7) 

E2{z)=E2i{z)+E22{z) 


where  we  dehned,  for  p,q  =  1,2: 


Vp,iz)  = 


jii  r'’'' 

27T 


Gpciz  -  z')Iq{z')dz' 


{dl  +  k^)Vpci{z)=  -2kEpci{z) 


(22.3.8) 


and  the  impedance  kernels: 


Gpniz-Z)  = 


0  jhRp: 


Rpd  =  ^{z- z')'^A^d\ 


pq 


(22.3.9) 
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If  p  4^  q,  then  dpq  is  the  xy-distance  between  the  antennas,  and  if  p  =  q,  it  is  the 
radius  of  the  corresponding  antenna,  that  is. 


di2  =  d2i  =  \di-d2\= 

dll  —  ^1)  ^22  =  ^2 


(22.3.10) 


Thus,  Vpq  (z)  and  Epq  (z)  are  the  vector  potential  and  the  z-component  of  the  electric 
held  induced  on  antenna-p  by  the  current  Iq{z)  on  antenna- ^7. 

To  clarify  these  dehnitions.  Fig.  22.3.2  shows  a  projected  view  of  Fig.  22.3.1  on  the 
xy  plane.  The  point  P  with  radial  vector  p  is  the  projection  of  the  observation  point 
{z,p).  When  P  coincides  with  a  point,  such  as  P2,  on  the  surface  of  antenna-2  dehned 
by  the  radial  vector  p2,  then  the  distance  (^202)=  IP2  “  ^2 1  will  be  equal  to  the  antenna 
radius  az,  regardless  of  the  location  of  P2  around  the  periphery  of  the  antenna. 

On  the  other  hand,  the  distance  (P2 Oi)=  \p2-di\  varies  with P2 .  However,  because 
the  separation  du  is  typically  du  »  a2,  such  variation  is  minor  and  we  may  replace 
\p2-di  \  by  1^2- 1  -  Thus,  in  evaluating  V(z,P2)  on  antenna-2,  we  may  use  Eq.  (22.3.4) 
with  Ri,R2  dehned  by: 

J?1  =  -  z')^  +  \d2  -di|2  =  ^(z-  Z')^+di2 

(22.3.11) 

R2  =  ^(z  -  Z'V  +  \P2  =  -^(z  -  z'V+al 


Fig.  22.3.2  Array  of  two  linear  antennas. 

Now,  on  the  surface  of  the  hrst  antenna,  the  electric  held  Ez  must  cancel  the  held  of 
the  delta-gap  generator  in  order  for  the  total  tangential  held  to  vanish,  that  is,  Ei  (z)  = 
-F’i,in(2)=  -Vi3{z).  Similarly,  on  the  surface  of  the  second  antenna,  we  must  have 
E2{z)=  -E2,miz)=  -V26iz).  Then,  Eq.  (22.3.7)  becomes: 

£11  (z)  +E12  (z)  =  El  (z)  =  -  Vid  (z)  ^  1 

E21  (z)  +E22  (z)  =  E2  (z)  =  -^2^  (z) 

Combining  these  with  the  Eq.  (22.3.8),  we  obtain  the  coupled  version  of  the  Hallen- 
Pocklington  equations: 


(02  +  k^)  [yii(z)+yi2(z)]  =  2kVi5{z) 
idl  +  k^)[V2i{z)+V22iz)]  =2kV26iz) 


(22.3.13) 


914 


22.  Coupled  Antennas 


We  will  solve  these  numerically  in  Sec.  22.6.  Next,  we  derive  Eq.  (22.2.2).  Accord¬ 
ing  to  dehnitions  (22.2.4)  and  (22.2.10),  the  mutual  impedance  between  antenna-p  and 
antenna-(^  can  be  restated  as  follows,  for  p,q  =  1,2: 


1 

Epq{z)Ip{z)dz 

d -hp 


(22.3.14) 


and,  more  explicitly: 


Zii  =  -yV  \  '  Euiz)h{z)dz,  Z12  =  -yV  f  ’  En  (z)  h  (z)  dz 
fill  J-hi  hh  J-hi 

Z21  =  -yV  \  E2liz)l2iz)dz,  Z22  =  -yV  \  E22iz)l2iz)dz 
hll  J-hz  hh  J-hz 

Using  these  dehnitions  and  Eq.  (22.3.12),  we  hnd: 


Ziih  +  Z12/2  =  I 

h 


^  \  [Eii{z)+Ei2{z)]li{z)dz 
h  J-hi 

r  C  [-Vi5(z)]/i(z)dz=  fyi7i(0)=yi 

h  J~hi  ii 


where,  by  dehnition,  h  (0)  =  h.  Similarly,  we  can  show  the  second  of  Eq.  (22.2.2). 

The  mutual  impedance  dehned  in  Eq.  (22.3.14)  actually  satishes  the  reciprocity  sym¬ 
metry  condition,  Zpq  =  Zqp.  To  write  it  in  a  form  that  shows  this  condition  explicitly, 
we  replace  Epq  (z)  by  (22.3.8)  and  obtain  the  alternative  symmetric  form: 


Zpq  - 


in  r'’"  f'’" 

4Trk  ]-hp  ]-hq 


Ip{z)Iq{z') 

Iplq 


(0|  +  k})Gpq  (z  -  z')dzdz' 


(22.3.15) 


If  we  assume  that  the  currents  are  sinusoidal,  that  is,  for  p  =  1,2, 


Ipiz)  —  Ip 


sm{kihp-\z\)) 

sinkhp 


(22.3.16) 


then,  in  Eq.  (22.3.15)  the  ratios  Ip  (z)  /Ip  and  hence  Zpq  become  independent  of  the  input 
currents  at  the  antenna  terminals  and  depend  only  on  the  geometry  of  the  antennas. 


22.4  Arrays  of  Parallel  Dipoles 

The  above  results  on  two  antennas  generalize  in  a  straightforward  fashion  to  several 
antennas.  Fig.  22.4.1  depicts  the  case  of  K  parallel  dipoles  in  side-by-side  arrangement 
with  centers  at  positions  ixp,yp),  and  driving  voltages,  lengths,  half-lengths,  and  radii, 
Vp,  Ip,  hp,  ap,  where  p  =  1,2  . . .  ,K. 

Assuming  sinusoidal  currents  as  in  Eq.  (22.3.16),  we  dehne  the  mutual  impedances 
Zpq  by  Eq.  (22.3.14)  or  (22.3.15),  where  p,q  take  on  the  values  p,q  =  1,2...,K.  The 
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Fig.  22.4.1  Two-dimensional  array  of  parallel  dipoles. 


Hallen-Pocklington  equations  (22.3.13)  generalize  into: 


,  p  =  l,2,...,K  (22.4.1) 


where  Vpq  (z)  is  defined  by  Eqs.  (22.3.8)  and  (22.3.9).  The  mutual  distances  are: 


dpq  — 


^q)^-\-iyp-yq)^ , 


if  p  ^  q 
if  p  =  q 


(22.4.2) 


Multiplying  Eq.  (22.4.1)  by  Ip  (z)  and  integrating  along  the  length  of  the  pth  antenna, 
and  using  the  mutual  impedance  dehnitions  (22.3.14),  we  obtain  the  generalization  of 
Eq.  (22.2.2)  to  the  case  of  K  antennas: 


K 

q=l 


p  =  l,2,...,K 


(22.4.3) 


where  Iq  is  the  input  current  at  the  center  of  the  qth  antenna.  Eq.  (22.4.3)  maybe  written 
in  a  compact  matrix  form: 


V=  ZI 


(22.4.4) 


where  Z  is  the  impedance  matrix.  Eor  example,  in  the  case  K  =  4,  we  have: 


V  = 


Vi  ■ 

Z-ll  Zi2  Zi3  Zi4 

■  /i  ■ 

V2 

Z21  Z22  Z23  Z24 

h 

V3 

Z31  Z32  Z33  Z34 

h 

V4  _ 

_  Z41  Z42  Z43  Z44  _ 

_  u  _ 

We  note  that  Z  is  a  symmetric  matrix,  Z  =  as  a  consequence  of  the  reciprocity 
relations  Zpq  =  Zqp. 

Given  the  driving  voltages  Vp,  Eq.  (22.4.4)  may  be  solved  for  the  input  currents  Ip, 
which  completely  dehne  the  assumed  sinusoidal  currents  Ip{z)  of  Eq.  (22.3.16).  Erom 
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the  knowledge  of  the  currents  Ip  (z),  one  can  obtain  the  radiation  pattern  of  the  array. 
Indeed,  the  radiation  helds  are  obtained  from  Eq.  (16.1.6),  that  is. 


E  =  QEq  =  Q  jkq - Fz{6,4>)sm6 

Anr 

p-J^r 

H=  =  ^jk  ^^Fz(0,</>)sin0 


(22.4.5) 


where  the  radiation  vector  F  =  zFz  has  only  a  z-component  given  by: 

Fz(e,<t>)=  \  Jz(t')ei^''dt'  (22.4.6) 

JV 

But,  in  the  thin-wire  approximation,  the  total  current  density  of  the  array  is: 


Jz{r')=  X  -Xp)(5(y' -yp) 

P  =  1 

Inserting  this  into  Eq.  (22.4.6)  and  performing  the  x' ,y'  integrations,  we  obtain: 

L  rh, 

Fz{e,ct>)  = 


<p)=  I  ^Jk,x,+Jkyy,  r  7p(z')eJ*^zz'^2'  (22.4.7) 

p=l  J-hp 


Using  Eq.  (22.3.16)  for  Ip  (z)  and  replacing  kz  =  k  cos  6,  we  obtain: 

i,-i^  ...  2Ir)  cos(k/7jyCos0))  QOS kh D 

Fzie,(^)=  Y  _  p  ..  1..  p.  ..  . 

ksmkhp  sm^  0 

The  radiation  intensity  is  given,  in  general,  by  Eq.  (15.1.4): 

u(e,4>)=  ^  \smeFz{e,ct>)\^ 

Replacing  kx  =  k  sin  6  cos  <p  and  ky  =  k  sin  6  sin  <p,  we  obtain: 


(22.4.8) 


JJ  (  ft  rh\  —  ^ 

Y  cosikhpCosO))  coskhp 

2 

/^P  ■  1  1  ■  ^  ^ 

^  smkhp  smO 

Thus,  the  normalized  gain  of  the  array  will  be,  up  to  a  proportionality  constant: 


gie,<i>)  = 


y  T  COS  (k^p  cos  6)  )  cos  khp  q 
^  ^  sin  khp  sin  0 


p=i 


(22.4.9) 


Equations  (22.4.4)  and  (22.4.9)  provide  a  complete  solution  to  the  problem  of  cou¬ 
pled  antenna  arrays,  based  on  the  sinusoidal  approximation  for  the  currents.  In  the 
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special  case  of  identical  antennas,  Eq.  (22.4.9)  factors  as  usual  into  an  array  factor  and 
an  element  factor: 


g{e,4>)  = 


I 

p=i 


j  ^jk  sin  6  {xp  cos  4>  +yp  sin  4> ) 


COS  (kh  COS  0))-  COS  kh 

sin  kh  sin  0 


The  MATLAB  function  i  mpedmat  calculates  the  KxK  mutual  impedance  matrix  Z  of 
such  an  array,  given  the  antenna  lengths  and  radii.  Ip,  ap,  and  the  coordinates  ixp,yp), 
for  p  =  1,2, . . .  ,K.  It  has  usage: 

Z  =  i  mpedmat  (L  ,  a ,  d)  ;  %  mutual  impedance  matrix  of  array  of  parallel  dipoles 


where  all  the  lengths  must  be  given  in  units  of  A.  It  calls  i  mped  to  calculate  the  individual 
matrix  elements  Zpq. 

The  input  parameters  L,  a,  d  are  the  vectors  of  antenna  lengths,  antenna  radii,  and 
ixp,yp)  pairs,  or  the  Xp  positions,  if  the  array  is  along  the  x-axis: 


'ii  ■ 

"  ai  " 

"  xi,  yi  ' 

L2 

fl2 

X2,  y2 

X2 

L  = 

,  a  = 

ax 

,  d  = 

_  xk,  yx 

or 

_Xx  _ 

The  MATLAB  function  gainZs  calculates  the  T-plane  and  H-plane  array  gains  using 
Eq.  (22.4.9)  and  assumes  that  the  input  currents  Ip  have  been  obtained  by  solving 
Eq.  (22.4.4).  It  has  usage: 

[ge,gh,th]  =  gain2s(L,d,I,N,phO)  ;  %  gain  of  2D  array  of  dipoles  with  sinusoidal  currents 

[ge,gh,th]  =  gain2s(L,d,I,N)  ;  %  equivalent  to  (^o  =  o 


where  the  input  parameters  L,  a  have  the  same  meaning  as  in  i  mpedmat,  and  I  is  the 
vector  of  input  currents  /  =  [Ii,l2,  ■  ■  ■  ,Ik]-  The  output  angle  parameter  th  is  either  the 
polar  or  the  azimuthal  angle  and  takes  N  equally-spaced  values  in  the  interval  [0,  Ztt]  . 

The  H-plane  gain  (</>)  is  dehned  to  be  the  azimuthal  gain  on  the  xy-plane  corre¬ 
sponding  to  6  =  n/ 2,  and  the  T-plane  gain  gsiO)  is  dehned  to  be  the  polar  gain  on  any 
fixed  azimuthal  plane  <p  =  <po,  that  is, 

gH{(t>)  =  g{Tt/2,(i)),  0  <  0  <  Ztt 

(22.4.10) 

gEiO)  =  g{e,(i)o),  0  <e  <2tt 

Note  that  by  allowing  6  to  vary  over  [0,  Ztt],  the  T-plane  gain  can  give  both  the 
forward  and  backward  gain.  The  polar  angle  range  [0,  tt]  covers  the  forward  direction 
<p  =  <po,  whereas,  the  range  [tt,  Ztt]  covers  the  backward  direction  <p  =  <po  n,  that 
is,  we  have  the  equivalence: 


giO,4>o)=  g{6  - 'rT,(l)o  +  n),  n  <  0  <  2tt 


This  follows  from  the  trigonometric  identities: 

siniO  -  Tr)cosi<po  +  tt)  =  sin 0  cos  <po 
sin(0  -  Tr)sm{<po  -r  tt)  =  sin0  sm<po 
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Because  both  gains  are  dehned  over  a  2Tr-angular  range,  they  must  be  plotted  with 
the  MATLAB  functions  abp2  and  abz2,  or  in  dB,  with  dbp2  and  dbz2. 

Example  22.4. 1 :  Three-element  parasitic  array.  Undriven  parasitic  antennas  located  near  trans¬ 
mitting  ones  can  act  as  reflectors  or  directors,  directing  the  radiation  towards  certain 
preferred  directions.  Fig.  22.4.2  shows  an  array  of  three  half -wavelength  dipoles.  The 
geometry  is  the  same  as  that  of  Example  19.3.3.  The  xy-coordinates  of  the  elements  are 
di  =  (0,0),  d2  =  (0.5A,0),  andds  =  (0,0.5A). 


Fig.  22.4.2  Three-element  array. 


Let  V  =  [Vi,  V2, 1^3]^  be  the  driving  voltages  of  the  three  elements.  If  only  element-1  is 
driven  and  the  others  parasitic,  we  may  take  V=  [1, 0, 0] 

If  the  mutual  couplings  between  the  antennas  are  ignored,  that  is,  the  impedance  matrix  Z 
of  Eq.  (22.4.4)  is  taken  to  be  diagonal,  then,  the  input  currents,  will  be  /  =  [/i,  0, 0]  and  the 
parasitic  elements  will  be  completely  passive  as  though  they  were  absent.  The  radiation 
pattern  would  be  that  of  a  single  half-wave  dipole.  In  particular,  the  azimuthal  pattern 
would  be  omnidirectional. 

This  is  not  the  case  if  the  mutual  couplings  are  taken  into  account.  The  parasitic  elements 
act  as  reflectors,  reflecting  the  radiation  back  towards  the  active  element- 1.  By  the  sym¬ 
metry  of  the  arrangement,  the  maximum  directivity  will  be  in  the  direction  with  azimuthal 
angle  cj)  =  -135®.  Fig.  22.4.3  shows  the  resulting  Ff-plane  and  E-plane  radiation  patterns 
demonstrating  this  behavior.  The  dashed  gains  were  computed  by  solving  the  coupled  sys¬ 
tem  of  Hallen  equations  for  the  exact  currents  on  each  of  the  three  antennas,  as  discussed 
in  Example  22.6.1. 

Assuming  equal  radii,  a  =  0.001  A,  the  3x3  impedance  matrix  Z  is  found  to  be: 


73.08  +  42.21J 
12.52  -  29.91J 
12.52  -  29.91J 


-12.52  -  29.91J 
73.08  +  42. 21J 
-24.62  +  0.78J 


-12.52  -  29.91J 
-24.62  +  0.78J 
73.08  +  42.21J 


Then,  the  solution  of  Eq.  (22.4.4)  is: 


~  h  “ 

"  1  “ 

"  0.0133Z-7.46®  “ 

1  = 

h 

=  z-'v=  £-1 

0 

= 

0.0066Z18.23® 

h 

0 

0.0066Z18.23® 

The  typical  MATLAB  code  used  to  generate  these  graphs  was  as  follows: 
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Azimuthal  gain  Polar  gain  towards  (t)o  =  45° 


Fig.  22.4.3  If -plane  and  f-plane  radiation  patterns,  V=  [1, 0, 0] 


L  = 

[0.5,  0.5, 

0.5]; 

a  = 

[0.001,  0. 

001,  0.001] ; 

d  = 

[0,0;  0.5, 

0;  0,0.5]; 

Z  = 

impedmat(L 

,a,d) ; 

V  = 

O 

O 

I  = 

Z\V; 

phO 

=  45; 

[gel,ghl,ph]  = 

gain2s(L,d, 

M  = 

40; 

[I,z]  =  hcoupled2(L,a,d,V,M) ; 


%  lengths 
%  radii 

%  xy  locations 

%  impedance  matrix 
%  driving  voltages 
%  input  currents 

%  45^  azimuthal  plane  for  polar  gain 
%  gai  n2s  assumes  sinusoidal  currents 
%  number  of  upper-half  samples 

%  solves  for  currents  on  all  antennas 


[ge2,gh2,ph]  =  gain2d(L,d,I,360,ph0)  ;  %  gain  2d  uses  Hallen  currents 

figure;  dbz2(ph,ghl, 30,12) ;  dbadd2(2 , ’ — ’ ,ph ,gh2 , 30, 12) ; 
figure;  dbp2(ph,gel, 30,12) ;  dbadd2(l,’ — ’ , ph , ge2 , 30, 12) ; 


Anticipating  the  symmetry  about  the  45”  azimuthal  plane,  the  f-plane  gain  was  computed 
with  00  =  45”.  As  expected,  the  polar  plot  shows  that  the  maximum  gain  is  in  the  backward 
00  direction,  that  is,  toward  0o  +  180”  =  225”  =  -135”.  □ 

Example  22.4.2:  Next,  consider  the  case  when  element-one  is  parasitic,  but  elements  two  and 
three  are  driven  by  equal  voltages,  V  =  [0, 1, 1]  If  the  mutual  coupling  is  ignored,  then 
the  two  active  elements  act  as  an  array  which  is  broadside  to  the  line  joining  them,  that 
is,  maximum  directivity  is  in  the  45”  azimuthal  direction,  but  with  both  the  forward  and 
the  backward  (i.e.,  -135”)  directions  being  equal.  This  pattern  is  shown  in  the  upper-right 
graph  of  Fig.  19.3.4. 

If  the  mutual  couplings  are  taken  into  account,  element- 1  will  act  as  a  reflector,  reflecting 
towards  the  0o  =  45”  direction  and  reducing  the  gain  in  the  opposite  direction.  This  is 
demonstrated  in  Fig.  22.4.4.  As  in  the  previous  example,  the  dashed  gains  correspond  to 
the  exact  coupled  Hallen  solution. 
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Azimuthal  gain  Polar  gain  towards  (t)o  =  45° 


Fig.  22.4.4  iT-pIane  and  E-pIane  radiation  patterns,  V=  [0, 1, 1] 


Because  of  the  identical  geometry,  the  impedance  matrix  Z  is  the  same  as  that  of  the 
previous  example.  But,  the  input  currents  are  different: 


~  h  “ 

"  0  “ 

"  0.0133Z18.23” 

1  = 

h 

=  2“‘V= 

1 

= 

0.0173Z-19.04” 

h 

1 

0.0173Z-19.04” 

The  only  change  in  the  previous  MATLAB  code  was  to  use  V  =  [0, 1, 1]  □ 

Example  22.4.3:  One  of  the  earliest  experimental  studies  of  parasitic  reflectors  was  by  Nagy 
[12811.  One  of  his  arrangements  is  shown  in  Fig.  22.4.5  in  which  the  driven  element  is  at 
the  origin  and  the  other  three  elements  are  parasitic.  The  antenna  lengths  were  /  =  1.19 
m,  and  their  radii  a  =  0.395  cm.  The  operating  wavelength  was  A  =  2.5  meters,  (i.e., 
frequency  of  120  MHz.) 


Fig.  22.4.5  Four-element  parasitic  array. 

It  follows  that,  /  =  0.4 76A  and  a  =  0.00 1 5 8A.  Elements  two  and  four  were  placed  symmet¬ 
rically  along  the  y-axis  at  distances  ±0.53 5 A,  and  element  three  was  on  the  negative  side 
of  the  x-axis  at  distance  0.248A  from  the  origin.  Fig.  22.4.6  shows  the  calculated  patterns. 
We  observe  that  the  three  parasitic  antennas  act  as  reflectors,  enhancing  the  radiation  in 
the  0  =  0  direction. 
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Azimuthal  gain  Polar  gain  towards  (t)o  =  0° 


Fig.  22.4.6  ff-plane  and  f-plane  radiation  patterns,  V=  [1, 0, 0, 0] 


This  array  was  later  studied  theoretically  by  Brown  [1282],  using  the  same  methods  as 
those  presented  here.  Brown  treated  monopole  antennas  (i.e,  half  dipoles  above  a  ground 
plane,)  and  therefore,  the  values  of  his  mutual  impedances  are  half  of  ours.  The  inputs  to 
the  design  equations  were  the  parameters: 


L  = 

~  0.476  “ 

0.476 

0.476 

,  a  = 

"  0.00158  “ 

0.00158 

0.00158 

,  d  = 

"  0.000, 
0.000, 
-0.248, 

0.000  “ 

0.535 

0.000 

_  0.476  _ 

_  0.00158  _ 

0.000, 

-0.535  _ 

The  impedance  matrix  elements  are: 

Zii  =  Z22  =  Z33  =  63.42Z0.65^  Z12  =  Z14  =  26.76Z-123.87° 
Zi3  =  43.56Z-34.69°,  Z23  =  Z34  =  24.78Z-141.96” 

Z24  =  14.74Z53.15” 

With  V=  [1, 0, 0, 0]^,  the  solution  of  ZI  =  Vis: 


h  “ 

"  0.0135Z-26.26”  “ 

h 

0.0043Z74.61” 

h 

0.0126Z116.70” 

_U  _ 

_  0.0043Z4.61” 

and  we  find  for  the  ratios: 


^  ^  =  0.3180Z100.87” ,  ^  =  0.9343Z142.96” 

h  h  h 

These  numerical  results  are  in  close  agreement  with  Brown’s  [1282].  The  dashed  Hallen 
gains  are  not  shown,  as  in  the  previous  examples,  because  they  are  virtually  indistinguish¬ 
able  from  the  sinusoidal  ones  (for  M  =  40.)  □ 
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Example  22.4.4:  Coupled  Dolph-Chebyshev  array.  In  this  example,  we  study  the  impact  of 
mutual  coupling  on  the  array  design  methods  of  Chap.  20.  For  a  typical  array  spacing  of 
half -wavelength,  the  mutual  impedance  matrix  is  diagonally  dominant  and  therefore,  there 
will  be  some  but  minor  impact  on  the  design. 

Fig.  22.4.7  shows  a  15-element  array  of  z-directed  half -wavelength  dipoles  with  spacing 
d  =  \  /2  arranged  along  the  x-axis.  The  antenna  radii  are  a  =  0.001  A. 


7  A 


V,  V,  ¥4 


f 

°  f 

0 

Fig.  22.4.7  Fifteen-element  Dolph-Chebyshev  array. 

We  take  the  feed  voltages  V  =  [Vi,  V2, . . . ,  Vis]^  to  be  Dolph-Chebyshev  weights  that 
would  steer  the  azimuthal  array  gain  towards  <po  =  120”  and  would  achieve  a  20-dB  side- 
lobe  level.  These  weights  can  be  designed  with  the  function  dol  ph. 

If  the  mutual  coupling  is  ignored,  the  impedance  matrix  Z  will  be  proportional  to  the 
identity  matrix  because  the  antenna  elements  are  identical.  Then,  the  input  currents  /  will 
be  essentially  equal  to  the  driving  voltages  V  and  the  array  will  behave  according  to  the 
desired  design. 

If  the  mutual  coupling  is  taken  into  account,  the  currents  must  be  calculated  from  the 
solution  of  ZI  =  V and  some  distortions  on  the  desired  angular  pattern  may  occur  because 
Z  is  no  longer  diagonal. 

Fig.  22.4.8  shows  the  azimuthal  and  polar  gain  patterns  with  and  without  mutual  coupling. 
The  primary  effect  is  to  distort  the  sidelobe  levels  so  that  they  are  no  longer  equal.  But 
they  are  still  acceptable  as  a  close  approximation  to  the  desired  Dolph-Chebyshev  pattern. 

The  typical  MATLAB  code  used  in  this  example  was  as  follows: 


K  = 
phO 

15; 

=  120; 

%  steering  angle 

L  = 

0.5  "  ones(l,K); 

%  vector  of  antenna  lengths 

a  = 

0.001  *  ones(l,K); 

%  antenna  radii 

d  = 

(0:K-1)*0.5; 

%  equally-spaced  with  A/2  spacing 

V  = 

dolph(0.5,  phO,  K,  20).’; 

%  Dolph  design  with  20-dB  sidelobes 

Z  = 

impedmat(L,a,d) ; 

%  15x15  impedance  matrix 

I  = 

Z\V; 

%  input  currents 

[ge. 

,gh,ph]  =  gain2s(L,d, 1,400, phO) ; 

%  gains  with  coupling 

figure;  dbz2(ph ,gh) ; 
figure;  dbp2(ph,ge); 


%  azimuthal  gain 
%  polar  gain 
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Azimuthal  gain  with  coupling 

90° 


Azimuthal  gain  without  coupling 

90° 


Fig.  22.4.8  ff -plane  and  f-plane  patterns  with  and  without  coupling. 


[ge,gh,ph]  =  gai  n2s(L,d,V,400,  phO)  ;  %  gains  without  coupling 

figure;  dbz2(ph ,gh) ; 
figure;  dbp2(ph,ge); 


The  T-plane  polar  gains  were  computed  on  the  plane  of  the  desired  steering  angle,  that  is, 
00  =  120°.  The  figures  show  that  maximum  gain  is  at  0  =  90°  in  the  0o  direction.  In  the 
case  without  coupling,  we  set  /  =  Vinside  gain2s  because  any  proportionality  constant 
gets  canceled  out.  □ 

22.5  Yagi-Uda  Antennas 

A  special  type  of  parasitic  array  is  the  Yagi-Uda  array  shown  in  Fig.  22.5.1.  The  z- 
directed  dipoles  are  arranged  along  the  x-axis.  The  second  dipole  is  driven;  all  others 
are  parasitic. 

The  hrst  dipole  has  length  slightly  longer  than  that  of  the  driven  dipole,  and  acts  as  a 
“reflector”.  The  elements  to  the  right  of  the  driven  dipole  have  lengths  slightly  shorter, 
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maximum  gain 


Fig.  22.5.1  Five-element  Yagi-Uda  array. 


and  act  as  “directors.”  The  reflector  and  directors  direct  the  radiation  preferentially 
towards  endhre,  that  is,  along  the  x-axis. 

The  Yagi-Uda  array  is  widely  used  as  a  TV  reception  antenna  and  achieves  fairly  good 
directivity  with  such  a  simple  structure.  Good  directivity  characteristics  are  realized 
with  certain  choices  for  the  antenna  lengths  and  separations. 

The  analysis  of  the  Yagi-Uda  array  follows  the  steps  of  the  previous  section.  We 
assume  that  there  are  K  dipoles,  with  the  last  K  -  2  being  the  directors,  and  that  the 
currents  are  sinusoidal  as  in  Eq.  (22.3.16)  because  the  antenna  lengths  are  of  the  order 
of  half -wavelength.  Then,  we  compute  the  mutual  impedance  matrix  Z  and  the  input 
currents  /  =  Z~^V.  Because  only  the  second  element  is  driven,  the  vector  of  voltages  is: 

V=  [0, 1,0,0, (22.S.1) 

iK-2)  zeros 

Once  we  have  the  input  currents  /  =  [hJz,  ■  ■  ■  Jk]^  ,  the  gain  of  the  array  is  com¬ 
puted  by  Eq.  (22.4.9),  which  simplihes  into  the  following  form  because  the  dipoles  lie 
along  the  x-axis: 


(22.5.2) 


We  assume  that  the  lengths  and  separations  are  such  that  the  maximum  gain  is 
towards  endhre,  that  is,  towards  6  =  90°,  0  =  0°.  The  forward  and  backward  gains, 
and  the  forward-backward  or  front-to-back  ratio  are  dehned  as: 

gf  =  gm^  =  gm°,o°),  gb  =  gm°,i80°),  Rfb  =  —  (22.S.3) 

gb 

It  follows  that  the  normalized  gain  will  be  gn  (0,  0)  =  g{6,  0)  /gf.  Integrating  it 
over  all  solid  angles,  we  obtain  the  beam  solid  angle  and  hence  the  directivity  of  the 
Yagi-Uda  array: 


AQ 


rTT  r2n 

g n  (0,(1))  sin  6  dO  dtp, 

0  Jo 


D  = 


4tt 

AQ 


(22.5.4) 
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In  dB,  the  directivity  and  forward-backward  ratio  are  lOlog^of^  and  lOlogiQ Rf^. 
The  MATLAB  function  yagi  implements  the  above  design  steps.  It  computes  the  input 
currents  /  as  well  as  the  directivity  and  forward-backward  ratio.  Its  usage  is: 

[I,D,Rfb]  =  yagi (L,a,d) ;  %  Yagi-Uda  array  design 

The  function  always  assumes  that  the  second  element  is  the  driven  element  and  sets 
the  value  of  Vaccording  to  Eq.  (22.5.1).  The  double  integral  in  Eq.  (22.5.4)  is  done  with  a 
16-point  Gauss-Legendre  quadrature  integration  formula  for  each  integration  variable. 

Example  22.5.1:  Reflectors  and  directors.  The  simplest  possible  Yagi-Uda  array  has  one  driven 
element  and  either  one  reflector  and  no  directors,  or  a  single  director  and  no  reflector. 
Fig.  22.5.2  depicts  the  two  cases. 


U  U  director 

J  driven  driven 

reflector 


Fig.  22.5.2  The  simplest  Yagi-Uda  arrays. 


If  the  reflector  is  slightly  longer  than  the  driven  element,  and  if  the  director  is  slightly 
shorter,  then  in  both  cases  the  radiation  will  be  directed  to  the  right,  along  the  x-axis. 
Fig.  22.5.3  shows  the  resulting  radiation  patterns. 

The  length  of  the  driven  element  was  0.50A  and  that  of  the  reflector  and  director,  0.54A 
and  0.46A,  respectively.  The  antenna  radii  were  a  =  0.003A  and  their  separation  d  =  O.lA. 
The  mutual  impedances  were  calculated  with  i  mpedmat: 


73.07  +  41.37J  59.77  +  4.35j  1 

59.77  +  4.35J  57.65  -  17.01j  J 

The  typical  MATLAB  code  that  was  used  was: 


92.47  +  104.19J  75.68  +  11.63J  1 

75.68  +  11.63J  73.07  +  41. 37J  J  ’  ^ 


L  =  [0.54,0.50] 

%  reflector  case 

a  =  0.003’'[1,1]  ; 

%  radii 

d  =  [0,0.1] ; 

%  x-coordinates  of  locations 

Z  =  i mpedmat (L, a, d) ; 

%  impedance  matrix 

I  =  Z\[0,1] ’ ; 

%  input  currents 

[ge,gh,th]  =  gain2s(L,d,I,400) ; 

%  gain  computation 

figure;  dbz2(th ,gh , 30, 16) ; 
figure;  dbp2(th,ge,30,16) ; 


%  azimuthal  gain 
%  polar  gain 


The  driving  voltages  were  in  the  two  cases:  V=  [0, 1]  ^  and  V=  [1,0]^. 


□ 


926 


22.  Coupled  Antennas 


Reflector  case,  i/-plane  gain  Reflector  case,  -E-plane  gain 


Fig.  22.5.3  //-plane  and  E-plane  gains  of  simple  Yagi-Uda  arrays. 


Example  22.5.2:  Three-element  Yagi.  Here,  we  consider  a  three-element  Yagi-Uda  array  with 
one  reflector,  one  driven  element,  and  one  director.  The  corresponding  antenna  lengths, 
radii,  and  locations  along  the  x-axis  (with  the  driven  element  at  the  origin)  were  in  units  of 
A: 


~  0.50  “ 

"  0.003  “ 

~  ^1  " 

L  = 

0.48 

,  a  = 

0.003 

,  d  = 

= 

_  0-46 

0.003 

_  ^3  _ 

The  azimuthal  and  polar  gains  are  shown  in  Fig.  22.5.4.  The  dashed  gains  correspond  to  the 
exact  coupled  Hallen  equations,  as  discussed  in  Example  22.6.3.  The  computed  directivity 
and  front/back  ratio  were  D  =  8.18  dB  and  Rft,  =  18.69  dB.  Thus,  the  array  achieves  a  gain 
of  D  -  2.15  =  6.03  dB  over  a  single  half -wavelength  dipole. 

The  impedance  matrix  was: 


73.07  +  41. 37J 
60.47-  0.97J 
36.25  -  25.53J 


60.47-  0.97J 
64.93  +  11.75J 
53.72  -  2.71J 


36.25  -  25.53J 
53.72  -  2.71J 
57.65  -  17.01J 


The  input  currents  and  input  impedance  of  the  driving  element  were: 
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Azimuthal  gain  Polar  gain 


Fig.  22.5.4  Azimuthal  and  polar  gains  of  three-element  Yagi-Uda  array. 


"ill  r -0.0290  +  0.0176J1 

1=  I2  =  0.1062  -  0.0182J  ,  Z2  =  -^  =  -  =  9.15  +  1.57J 

hi  [ -0.0801  -  0.0256jJ 

The  typical  MATLAB  code  for  this  example  was: 

L  =  [0.50,  0.48,  0.46];  %  antenna  lengths 

a  =  0.003*[1,1,1]  ;  %radii 

d  =  [-0.125,  0,  0.125];  %x-locations 

[I,D,Rfb]  =  yagi(L,a,d);  %  solve  2/ =  V 

[ge,gh,th]  =  gain2s(L,d,I,360)  ;  %  compute  gains  at  1°  increments 

M  =  40 ;  %  number  of  upper-half  samples 

[I,z]  =  hcoup]ed(L,a,d,  [0,1,0]  ,M)  ;  %  compute  Hallen  currents 

[ge2,gh2,ph]  =  gain2d(L,d,I,360)  ;  %  gain  of  Hallen  currents 

figure;  dbz2(ph,gh);  dbadd2(2,’ — ’,ph,gh2); 
figure;  dbp2(ph,ge);  dbadd2(l,’ — ’,ph,ge2); 

The  driving  voltages  were  defined  within  yagi  to  be  V  =  [0, 1, 0]  □ 

Example  22.5.3:  Optimized  six-element  Yagi.  Chen  and  Cheng  [1296]  applied  King’s  three-term 
current  approximation  [4]  and  devised  procedures  for  optimizing  the  choices  of  the  an¬ 
tenna  lengths  and  separations  of  Yagi-Uda  arrays.  Fig.  22.5.5  shows  the  gains  before  and 
after  optimization  of  a  six-element  Yagi-Uda  array  calculated  with  the  functions  yagi  and 
gai  n2s.  The  antenna  radii  were  a  =  0.003369A. 

For  the  unoptimized  case,  the  antenna  lengths  and  x-locations  were  in  units  of  A: 

L=  [Li,L2,L3,L4,Ls,U]=  [0.510,0.490,0.430,0.430,0.430,0.430] 
d=  [xi,X2,X3,X4,Xs,Xe]=  [-0.25,0,0.310,0.620,0.930,1.240] 
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Unoptimized  iT^lane  gain  Unoptimized  E'^lane  gain 


Fig.  22.5.5  Gains  of  six-element  Yagi-Uda  array. 

The  directors  were  identical  and  equally  spaced  at  spacing  of  0.31  A.  The  computed  direc¬ 
tivity  and  front/back  ratio  were  11  dB  and  9.84  dB,  respectively.  The  optimized  case  has 
slightly  different  lengths  and  x-locations: 

L=  [Li,L2,L3,L4,Ls,Le]=  [0.476,0.452,0.436,0.430,0.434,0.430] 

d=  [X1,X2,X3,X4,X5,X6]=  [-0.25,0,0.289,0.695,1.018,1.440] 

Typical  MATLAB  code  was  as  follows: 

L  =  [0.476,  0.452,  0.436,  0.430,  0.434,  0.430]; 
a  =  0.003369  -  [1, 1, 1, 1, 1, 1] ; 
d  =  [-0.25,  0,  0.289,  0.695,  1.018,  1.440]; 

[I,D,Rfb]  =  yagi (L,a,d) ; 

[ge,gh,th]  =  gain2s(L,d, 1,360) ; 

figure;  dbz2(th ,gh , 30,40) ; 
figure;  dbp2(th,ge, 30,40) ; 


The  optimized  directivity  was  12.54  dB  and  the  forward/backward  ratio  17.6  dB. 


□ 
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22.6  Hallen  Equations  for  Coupled  Antennas 

In  Sects.  22.3  and  22.4,  we  developed  the  Hallen-Pocklington  equations  for  coupled  an¬ 
tennas,  that  is,  Eqs.  (22.3.8)-(22.3.9)  and  (22.4.1).  Here,  we  discuss  their  numerical  solu¬ 
tion.  On  the  pth  antenna,  we  have: 

{dl  +  k^)Vp{z)=2kVp6{z),  p  =  l,2,...,K  (22.6.1) 

where  Vp  is  the  driving  delta-gap  input  and  Vp{z)  is  the  sum  of  the  (scaled)  vector 
potentials  due  to  the  currents  on  all  antennas: 

(22.6.2) 

where  we  recall  the  dehnition  of  the  impedance  kernel: 

Gpciz  -  z')=  ,  R  =  ^(z-z'V+dpq  (22.6.3) 

and  dpq  are  the  mutual  distances  or  radii,  as  dehned  in  Eq.  (22.4.2).  The  use  of  the  ap¬ 
proximate  kernel  in  (22.6.3)  is  well-justihed  for  the  off-diagonal  terms  (p  ^  q)  because 
the  distances  dpq  are  typically  much  greater  than  the  radii.  However,  for  the  diagonal 
term  {p  =  q),  one  could  use  the  exact  kernel  given  as  in  (21.7.10)  by, 

2  rTr/2  p-jkR  , - 

Gppiz-z')=—j  ^  dO  ,  R  =  (z  -  z')^-\-4ap  -  4apsm^  6  (22.6.4) 

Eollowing  the  discussion  of  Sec.  21.3,  the  solution  of  (22.6.1)  is  of  the  form: 

Vpiz)=  Cpcoskz  -\-Vpsmk\z\,  -hp  <  z  <  hp  (22.6.5) 

where  we  assumed  that  all  the  antennas  are  center-driven,  and  therefore,  Vp  (z)  will 
be  even  in  z.  Combining  (22.6.5)  with  (22.6.2),  we  obtain  the  coupled  system  of  Hallen 
equations,  for  p  =  1,2,.. .  ,K\ 

(22.6.6) 

The  K  constants  Ci,C2,  ■  ■  ■  ,Ck  are  determined  by  imposing  the  end  conditions  on 
the  K  currents:  Ip  (hp)  =  0,  for  p  =  1,2,...,K. 

To  solve  this  system,  we  use  a  basis-function  expansion  of  the  form  of  Eq.  (21.8.3) 
and  apply  point  matching.  Eor  simplicity,  we  take  the  same  number  of  sampling  points 
on  each  antenna,  N  =  2M  -r  1.  Because  the  antenna  lengths  maybe  different,  the  sample 
spacings  will  also  be  different.  On  the  ^^th  antenna  we  have, 

-M  <m<M  (22.6.7) 
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and  used  the  even  symmetry  in  z.  The  vectors  Cp  and  Sp  depend  on  p  through  the  sample 
spacing  in  Zn  =  nAp,  -M  <  n  <  M. 

The  system  (22.6.13)  provides  K  coupled  matrix  equations  by  which  to  determine  the 
K  sampled  current  vectors  hJz,  -  ■■  ,Ik  on  each  antenna.  The  N  xN  matrices  Zpq  are  not 
Toeplitz,  unless  the  antennas  are  identical,  in  which  case  Ap  =  Aq  and  the  Zpq  (n,  m) 
depends  only  on  the  difference  n-m.  Of  course,  for  p  =  q,  Zpp  is  both  symmetric  and 
Toeplitz. 

However,  while  not  Toeplitz,  the  matrix  Zpq  is  reversal-invariant  because  of  the 
property  Zpq{n,m)=  Zpqi-n,  -m) ,  which  follows  from  Eq.  (22.6.9).  Therefore,  the 
matrix  system  (22.6.13)  can  be  wrapped  in  half  by  the  procedure  discussed  in  Sec.  21.9, 
which  replaced  the  matrix  equation  (21.9.6)  by  (21.9.7). 

Here,  each  NxN  matrix  Zpq  is  wrapped  to  size  (M  +  l)x(M  +  1)  by  the  same 
process.  The  resulting  system  looks  identical  to  (22.6.13),  except  the  currents  and  right- 
hand  sides  are  essentially  half  those  of  (22.6.14); 


(22.6.15) 


In  particular,  if  all  antennas  are  identical,  then  the  wrapping  process  can  be  made 
even  more  efficient  using  the  Toeplitz-Hankel  properties  of  the  wrapped  matrices,  as 
discussed  in  Example  21.9.1.  In  any  case,  we  will  assume  in  the  sequel  that  the  system 
(22.6.13)  has  been  wrapped  in  half. 

If  the  constants  Cp  were  known,  the  solution  of  the  system  (22.6.13)  could  be  ob¬ 
tained  by  writing  it  as  a  single  block-matrix  linear  system  of  the  form: 

ZI=Cc  +  Vsj  (22.6.16) 

where  Z  is  the  KxK  block  matrix  whose  pqfh  matrix  element  is  the  (M  -r  1)  x  (M  -r  1) 
matrix  Zpq,  and  C,  V  are  appropriate  block-diagonal  matrices.  The  vectors  /,  c,  s  are  the 
concatenations  of  Ip,  Cp,  Sp.  Eor  example,  in  the  case  K  =  3,  the  system  (22.6.13)  reads: 

Ziih  Zi2h  +  213/3  =  CiQi  +  ViSi 

221/1  +  222/2  +  223/3  =  C2O2  V2S2 
231/1  -r  232/2  +  233/3  =  C3C3  -r  V3S3 

This  can  be  written  in  the  3x3  block-matrix  form: 

r  2ii  2i2  2i3  1  r  /i  1  r  Cl/  o  o  i  r  ci  i  Wii  o  o  i  r  si  i 


■  IciO)  ' 

coskzo 

sin  kzo 

Iciil) 

.  Cp  = 

coskzi 

)  Sp  — 

sinkzi 

JciM)  _ 

cos  kZM 

sin  kzM 

2ii  2i2 

221  222 
231  232 


Cl/ 

0 

0 


where  /  is  the  (M  -r  1 )  x  (M  -r  1 )  identity  matrix. 

Next,  we  discuss  the  determination  of  the  constants  Cp.  The  condition  Ip{M)=  0 
can  be  written  vectorially  in  the  form  vJlp  =  0,  where  u  =  [0, . . . ,  0, 1]  as  was  done  in 
Sec.  21.9.  Separating  the  pfh  term  of  the  pth  equation  in  (22.6.13),  we  have: 


(22.6.17) 
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Solving  for  Ip  and  multiplying  by  u^,  we  obtain  the  condition: 

U^Ip  =  CpU^Zplcp  +  Vp\CZ~lsp  -  ^  U^Zp^Zpqlq  =  0 

Q+P 

Dehning  the  quantity  Up  =  ZppU,  we  solve  this  condition  for  Cp\ 


with  solution: 


h 

r  Visi  ■ 

h 

_  ,  V2S2 

/  = 

=  2“Vs  =  2“i 

Ik 

[  VkSk 

(22.6.24) 


The  MATLAB  function  hcoupled  implements  the  above  solution  procedure.  Eirst,  it 
constructs  the  impedance  matrices  Zpq  by  calculating  the  integrals  in  Eq.  (22.6.9)  using  a 
32-point  Gauss-Legendre  quadrature  integration  formula.  Second,  it  wraps  the  matrices 
Zpq  in  half  and  puts  them  together  into  the  block-matrix  Z.  And  third,  it  constructs  the 
projected  matrix  Z  and  the  solution  (22.6.24).  Its  usage  is: 
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[I,z]  =  hcoupl  ed  (L  ,  a ,  d  ,  V,  M  ,  ker  ,  basi  s)  ;  %  solve  Hallen  equations  for  coupled  dipoles 

where  L,  a,  d  are  the  vectors  of  antenna  lengths,  radii,  and  xy-locations,  and  V  is  the 
vector  of  the  driving  voltages  V  =  [Vi,V2,  ■  ■  ■ ,  Vk]  ■  The  parameters  L,  a,  d  have  the 
same  usage  as  in  the  functions  yagi  and  gai  n2s.  The  string  input  ker  takes  the  val¬ 
ues  ’  e  ’  ,  ’  a  ’  for  using  the  exact  or  the  approximate  kernel  in  the  computation  of  the 
diagonal  elements  of  the  impedance  matrix.  The  basi  s  parameter  can  take  only  the  two 
values  ’  p  ’  ,  ’  t  ’  for  pulse  or  triangular  basis. 

The  output  /  is  the  (2M  -r  1)  xK  matrix  whose  pth  column  is  the  double-sided  vector 
of  current  samples  Ip{Zm),  Zm  =  -M  <  m  <  M.  Thus,  the  matrix  elements  of 

/  are  7(m,p)=  Ip{Zm)-  Similarly,  the  pth  column  of  the  output  matrix  z  holds  the 
sampled  z-locations  on  the  pth  antenna,  that  is,  z(m,  p)  =  mAp. 

The  output  matrix  / is  obtained  by  using  the  MATLAB  function  reshape  to  reshape 
the  {K{M  -dimensional  column  vector  solution  (22.6.24)  into  a  matrix  of  size  (M  -r 
1)  xK,  and  then,  symmetrizing  it  to  size  (2M  -r  1)  xK. 

A  faster  version  of  hcoupl  ed  is  the  function  hcoupl  ed2,  which  assumes  that  the 
antennas  are  identical.  It  is  faster  because  it  makes  use  of  the  Toeplitz-Hankel  structure 
of  the  wrapped  matrices  Zpq  to  construct  them  more  efficiently.  Its  usage  is; 

[I,z]  =  hcoupl  ed2  (L  ,  a ,  d  ,  V,  M  ,  ker  ,  basi  s)  )  ;  %  Hallen  equations  for  coupled  identical  dipoles 

where  /has  the  same  meaning  as  in  hcoupl  ed,  but  z  is  now  a  single  column  vector,  that 
is,  Zm  =  y^A,  -M  <  m  <  M.  In  both  hcoupl  ed2  and  hcoupl  ed,  the  hnal  solution  is 
obtained  by  solving  the  system  (22.6.23),  which  is  {KiM  +  l))x{KiM+l))  -dimensional. 

In  order  to  conveniently  manipulate  the  block  impedance  matrices,  we  developed  a 
MATLAB  function,  blockmat,  which  is  used  extensively  inside  hcoupl  ed2  and  hcoupl  ed. 
It  allows  one  to  create  block  matrices  and  to  extract  or  insert  sub-blocks.  Its  usage  is  as 
follows: 

Z  =  bl  OCkmat  (K ,  K ,  M+1 ,  M+1)  ;  %  create  a  (X(M  +  l))x(X(M  +  l))  matrix  of  zeros 

Zpq  =  bl  OCkmat  (K ,  K ,  p  ,  q  ,  Z)  ;  %  extract  p^^th  submatrix  of  Z 

Z  =  blockmat(K,  K,  p,q  ,Z,Zpq)  ;  %  insert  Zp^^  into  p^^th  submatrix  of  Z 

S  =  bl  OCkmat  (K ,  1 ,  M+1 , 1)  ;  %  create  a  (X(M+ l))-dimensional  column  of  zeros 

Sp  =  bl  OCkmat  (K ,  1 ,  p  ,  1 ,  s)  ;  %  extract  tbe  ptb  subvector  of  s 

S  =  blockmat(K,  1,  P,  1,  S  ,  sp)  ;  %  insert  Sp  into  ptb  subvector  of  s 

Once  the  sampled  currents  Ip(m)  are  known,  the  gain  of  the  array  can  be  computed 
by  hnding  the  total  current  density,  J(r)  =  zJz  (r)  : 


Jz('c)=  '^Ip(z)5(x-Xp)S(y -yp)=  ^  Ip{m)Bp{z  -  Zm)5{x  -  Xp)5{y  -  yp) 

p=l  p=l  m  =  -M 

where  we  used  Eq.  (22.6.8).  The  corresponding  radiation  vector  is; 

r  M  K 

Fz{6,(l>)  =  \  =  X  X  Bp{z  -  Zm)^^^^  dz 

m  =  -Mp=l 

^  ^  .  .  .  C^p 

=  X  X  Bp{z)ej^^^dz 

_ _ J-h„ 


A 


934 


22.  Coupled  Antennas 


Performing  the  z-integration,  we  hnally  get: 

M  K  r  '  (k  A 

Fz{e,(t>)=  X  V  A  /  (22.6.25) 

m  =  -Mp=l  L  l^zAp/2  J 

where  kx  =  k  sin  0  cos  <p,  ky  =  k  sin  0  sin  <p,  and  kz  =  k  cos  0,  and  h  =  1  for  the  pulse 
basis  and  h  =  2  for  the  triangular  one.  The  corresponding  normalized  gain  of  the  array 
will  be,  up  to  a  constant: 

g(0,<t))=  \sm0FA0,(f>)\^  (22.6.26) 

The  MATLAB  function  gainZd  computes  the  T-plane  polar  gain  and  the  //-plane 
azimuthal  gain  from  Eqs.  (22.6.25)  and  (22.6.26).  Its  usage  is; 

[ge,gh,th]  =  gain2d(L,d,I,N,phO,basis)  %  gain  of  2D  array  of  antennas  with  Hallen  currents 

[ge,gh,th]  =  gain2d(L,d,I,N,phO)  %  equivalent  to  basis=’p’ (pulse  basis) 

[ge,gh,th]  =  gain2d(L,d,I,N,basis)  %  equivalent  to  pbo=o 

[ge,gh,th]  =  gain2d(L,d,I,N)  %  equivalent  to  pb0=0,  basis=’p’ 

where  the  current  input  /  is  exactly  the  same  as  the  output  matrix  from  hcoupl  ed 
or  hcoupl  ed2.  The  meaning  of  the  outputs  are  exactly  the  same  as  in  the  function 
gai  n2s  discussed  in  Sec.  22.4.  The  string  basi  s  takes  the  values  ’  p  ’  or  ’  t  ’ ,  for  pulse 
or  triangular  basis. 

The  difference  between  gai  n2s  and  gai  n2d  is  that  the  former  assumes  the  currents 
are  sinusoidal  and  /  represents  only  the  input  currents,  /  =  [hJz,  ■  ■  ■  Jk]-  whereas  in 
the  latter,  the  full  (2M  -r  1)  xK  current  matrix  is  needed,  /  =  [Ii,l2,  ■  ■  ■  ,Ik]- 

Example  22.6. 1 :  Hallen  solution  of  parasitic  array.  Consider  the  three-element  array  of  Example 
22.4.1  and  shown  in  Fig.  22.4.2.  The  Hallen  currents  on  each  antenna  can  be  computed 
by  using  hcoupl  ed2  because  the  elements  are  identical.  Fig.  22.6.1  shows  the  computed 
sampled  currents  with  N  =  2M  +  1  =  81  or  M  =  40. 


Current  on  driven  element  Current  on  parasitic  elements 


Fig.  22.6.1  Currents  on  driven  and  parasitic  antennas. 

Because  of  the  symmetry,  the  currents  on  the  two  parasitic  antennas  are  the  same.  For  all 
three  antennas,  the  currents  are  essentially  sinusoidal,  justifying  the  use  of  this  assump¬ 
tion.  The  gains  computed  with  gai  n2d,  and  under  the  sinusoidal  assumption  with  gai  n2s, 


\I^{z)  \  mA 
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were  shown  in  Fig.  22.4.3.  The  MATLAB  code  used  to  generate  the  currents  and  the  gains 
was  given  in  Example  22.4.1.  □ 

Example  22.6.2:  Full-wavelength  parasitic  array.  If  one  or  more  of  the  antennas  has  length 
equal  to  a  multiple  of  A,  the  analysis  methods  based  on  the  sinusoidal  assumption  break 
down  because  the  impedance  matrix  computed  with  Eq.  (22.3.15)  becomes  infinite. 

On  the  other  hand,  the  numerical  solution  of  the  Hallen  system  can  still  be  carried  through 
giving  a  finite  answer.  Eig.  22.6.2  shows  the  gains  and  currents  of  the  parasitic  array  of 
Example  22.4.1,  but  all  the  antennas  being  full-wavelength  elements,  /  =  A.  The  distance  of 
the  parasitic  antennas  to  the  driven  element  was  also  changed  tod  =  0.25A  from  d  =  0.5A. 


Azimuthal  gain  Polar  gain 


Fig.  22.6.2  Gains  and  currents  of  full-wavelength  parasitic  array. 

The  sinusoidal  assumption  for  the  driven  element  is  fairly  accurate  except  near  z  =  0, 
where  the  current  has  an  non-zero  value.  But  on  the  parasitic  element,  the  sinusoidal 
assumption  is  completely  wrong.  □ 

Example  22.6.3:  Three-element  Yagi-Uda  array.  Here,  we  compute  the  currents  on  the  three 
antennas  of  the  Yagi-Uda  array  of  Example  22.5.2.  Because  the  antennas  are  not  identical, 
the  function  hcoupl  ed  must  be  used.  The  gains  were  computed  with  gai  n2s  and  gai  n2d 
in  Example  22.5.2.  and  shown  in  Eig.  22.5.4.  The  sampled  currents  on  the  three  antennas 
are  shown  in  Eig.  22.6.3. 


1/1(2)  I  mA 
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22.2  Using  the  higher-order  terms  in  the  series  (22.2.23),  show  that  the  input  impedance  Zin  = 
R  +  jX  of  a  small  dipole  is  given  as  follows  to  order  where  L  =  ln{2a/l)\ 


■4(1+L) 


UN  1 

3  V  3/  180  V  30/  J 


22.3  Consider  a  small  dipole  with  a  linear  current  given  by  Eq.  (22.2.25).  Determine  the  radiation 
vector,  and  the  radiated  electric  and  magnetic  fields  at  a  far  distance  r  from  the  dipole.  Cal¬ 
culate  the  radiated  power  Prad  by  integrating  the  radial  Poynting  vector  over  a  large  sphere. 
Then  identify  the  radiation  resistance  R  through  the  definition: 

i’rad= 


and  show  R  is  the  same  as  that  given  by  Eq.  (22.2.24) 
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Appendices 


A.  Physical  Constants 

We  use  SI  units  throughout  this  text.  Simple  ways  to  convert  between  SI  and  other 
popular  units,  such  as  Gaussian,  may  be  found  in  Refs.  [100-103]. 

The  Committee  on  Data  for  Science  and  Technology  (CODATA)  of  NIST  maintains 
the  values  of  many  physical  constants  [89].  The  most  current  values  can  be  obtained 
from  the  CODATA  web  site  [1299].  Some  commonly  used  constants  are  listed  below: 


quantity 

symbol 

value 

units 

speed  of  light  in  vacuum 

Co,C 

299  792  458 

ms“^ 

permittivity  of  vacuum 

eo 

8.8S4  187817  X  10“12 

E  m“^ 

permeability  of  vacuum 

A/0 

477  X  10“^ 

Hm-i 

characteristic  impedance 

no,Zo 

376.730313461 

Q 

electron  charge 

e 

1.602  176462  x  IQ-^^ 

C 

electron  mass 

rUe 

9.109  381  887  X  IQ-^i 

kg 

Boltzmann  constant 

k 

1.380  6S0  324  X  10“23 

JK-i 

Avogadro  constant 

Na,L 

6.022  141994  X  lO^^ 

mol  ^ 

Planck  constant 

h 

6.626  068  76  x  lO-^^ 

J/Hz 

Gravitational  constant 

G 

6.672  59  X  10-“ 

m^  kg“^s“^ 

Earth  mass 

Me 

5.972  X  1024 

kg 

Earth  equatorial  radius 

Cle 

6378 

km 

In  the  table,  the  constants  c,  po  are  taken  to  be  exact,  whereas  Gq,  r/o  are  derived 
from  the  relationships: 


eo  = 


1 


/7o 


The  energy  unit  of  electron  volt  (eV)  is  dehned  to  be  the  work  done  by  an  electron 
in  moving  across  a  voltage  of  one  volt,  that  is,  1  eV  =  1.602  176  462  x  10“^^  C  ■  1  V,  or 


1  eV  =  1.602  176  462  x  10“i®  J 
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In  units  of  eV/Hz,  Planck’s  constant  h  is: 

=  4.13S  667  27  X  10“'^  eV/Hz  =  1  eV/241.8  THz 
that  is,  1  eV  corresponds  to  a  frequency  of  241.8  THz,  or  a  wavelength  of  1.24  pm. 

B.  Electromagnetic  Frequency  Bands 

The  ITU^  divides  the  radio  frequency  (RF)  spectrum  into  the  following  frequency  and 
wavelength  bands  in  the  range  from  30  Hz  to  3000  GHz: 


RF  Spectrum 

band  designations  frequency 

wavelength 

ELF 

Extremely  Low  Frequency 

30-300  Hz 

1-10 

Mm 

VF 

Voice  Frequency 

300-3000  Hz 

100-1000  km 

VLF 

Very  Low  Frequency 

3-30  kHz 

10-100 

km 

LF 

Low  Frequency 

30-300  kHz 

1-10 

km 

MF 

Medium  Frequency 

300-3000  kHz 

100-1000  m 

HF 

High  Frequency 

3-30  MHz 

10-100 

m 

VHF 

Very  High  Frequency 

30-300  MHz 

1-10 

m 

UHF 

Ultra  High  Frequency 

300-3000  MHz 

10-100 

cm 

SHF 

Super  High  Frequency 

3-30  GHz 

1-10 

cm 

EHF 

Extremely  High  Frequency 

30-300  GHz 

1-10 

mm 

Submillimeter 

300-3000  GHz 

100-1000  pm 

An  alternative  subdivision  of  the  low-frequency 
bands  is  to  designate  the  bands  3-30  Hz,  30-300  Hz, 
and  300-3000  Hz  as  extremely  low  frequency  (ELF), 
super  low  frequency  (SEE),  and  ultra  low  frequency 
(ULF),  respectively. 

Microwaves  span  the  300  MHz- 3 00  GHz  fre¬ 
quency  range.  Typical  microwave  and  satellite  com¬ 
munication  systems  and  radar  use  the  1-30  GHz 
band.  The  30-300  GHz  EHF  band  is  also  referred  to 
as  the  millimeter  band. 

The  1-100  GHz  range  is  subdivided  further  into 
the  subbands  shown  on  the  right. 

Some  typical  RF  applications  are  as  follows.  AM  radio  is  broadcast  at  535-1700 
kHz  falling  within  the  ME  band.  The  HE  band  is  used  in  short-wave  radio,  navigation, 
amateur,  and  CB  bands.  EM  radio  at  88-108  MHz,  ordinary  TV,  police,  walkie-talkies, 
and  remote  control  occupy  the  VHF  band. 

Cell  phones,  personal  communication  systems  (PCS),  pagers,  cordless  phones,  global 
positioning  systems  (GPS),  RF  identihcation  systems  (RFID),  UHF-TV  channels,  microwave 
ovens,  and  long-range  surveillance  radar  fall  within  the  UHF  band. 

international  Telecommunication  Union. 
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The  SHF  microwave  band  is  used  in  radar  (traffic  control,  surveillance,  tracking,  mis¬ 
sile  guidance,  mapping,  weather),  satellite  communications,  direct-broadcast  satellite 
(DBS),  and  microwave  relay  systems.  Multipoint  multichannel  (MMDS)  and  local  multi¬ 
point  (LMDS)  distribution  services,  fall  within  UHF  and  SHF  at  2.5  GHz  and  30  GHz. 

Industrial,  scientihc,  and  medical  (ISM)  bands  are  within  the  UHF  and  low  SHF,  at  900 
MHz,  2.4  GHz,  and  5.8  GHz.  Radio  astronomy  occupies  several  bands,  from  UHF  to  L-W 
microwave  bands. 

Beyond  RF,  come  the  infrared  (IR),  visible,  ultraviolet  (UV),  X-ray,  and  y-ray  bands. 
The  IR  range  extends  over  3-300  THz,  or  1-100  pm.  Many  IR  applications  fall  in  the 
1-20  pm  band.  For  example,  optical  hber  communications  typically  use  laser  light  at 
1.55  pm  or  193  THz  because  of  the  low  hber  losses  at  that  frequency.  The  UV  range  lies 
beyond  the  visible  band,  extending  typically  over  10-400  nm. 


band 

wavelength 

frequency 

energy 

infrared 

100-1  pm 

3-300  THz 

ultraviolet 

400-10  nm 

750  THz-30  PHz 

X-Ray 

10  nm-100  pm 

30  PHz-3  EHz 

0.124-124  keV 

y-ray 

<  100  pm 

>  3  EHz 

>  124  keV 

The  CIE^  dehnes  the  visible  spectrum  to  be  the  wavelength  range  380-780  nm,  or 
385-789  THz.  Colors  fall  within  the  following  typical  wavelength/frequency  ranges: 


Visible  Spectrum 

color 

wavelength 

frequency 

red 

780-620  nm 

385-484  THz 

orange 

620-600  nm 

484-500  THz 

yellow 

600-580  nm 

500-517  THz 

green 

580-490  nm 

517-612  THz 

blue 

490-450  nm 

612-667  THz 

violet 

450-380  nm 

667-789  THz 

X-ray  frequencies  fall  in  the  PHz  (petahertz)  range  and  y-ray  frequencies  in  the  EHz 
(exahertz)  range.'!'  X-rays  and  y-rays  are  best  described  in  terms  of  their  energy,  which  is 
related  to  frequency  through  Planck’s  relationship,  E  =  hf.  X-rays  have  typical  energies 
of  the  order  of  keV,  and  y-rays,  of  the  order  of  MeV  and  beyond.  By  comparison,  photons 
in  the  visible  spectrum  have  energies  of  a  couple  of  eV. 

The  earth’s  atmosphere  is  mostly  opaque  to  electromagnetic  radiation,  except  for 
three  signihcant  “windows”,  the  visible,  the  infrared,  and  the  radio  windows.  These 
three  bands  span  the  wavelength  ranges  of  380-780  nm,  1-12  pm,  and  5  mm-20  m, 
respectively. 

Within  the  1-10  pm  infrared  band  there  are  some  narrow  transparent  windows.  For 
the  rest  of  the  IR  range  (1-1000  pm),  water  and  carbon  dioxide  molecules  absorb  infrared 
radiation— this  is  responsible  for  the  Greenhouse  effect.  There  are  also  some  minor 
transparent  windows  for  17-40  and  330-370  pm. 

Commission  Internationale  de  I’Eclairage  (International  Commission  on  Illumination.) 

C  THz  =  10^2  Hz,  1  PHz  =  10^^  Hz,  1  EHz  =  10^^  Hz. 


Microwave  Bands 

band  frequency 

L 

1-2 

GHz 

S 

2-4 

GHz 

C 

4-8 

GHz 

X 

8-12 

GHz 

Ku 

12-18 

GHz 

K 

18-27 

GHz 

Ka 

27-40 

GHz 

V 

40-75 

GHz 

w 

80-100  GHz 
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Beyond  the  visible  band,  ultraviolet  and  X-ray  radiation  are  absorbed  by  ozone  and 
molecular  oxygen  (except  for  the  ozone  holes.) 


C-  Vector  Identities  and  Integral  Theorems 
Algebraic  Identities 

|A|2|E|2  =  \A- B\^  +  \AXB\^ 

iAxB)-C=  {BXC)-A=  {CXA)-B 
Ax  (BXC)  =  B{A-  C)-C{A-  B)  ( 

(A  X  B)  ■  (CX  D)  =  (A  ■  C)  (B  ■  D)  -  (A  ■  D)  {B  ■  C) 
(AXB)X(CXD)  =  [(AXB)-D]C-  [(AxB)-C]D 
A  =  n  X  (A  X  n)  +  (n  ■  A)n  =  A^  +  All 


where  n  is  any  unit  vector,  and  A^,  Ay  are  the  components  of  A  perpendicular  and 
parallel  to  n.  Note  also  that  h  x  (A  x  h)  =  (h  x  A)  xh.  A  three-dimensional  vector  can 
equally  well  be  represented  as  a  column  vector: 


(C.l) 

(C.2) 

(BAC-CAB  rule)  (C.3) 


a  =  rZxX  -r  rzyy  -r  rZzZ  a=  ay 

bz 


Consequently,  the  dot  and  cross  products  may  be  represented  in  matrix  form: 

r  b^~ 

d  ■  b  a  b  —  [r?X)  ay,  azJ  by  =  axbx  ayby  azbz 

bz 


0 

az 

ay 

'bV 

aybz 

>s 

N 

1 

az 

0 

—ax 

by 

= 

azbx 

N 

1 

rZy 

ax 

0 

bz 

axby 

aybx  J 

ax  b  Ab  —  az  0  ax  by  —  azbx  axbz 

rZy  rZx  0  bz  axby  aybx 

The  cross-product  matrix  A  satishes  the  following  identity: 

A^  =  aa^  -  ia^a)I  (< 

where  I  is  the  3x3  identity  matrix.  Applied  to  a  unit  vector  h,  this  identity  reads: 


/  =  hh^  -  ,  where  h  = 


"  bx  " 

0 

hz 

hy 

hy 

,  N  = 

flz 

0 

-hx 

_  flz 

-hy 

hx 

0 

h'h=l  (C.ll) 


This  corresponds  to  the  matrix  form  of  the  parallel/transverse  decomposition  (C.6). 
Indeed,  we  have  a\\  =  hih^a)  and  =  (h  x  a)  xh  =  -h  x  (nx  a)  =  -N (Na)  =  -N'^a. 
Therefore,  a  =  Ia=  (mV  -  N'^)a  =  a\\  +  a^. 
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Differential  Identities 

Vx(V(//)=0  (C.12) 

V  ■  (V  X  A)  =  0  (C.13) 

V  ■  ((//A)  =  A  ■  V(//  -r  (//V  ■  A  (C.14) 

V  X  ((//A)  =  (//V  X  A  +  Vip  X  A  (C.15) 

W{A-  B)  =  (A  -  V)B-r  (B-  V)A-r  Ax  (V  xB)-\-Bx  (V  X  A)  (C.16) 

V  ■  (A  X  B)  =  B  ■  (V  X  A)  -A  ■  (V  X  B)  (C.17) 

V  X  (Ax  B)  =  A(V  ■  B)-B(V  ■  A)-r(B-  V)A-  (A  ■  V)B  (C.18) 

V  X  (V  X  A)  =  V  (V  ■  A)  -  V^A  (C.19) 


AxVBx  AyVBy  -r  AzVBz  =  (A  ■  V)B  -r  A  x  (V  x  B) 
BxVAx  ByVAy  -r  BzVAz  =  (B  ■  V) A  -r  B  x  (V  x  A) 


(h  X  V)  xA  =  h  X  (V  X  A)  -r  (h  ■  V)A  -  h(V  -  A) 


(//(h-V)B-B(h-V(//)  =  [(h-V)  ((//B)-rh  X  (V  X  iipE))  -  hV  ■  (ipE)] 

(C.23 

-r  [h(//  V  ■  E-  (h  X  B)  xV(//  -  (//h  X  (V  x  E)  -  (n  •  E)  V ip] 

With  r  =  XX  +  yy  +  zz,  r  =  |r|  =  +  z^,  and  the  unit  vector  f  =  r/r,  we  have: 


Vr  =  f,  Vr2  =  2r,  vt  =  -T_  V-r  =  3,  Vxr  =  0,  V-f=-  (C.24) 

r  r 

Integral  Theorems  for  Closed  Surfaces 

The  theorems  involve  a  volume  V  surrounded  by  a  closed  surface  S.  The  divergence  or 
Gauss’  theorem  is: 

V  •  A dV  =  ()  A  -  n  dS  (Gauss’  divergence  theorem)  (C.2 5) 

Jv _ _ 

where  h  is  the  outward  normal  to  the  surface.  Green’s  hrst  and  second  identities  are: 

\  [qpS/^ Ljj  +  V q?  ■  V ip]  dV  =  I  dS  (C.26) 

Jv  Js  on 

J^[(pVV  -  dV  =  £  (9^^  -  (C.27) 


C.  Vector  Identities  and  Integral  Theorems 
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where  —  =  h  ■  V  is  the  directional  derivative  along  h.  Some  related  theorems  are: 
on 


=  £h- V(//d5  =  £1^^^ 

J  Vip dV  =  ^  qjhdS 


V^AdV  =  ()  (h  ■  V)AdS  =0  —  dS 
V  on 


0  (h  X  V)xAdS  =  0  [h  X  (V  X  A)  +  (h  ■  V)A  -  h(V  ■  A)]  dS  =  0  (C.31) 


V  X  AdV  =  0  h  X  AdS 

V  Js 


Using  Eqs.  (C.23)  and  (C.31),  we  hnd: 


■  /  dE  ^dLlJ\ 

's  V  dn  ^  dn)‘^^  ~ 


0  [h(// V  ■  E-  (h  X  £)  xV(//  -  (//h  X  (V  X  E)  -  {n  ■  E)  V Llj]  dS 
Js 


The  vectorial  forms  of  Green’s  identities  are  [1116,1113]: 


(V  X  A  ■  V  X  E  -  A  ■  V  X  V  X  E)  dV  =  0  h  ■  iAxVxB)dS 

V  Js 


{B-VxVxA-A-VxVxB)dV=o  h  -  {AxVxB-BxVxA)dS  (C.35) 


Integral  Theorems  for  Open  Surfaces 

Stokes’  theorem  involves  an  open  surface  S  and  its  boundary  contour  C: 


n  •  V  X  AdS  =  (^  A  ■  dl  (Stokes’  theorem) 

Js _ Jc _ 

where  d\  is  the  tangential  path  length  around  C.  Some  related  theorems  are: 

J  [(//h  ■  V  X  A  -  (h  X  A)  ■  V(//]  t/S”  =  ^  LlJA-d\ 

J  [{V  Ljj)  h  ■  V  X  A-  {{nx  A)  ■V)VlIj]  dS  =  ^  (V(//)A-dl 

J  nxS/LiJdS  =  ^  (E  d\ 
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J  (hxV)xAd5’  =  J  [h  X  (V  X  A)  +  (h  ■  V)  A  -  h(V  ■  A)  ]  dS”  =  ^  dl  X  A  (C.40) 


J  hdS  =  2  J 

Eq.  (C.41)  is  a  special  case  of  (C.40).  Using  Eqs.  (C.23)  and  (C.40)  we  hnd: 


f  BE 

^  X - ^  — 

V  on  on 


j  dS*  +  0  LlJExd\  = 


=  J  [h (//  V  ■  E-  (h  X  £)  X V (//  -  (//  h  X  (V  X  E)  -  (h  ■  E)  V ip]  dS 

D.  Green's  Functions 

The  Green’s  functions  for  the  Laplace,  Helmholtz,  and  one-dimensional  Helmholtz  equa¬ 
tions  are  listed  below: 


V^0(r)= -5*^*  (r)  => 

g(r)= 

4Trr 

(D.l) 

+fe2)G(r)=  -<5<^>(r) 

p-jkr 

=>  G(r)=- - 

4Trr 

(D.2) 

{dl  + 0^)g(z)= -5(z)  ^ 

p-J^\z\ 

2Jf 

(D.3) 

where  r  =  |r|.  Eqs.  (D.2)  and  (D.3)  are  appropriate  for  describing  outgoing  waves.  We 
considered  other  versions  of  (D.3)  in  Sec.  21.3.  A  more  general  identity  satished  by  the 
Green’s  function  ^(r)  of  Eq.  (D.l)  is  as  follows  (for  a  proof,  see  Refs.  [111,112]): 

Sidjg (r)  =  -^5ij  (r)  +  ~  g (r)  ij  =  1,2,3  (D.4) 

where  0/  =  d/dxi  and  X/  stands  for  any  of  x,y,  z.  By  summing  the  ij  indices,  Eq.  (D.4) 
reduces  to  (D.l).  Using  this  identity,  we  hnd  for  the  Green’s  function  G  (r)  =  lAitr : 


didjGG)=--dijd^^Hr)+  \  0'^  +  -) 


1  3XiXj  -  r^5ij  2  XiXj 


G(r)  (D.S) 


This  reduces  to  Eq.  (D.2)  upon  summing  the  indices.  Eor  any  hxed  vector  p,  Eq.  (D.S) 
is  equivalent  to  the  vectorial  identity: 


Vx  Vx  [pG(r)]  =  -pd^3^(r) 


1^  3f(f  ■  p)-p  2- 


(pxf) 


G(r)  (D.6) 


The  second  term  on  the  right  is  simply  the  left-hand  side  evaluated  at  points  away 
from  the  origin,  thus,  we  may  write: 


V  X  V  X  [pG(r)]  =  -pd^3^(r)  -r  |^V  x  V  x  [pG(r)] 


D.  Green’s  Functions 
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Then,  Eq.  (D.7)  implies  the  following  integrated  identity,  where  V  is  with  respect  to  r : 

VxVxf  P{r')G{r -r)  dV' =  -  P{r) \  V  x  V  x  [P(r')G(r-r')]  dV'  (D. 8) 
Jv  3  Jvl  Jr'^r 

and  r  is  assumed  to  lie  within  V.  If  r  is  outside  V,  then  the  term  2P(r)  /3  is  absent. 

Technically,  the  integrals  in  (D.8)  are  principal-value  integrals,  that  is,  the  limits  as 
(5  ^  0  of  the  integrals  over  V-Vs  (r) ,  where  Vs  (r)  is  an  excluded  small  sphere  of  radius 
5  centered  about  r.  The  2P(r)  /3  term  has  a  different  form  if  the  excluded  volume  Vs  (r) 
has  shape  other  than  a  sphere  or  a  cube.  See  Refs.  [1153,460,472,598]  and  [106-110] 
for  the  dehnitions  and  properties  of  such  principal  value  integrals. 

Another  useful  result  is  the  so-called  Weyl  representation  or  plane-wave-spectrum 
representation  [22,26,1153,27,515]  of  the  outgoing  Helmholtz  Green’s  function  G(r): 

(D.9) 

where  kl  =  with  =  ^jkl  ky.  In  order  to  correspond  to  either  outgoing 

waves  or  decaying  evanescent  waves,  kz  must  be  dehned  more  precisely  as  follows: 

7  _I  -  kl ,  if  kj_<k,  (propagating  modes) 

Kz  —  ^  “  VtJ.iU; 

[  -j^ki-k^,  if  kj_>k,  (evanescent  modes) 

The  propagating  modes  are  important  in  radiation  problems  and  conventional  imag¬ 
ing  systems,  such  as  Fourier  optics  [1156].  The  evanescent  modes  are  important  in  the 
new  subject  of  near-field  optics,  in  which  objects  can  be  probed  and  imaged  at  nanometer 
scales  improving  the  resolution  of  optical  microscopy  by  factors  of  ten.  Some  near-held 
optics  references  are  [494-514]. 

To  prove  (D.9),  we  consider  the  two-dimensional  spatial  Fourier  transform  of  G  (r) 
and  its  inverse.  Indicating  explicitly  the  dependence  on  the  coordinates  x,y,  z,  we  have: 


,  .  p-jkzizl 

g{kx,ky,z)  =  =  — — — 

J  —  00  J  —  00  Kz 

G{x,y,z)  =  [  [  g{kx,ky,z)e~j^'^’‘’‘'^'^yy'> 

J—ooJ—oo  i^TT)^ 

Writing  (r)  =  d  (x)  d  (y)  d  (z)  and  using  the  inverse  Fourier  transform: 
6(x)d(y)=  r  [” 

J—ooJ—oo  {ZTT}^ 


(D.ll) 


we  hnd  from  Eq.  (D.2)  that  gikx,ky,z)  must  satisfy  the  one-dimensional  Helmholtz 
Green’s  function  equation  (D.3),  with  kl  =  k^  -  k^  -  ky  =  k^  -  k]^,  that  is. 


{dl  +  kl)g(kx,ky,z)= -5(z)  (D.12) 

whose  outgoing/evanescent  solutionis  g{kx,ky,z)=  /2jfez. 

A  more  direct  proof  of  (D.9)  is  to  use  cylindrical  coordinates,  kx  =  cos  ip,  ky  = 
kj^  sin  Lp,x  =  p  cos  <p,y  =  p  sin  (p,  where  kl  =  kl-\-  k^  and  =  x^  -r  y^.  It  follows  that 
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kxX  -r  kyy  =  kj^pcosi<p  -  Lp).  Setting  dxdy  =  pdpdcp  =  rdrdcp,  the  latter  following 
from  r^  =  p^  -\-  z^,  we  obtain  from  Eq.  (D.ll)  after  replacing  p  =  -  z^\ 

g{kx,ky,z)  =  JJ  dx dy  =  JJ  r dr d(p 

=  i  f  dre~^^^  [  eJk±p  cos  (cl) -Lp)  =  i  r  dr  Jo{kj_s/r^  -  z^) 

2  J  |z|  Jo  27T  2  j  |z| 

where  we  used  the  integral  representation  (17.9.2)  of  the  Bessel  function  Jo  (x) .  hooking 
up  the  last  integral  in  the  table  of  integrals  [1268],  we  hnd: 

1  / -  p-jkz\z\ 

g(kx,ky,z)=  -  \  dre  Jo{kj_^/r^  -  zO  =  ^rr, —  (D.13) 


where  kz  must  be  dehned  exactly  as  in  Eq.  (D.IO).  A  direct  consequence  of  Eq.  (D.ll) 
and  the  even-ness  of  G  (r)  in  r  and  of  g  (kx,  ky,z)  in  kx,  ky,  is  the  following  result: 

TOO  ^00  p-jkz\z-z'  \ 

g-j(k.x'+A:z/)G(r-rOdx'dy' -  (D.14) 

J  —  00  J  —  00  Kz 

One  can  also  show  the  integral: 


,  p-jkz\z-z'\ 

^ - dz' 


k'z-kl  2kz{k'z-kz)' 


2kz  {kz  +  kz 


for  z  >  0 


for  z  <  0 


The  proof  is  obtained  by  splitting  the  integral  over  the  sub-intervals  [0,  z]  and 
[z,  oo) .  To  handle  the  limits  at  inhnity,  k^  must  be  assumed  to  be  slightly  lossy,  that  is, 
kl  =  pz  -jocz,  with  tXz  >  0.  Eqs.  (D.14)  and  (D.15)  can  be  combined  into: 


e-J^'-^'G{r-r')dV' 

JVy 


k'^-k^  2kz{k'z-kz) 


2kz  {kz  +  kz) 


for  z  >  0 


for  z  <  0 


where  V+  is  the  half-space  z  >  0,  and  k,  k_,  k'  are  wave-vectors  with  the  same  kx,ky 
components,  but  different  kzs: 

k  =  kxX-\-  kyf  kzZ 

k- =  kxX-^  kyf  -  kzZ  (D.17) 

k'  =  kxX-\-  kyY  k'^z 


where  we  note  that  k'^  -  k^  =  {kl  k^  k'^)  -  {kl  k^  kl)  =  k'^  -  kl. 

The  Green’s  function  results  (D.8)-(D.17)  are  used  in  the  discussion  of  the  Ewald- 
Oseen  extinction  theorem  in  Sec.  14.6. 


E.  Coordinate  Systems 
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A  related  Weyl-type  representation  is  obtained  by  differentiating  Eq.  (D.9)  with  re¬ 
spect  to  z.  Assuming  that  z  >  0  and  interchanging  differentiation  and  integration  (and 
multiplying  by  -2),  we  obtain  the  identity: 

z  >  0  (D.18) 

This  just  means  that  the  left-hand  side  is  the  two-dimensional  inverse  Fourier  trans¬ 
form  of  with  kz  given  by  Eq.  (D.IO).  Replacing  r  by  r  -  r',  and  r  by  R  =  |r  -  r'  |, 

and  noting  that  dz'  =  -dz,  we  also  obtain: 

z  >  z'  (D.19) 

This  result  establishes  the  equivalence  between  the  Kirchhoff-Fresnel  diffraction  for¬ 
mula  and  the  plane-wave  spectrum  representation  as  discussed  in  Sec.  17.17.  For  the 
vector  diffraction  case,  we  also  need  the  derivatives  of  G  with  respect  to  the  transverse 
coordinates  x,y.  Differentiating  (D.9)  with  respect  to  x  (or  with  respect  to  y),  we  have: 

z  >  0  (D.20) 


E.  Coordinate  Systems 

The  dehnitions  of  cylindrical  and  spherical  coordinates  were  given  in  Sec.  14.8.  The 
expressions  of  the  gradient,  divergence,  curl,  Laplacian  operators,  and  delta  functions 
are  given  below  in  cartesian,  cylindrical,  and  spherical  coordinates. 
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Cylindrical  Coordinates 


vV  = 


V  X  A  =  p 


dip 

1 

00 

dip 

p 

+  <p- 

dp  p 

Jz 

1 

S  A 

00 

j+  1 

p 

dp  y 

dp 

j 

d<t)2 

1 

d(pAp 

) 

1  dA^ 

^  dA, 

p 

dp 

—  + 

p  d<t> 

dz 

1  dAz  dAd 


dAp  dAz 
dz  dp 


§0)  (j.  _  -  z') 

P 


Spherical  Coordinates 


(E.2d| 

p  \  dp  dcf)  / 


„  .  0(//  a  1  0(p  -  1  0(// 

^  ~d0~^^rsm0  ^ 


dr  J  sin 6  dO 


1  d^Lp 
sin^  6  d<p'^ 


4_  ^  0(r^Ar)  1  0(sin0A0)  1  0A(^ 

dr  ^  rsin0  dO  ^  rsin0  00 

^  1  /0(sin^A(^)  0Ag\  al/  1  dAr  0(rA(^) 

^  ^  r  sin  dO  d<p  )  ^  ry  sin  6  dcp  dr 

,  ^  1  fdirAe)  dAr\ 


(r  -  r')=  ,  ^  5{r  -  r')5{e  -  0')5{4>  -  0')  (E.3e) 

sm  0 

Transformations  Between  Coordinate  Systems 

A  vector  A  can  be  expressed  component-wise  in  the  three  coordinate  systems  as: 

A  =  xAx  yAy  -r  z Az 

=  pAp  +  ^  Acf)  +  zAz  (E.4) 

=  fA^  -l-  0  Aq  -\-  0A(^ 

The  components  in  one  coordinate  system  can  be  expressed  in  terms  of  the  compo¬ 
nents  of  another  by  using  the  following  relationships  between  the  unit  vectors,  which 


F.  Fresnel,  Exponential,  Sine,  and  Cosine  Integrals 
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1  given  in  Eqs 

.  (14.8.1 

)-(14.8.3); 

=  pcos0 
=  psin0 

p  =  ii 

0  = 

[COS  0  +  y  sin0 
-X  sin  0  +  y  cos  0 

X  = 

y  = 

p  cos  0  -  0  sin  0 
p  sin  0  +  0  cos  0 

(E.5) 

=  rsin0 

f  = 

z  cos  0  +  p  sin  0 

z  = 

f  cos  0  -  0  sin  0 

(E.6) 

=  r cos  0 

0  = 

-z  sin  0  +  p  cos  0 

p  = 

f  sin  0  +  0  cos  0 

X  =  r  sin  0 

cos  0 

f  =  X  cos  0  sin  1 

0  +  y  sin 

0  sin  0  +  z  cos  0 

y  =  r  sin  0 

sin0 

0  =  X  cos  0  cos 

0  +  y  sin  0  cos  0  -  z  sin  0 

(E.7) 

z  =  r  cos  0 

0  =  -X  sin  0  + 

y  cos  0 

X  =  f  sin  0  cos  <p  9  cos  9  cos  <p  -  sin  <p 
y  =  f  sin  9  sin  0  +  0  cos  9  sin  0  +  0  cos  0  (E.8) 

z  =  f  cos  0  -  0  sin  0 

For  example,  to  express  the  spherical  components  Aq,A(^  in  terms  of  the  cartesian 
components,  we  proceed  as  follows; 

Ae  =  6  ■  A  =  6  ■  (xAx  +  yAy  +  zAz)  =  (0  ■  x)  Ax  +  (0  ■  y)  Ay  +  (0  ■  z)  Az 
Ac^  =  0  ■  A  =  0  ■  (xAx  +  yAy  +  z Az)  =  (0  ■  x)  Ax  +  (0  ■  y)  Ay  +  (0  ■  z)  Az 
The  dot  products  can  be  read  off  Eq.  (E.7),  resulting  in: 

Ae  =  cos  0  cos  0Ax  +  sin  0  cos  0Ay  -  sin  0Az 

(E.9) 

A(p  =  -  sin  0Ax  +  cos  0Ay 

Similarly,  using  Eq.  (E.6)  the  cylindrical  components  Ap,Az  can  be  expressed  in  terms 
of  spherical  components  as: 

Ap  =  p  ■  A  =  p  ■  (f  Ar  +  0  A^  +  0  A(^)  =  sin0Ar  +  cos  9Ae 

(E-IO) 

Az  =  z  ■  A  =  z  ■  (f  Ar  +  OAe  +  0  A(^)  =  cos  0Ar  -  cos  9A0 

F.  Fresnel,  Exponential,  Sine,  and  Cosine  Integrals 

The  Fresnel  functions  C  (x)  and  S  (x)  are  dehned  by  [1267]: 

C(x)=  [  cos  i^tAdt,  S{x)=  [  sini^tAdt  (F-D 


They  may  be  combined  into  the  complex  function: 

fM=CM-jSM=  dt 

Jo 

CM,  S (x) ,  and  ATM  are  odd  functions  of  x  and  have  the  asymptotic  values: 


C(oo)=5(oo)=  t,  J(oo)=t^ 
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At  X  =  0,  we  have  J'i0)=  0  and  AF'  (0)  =  1,  so  that  the  Taylor  series  approximation 
is  AFM-  X,  for  small  x.  The  asymptotic  expansions  of  C(x),  SM,  and  AFM  are  for 
large  positive  x: 


2  TTX 


2  TTX 


g-j7Tx2/2 


Associated  with  C  (x)  and  S  (x)  are  the  type-2  Fresnel  integrals; 


^  cost  j  r.  /  X 

C2(x)=  —==dt,  S2M  = 

Jo  v2Trt  Jo 


They  are  combined  into  the  complex  function: 


AF2  M  =  C2  (x) -jS2  M  = 
The  two  types  are  related  by,  if  x  >  0: 


CM=  C2(-x^]  ,  5’(x)=5’2  -xM  ,  fM=AF2(-x 


and  if  X  <  0,  we  set  AFM  =  -AFi-x)  =  -AF2  (Trx^/2). 

The  Fresnel  function  AF2  M  can  be  evaluated  numerically  using  Boersma’s  approx¬ 
imation  [1132],  which  achieves  a  maximum  error  of  10“^  over  all  x.  The  algorithm 
approximates  the  function  AF2  M  as  follows: 


AF2M  = 


if  0  <  X  <  4 


if  X  >  4 


where  the  coefficients  an,bn,Cn,dn  arc  given  in  [1 132].  Consistency  with  the  small-  and 
large-x  expansions  of  AFM  requires  that  ao  +  jbo  =  VS/tt  and  Cq  +  jdo  =  j/^/Sn.  We 
have  implemented  Eq.  (F.8)  with  the  MATEAB  function  fcs2: 


F2  =  fcs2(x); 


%  Fresnel  integrals +2  (^)  =  CzM  -jSzix) 


The  ordinary  Fresnel  integral  ^(x)  can  be  computed  with  the  help  of  Eq.  (F.7).  The 
MATEAB  function  fcs  calculates  AFM  for  any  vector  of  values  x  by  calling  fcs2: 


F  =  fcs(x); 


%  Fresnel  integrals  +  (x)  =  C  (x) -jS (x) 


In  calculating  the  radiation  patterns  of  pyramidal  horns,  it  is  desired  to  calculate  a 
Fresnel  diffraction  integral  of  the  type: 


Fo  (V,  O')  =  ■e 
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Making  the  variable  change  t  =  erg  -  v/cr,  this  integral  can  be  computed  in  terms  of 
the  Fresnel  function  J^(x)  =  C  (x)  -jS  (x)  as  follows: 

(F.IO) 

where  we  also  used  the  oddness  of  J'  (x) .  The  value  of  Eq.  (F.9)  at  v  =  0  is: 

(F.ll) 

Eq.  (F.IO)  assumes  that  cr  ^  0.  If  cr  =  0,  the  integral  (F.9)  reduces  to  the  sine  function: 

(F.12) 

From  either  (F.ll)  or  (F.12),  we  hnd  FoiO,0)=  2.  A  related  integral  that  is  also 
required  in  the  theory  of  horns  is  the  following: 

(F.13) 

Writing  cos(Tr5/2)=  the  integral  Fi  {y,s)  can  be  expressed  in 

terms  of  Fq  (v,  ct)  as  follows: 

(F.14) 

Itcanbe  verihed  easily  that  Fo  (0.5,  cr)  =  Fq  (-0.5,  cr) ,  therefore,  the  value  ofFi  (v,  a) 
at  V  =  0  will  be  given  by: 

(F.15) 

Using  the  asymptotic  expansion  (F.4),  we  hnd  the  expansion  valid  for  small  cr: 

(  —  ±  cr)  =  - — -  +  —  small  cr  (F.16) 

^  V2cr  J  2  TT 

For  cr  =  0,  the  integral  Fi  (v,  cr)  reduces  to  the  double-sine  function: 

fi(v,0)=  I  (^)  =  ^[fo(v  +  O.S,0)+Fo(v-  0.S,0)] 

(F.17) 

_  sin(Tr(v  +  0.5))  sin(Tr(v  -  0.5) )  _  4  cos(Trv) 

Tr(v  +  0.5)  ^  Tr(v-0.5)  tt  1  -  4v2 

From  either  Eq.  (F.16)  or  (F.17),  we  hnd  Fi(0,0)=4/Tr. 

The  MATLAB  function  di  ffi  nt  can  be  used  to  evaluate  both  Eq.  (F.9)  and  (F.13)  for 
any  vector  of  values  v  and  any  vector  of  positive  numbers  cr,  including  cr  =  0.  It  calls 
fes  to  evaluate  the  diffraction  integral  (F.9)  according  to  Eq.  (F.IO).  Its  usage  is: 
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FO  =  di  ffi  nt  (v  ,  si  gma ,  0)  ;  %  diffraction  integral  Fq  (v,  cr) ,  Eq.  (F.9) 

FI  =  di  ffi  nt(v  ,  sigma,  1)  ;  %  diffraction  integral  Fi(v,cr),Eq.(F.13) 

The  vectors  v,  si  gma  can  be  entered  either  as  rows  or  columns,  but  the  result  will 
be  a  matrix  of  size  length  (v)  x  length  (si  gma).  The  integral  Fo(v,  cr)  can  also  be 
calculated  by  the  simplihed  call: 

FO  =  di  ffi  nt  (v  ,  si  gma)  ;  %  diffraction  integral  Fq  (v,  cr) ,  Eq.  (F.9) 

Actually,  the  most  general  syntax  of  di  ffi  nt  is  as  follows: 

F  =  diffint(v,sigma,a,cl,c2)  ;  %  diffraction  integral  F(v,cr,  a),  Eq.  (F.l  8) 

It  evaluates  the  more  general  integral: 

(F.18) 

For  cz  =  0,  we  have: 

(F.19) 

For  cz  0,  we  can  express  F  (v,  cr,  cz)  in  terms  of  F (v,  cr,  0) : 

(F.20) 

For  a  =  0  and  cr  =  0,  F(v,  cr,  cz)  reduces  to  the  complex  sine  function: 

(F.21) 

Stationary  Phase  Approximation 

The  Fresnel  integrals  hnd  also  application  in  the  the  stationary-phase  approximation  for 
evaluating  integrals.  The  approximation  can  be  stated  as  follows: 

(F.22) 

where  xq  is  a  stationary  point  of  the  phase  0(x),  that  is,  the  solution  of  (p'  ixo)=  0, 
where  for  simplicity  we  assume  that  there  is  only  one  such  point  (otherwise,  one  has  a 
sum  of  terms  like  (F.22),  one  for  each  solution  of  <p'  (x)  =  0).  Eq.  (F.22)  is  obtained  by 
expanding  (p  (x)  in  Taylor  series  about  the  stationary  point  x  =  Xq  and  keeping  only  up 
to  the  quadratic  term: 

(pix)^  </)(xo)+0'(a:o)  (x  -xo)  +  t0"(A:o)  (x  -xo)^=  0(xo)  +  t0"(xo)  (x  -xq)^ 
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Making  this  approximation  in  the  integral  and  assuming  that  fix)  is  slowly  varying 
in  the  neighborhood  of  xq,  we  may  replace  fix)  by  its  value  at  xq: 

J  —00  J  —00 

r  00 

J  — 00 

The  last  integral  can  be  reduced  to  the  complex  Fresnel  integral  by  the  change  of 
variables  (x  -  xq)  =  ^Jn/cf"  (xq)  u: 


J-OO  4>"iXo)  j-00  4>"iXo) 

Using  [ffioo)  -ff  ( - 00 )  ]  *  =  2 ( 00 )  =  1  +  J  =  .Jy,  we  obtain 

r  (x-xo)2/2^^  ^ 


r  Jcj)"  {xo){x-xo)^/2^^  ^  _ 

J-oo  \lcf"ixo) 

Normally,  the  phase  depends  on  a  positive  parameter  A  in  the  form  (f>  (x)  =  A0  (x) , 
and  the  stationary-phase  approximation  is  justihed  in  the  limit  A  ^  oo. 


Exponential,  Sine,  and  Cosine  Integrals 

Several  antenna  calculations,  such  as  mutual  impedances  and  directivities,  can  be  re¬ 
duced  to  the  exponential  integral,  which  is  dehned  as  follows  [1267]: 

rOO  g-U  ^  rOO  g-f 

Eiiz)=  - du  =  e~^  \  - dt  (exponential integral)  (F.23) 

Jz  u  Jo  z  +  t 

where  z  is  a  complex  number  with  phase  restricted  such  that  |argz|  <  tt.  This  range 
allows  pure  imaginary  z’s.  The  built-in  MATLAB  function  expi  nt  evaluates  Ei  (z)  at  an 
array  of  z’s.  Related  to  Ei  (z)  are  the  sine  and  cosine  integrals: 


(sine  integral) 


du  (cosine  integral) 


Jo  u 

C,(z)=  y-rlnz- 


Jo  u 

where  y  is  the  Euler  constant  y  =  0.5772156649... .  A  related  cosine  integral  is: 

Cin(z)=  [  — ^=‘^du  =  y  +  \nz-Ciiz) 

Jo  u 

For  z  >  0,  the  sine  and  cosine  integrals  are  related  to  Ei  (z)  by  [1267]: 
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while  for  z  <  0,  we  have  Si  (z)  =  -Sii-z)  and  Ci  (z)  =  C,-  (-z)  -r jn.  Conversely,  we  have 
for  z  >  0: 

£iO'z)=  -C,(z)+j(5,(z)-y)  =  -y-ln(z)+Cin(z)+J(5,(z)-y)  (F.27) 

The  MATLAB  functions  Si,  Ci,  Cin  evaluate  the  sine  and  cosine  integrals  at  any 
vector  of  z’s  by  using  the  relations  (F.26)  and  the  built-in  function  expi  nt: 


y  =  Si (z)  ; 
y  =  Ci  (z)  ; 
y  =  Cin(z); 


%  sine  integral,  Eq.  (F.24) 
%  sine  integral,  Eq.  (E.24) 
%  sine  integral,  Eq.  (E.25) 


A  related  integral  that  appears  in  calculating  mutual  and  self  impedances  is  what 
may  be  called  a  “Green’s  function  integral”: 


Gi(d,Zo,  h,s)  = 


e  dz ,  R  =  ,  5  =  ±  1 


^  ^  Jo  ^  ^  ^  - 

This  integral  can  be  reduced  to  the  exponential  integral  by  the  change  of  variables: 

2  XX  dv  dz 


which  gives 


V  =jkiR  +  siz-  zo)) 


h  p-jkR  rvi  ^-u 

- - dz  =  — 

^  R  Jvn  w 


du ,  or. 


rh  ^-jkR 

Giid,zo,h,s)=  — —  e  dz  =  se  ^^^^^[Eiijuo)-Eiijui)] 

Jo  R 


Vo  =  Juo  ,  Uo=k  +  zg  -  5Zo J 

Vi  =jui,  Ui  =  k^^Jd^VJh^^zoy  sih  -  Zo) 

The  function  Ci  evaluates  Eq.  (F.29),  where  Zq,  5,  and  the  resulting  integral  J,  can  be 
vectors  of  the  same  dimension.  Its  usage  is: 


Gi (d,zO,h,s) ; 


%  Green’s  function  integral,  Eq.  (E.29) 


Another  integral  that  appears  commonly  in  antenna  work  is: 

cos(fx  cos  0)  -  cos  fx  ^  ^  X 

- ;r - =  5/(2fx)smfX  -  Cin(2fx)cos  fX 

Jo  Sind 


Its  proof  is  straightforward  by  hrst  changing  variables  to  z  =  cos  6,  then  using 
partial  fraction  expansion,  and  hnally  changing  variables  to  u  =  fx(l  -E  z),  and  using 
the  dehnitions  (F.24)  and  (F.25): 


cos  (fx  cos  6)  -  cos  a 


cos(fxz)  -  cos  a 


1  cos(fxz)  -  cos  fx  J  1  cos(fxz)  -  cos  fX 


cos(u  -  a)-  cos  a 


du  =  sin  a 


du  -  cos  a 


cos(fxz)  -  cos  fX 


1  -  cos  u 


G.  Gauss-Legendre  Quadrature 


955 


G.  Gauss-Legendre  Quadrature 

In  many  parts  of  this  book  it  is  necessary  to  perform  numerical  integration.  Gauss- 
Legendre  quadrature  is  one  of  the  best  integration  methods,  and  we  have  implemented 
it  with  the  MATLAB  functions  quadr  and  quadrs.  Below,  we  give  a  brief  description  of 
the  method.^  The  integral  over  an  interval  [a,b]  is  approximated  by  a  sum  of  the  form: 

rb  N 

f(x)  dx  ^  y  w/f(x/)  (G.l) 

,=i 

where  w/,  x,  are  appropriate  weights  and  evaluation  points  (nodes).  This  can  be  written 
in  the  vectorial  form: 

'  f(xi)  ' 

rb  N  f{x2) 

f(x)  dx  y  W/f  (x/)=  [wi,W2,...,Wn]  .  =w^f(x)  (G.2) 

,=1  : 

_f{XN)  _ 

The  function  quadr  returns  the  column  vectors  of  weights  w  and  nodes  x,  with  usage: 

[w,x]  =  quadr(a,b,N);  Gauss-Legendre  quadrature 

The  function  quadrs  allows  the  splitting  of  the  interval  [a,b]  into  subintervals, 
computes  N  weights  and  nodes  in  each  subinterval,  and  concatenates  them  to  form  the 
overall  weight  and  node  vectors  w,  x: 

[w ,  x]  =  quadrs  (ab  ,  N)  ;  Gauss-Legendre  quadrature  over  subintervals 

where  ab  is  an  array  of  endpoints  that  dehne  the  subintervals,  for  example, 

ab  =  [a,b]  ,  single  interval 

ab  =  [a,c,b]  ,  two  subintervals,  [a,c]  and  [c,b] 

ab  =  [a,c,d,b]  ,  three  subintervals,  [a,c],  [c,d],  and  [d,b] 

ab  =  a  \  c  \  b  ,  subintervals,  [a,  rz+c,  rz+2c,  . . . ,  rz+Mc],  with  a  +  Me  =  b 

As  an  example,  consider  the  following  function  and  its  exact  integral: 

1 

f(x)=e^  +  -,  J=  \  /■(x)dx  =  -gi +ln2  =  S.3639214S 
X  Jl 

This  integral  can  be  evaluated  numerically  by  the  MATLAB  code: 

N  =  5  ;  %  number  of  weights  and  nodes 

[w,x]  =quadr(l,2,N);  %  calculate  weights  and  nodes  for  the  interval  [1,2] 

f  =  exp(x)  -I-  l./x;  %  evaluate /’(x)  at  the  node  vector 

2  =  w’*f  %  approximate  integral 

This  produces  the  exact  value  with  a  4.23x10“^  percentage  error.  If  the  integration 
interval  is  split  in  two,  say,  [1, 1.5]  and  [1.5,2],  then  the  second  line  above  can  be 
replaced  by 

’*'J.  Stoer  and  R.  Burlisch,  Introduction  to  Numerical  Analysis,  Springer,  NY,  (1980);  and,  G.  H.  Golub  and 
J.  H.  Welsch,  “Calculation  of  Gauss  Quadrature  Rules,”  Math.  Comput.,  23,  221  (1969). 
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[w,x]  =  quadrs([l,l. 5,2] ,N) ; 


%  or  by,  [w,x]  =  quadrs(l: 0 . 5 : 2 ,  N) ; 


which  has  a  percentage  error  of  1.28x10“^.  Next,  we  discuss  the  theoretical  basis  of 
the  method. 

The  interval  [a,b]  can  be  replaced  by  the  standardized  interval  [-1, 1]  with  the 
transformation  from  a  <  x  <  b  to  -1  <  z  <  1\ 


If  Wi  and  z,  are  the  weights  and  nodes  with  respect  to  the  interval  [-1,1],  then  those 
with  respect  to  [a,b]  can  be  constructed  simply  as  follows,  for  z  = 


where  the  scaling  of  the  weights  follows  from  the  scaling  of  the  differentials  dx  = 
dzib  -  a)  / 2,  so  the  value  of  the  integral  (G.l)  is  preserved  by  the  transformation. 

Gauss-Legendre  quadrature  is  nicely  tied  with  the  theory  of  orthogonal  polynomials 
over  the  interval  [-1,1],  which  are  the  Legendre  polynomials.  For  AT-point  quadrature, 
the  nodes  z,,  z  =  1,2,. . .  ,N  are  the  N  roots  of  the  Legendre  polynomial  Pn  (z)  ,  which 
all  lie  in  the  interval  [-1,1].  The  method  is  justihed  by  the  following  theorem: 

For  any  polynomial  P(z)  of  degree  at  most  2N  -  1,  the  quadrature  formula  (G.l)  is 
satished  exactly,  that  is. 


rl 

P{z)  dz  =  Y  w/P(z/) 

J-i  “5 


provided  that  the  z,  are  the  N  roots  of  the  Legendre  polynomial  Pn  (z)  . 

The  Legendre  polynomials  Pn  (z)  are  obtained  via  the  process  of  Gram-Schmidt  or- 
thogonalization  of  the  non-orthogonal  monomial  basis  {1,  z,  z^, . . . ,  z”  . . . }.  Orthogo¬ 
nality  is  dehned  with  respect  to  the  following  inner  product  over  the  interval  [-1,1]: 


f(z)g(z)dz 


The  standard  dehnition  of  the  Legendre  polynomials  is: 


fl  =  0,1,2,... 


The  first  few  of  them  are  listed  below: 


Po(z)  =  1 
Pi (z)  =  z 

P2(z)  =  (3/2)[z2  -  (1/3)]  (G.8) 

P3(z)  =  (5/2)  [z^  -  (3/5)z] 

P4(z)  =  (35/8)  [z"*  -  (6/7)z2  +  (3/35)] 
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They  are  normalized  such  that  (1)  =  1  and  are  mutually  orthogonal  with  respect 
to  (G.6),  but  do  not  have  unit  norm: 

(Pn)Pm)=  f  Pniz) Pmiz)  dz  =  -  6nm  (G.9) 

J-1  2n  +  1 

Moreover,  they  satisfy  the  three-term  recurrence  relation: 

The  Gram-Schmidt  orthogonalization  process  of  the  monomial  basis  fn  (z)  =  z”  is 
the  following  order-recursive  construction: 

initialize  Pq  (z)  =  fo  (z)  =  1 
for  n  =  1,  2,  3, ,  do 

A  few  steps  of  the  construction  will  clarify  it: 

Pi  (z)  =  A  (z)  -  *  Po  (z)  =  -Z 

{Fo,Fo) 

where  ifi,Po)  =  (z,  1)  =  J  =  0-  Then,  construct  P2  by: 

n  if2,Po)  n  if2,Pl)  „ 

where  now  we  have  if 2, Pi)  =  (z^ ,  z)  =  J  z^dz  =  0,  and 


tf2,Po)=  (z^l)=  z^dz=-,  {Po,Po)=  (1,1)=  \  dz  =  2 


Therefore, 


P2iz)=Z^-  —  =Z^-- 


Then,  normalize  it  such  that  P2  (1)  =  1,  and  so  on.  For  our  discussion,  we  are  going 
to  renormalize  the  Legendre  polynomials  to  unit  norm.  Because  of  (G.9),  this  amounts 
to  multiplying  the  standard  Pn  (z)  by  the  factor  V (2n  -r  1)  /2.  Thus,  we  re-dehne: 


/2n  -r  ] 

r  1  d" 

/  2 

2"n!  dz" 

[(z^  -  1)”]  ,  n  =  0, 1,  2, 


Thus,  (G.9)  becomes  iPn,Pm)  =  dnm-  In  particular,  we  note  that  now 


Poiz)=  -J. 
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By  introducing  the  same  scaling  factors  into  each  term  of  the  recurrence  (G.IO),  we 
hnd  that  the  renormalized  Pn  (z)  satisfy: 

zPn  (z)  =  (z)  -rcx„+iP„+i  (z)  ,  an  =  ,  ^  ^  (G.13) 

V4n2  -  1 

This  relationship  can  be  assumed  to  be  valid  also  at  n  =  0,  provided  we  dehne 
P_i  (z)  =  0.  For  each  order  n,  the  Gram-Schmidt  procedure  replaces  the  non-orthogonal 
monomial  basis  by  the  orthonormalized  Legendre  basis: 

{1,  Z,  Z^  z"}  <»  {Po(z),  Pi(z),  P2(z),  P„(z)} 

Thus,  any  polynomial  Q(z)  of  degree  n  can  be  expanded  uniquely  in  either  basis: 

n  n 

Q(z)=  y  =  y  ckPk(z) 

k=0  k=0 

with  the  expansion  coefficients  calculated  from  Ck  =  (Q,Pk)-  This  also  implies  that  if 
Q  (z)  has  order  n  -  1  then,  it  will  be  orthogonal  to  Pn  (z) . 

Next,  we  turn  to  the  proof  of  the  basic  Gauss-Legendre  result  (G.5).  Given  a  polyno¬ 
mial  P(z)  of  order  2N  -  1,  we  can  expand  it  uniquely  in  the  form: 

P(z)  =  Pn(z)Q(z)+R(z)  (G.14) 

where  Q(z)  and  R  (z)  are  the  quotient  and  remainder  of  the  division  by  the  Legendre 
polynomial  Pn(z),  and  both  will  have  order  N  -  1.  Then,  the  integral  of  P(z)  can  be 
written  in  inner-product  notation  as  follows: 


(P,l)=  (PnQ  +  R,1)=  (PnQ,1)  +  (R,1)=  (Q,Pn)  +  (R,1) 


But  (Q,Pn)=  0  because  Q(z)  has  order  N  -  1  and  Pn(z)  is  orthogonal  to  all  such 
polynomials.  Thus,  the  integral  of  P(z)  can  be  expressed  only  in  terms  of  the  integral 
of  the  remainder  polynomial  R  (z) ,  which  has  order  N  -  1: 


rl  rl 

P(z)  dz  =  (P,  1)  =  (P,  1)  =  R  (z)  dz 

J-i  J-i 


The  right-hand  side  of  the  integration  rule  (G.5)  can  also  be  expressed  in  terms  of  R  (z) : 

N  N  N 

Y^wiP(zi)=  y  w/PN(z/)Q(z/)+y  w,i?(z/)  (G.16) 

Z=1  Z=1  Z=1 

and,  because  we  assumed  that  Pjv  (z/)  =  0, 


N  N 

X  w,P(z,)=  Y^WiR(Zi) 


Z  =  1 


Z  =  1 


(G.17) 


Thus,  combining  (G.15)  and  (G.17),  we  obtain  the  following  condition,  which  is  equiv¬ 
alent  to  Eq.  (G.5), 

N 

P(z)  dz  =  w,P(z/) 

z  =  l 


(G.18) 
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Because  R  (z)  is  an  arbitrary  polynomial  of  degree  N-1,  and  has  only  N  coefficients, 
this  condition  can  be  satished  with  a  common  set  of  N  weights  w,  for  all  such  R  (z) .  If 
we  had  not  assumed  initially  that  the  z,  were  the  zeros  of  Pn  (z)  ,  and  took  them  to  be 
an  arbitrary  set  of  N  distinct  points  in  [-1,1],  then  (G.18)  would  read  as 

iV  N 

R(z)dz  ='^  WiPi^{Zi)Q_(Zi)+Y,WiR(Zi) 

Z  =  1  Z  =  1 

In  order  for  this  to  be  satished  for  all  R  (z)  and  all  Q(z) ,  then  (G.18)  must  still  be 
satished  by  setting  Q(z)  =  0,  which  hxes  the  weights  w,.  Therefore,  the  hrst  term  in 
the  right-hand  side  must  be  zero  for  all  polynomials  Q  (z)  of  degree  N-1,  and  one  can 
show  that  his  implies  that  Pjv  (z,  )  =  0,  that  is,  the  z,-  must  be  the  zeros  of  Pjv  (z) . 

Condition  (G.18)  can  be  used  to  determine  the  weights  by  expanding  R  (z)  into  either 
the  monomial  basis  or  the  Legendre  basis,  that  is,  because  R  (z)  has  degree  N  -  1\ 

N-1  N-1 

R(z)=  y  r]^z^  =  y  CkPkiz)  (G.19) 

k=0  k=0 

Inserting,  for  example,  the  monomial  basis  into  (G.18)  and  matching  the  coefficients 
of  Vk  on  either  side,  we  obtain  the  system  of  N  equations  for  the  weights: 


N 

Yz^Wi=  z^dz 
J-i 


1+  (-1)^ 


k  =  0,l,...,N  -1 


Dehning  the  matrix  Fki  =  z\  and  the  vector  Ufc=  [l-r(-l)^]/(k-rl),we  may  write 
(G.20)  in  the  compact  matrix  form: 


Pw  =  u 


w  =  P 


Alternatively,  we  may  use  the  Legendre  basis,  which  is  more  elegant.  The  left  hand 
side  of  (G.18)  will  receive  contribution  only  from  the  k  =  0  term  because  Pq  is  orthogonal 
to  all  the  succeeding  P^.  Indeed,  using  the  dehnition  (G.12),  we  have: 

N-1  N-1 

R(z)dz=  (ZZ,1)=  V2(iZ,Po)=  V2  X  CkiPK,Po)=V2  ^  Ck6ko  =  V2co 

J —1  1,  1, 


The  right-hand  side  of  (G.18)  may  be  written  as  follows.  Dehning  the  NxN  ma¬ 
trix  Pki  =  Pk  (Zi),  i  =  1,  2  . . .  ,iV,  and  k  =  0, 1, . . . ,  AT  -  1,  and  the  row  vector  = 
[co,  Cl, ... ,  Civ-i]  of  expansion  coefficients,  we  have, 

N  N-1  N 

Y^WiR(Zi)=  y  Y.^kPkiZi)Wi  =  c^Pvi 

i=l  k=0  i=l 

Thus,  (G.18)  now  reads,  where  Uq  =  [1, 0, 0, . . . ,  0] 


c^Pw  =  a/2co  =  a/2c^Uo 
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Because  the  vector  c  is  arbitrary,  we  must  have  the  condition: 

Pw=a/2uo  ^  w=a/2P~^Uo  (G.22) 

The  matrix  P  has  some  rather  interesting  properties.  First,  it  has  mutually  orthogonal 
columns.  Second,  these  columns  are  the  eigenvectors  of  a  Hermitian  tridiagonal  matrix 
whose  eigenvalues  are  the  zeros  z,.  Thus,  the  problem  of  hnding  both  z/  and  w,  is 
reduced  to  an  eigenvalue  problem. 

These  eigenvalue  properties  follow  from  the  recursion  (G.13)  of  the  normalized  Leg¬ 
endre  polynomials.  For  n  =  0, 1,  2,  3,  the  recursion  reads  explicitly: 

zPo(z)  =  tXiPi(z) 

zPi(z)  =  tXiPo(z)-rtX2P2(z) 

zP2(z)  =  a2 Pi  {z)  + as Psiz) 

zPsiz)  =  a3P2iz)-\-a4P4iz) 

which  can  be  written  in  matrix  form: 

"Po(z)  1  r  0  ai  0  0  1  rPo(z)  1  r  o 

Pi(z)  _  cxi  0  CX2  0  Pi(z)  0 

^  P2(z)  ~  0  tX2  0  tX3  P2iz)  ^  0 

P3(z)J  [o  0  CX3  0  jlPsiz)  \  \_a4P4iz) 

and  more  generally, 

"  Po(z)  1  r  0  ai  0  0  ■  ■  ■  0  1  r  Po(z)  1  r  o 

Pi(z)  txi  0  CX2  0  ■■■  0  Pi(z)  0 

P2(z)  0  tX2  0  as  ■■■  0  Psiz)  0 

2.=  ....  .  . 

PiV-2(z)  0  ■■■  0  tXiV-2  0  tXiV-1  PiV-2(z)  0 

_Piv-i(z)J  L  0  ■■■  0  0  tXiv-1  0  JL^^iv-i(z)J  Lc^iv^iv(z) 

Now,  if  z  is  replaced  by  the  zth  zero  z,  of  Pn  (z)  ,  the  last  column  will  vanish  and  we 
obtain  the  eigenvalue  equation: 

Po(z/)  1  r  Po(z,) 

Pi(z,)  PiiZi) 

P2iZi)  PsiZi) 

=  Zi  .  (G.23) 

PiV-2(Zz)  PiV-2(Zz) 

PiV-l(Zz)J  \_PN-liZi)  _ 

Denoting  the  above  tridiagonal  matrix  by  A  and  the  column  of  Pk  (Zz)’s  by  p/,  we 
may  write  compactly: 


0  txi  0  0  ■  ■  ■  0 

ai  0  a2  0  ■  ■  ■  0 

0  tX2  0  as  ■  ■  ■  0 

0  ■  ■  ■  0  tXiV-2  0  OCN-1 

0  ■  ■  ■  0  0  aN-i  0 


Ap,  =  ZzP/, 


z  =  1,2,. ..,N 


(G.24) 
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Thus,  the  eigenvalues  of  A  are  the  zeros  z,  and  the  corresponding  eigenvectors  are 
the  columns  p,  of  the  matrix  P  that  we  introduced  in  (G.22).  Because  the  zeros  Z/  are 
distinct  and  A  is  a  Hermitian  matrix,  its  eigenvectors  will  be  mutually  orthogonal: 

pJpj  =  d}6ij  (G.25) 

where  d,  =  ||p,||  are  the  norms  of  the  vectors  p/.  It  follows  that  the  orthonormalized 
eigenvectors  of  A  will  be  v,  =  p//(i,,  and  the  orthogonal  matrix  of  eigenvectors  having 
the  V/  as  columns  will  be  V  =  [vi,  V2, . . . ,  Vjy],  or,  expressed  in  terms  of  the  matrix  P 
and  the  diagonal  matrix D  =  diag{di ,d2, . . .  ,dN}' 

V  =  PD-^  (G.26) 

Replacing  P  in  (G.22)  by  P  =  VD  and  using  the  orthogonality  V^V  =  7  of  the  eigen¬ 
vector  matrix,  or  ,  we  obtain  the  solution: 

w  =  a/2D“^V^Uo  ^  Wi  =  V2  d^^  ivjuo)  (G.27) 

The  matrix  D  can  itself  be  expressed  in  terms  of  V  by  noting  that  the  top  entry  of  p, 
is  Pq  (z/)  =  1/a/2,  and  therefore,  it  follows  from  v,-  =  p//d/  that  the  top  entry  of  v/  will 
be  yj Uo  =  1/  {^/2di),  or,  d^^  =  a/2  (vf Uo).  It  hnally  follows  from  Eq.  (G.27)  that 

Wi  =  dY^  =  2(vfuo)^  (G.28) 

In  MATLAB  language,  vfuo  =  V  (1,  /) ,  that  is,  the  hrst  row  of  V.  Because  the  eigen¬ 
vectors  of  the  Hermitian  matrix  A  are  real-valued  and  unique  up  to  a  sign,  Eq.  (G.28) 
allows  the  unique  determination  of  the  weights  from  the  eigenvector  matrix  V. 

The  above  discussion  leads  to  two  possible  implementations  of  the  MATLAB  function 
quad  r.  In  the  hrst,  we  obtain  the  coefficients  of  the  Legendre  polynomial  Pjv  (z) ,  hnd  its 
zeros  using  the  built-in  function  root,  and  then  solve  the  linear  equation  (G.21)  for  the 
weights.  The  second  approach,  implemented  by  the  function  quad r 2  and  the  related 
function  quadrs2,  determines  Z/,  w,  from  the  eigenvalue  problem  of  the  matrix  A. 


H.  Lorentz  Transformations 

According  to  Einstein’s  special  theory  of  relativity  [435],  Lorentz  transformations  de¬ 
scribe  the  transformation  between  the  space-time  coordinates  of  two  coordinate  sys¬ 
tems  moving  relative  to  each  other  at  constant  velocity.  Maxwell’s  equations  remain 
invariant  under  Lorentz  transformations.  This  is  demonstrated  below. 

Let  the  two  coordinate  frames  be  S  and  S' .  By  convention,  we  may  think  of  S  as 
the  “hxed”  laboratory  frame  with  respect  to  which  the  frame  S'  is  moving  at  a  constant 
velocity  v.  Lor  example,  if  vis  in  the  z-direction,  the  space-time  coordinates  {t,x,y,z} 
of  S  are  related  to  the  coordinates  {t' ,x' ,y' ,z'}  of  S'  by  the  Lorentz  transformation: 


xk 

where  y  =  ,  ^  S 

a/1  -V^/C^ 
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where  c  is  the  speed  of  light  in  vacuum.  Dehning  the  scaled  quantities  r  =  ct  and 
P  =  vie,  the  above  transformation  and  its  inverse,  obtained  by  replacing  p  by  -p,  may 
be  written  as  follows: 


(H.l) 


These  transformations  are  also  referred  to  as  Lorentz  boosts  to  indicate  the  fact  that 
one  frame  is  boosted  to  move  relative  to  the  other.  Interchanging  the  roles  of  z  and  x,  or 
z  and  y,  one  obtains  the  Lorentz  transformations  for  motion  along  the  x  or  y  directions, 
respectively.  Eqs.  (H.l)  may  be  expressed  more  compactly  in  matrix  form: 


t'  =  yiT-Pz) 
z'  =  y(z  -  Pt) 
x'  =  X 

y  =  y 


T  =  yir'  -r  Pz') 
z  =  y{z'  -r  Pt') 
X  =  x' 

y  =  y' 


x'  =  Lx 


where 


T 

-t'- 

y 

0 

0 

-yn 

X 

t 

x! 

T  _ 

0 

1 

0 

0 

y 

,  X  — 

y 

,  L  — 

0 

0 

1 

0 

z 

z' 

_-yP 

0 

0 

y  _ 

(H.2) 


Such  transformations  leave  the  quadratic  form  (c^t^  -  x^  -  y^  -  z^)  invariant,  that  is. 


c^t'^  -  x'^  -  y'^  -  z'^  =  -  x^  -  y^  -  z^  (H.3) 

Introducing  the  diagonal  metric  matrix  G  =  diag (1,-1, -1,-1),  we  may  write  the 
quadratic  form  as  follows,  where  denotes  the  transposed  vector,  that  is,  the  row 
vector  =  [T,x,y,z]: 

x^Gx  =  y  -  x^  -y^  -  z^  =  c^t^  -  x^  -  y^  -  z^  (H.4) 


More  generally,  a  Lorentz  transformation  is  dehned  as  any  linear  transformation  x'  = 
Lx  that  leaves  the  quadratic  form  x^Gx  invariant.  The  invariance  condition  requires 
that:  x'^Gx'  =  x^L^GLx  =  x^Gx,  or 


L^GL  =  G 


(H.5) 


In  addition  to  the  Lorentz  boosts  of  Eq.  (H.l),  the  more  general  transformations 
satisfying  (H.5)  include  rotations  of  the  three  spatial  coordinates,  as  well  as  time  or 
space  reflections.  Lor  example,  a  rotation  has  the  form: 


"  1 

0 

0 

0 

0 

0 

R 

_o 

_ 

where  R  is  a  3x3  orthogonal  rotation  matrix,  that  is,  R^R  =  I,  where  I  is  the  3x3 
identity  matrix.  The  most  general  Lorentz  boost  corresponding  to  arbitrary  velocity 
V  =  [Vx,  Vy,  Vz]  ^  is  given  by: 


y 

1 

1 

L  = 

-Yfi 

V 

c  ’ 


1 


where  jS 


(H.6) 
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When  V  =  [0,0,v]^,  or  P  =  [0,0,  Eq.  (H.6)  reduces  to  (H.l).  Defining  p  =  \P\  = 
^Jp^P  and  the  unit  vector  P  =  P/ P,  and  using  the  relationship  y^P^  =  -  1,  it  can  be 

verified  that  the  spatial  part  of  the  matrix  L  can  be  written  in  the  form: 


/+  (y-l)j8jS 


The  set  of  matrices  L  satisfying  Eq.  (H.5)  forms  a  group  called  the  Lorentz  group.  In 
particular,  the  z-directed  boosts  of  Eq.  (H.2)  form  a  commutative  subgroup.  Denoting 
these  boosts  by  L{P),  the  application  of  two  successive  boosts  by  velocity  factors  Pi  = 
Vile  and  P2  =  V2IC  leads  to  the  combined  boost  Lip)=  L  {pi)L{P2),  where: 


Pi  +  P2 
I  +  P1P2 


Vl  +  V2 
1  +  V1V2/C2 


with  P  =  v/c.  Eq.  (H.8)  is  Einstein’s  relativistic  velocity  addition  theorem.  The  same 
group  property  implies  also  that  (P)  =  L{-P).  The  proof  of  Eq.  (H.8)  follows  from 
the  following  condition,  where  yi  =  1/^1  -  P\  and  y2  =  1/^1  - 

"  y  0  0  -yP^  r  yi  0  0  -yiPi^V  y2  0  0  -y2P2~ 

0100  0  100  0  100 

0010“  001  0  001  0 

_-yP  0  0  y  J  0  0  yi  J  L -y2ft  0  0  y2  _ 

A  four-vector  is  a  four-dimensional  vector  that  transforms  like  the  vector  x  under 
Lorentz  transformations,  that  is,  its  components  with  respect  to  the  two  moving  frames 
S  and  S'  are  related  by: 


■Lai,  where  a 


Eor  example,  under  the  z-directed  boost  of  Eq.  (H.l),  the  four-vector  a  will  transform  as: 


ao 

Uq 

Ux 

r 

,  a  = 

Uy 

a'y 

Uz  _ 

_4_ 

a'o  =  y(ao  -  Pciz) 

ao  =  y  (a'o  +  pa'z) 

a'z  =  yiaz  -  pao) 

az  =  y{a'z  +  Pa'o) 

—  t^x 

Uy  =  Uy 

Uy  Uy 

Eour -vectors  transforming  according  to  Eq.  (H.9)  are  referred  to  as  contravariant. 
Under  the  general  Lorentz  boost  of  Eq.  (H.6),  the  spatial  components  of  a  that  are  trans¬ 
verse  to  the  direction  of  the  velocity  vector  v  remain  unchanged,  whereas  the  parallel 
component  transforms  as  in  Eq.  (H.IO),  that  is,  the  most  general  Lorentz  boost  transfor¬ 
mation  for  a  four-vector  takes  the  form: 


a'o  =  yicio  -  Pci\\) 

a'u  =  yia\\  -  Pao) 


1 

VT^ 


P=\P\,  P 
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where  a\\  =  P  a  and  a  =  [Ux,  ciy,  ciz]^  is  the  spatial  part  of  a.  Then, 

a\\  =  Pa\\  =  PiP  a)  and  aj_  =  a- a\\  =  a- Pa\\ 

Setting  and  using  Eq.  (H.7),  the  Lorentz  transformation  (H.6)  gives: 

y  r^ol  =  r  y(ao-pa\\) 

-yPfi  I+(y-l)py  I  a  [a- Pan  +  Pyian  -  Pao) 

from  which  Eq.  (H.ll)  follows. 

Eor  any  two  four-vectors  a,b,  the  quadratic  form  a^Gb  remains  invariant  under 
Lorentz  transformations,  that  is,  a'^Gb'  =  a^Gb,  or, 

rzo^o  -  a  ■  b'  =  aobo  -  a  -  b,  where  a  =  ^  ,  b  =  ^  (H.12) 

Some  examples  of  four-vectors  are  given  in  the  following  table: 


four-vector 

ao 

Ux 

Uy 

Uz 

time  and  space 

ct 

X 

y 

z 

frequency  and  wavenumber 

CJO/C 

kx 

ky 

kz 

energy  and  momentum 

E/C 

Px 

Py 

Pz 

charge  and  current  densities 

cp 

Jx 

Jy 

Jz 

scalar  and  vector  potentials 

cp 

cAx 

CAy 

CA^; 

Eor  example,  under  the  z-directed  boost  of  Eq.  (H.l),  the  frequency- wavenumber 
transformation  will  be  as  follows: 


where  we  rewrote  the  first  equations  in  terms  of  co  instead  of  co/c.  The  change  in 
frequency  due  to  motion  is  the  basis  of  the  Doppler  effect.  The  invariance  property 
(H.12)  applied  to  the  space-time  and  frequency-wavenumber  four -vectors  reads: 

cjo'f  -  k'  ■  r'  =  cjot  -  k  ■  r  (H.15) 


This  implies  that  a  uniform  plane  wave  remains  a  uniform  plane  wave  in  all  reference 
frames  moving  at  a  constant  velocity  relative  to  each  other.  Similarly,  the  charge  and 
current  densities  transform  as  follows: 
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Because  Eq.  (H.5)  implies  that  L~^  =  GLG,  we  are  led  to  define  four-vectors  that 
transform  according  to  Such  four-vectors  are  referred  to  as  being  covariant.  Given 
any  contravariant  4-vector  a,  we  dehne  its  covariant  version  by  a  =  Ga.  This  operation 
simply  reverses  the  sign  of  the  spatial  part  of  a\ 

-  _  _  r  ^  0 1  r  ^0 1  _  r  ^0 1 

a  —  Ga  —  ^  ^  —  (H.17) 

0  1  a  a 

The  vector  a  transforms  as  follows: 

a  =  Ga  =  GLa  =  {GLG)  {Ga)  =  L  ^ a  (H.18) 

where  we  used  the  property  that  =  I  a,  the  4x4  identity  matrix.  The  most  important 

covariant  vector  is  the  four-dimensional  gradient: 


Because  x'  =  Lx,  it  follows  that  dx'  =  L  ^dx-  Indeed,  we  have  component-wise: 


7  j 


For  the  z-directed  boost  of  Eq.  (H.l),  we  have  L 

dr'  =  yidr  +  Pdz) 

^z'  ~  y(^z  + 
dx'  =  dx 

dy'  =  dy 


X  =  L^dx'  ^  dx'  = 

^  =  L~^,  which  gives: 
dr  =  yidr'  -  Pdz') 

dz  =  yidz'  -  Pdr') 
dx  =  dx' 

dy  =  dy' 


The  four-dimensional  divergence  of  a  four -vector  is  a  Lorentz  scalar.  For  example, 
denoting  the  current  density  four -vector  by  J  =  [cp,Jx,Jy,Jz]^,  the  charge  conserva¬ 
tion  law  involves  the  four-dimensional  divergence: 


dtP  +  V  ■  J=  [dr,dx,dy,dz]\ 


Under  a  Lorentz  transformation,  this  remains  invariant,  and  therefore,  if  it  is  zero 
in  one  frame  it  will  remain  zero  in  all  frames.  Using  0  J  =  0  Jl,  we  have: 

dtP  +  V  ■j=dlj=  dlU  =  d^'f  =  dfp'  +  V'  ■  /  (H.22) 


Although  many  quantities  in  electromagnetism  transform  like  four-vectors,  such  as 
the  space-time  or  the  frequency-wavenumber  vectors,  the  actual  electromagnetic  helds 
do  not.  Rather,  they  transform  like  srx-vectors  or  rarLk-2  antisymmetric  tensors. 
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A  rank-2  tensor  is  represented  by  a  4x4  matrix,  say  F.  Its  Lorentz  transformation 
properties  are  the  same  as  the  transformation  of  the  product  of  a  column  and  a  row 
four-vector,  that  is,  F  transforms  like  the  quantity  ab^ ,  where  a,  b  are  column  four- 
vectors.  This  product  transforms  like  a'b'^  =  Liab^)L^.  Thus,  a  general  second-rank 
tensor  transforms  as  follows: 

F'  =  LFL^  I  (H.23) 

An  antisymmetric  rank-2  tensor  F  dehnes,  and  is  completely  dehned  by,  two  three- 
dimensional  vectors,  say  a  =  [ax,ay,az]^  and  b  =  [bx,by,bz]^ .  Its  matrix  form  is: 

0  ax  Cly 

_  cix  0  ~bz 

~  ay  bz  0 

t^Z  by  bx 

Given  the  tensor  F,  one  may  dehne  its  covariant  version  through  F  =  GFG,  and  its 
dual,  denoted  by  F  and  obtained  by  the  replacements  b  and  b  ^  -a,  that  is, 

0  tl-x  Uy  tlz 

-  _  ~cix  0  ~bz  by  p 

-ay  bz  0  -bx  ’ 

Uz  by  bx  0 


0  -bx  -by 

bx  0  Uz 

by  Uz  0 

_  bz  Cly  —Clx 


-bz~ 

(H.2S) 

Clx 

0 


Thus,  F  corresponds  to  the  pair  (-a,  b),  and  F  to  (b,  -a).  Their  Lorentz  transfor¬ 
mation  properties  are: 

F'  =  L-'^FL-^ ,  F'  =  iFa  (H.26) 

Thus,  the  dual  F  transforms  like  F  itself.  For  the  z-directed  boost  of  Eq.  (H.l),  it 
follows  from  (H.23)  that  the  two  vectors  a,  b  transform  as  follows: 


(H.27) 


These  are  obtained  by  equating  the  expressions: 


0 

-a'x 

-a'y 

-a'z 

a'x 

0 

-K 

b'y 

Cly 

K 

0 

-b'. 

a'z 

-b'y 

K 

0 

y 

0 

0 

-yi^l 

"  0 

dx 

dy 

dz 

y 

0 

0 

-yi^l 

0 

1 

0 

0 

dx 

0 

-bz 

by 

0 

1 

0 

0 

0 

0 

1 

0 

dy 

bz 

0 

-fax 

0 

0 

1 

0 

y^ 

0 

0 

y  _ 

_  dz 

-by 

fax 

0 

_-yP 

0 

0 

y  _ 
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More  generally,  under  the  boost  transformation  (H.6),  it  can  be  veribed  that  the 
components  of  a,  b  parallel  and  perpendicular  to  v  transform  as  follows: 


(H.28) 


Thus,  in  contrast  to  Eq.  (H.ll)  for  a  four-vector,  the  parallel  components  remain  un¬ 
changed  while  the  transverse  components  change.  A  pair  of  three-dimensional  vectors 
(a,  b)  transforming  like  Eq.  (H.28)  is  referred  to  as  a  six-vector. 

It  is  evident  also  that  Eqs.  (H.28)  remain  invariant  under  the  duality  transformation 
a  ^  b  and  b  -a,  which  jus tihes  Eq.  (H.26).  Some  examples  of  (a,  b)  six-vector  pairs 
dehning  an  antisymmetric  rank- 2  tensor  are  as  follows: 


a  b 

E  cB 
CD  H 
cP  -M 


(H.29) 


where  P,  M  are  the  polarization  and  magnetization  densities  dehned  through  the  rela¬ 
tionships  D  =  CqE  -r  P  and  B  =  iJo{H-\-  M).  Thus,  the  {E,  B)  and  (D,  H)  fields  have  the 
following  Lorentz  transformation  properties: 


(H.30) 


where  we  may  replace  cP  =  v  and  P/c  =  v/c^.  Note  that  the  two  groups  of  equations 
transform  into  each  other  under  the  usual  duality  transformations:  E  ^  H,  H  ^  -E, 
D  ^  B,  B  ^  -D.  Eor  the  z-directed  boost  of  Eq.  (H.l),  we  have  from  Eq.  (H.30): 
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Associated  with  a  six-vector  {a,  b),  there  are  two  scalar  invariants:  the  quantities 
(a  ■  b)  and  (a  ■  a  -  b  ■  b) .  Their  invariance  follows  from  Eq.  (H.28).  Thus,  the  scalars 
{E  •  B),  (E  •  E  -  c^B  B),  {D  '  H),  {c^D  •  D  -  H  •  H)  remain  invariant  under  Lorentz 
transformations.  In  addition,  it  follows  from  (H.30)  that  the  quantity  {E  ■  D  -  B  ■  H)  is 
invariant. 

Given  a  six- vector  (a,  b)  and  its  dual  {b,-a),  we  may  define  the  following  four¬ 
dimensional  “current”  vectors  that  are  dual  to  each  other: 


V  -  a 

V  b 

V  X  b  - 

j  = 

-V  X  a  -  3Tb 

It  can  be  shown  that  both  J  and  J  transform  as  four -vectors  under  Lorentz  trans¬ 
formations,  that  is,  J'  =  LJ  and  J'  =  LJ,  where  J'  ,J'  are  dehned  with  respect  to  the 
coordinates  of  the  S'  frame: 


V'  ■  a' 

V'  X  b'  -  dr'a' 


V'  ■  b' 

-V'  X  a'  -  dr'b' 


The  calculation  is  straightforward  but  tedious.  Eor  example,  for  the  z-directed  boost 
(H.l),  we  may  use  Eqs.  (H.20)  and  (H.27)  and  the  identity  y^{l  -  P^)=  1  to  show: 

Jx  ~  X  b  —  dr' Cl  )x  —  ^y'^z  ~  ^z'^y  ~ 

=  dyhz  -  Oz  +  Pdr)  (by  -  Pax)  Or  +  Pdz)  icix  -  Pby) 

—  ^ybz  ^zby  3-fax  ~  X  b  3 f cl) X  ~  Jx 
Similarly,  we  have: 

Jq  =  V  -  a  =  0x'^x  ^y'Ciy  +  3z'a^ 

—  y3x  (cix  ~  pby)  -\-y3y  {ay  Pbx)  +  y  (0z  +  P3t)  ciz 

—  y[{3xClx  +  3yay  3  zaz)  ~  P  {3xby  —  3ybx  ~  0T^z)]  =  yiJo  ~  PJz) 

In  this  fashion,  one  can  show  that  J  and  J  satisfy  the  Lorentz  transformation  equa¬ 
tions  (H.IO)  for  a  four -vector.  To  see  the  significance  of  this  result,  we  rewrite  Maxwell’s 
equations,  with  magnetic  charge  and  current  densities  pm,Jm  included,  in  the  four¬ 
dimensional  forms: 


V  ■  CD 

V  XH- 3rCD 


V  ■  cB 

-V  XE  -  3rCB 


Thus,  applying  the  above  result  to  the  six-vector  (cD,  H)  and  to  the  dual  of  {E,  cB) 
and  assuming  that  the  electric  and  magnetic  current  densities  transform  like  four- 
vectors,  it  follows  that  Maxwell’s  equations  remain  invariant  under  Lorentz  transfor¬ 
mations,  that  is,  they  retain  their  form  in  the  moving  system: 


V'  ■ 

CD' 

~  cp'  “ 

V'  ■ 

cB' 

_  ^Pm 

V'  xH' 

-  dr  CD' 

J'  J  ’ 

-V'  XE' 

-  drcB' 

Jm 
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The  Lorentz  transformation  properties  of  the  electromagnetic  helds  allow  one  to 
solve  problems  involving  moving  media,  such  as  the  Doppler  effect,  reflection  and  trans¬ 
mission  from  moving  boundaries,  and  so  on.  The  main  technique  for  solving  such  prob¬ 
lems  is  to  transform  to  the  frame  (here.  S')  in  which  the  boundary  is  at  rest,  solve  the 
reflection  problem  in  that  frame,  and  transform  the  results  back  to  the  laboratory  frame 
by  using  the  inverse  of  Eq.  (H.30). 

This  procedure  was  discussed  by  Einstein  in  his  1905  paper  on  special  relativity  in 
connection  to  the  Doppler  effect  from  a  moving  mirror.  To  quote  [435]:  “All  problems 
in  the  optics  of  moving  bodies  can  be  solved  by  the  method  here  employed.  What  is 
essential  is  that  the  electric  and  magnetic  force  of  the  light  which  is  influenced  by  a 
moving  body,  be  transformed  into  a  system  of  co-ordinates  at  rest  relatively  to  the 
body.  By  this  means  all  problems  in  the  optics  of  moving  bodies  will  be  reduced  to  a 
series  of  problems  in  the  optics  of  stationary  bodies.” 

I.  MATLAB  Functions 

The  MATLAB  functions  are  grouped  by  category.  They  are  available  from  the  web  page: 

WWW. ece . rutgers . edu/~orfani di /ewa. 

Multilayer  Dielectric  Structures 

brewster  -  calculates  Brewster  and  critical  angles 

fresnel  -  Fresnel  reflection  coefficients  for  isotropic  or  birefringent  media 

n2r  -  refractive  indices  to  reflection  coefficients  of  M-layer  structure 

r2n  -  reflection  coefficients  to  refractive  indices  of  M-layer  structure 

multidiel  -  reflection  response  of  isotropic  or  birefringent  multilayer  structures 
multidiell  -  simplified  version  of  multidiel  for  isotropic  layers 

multidiel2  -  reflection  response  of  lossy  isotropic  multilayer  dielectric  structures 
Omni  band  -  bandwidth  of  omnidirectional  mirrors  and  Brewster  polarizers 

omniband2  -  bandwidth  of  birefringent  multilayer  mirrors 

snel  -  calculates  refraction  angles  from  Snel’s  law  for  birefringent  media 

Quarter-Wavelength  Transformers 

bkwrec  -  order-decreasing  backward  layer  recursion  -  from  a,b  to  r 
frwrec  -  order-increasing  forward  layer  recursion  -  from  r  to  A,B 

chebtr  -  Chebyshev  broadband  reflectionless  quarter-wave  transformer 

chebtr2  -  Chebyshev  broadband  reflectionless  quarter-wave  transformer 

chebtrS  -  Chebyshev  broadband  reflectionless  quarter-wave  transformer 

Dielectric  Waveguides 

dguide  -  TE  modes  in  dielectric  slab  waveguide 

dslab  -  solves  for  the  TE-mode  cutoff  wavenumbers  in  a  dielectric  slab 
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Transmission  Lines 

g2z  -  reflection  coefficient  to  impedance  transformation 

z2g  -  impedance  to  reflection  coefficient  transformation 

Imin  -  find  locations  of  voltage  minima  and  maxima 

mstripa  -  microstrip  analysis  (calculates  Z,eff  from  w/h) 

mstripr  -  microstrip  synthesis  with  refinement  (calculates  w/h  from  Z) 

mstrips  -  microstrip  synthesis  (calculates  w/h  from  Z) 

multiline  -  reflection  response  of  mul ti -segment  transmission  line 

swr  -  standing  wave  ratio 

tsection  -  T-section  equivalent  of  a  length-1  transmission  line  segment 

gprop  -  reflection  coefficient  propagation 

vprop  -  wave  impedance  propagation 

zprop  -  wave  impedance  propagation 

Impedance  Matching 

qwtl  -  quarter  wavelength  transformer  with  series  segment 

qwt2  -  quarter  wavelength  transformer  with  1/8-wavelength  shunt  stub 

qwt3  -  quarter  wavelength  transformer  with  shunt  stub  of  adjustable  length 

dual  band  -  two-section  dual -band  Chebyshev  impedance  transformer 

dualbw  -  two-section  dual -band  transformer  bandwidths 

stubl  -  single-stub  matching 

stub2  -  double-stub  matching 

Stubs  -  triple-stub  matching 

onesect  -  one-section  impedance  transformer 

twosect  -  two-section  impedance  transformer 

pi2t  -  Pi  to  T  transformation 

t2pi  -  Pi  to  T  transformation 

Imatch  -  L-section  reactive  conjugate  matching  network 
pmatch  -  Pi -section  reactive  conjugate  matching  network 

S-Parameters 

gin  -  input  reflection  coefficient  in  terms  of  S-parameters 

gout  -  output  reflection  coefficient  in  terms  of  S-parameters 
nfci rc  -  constant  noise  figure  circle 

nfig  -  noise  figure  of  two-port 

sgain  -  transducer,  available,  and  operating  power  gains  of  two-port 

sgci rc  -  stability  and  gain  circles 

smat  -  S-parameters  to  S-matrix 

smatch  -  simultaneous  conjugate  match  of  a  two-port 

smith  -  draw  basic  Smith  chart 

smi their  -  add  stability  and  constant  gain  circles  on  Smith  chart 
sparam  -  stability  parameters  of  two-port 
circint  -  circle  intersection  on  Gamma-plane 
ci rctan  -  point  of  tangency  between  the  two  circles 
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Linear  Antenna  Functions 

dipdir  -  dipole  directivity 

dmax  -  computes  directivity  and  beam  solid  angle  of  g(th)  gain 

dipole  -  gain  of  center-fed  linear  dipole  of  length  L 

traveling  -  gain  of  traveling-wave  antenna  of  length  L 

vee  -  gain  of  traveling-wave  vee  antenna 

rhombic  -  gain  of  traveling-wave  rhombic  antenna 

king  -  King’s  3-term  sinusoidal  approximation 

kingeval  -  evaluate  King’s  3-term  sinusoidal  current  approximation 

kingfit  -  fits  a  sampled  current  to  King’s  2-term  sinusoidal  approximation 

kingprime  -  converts  King’s  3-term  coefficients  from  unprimed  to  primed  form 

hbasis  -  basis  functions  for  Hallen  equation 

hdelta  -  solve  Hallen’s  equation  with  delta-gap  input 

hfield  -  solve  Hallen’s  equation  with  arbitrary  incident  E-field 

hmat  -  Hallen  impedance  matrix  with  method  of  moments  and  point-matching 

hwrap  -  wraps  a  Toeplitz  impedance  matrix  to  half  its  size 

kernel  -  thin-wire  kernel  computation  for  Hallen  equation 

pfield  -  solve  Pockli ngton ’ s  equation  with  arbitrary  incident  E-field 

pmat  -  Pockli ngton  impedance  matrix  with  method  of  moments  and  point-matching 

hcoupled  -  solve  Hallen’s  equation  for  2D  array  of  non-identical  parallel  dipoles 

hcoupled2  -  solve  Hallen’s  equation  for  2D  array  of  identical  parallel  dipoles 

gain2d  -  normalized  gain  of  2D  array  of  parallel  dipoles  with  Hallen  currents 

gain2s  -  normalized  gain  of  2D  array  of  parallel  dipoles  with  sinusoidal  currents 

imped  -  mutual  impedance  between  two  parallel  standing-wave  dipoles 

imped2  -  mutual  impedance  between  two  parallel  standing-wave  dipoles 

impedmat  -  mutual  impedance  matrix  of  array  of  parallel  dipole  antennas 

resonant  -  calculates  the  length  of  a  resonant  dipole  antenna 

yagi  -  simplified  Yagi-Uda  array  design 

Aperture  Antenna  Functions 

diffint  -  generalized  Fresnel  diffraction  integral 

diffr  -  knife-edge  diffraction  coefficient 

dsinc  -  the  double-sine  function  cos(pi *x)/(1-4*xA2) 

fes  -  Fresnel  integrals  C(x)  and  S(x) 

fcs2  -  type-2  Fresnel  integrals  C2(x)  and  S2(x) 

hband  -  horn  antenna  3-dB  width 

heff  -  aperture  efficiency  of  horn  antenna 

hgain  -  horn  antenna  H-plane  and  E-plane  gains 

hopt  -  optimum  horn  antenna  design 

hsigma  -  optimum  sigma  parametes  for  horn  antenna 

Antenna  Array  Functions 

gainld  -  normalized  gain  computation  for  ID  equally-spaced  isotropic  array 

bwidth  -  beamwidth  mapping  from  psi -space  to  phi -space 

binomial  -  binomial  array  weights 

dolph  -  Dol ph-Chebyshev  array  weights 

dolph2  -  Ri bl et-Pri tchard  version  of  Dol ph-Chebyshev 

dolph3  -  DuHamel  version  of  endfi  re  Dol ph-Chebyshev 
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multi  beam  -  multi  beam  array  design 
prol  -  prolate  array  design 

prolmat  -  prolate  matrix 

scan  -  scan  array  with  given  scanning  phase 

sector  -  sector  beam  array  design 
steer  -  steer  array  towards  given  angle 
taylorln  -  Taylor  n-bar  line  source  array  design 
taylorlp  -  Taylor  1-parameter  array  design 
taylorbw  -  Taylor  B-parameter  and  beamwidth 
uniform  -  uniform  array  weights 
woodward  -  Woodward-Lawson-Butl er  beams 
ville  -  Villeneuve  array  design 

chebarray  -  Bresler’s  Chebyshev  array  design  method  (written  by  P.  Simon) 

Gain  Plotting  Functions 

abp  -  polar  gain  plot  in  absolute  units 

abz  -  azimuthal  gain  plot  in  absolute  units 

ab2p  -  polar  gain  plot  in  absolute  units  -  2*pi  angle  range 

abz2  -  azimuthal  gain  plot  in  absolute  units  -  2pi  angle  range 

dbp  -  polar  gain  plot  in  dB 

dbz  -  azimuthal  gain  plot  in  dB 

dbp2  -  polar  gain  plot  in  dB  -  2''pi  angle  range 

dbz2  -  azimuthal  gain  plot  in  dB  -  2pi  angle  range 

abadd  -  add  gain  in  absolute  units 

abadd2  -  add  gain  in  absolute  units  -  2pi  angle  range 

dbadd  -  add  gain  in  dB 

dbadd2  -  add  gain  in  dB  -  2pi  angle  range 

addbwp  -  add  3-dB  angle  beamwidth  in  polar  plots 

addbwz  -  add  3-dB  angle  beamwidth  in  azimuthal  plots 

addei rc  -  add  grid  circle  in  polar  or  azimuthal  plots 

addline  -  add  grid  ray  line  in  azimuthal  or  polar  plots 

addray  -  add  ray  in  azimuthal  or  polar  plots 

Miscellaneous  Utility  Functions 

ab  -  dB  to  absolute  power  units 

db  -  absolute  power  to  dB  units 

c2p  -  complex  number  to  phasor  form 

p2c  -  phasor  form  to  complex  number 

d2r  -  degrees  to  radians 

r2d  -  radians  to  degrees 

dtft  -  DTFT  of  a  signal  x  at  a  frequency  vector  w 

10  -  modified  Bessel  function  of  1st  kind  and  0th  order 

ellipse  -  polarization  ellipse  parameters 

etac  -  eta  and  c 

wavenum  -  calculate  wavenumber  and  characteristic  impedance 
poly2  -  specialized  version  of  poly  with  increased  accuracy 

quadr  -  Gauss-Legendre  quadrature  weights  and  evaluation  points 

quadrs  -  quadrature  weights  and  evaluation  points  on  subintervals 
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quadr2  -  Gauss-Legendre  quadrature  weights  and  evaluation  points 
quadrs2  -  quadrature  weights  and  evaluation  points  on  subintervals 


Ci 

Cin 

Si 

Gi 


-  cosine  integral  Ci (z) 

-  cosine  integral  Cin(z) 

-  sine  integral  Si (z) 

-  Green’s  function  integral 


si  nhc 
asi nhc 
sqrte 


-  hyperbolic  sine  function 

-  inverse  hyperbolic  sine  function 

-  evanescent  SQRT  for  waves  problems 


flip 

blockmat 
upul se 
ustep 


flip  a  column,  a  row,  or  both 
manipulate  block  matrices 

generates  trapezoidal,  rectangular,  triangular  pulses,  or  a  unit-step 
unit-step  or  rising  unit-step  function 


dnv 

snv 

ellipK 
elli pE 
landenv 


dn  elliptic  function  at  a  vector  of  moduli 
sn  elliptic  function  at  a  vector  of  moduli 

complete  elliptic  integral  of  first  kind  at  a  vector  of  moduli 
complete  elliptic  integral  of  second  kind  at  a  vector  of  moduli 
Landen  transformations  of  a  vector  of  elliptic  moduli 


MATLAB  Movies 


grvmovi el 
grvmovi e2 
pulsemovie 
pul se2movi e 
RLCmovi e 
TDRmovi e 
xtal kmovi e 
di pmovi e 


pulse  propagation  with  slow  and  negative  group  velocity  (v^  <  0) 
pulse  propagation  with  slow  and  fast  group  velocity  (v^  >  c) 
step  and  pulse  propagation  on  terminated  transmission  lines 
step  propagation  on  two  cascaded  lines 
step  getting  reflected  off  a  reactive  termination 
fault  location  by  time-domain  refl ectometry 
crosstalk  signals  on  coupled  transmission  lines 
electric  field  pattern  of  radiating  Hertzian  dipole 
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DSP  analogies,  782 

grating  lobes,  784 

ground  effects,  776 

interferometry,  784 

one-dimensional,  780 

optimum  directivity,  791 

parallel  dipoles,  914 

parasitic,  920 

pattern  multiplication,  770 

prolate  matrix,  791 

rectangular  window,  787 

sidelobes  of  uniform  array,  789 

space  factor,  770 

spatial  z- transform,  782 

steering  and  scanning,  791 

translational  phase  shift,  768 

uniform,  786 

very  large  array,  785 

very  long  base  line,  785 

visible  region,  782 

Yagi-Uda,  923 

atmospheric  refraction,  286 
attenuation  constant,  5  5 
attenuation  in  waveguides,  365,  377 
attenuator  noise  temperature,  619 
available  gain  circles,  554 
available  power  gain,  538 

BAC-CAB  rule,  31 

backward  recursion,  see  layer  recursions 
backward  waves,  38 
balanced  stubs,  502 
bandwidth 

in  waveguides,  374 
noise,  614 

of  dielectric  mirrors,  194 
beam  efficiency,  617 
beam  solid  angle,  602 
beamwidth,  599 
biaxial  media,  130 
bilinear  transformation,  214 
binomial  arrays,  822 
birefingent  plasmas,  34 
birefringence 
circular,  129 
linear,  129 

birefringent  media,  129 

Brewster  and  critical  angles,  347 


Brewster  angle  in,  348 
critical  angle  of  incidence  in,  347 
giant  birefringent  optics,  352,  353,  357 
maximum  angle  of  refraction  in,  347 
multilayer  structures,  352 
reflection  and  refraction,  343 
bite-error  rate  (BER),  624 
Blass  matrix,  849 
Bloch  wavenumber,  192 
Boltzmann  constant,  614 
Bouguer’s  law,  288 
boundary  conditions,  7 
for  transverse  fields,  244 
matching  matrix,  244 
BPSK  modulation,  624 
Brewster  angle,  256 

for  birefringent  media,  348 
for  lossy  media,  258 
in  birefringent  media,  347 
in  negative-index  media,  294 
broadband  matching,  223 
Butler  beams,  848 

cartesian  coordinates,  364,  590 
causality,  82 
relativistic,  82 
cavity  resonators,  382 
characteristic  impedance,  4,  44 
charge 

conservation,  10 
density,  1 
relaxation  time,  11 
charge  flux,  9 
charge  form  factor,  590 
charge  relaxation,  22 
Chebyshev  transformer,  476 
Chebyshev  transformers,  223 
chiral  media,  129,  132 
chiral  media,  dichroic,  137 
chirp  radar,  110 
chirping,  100 
circular  apertures,  672 
circular  loop  antennas,  652 
coaxial  cables,  405 
collision  time,  17 
communicating  antennas,  612 
complementary  error  function,  624 
complex  refractive  index,  54 
complex  waves,  63,  258 
conductivity  model,  20 
conductors  in  magnetic  fields,  33 
conjugate  matching,  473 
constitutive  relations,  3 

in  anisotropic  dielectrics,  5 
in  chiral  media,  132 
in  dispersive  materials,  5 
in  gyroelectric  media,  135 
in  gyromagnetic  media,  135 


in  inhomogeneous  dielectrics,  5 
in  linear  isotropic  dielectrics,  4 
in  nonlinear  dielectrics,  5 
in  simple  dielectrics,  4 
in  uniaxial  and  biaxial  media,  130 
in  vacuum,  3 

continuous  line  sources,  814 
Taylor’s  ideal  line,  818 
Taylor’s  one-parameter,  818 
coordinate  systems,  947 
cartesian,  364,  590 
cylindrical,  364,  590 
spherical,  590 
cosine  integrals,  949 
coupled  antennas,  902 
coupled  mode  theory,  464 
fiber  Bragg  gratings,  466 
coupled  transmission  lines,  453 
coupled  two-element  arrays,  911 
critical  angle  of  incidence,  248 
for  birefringent  media,  347 
crosstalk  in  transmission  lines,  459 
current-distribution  method  for  reflectors,  751 
currents  on  linear  antennas,  852 
cutoff  wavenumber  and  frequency,  362 
cylindrical  coordinates,  364,  590 

data  rate  limits,  624 
delta-gap  generator,  855 
density 
current,  1 
electric  flux,  1 
Lorentz  force,  3 
magnetic  flux,  1 
momentum,  13,  33 
polarization,  8 
surface  charge,  7 
surface  current,  7 
volume  charge,  1 

dichroism,  linear  and  circular,  136 
dielectric  constant,  4 
dielectric  mirrors,  190 
bandwidth  of,  194 
Fabry-Perot  resonators,  201 
multiband,  199 

narrow-band  transmission  filters,  201 
omnidirectional,  196 
shortpass/longpass  filters,  200 
dielectric  model,  17 
dielectric  polarization,  4 
dielectric  slab,  160,  304 
half-wave,  163 
quarter-wave,  163 
reflectionless,  163 
dielectric  waveguides,  384 
diffraction  integrals,  949 
diffraction  theory,  675 
diffuse  reflection  and  transmission 
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Kubelka-Munk  model  of,  469 
dipole  moment  density,  4 
dipole  radiation,  655 
directive  gain,  599 
directivity,  599 
directivity  of  apertures,  668 
discretization  of  continuous  line  sources,  814 
dish  antennas,  606,  746 
dispersion 

anomalous,  19 
intermodal,  6 
material,  6 
normal,  19 
waveguide,  6 
dispersion  coefficient,  97 
dispersion  compensation,  101 
dispersive  materials,  5 
displacement  current,  1 
Dolph-Chebyshev  arrays,  823 
Dolph-Chebyshev-Riblet  arrays,  828 
doppler  ambiguity,  117 
Doppler  effect,  66 
Doppler  radar,  178 
Doppler  shift,  175,  178 
double-stub  tuner,  504 
Drude  model,  21 

DSFT,  discrete-space  Fourier  transform,  782 
DTFT,  discrete-time  Fourier  transform,  782 
dual-reflector  antennas,  763 
duality  transformation,  660 
dynamic  predictive  deconvolution,  183 

effective  area  of  an  antenna,  604 
effective  area  of  apertures,  668 
effective  length  of  an  antenna,  610 
effective  noise  temperature,  560,  618 
efficiency  factor,  600 

EIRP,  effective  isotropic  radiated  power,  600 

electric  and  magnetic  dipoles,  577 

electric  field,  1 

electric  flux  density,  1 

electromagnetic  frequency  bands,  939 

elliptic  functions,  870 

elliptic  integrals,  870 

endfire  DuHamel  arrays,  834 

energy  conservation,  12 

energy  density,  12,  14,  25,  45 

energy  flux,  10,  12,  45,  598 

energy  velocity,  29,  40 

equivalent  noise  temperature,  620 

error  function,  624 

evanescent  waves,  249 

penetration  depth  for,  249 
Ewald-Oseen  extinction  theorem,  582 
exponential  integrals,  949 
extinction  theorem,  582,  679 

Fabry-Perot  interferometer,  201,  306 


far-held  approximation,  587 
Faraday  rotation,  129,  136 
Faraday’s  law  of  induction,  1 
Fermat’s  principle  of  least  time,  279 
hber  Bragg  gratings,  183,  201,  466 

quarter-wave  phase-shifted  gratings,  201 
hber,  single  mode,  98 
hber,  standard,  98 
held  equivalence  principle,  658 
held  intensities,  1 
helds  of  dipoles,  577 
helds  of  wire  antennas,  575 
hngerprint  identihcation,  255 
hux 

charge,  9 
dehnition  of,  9 
energy,  10,  12 
momentum,  10 
Poynting  vector,  12 
hux  densities,  1 

forward  recursion,  see  layer  recursions 
forward  waves,  38 
Fourier  optics,  708 

Fourier  series  method  with  windowing,  804 

Franz  diffraction  formulas,  678 

Fraunhofer  region,  589 

free-space  loss,  613 

frequency  bands,  939 

frequency-sampling  array  design,  811 

Fresnel  coefficients,  244,  245 

Fresnel  diffraction,  682,  708 

Fresnel  drag,  177 

Fresnel  integrals,  949 

Fresnel  region,  589 

Fresnel  rhomb,  252 

Fresnel  zones,  689 

Friis  formula,  612 

frill  generator,  855 

front  delay,  82 

front  velocity,  82 

frustrated  total  internal  rehection,  306 
gain,  599 

gain-beamwidth  relationship,  602,  608 
Galerkin  weighting,  875 
gamma-ray  bands,  940 
gauge  transformation,  569 
Gauss’s  laws,  1 
geometrical  optics,  276 
geometrical  theory  of  diffraction,  694 
geosynchronous  satellite,  603 
giant  birefringent  optics,  137,  352,  353,  357 
mirrors,  353,  354 
rehective  polarizers,  356 
glass  prisms,  250 
Goos-Hanchen  shift,  253 
graded-index  optical  hbers,  291 
grating  lobes,  784 


gratings,  466 
Green’s  function,  857 

Green’s  function  for  Helmholz  equation,  573 
Green’s  functions,  944 
Green’s  identities,  31 
ground  effects  between  antennas,  776 
ground-penetrating  radar,  78 
group  delay,  82 
group  index,  97 
group  refractive  index,  30 
group  velocity,  29,  30,  80,  82,  92 
in  birefringent  media,  140 
in  waveguides,  375 
slow,  fast,  and  negative,  103 
superluminal,  83,  103 
group  velocity  dispersion,  95 
gyroelectric  media,  129 
gyromagnetic  media,  129,  135,  146 
gyro  tropic  media,  135 

half-wave  dipole  antennas,  642 
half-wave  rehectionless  slab,  163 
Hall  effect,  34,  146 

Hallen  equation  with  arbitrary  held,  891 
Hallen  equations  for  coupled  antennas,  929 
Hallen  integral  equation,  854,  857 
approximate  kernel,  853 
delta-gap  input,  858 
exact  kernel,  853 
plane-wave  input,  858 
harmonic  time  dependence,  13 
Helmholtz  equations,  364 
Hertzian  dipole  antenna,  636 
high  resolution  microscopy,  255 
horn  antennas,  727 
horn  design,  737 
horn  directivity,  734 
horn  radiation  helds,  729 
horn  radiation  patterns,  731 
Huygens  source,  666 

impedance 
mutual,  905 
self,  905 

transverse,  63,  240,  242,  362 
wave,  46 

impedance  matching,  154,  473 
balanced  stubs,  502 
Chebyshev  transformer,  476 
Chebyshev  transformers,  223 
conjugate  matching,  473 
double-  and  triple-stub  tuners,  504 
dual-band  Chebyshev  transformer,  482 
hat  line,  474 

L-section  matching  network,  506 
matching  networks,  474 
micro  strip  matching  circuits,  493 
one-section  transformer,  498 


Pi-section  matching  network,  509 
quarter-wavelength  transformer,  183,  476 
quarter-wavelength  with  series  section,  488 
quarter-wavelength  with  shunt  stub,  491 
reversed  matching  networks,  516 
single-stub  tuner,  498 
two-section  transformer,  493 
impedance  matrix,  522 
impedance  transformers,  187 
infrared  bands,  940 
inhomogeneous  materials,  5 
inhomogeneous  waves,  63,  258 
integral  theorems,  941 
intermodal  dispersion,  6 
internal  rehection  spectroscopy,  255 
inverse  power  iteration,  842 
ionospheric  refraction,  283 
isotropic  radiator,  599 

Kaiser  window,  807,  836 
kernel 

approximate,  853 

elliptic  function  representation,  870 
exact,  853 

numerical  evaluation,  869 
reduced,  853 

King’s  four-term  approximation,  868 
King’s  three-term  approximation,  862 
Kirchhoff  diffraction  formulas,  677 
knife-edge  diffraction,  686 
Kottler’s  formulas,  663 

Kramers-Kronig  dispersion  relations,  6,  26,  34 
Kubelka-Munk  model,  469 

L-section  matching  network,  506 
layer  recursions,  213,  301 
backward,  214 
forward,  210,  301 
left-handed  media,  7,  70,  292 
lens  antennas,  766 
lenses,  716 

Levinson  recursion,  see  layer  recursions 

linear  antennas,  634 

linear  prediction,  183 

link  budget  calculation,  628 

loop  antennas,  650 

Lorentz  dielectric,  18 

Lorentz  force,  2 

Lorentz  transformations,  175,  961 

Lorenz  gauge  condition,  569 

loss  tangent,  24,  58 

lossless  bounded  real  functions,  183 

lossy  media,  52 

lossy  media,  weakly,  58 

lossy  multilayer  structures,  302 

low-noise,  high-gain,  ampliher,  622 

lowest  usable  frequency  (LUF),  284 
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Macneille  polarizers,  see  reflective  polarizers 

magnetic  currents,  658,  660 

magnetic  field,  1 

magnetic  flux  density,  1 

magnetic  induction,  1 

magnetic  resonance,  136 

magnetization,  4 

magnetization  current,  6 

matched  filter,  119 

matching,  see  impedance  matching 

matching  matrices,  154,  184 

matching  matrix,  244 

matching  networks,  474 

material  dispersion,  6 

MATLAB  functions: 

Ci  n,  cosine  integral  Cin,  911,  954 

Ci,  cosine  integral  Ci,  911,  954 

Gi,  Green’s  function  integral,  909,  954 

RLCmovi  e,  reactive  termination,  442 

Si,  sine  integral,  911,  954 

TDRmovi  e,  time-domain  reflectometry,  452 

abp2,  polar  gain  in  absolute  units,  919 

abp,  polar  gain  in  absolute  units,  602 

abz2,  azimuthal  gain  in  absolute  units,  919 

abz,  azimuthal  gain  in  absolute  units,  602 

asi  nhc,  inverse  hyperbolic  sinh,  838 

bi  nomi  al ,  binomial  array,  823 

bkwrec,  backward  layer  recursion,  219 

bl  ockmat,  manipulate  block  matrices,  933 

brews  ter,  Brewster  and  critical  angles,  348 

bwidth,  array  beamwidth,  795 

c2p,  cartesian  to  phasor  form,  562 

chebarray,  Dolph-Chebyshev  array,  827 

chebtr2,  Chebyshev  transformer,  227,  477 

chebtr3,  Chebyshev  transformer,  227,  477 

chebtr,  Chebyshev  transformer,  227,  477 

dbp2,  polar  gain  in  dB,  919 

dbp,  polar  gain  in  dB,  602 

dbz2,  azimuthal  gain  in  dB,  775 

dbz,  azimuthal  gain  in  dB,  602 

dguide,  TE  modes  in  dielectric  slab,  391 

diffint,  diffraction  integrals,  730,  952 

di  pdi  r,  dipole  directivity,  641 

di  pmovi  e,  radiating  dipole  movie,  582 

di  pol  e,  dipole  gain,  643 

dmax,  dipole  directivity,  643 

dnv,  elliptic  function  dn,  871 

dol  ph2,  Dolph-Chebyshev  array,  831 

dol  ph3,  Dolph-Chebyshev  array,  835 

dol  ph,  Dolph-Chebyshev  array,  827 

dsi  nc,  double  sine  function,  725 

dslab,  cutoff  wavenumbers  in  slab,  391 

dual  band,  dual-band  transformer,  486 

dualbw,  dual-band  bandwidth,  488 

ell i pE,  elliptic  integral  of  2nd  kind,  871 

el  1  i  pK,  elliptic  integral  of  1st  kind,  871 

el  1  i  pse,  polarization  ellipse,  52 

fcs2,  Fresnel  integrals,  950 


fes,  Fresnel  integrals,  950 

fresnel,  Fresnel  coefficients,  247,  347 

f  rwrec,  forward  layer  recursion,  219 

gai  nld,  one-dimensional  array  gain,  771 

gai  n2d,  gain  of  2D  array  of  dipoles,  934 

gai  n2s,  gain  of  sinusoidal  dipole  array,  917 

gi  n,  input  reflection  coefficients,  534 

gout,  output  reflection  coefficients,  534 

gprop,  propagation  of  F,  416 

grvmovi  el,  pulse  propagation  with  vg<0, 110 

grvmovi  e2,  pulse  propagation  with  vg>c,  110 

hband,  horn  bandedges,  730 

hbasi  s,  Hallen  basis  functions,  891 

hcoupl  ed2,  coupled  Hallen  equations,  933 

hcoupl  ed,  coupled  Hallen  equations,  933 

hdel  ta,  Hallen  equation  with  delta-gap,  880 

heff,  horn  aperture  efficiency,  730 

hf  i  el  d,  Hallen  with  arbitrary  field,  893 

hgai  n,  horn  gain  patterns,  730 

hmat,  Hallen  impedance  matrix,  880 

hopt,  optimum  horn  design,  730 

hsi  gma,  horn  cr  parameter,  730 

hwrap,  wrapped  impedance  matrix,  880 

impedmat,  mutual  impedance  matrix,  917 

imped,  dipole  impedance,  639 

k2k,  converts  to  King’s  primed  form,  863 

kernel,  exact  and  approximate  kernel,  871 

ki  ngeval ,  King’s  three-term  evaluation,  867 

ki  ngfi  t.  King’s  three-term  fit,  867 

ki  ng.  Kings  three-term  approximation,  865 

1  andev,  vectorial  Fanden  transformation,  871 

1  match,  I-section  transformer,  508 

Imi  n,  location  of  voltage  min/max,  430 

mstripa,  microstrip  analysis,  404 

mstri  pr,  microstrip  synthesis,  404 

mstri  ps,  microstrip  synthesis,  404 

multbeam,  multibeam  array,  848 

mul  ti  di  el  1,  multilayers,  simplified,  302 

mul  ti  di  el  2,  lossy  multilayers,  303 

multidiel,  multilayer  structures,  302,  352 

mul  ti  1  i  ne,  response  of  multisection  line,  476 

n2r,  reflection  coefficients,  219 

nfei  re,  noise  figure  circles,  534 

nfig,  calculate  noise  figure,  534 

Omni  band2,  birefringent  bandwidth,  353 

Omni  band,  omnidirectional  bandwidth,  333 

onesect,  one-section  transformer,  498 

p2c,  phasor  to  cartesian  form,  562 

pf  i  el  d,  solves  Pocklington  equation,  898 

pi2t,  /7  to  r  transformation,  510 

pmatch,  n  matching  network,  512 

poly2,  improved  version  of  poly,  230,  827 

prolmat,  prolate  matrix,  842 

prol,  prolate  array,  842 

pul  se2movi  e,  pulse  on  transmission  line,  450 

pul  semovi  e,  pulse  on  transmission  line,  440 

quadr2,  Gauss-Fegendre  quadrature,  961 

quadrs2,  Gauss-Fegendre  quadrature,  961 


quadrs  Gauss-Fegendre  quadrature,  757 
quadrs,  Gauss-Fegendre  quadrature,  955 
quadr,  Gauss-Fegendre  quadrature,  955 
qwtl,  quarter-wavelength  transformer,  491 
qwt2,  quarter-wavelength  transformer,  492 
qwt3,  quarter-wavelength  transformer,  492 
r2n,  refractive  indices,  219 
rhombi  c,  rhombic  antenna  gain,  649 
scan,  array  scanning,  793 
sector,  sector  beam  design,  809 
sgai  n,  calculate  power  gains,  534 
sgei  re,  stability  and  gain  circles,  534 
si  nhc,  hyperbolic  sine,  838 
smatch,  simultaneous  conjugate  match,  534 
smitheir,  draw  stability  or  gain  circles,  534 
smith,  draw  a  basic  Smith  chart,  534 
snel ,  refraction  angle,  346 
snv,  elliptic  function  sn,  871 
sparam,  calculate  stability  parameters,  534 
sqrte,  evanescent  square  root,  261 
steer,  array  steering,  793 
stubl,  single-stub  tuner,  501 
stub2,  double-stub  tuner,  505 
Stubs,  triple-stub  tuner,  506 
swr,  standing  wave  ratio,  426 
t2pi,  T  to  n  transformation,  510 
taylorlp,  Taylor’s  one-parameter,  838 
taylorbw,  Taylor’s  B-parameter,  838 
taylornb,  Taylor’s  n-bar  method,  845 
travel,  traveling-wave  antenna,  646 
tsection,  T-section  equivalent,  417 
twosect,  two-section  transformer,  187,  496 
upul  se,  pulse  generation,  449 
ustep,  unit-step  generation,  450 
vee,  vee  antenna  gain,  649 
vi  1 1  e,  Villeneuve  method,  847 
vprop,  propagation  V,I,416 
woodward,  Woodward-Fawson  method,  811 
yagi ,  Yagi-Uda  array,  925 
zprop,  propagation  of  Z,  416 
maximum  angle  of  refraction,  248,  347 
maximum  available  gain  (MAG),  539 
maximum  stable  gain  (MSB),  540 
maximum  usable  frequency  (MUF),  284 
Maxwell’s  equations,  1 

harmonic  time  dependence,  13 
in  terms  of  polarization,  6 
source-free,  2 
Maxwell’s  stress  tensor,  33 
metamaterials,  7,  292 
method  of  moments,  874 

delta-basis  with  Galerkin,  882 
delta-function  basis,  877 
Galerkin  method,  875 
NEC  basis,  888 
point  matching,  875 
pulse  basis,  875,  881 
triangular  basis,  886 


weighting  functions,  875 
microstrip  antennas,  740 
microstrip  matching  circuits,  493 
microwave  amplifier  design,  541 
microwave  frequency  bands,  939 
microwave  oven,  57 
mirages,  285 
mobility,  22 

momentum  conservation,  33 
momentum  density,  1 3 
momentum  flux,  10 
monopole  antennas,  643 
moving  boundary 
Fresnel  drag,  177 
oblique  reflection  from,  272 
reflection  and  transmission  from,  175 
moving  media,  175 
moving  mirror,  178 
multibeam  array  design,  847 
multilayer  optical  film,  357 
multilayer  structures,  183,  300 
at  oblique  incidence,  300 
birefringent,  352 
dielectric  mirrors,  190,  330 
energy  conservation  in,  212 
equal-travel  time,  206 
lossy,  302 

reflection  frequency  response  of,  211 
scattering  matrix  of,  212 
multiple  dielectric  slabs,  173 
multiple  reflections,  171 
multisection  transmission  lines,  475 
mutual  impedance,  905 

narrow-beam,  low-sidelobe  array  design,  818 
natural  rotation,  134 
near  fields  of  linear  antennas,  902 
negative  index  media,  7,  30,  70,  292 
Brewster  angle  in,  294 
equivalent  conditions,  71 
propagation  in,  70 
negative-index  media 
lossy,  71 
perfect  lens,  319 
Snel’s  law,  292 
network  analyzer,  523 
noise  bandwidth,  614 
noise  figure,  560,  619 
noise  figure  circles,  560 
noise  model  of  a  device,  618 
noise  power,  614 
noise  temperature,  560,  614 
cellular  base  station,  615 
of  attenuator,  619 
of  cascaded  devices,  620 
sky,  615 
system,  618 
nonlinear  materials,  5 
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normalized  gain,  601 
numerical  aperture,  252 
Nyquist  frequency 

in  multilayer  structures,  207 

Ohm’s  law,  6,  21 

ohmic  power  losses,  3,  12,  14,  24 
omnidirectional  dielectric  mirrors,  190,  330 
one-dimensional  arrays,  780 
operating  gain  circles,  554 
operating  power  gain,  538 
optical  fibers,  251,  384 
graded  index,  291 
numerical  aperture,  252 
optical  filters,  183 

antireflection  coatings,  185 
dielectric  mirrors,  190 
narrow-band  transmission,  201 
shortpass  and  longpass,  200 
optical  manhole,  250 
optical  rotation,  132,  134 
optically  active  media,  129 
optimum  array  directivity,  791 

p-polarization,  see  polarization 
parabolic  reflector  antennas,  746 
parasitic  array,  920 
PEG,  see  periodic  bandgap  structures 
penetration  depth,  5  5 

for  evanescent  waves,  249 
perfect  electric  conductor,  659 
perfect  lens,  295,  319 
perfect  magnetic  conductor,  659 
periodic  bandgap  structures,  201 
acoustic  and  vibration  control,  201 
Bloch  wavenumber,  192 
fiber  Bragg  gratings,  201 
photonic  crystals,  201 
transmission  lines  and  waveguides,  201 
permeability,  3 
permittivity,  3 
phase  delay,  82 

phase  thickness,  207,  301,  330 

phase  velocity,  82 

photonic  crystals,  201 

physical  constants,  938 

Pi-section  matching  network,  509 

plane  wave  incident  on  linear  antenna,  855 

plane  wave  spectrum  representation,  703 

plasma  frequency,  18 

plasmas,  25 

plasmonics,  272 

Pocklington  equation  solution,  896 
Pocklington  integral  equation,  854 
Poisson’s  spot,  712 
polarization,  4,  46,  239 
Brewster  angle,  256 
charge  density,  8 


linear,  circular,  130 
TE,  perpendicular,  s-polarization,  239 
TM,  parallel,  p-polarization,  239 
polarization  current  and  density,  6 
polarization  ellipse,  47 
polarizers,  131,  341 
beam  splitters,  341 
reflective,  341,  356 
polarizers,  dichroic,  136 
Polaroid  materials,  137 
positive  real  functions,  183 
power  density,  598 
power  gain  circles,  551 
power  gains,  536 
power  losses,  3,23 

power  losses  in  transmission  lines,  398 

power  losses  per  unit  volume,  3 

power  transfer  in  transmission  lines,  397,  420 

power  transfer  in  waveguides,  365 

power  waves,  542 

Poynting  vector,  12,  14,  40 

precursors,  89 

principal- value  integrals,  575 
prisms,  250 

prolate  array  design,  840 
prolate  matrix,  791,  840 
propagation 

and  chirping,  100 
in  birefringent  media,  129 
in  chiral  media,  133 
in  dispersive  media,  80 
in  good  conductors,  59 
in  gyrotropic  media,  136 
in  negative  index  media,  70 
in  oblique  directions,  61 
in  uniaxial  and  biaxial  media,  131 
in  waveguides,  380 
in  weakly  lossy  media,  58 
matrices,  150 

oblique,  in  birefringent  media,  137 
of  reflection  coefficient,  151,  244 
of  wave  impedance,  151,  244 
transient  and  steady-state,  88 
propagation  filter,  80 

propagation  impulse  response  examples,  85 

propagation  matrices,  184 

propagator  frequency  response,  81 

propagator  impulse  response,  81 

pulse  compression,  110 

pulse  compression  filters,  112 

pulse  compression,  and  chirping,  101 

pulse  propagation,  80 

pulse  propagation,  and  group  velocity,  92 

pulse  spreading,  6,  95 

QPSK  modulation,  624 
quadruple  radiation,  655 
quarter-wave  reflectionless  slab,  163 


quarter-wave  retarder,  131 
quarter-wavelength  transformer,  183,  476,  488, 
491 

radar,  78 

radar  equation,  629 
radar  jamming,  633 
radar,  chirp,  110 
radiated  power,  599 
radiation  field  approximation,  592 
radiation  fields,  568,  587,  594 
radiation  fields  from  apertures,  663 
radiation  fields  of  magnetic  currents,  662 
radiation  from  apertures,  658 
radiation  from  dipoles,  577 
radiation  from  waveguide  apertures,  723 
radiation  intensity,  598 
isotropic,  599 

radiation  patterns  of  reflector  antennas,  754 
radiation  potentials,  590 
radiation  resistance,  638,  639 
radiation  vector,  590 
magnetic,  662 

radiation  vector  of  linear  antennas,  636 
radiative  transfer,  469 
radio  interferometry,  784 
radomes,  169 
ray  tracing,  281 

Rayleigh-Sommerfeld  diffraction  theory,  700 

rectangular  apertures,  670 

recursions,  see  layer  recursions 

refelection  coefficient,  151 

reflectance,  163 

reflectance  spectroscopy,  469 

reflected  power,  157 

reflection  by  moving  boundary,  175 

reflection  coefficients,  155 

for  multilayer  structures,  301 
Fresnel,  244,  245 
of  multilayer  structures,  183 
transverse,  301 
reflection  response 

forward  recursion,  301 
of  multilayer  structures,  184 
reflectionless  dielectric  slab,  163 
reflectionless  matching,  473 
reflective  polarizers,  341 

giant  birefringent  optics,  356 
reflector  antennas,  746 
refraction 

atmospheric,  286 
ionospheric,  283 
mirages,  285 

refractive  index,  4,  30,  242 
in  birefringent  media,  139 
transverse,  242,  301 
refractive  index  model,  582 
refractive  index,  complex,  54 


relative  permeability,  4 
relative  permittivity,  4 
relativistic  causality,  82 
relaxation  time,  11,  23 
relaxation,  charge,  22 
resonant  antennas,  640 
resonant  cavities,  382 
retarded  potentials,  570 
retarders,  131 

reversed  matching  networks,  516 
RE  spectrum,  939 
rhombic  antennas,  647 

S-parameters,  522 
available  gain,  538 
available  gain  circles,  554 
generalized,  542 

input  and  output  reflection  coefficients,  528 
maximum  available  gain,  539 
maximum  stable  gain,  540 
microwave  amplifier  design,  541 
network  analyzers,  523 
noise  figure  circles,  560 
operating  gain,  538 
operating  gain  circles,  554 
power  flow,  526 
power  gain  circles,  551 
power  gains,  536 
power  waves,  542 
scattering  matrix,  527 
simultaneous  conjugate  matching,  546 
stability  circles,  530 
stability  criterion,  533 
transducer  gain,  538 
traveling  waves,  523 
unilateral  gain  circles,  552 
s-polarization,  see  polarization 
satellite  links,  626 
scattering  matrix,  156,  212 
unitarity,  213 
scattering  parameters,  522 
Schelkunoff’s  zero-placement,  802 
Schur  algorithm,  183 
search  radar,  630 
sector  beam  array  design,  805 
Sellmeier  equation,  20 
sensors,  chemical  and  biological,  255,  318 
Shannon  channel  capacity,  624 
SI  units,  1,  938 

simultaneous  conjugate  matching,  546 

sine  integrals,  949 

single-stub  tuner,  498 

sinusoidal  current  approximation,  858 

skin  depth,  5  5 

slef  impedance,  905 

small  dipole  antenna,  638 

Smith  chart,  431 

Snel’s  law,  240,  280 
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Bouguer’s  law,  288 
for  lossy  media,  246 
in  birefringent  media,  351 
in  multilayer  structures,  300 
in  negative-index  media,  292 
solid  angle,  592 
solitons,  6 

Sommerf eld’s  conducting  half-space  solution,  694 

spatial  sampling  theorem,  815 

spherical  coordinates,  590 

square  loop  antennas,  654 

stability  circles,  530 

standard  atmosphere,  289 

standing  wave  ratio,  425 

standing-wave  antennas,  638 

stationary  phase  approximation,  952 

Stratton-Chu  diffraction  formulas,  677 

superluminal  group  velocity,  83,  103 

surface  current,  60 

surface  impedance,  60 

surface  plasmon  resonance,  255,  310 

surface  plasmons,  269,  310 

susceptibility,  electric,  magnetic,  4 

system  noise  temperature,  618 

system  SNR,  619 

Taylor  line  source  array,  842 
Taylor  one-parameter  array  design,  836 
Taylor’s  ideal  line  source,  818 
Taylor’s  one-parameter  line  source,  818 
Taylor-Kaiser  arrays,  836 
TE  and  TM  impedance,  362 
TE  waves,  63 

TE,  TM,  TEM  modes,  361,  367 
telegrapher’s  equations,  435,  454 
thick  glasses,  168 
thin  films,  183,  189,  202 
thin-wire  kernel,  853 
time  average 

energy  density,  14 
ohmic  losses,  14 
Poynting  vector,  14 
time-domain  reflection  response,  171 
time-domain  reflectometry,  451 
time-domain  response  of  transmission  lines,  435 
TM  waves,  63 

total  internal  reflection,  247,  261 
critical  angle  of  incidence,  248 
for  birefringent  media,  347 
frustrated,  306 

maximum  angle  of  refraction,  248 
transducer  power  gain,  538 
transfer  matrix,  184,  192,  207,  210,  522 
transformers,  see  impedance  matching 
transition  matrix,  see  transfer  matrix 
translational  phase  shift,  768 
transmission  coefficients,  155 
transmission  lines,  394 


broadband  terminations  of,  183 
cascaded  lines,  450 
coaxial  lines,  405 
coupled,  453 

coupled  telegrapher’s  equations,  454 
crosstalk,  459 

determination  of  load  impedance,  427 
distributed  circuit  model  of,  412 
equivalent  electrostatic  problem,  394 
higher  modes  in,  409 
impedance,  inductance,  capacitance,  395 
lattice  timing  diagrams,  438 
micro  strip  lines,  401 
multisection  lines,  475 
open  and  short  circuited  lines,  422 
parallel  plate  lines,  400 
power  losses,  398 
power  transfer,  420 
reactive  terminations,  440 
reflection  response,  414 
rise  time  effects,  449 
Smith  chart,  431 
standing  wave  ratio,  425 
telegrapher’s  equations,  435 
terminated  lines,  417 
Thevenin  equivalent  circuit,  423,  473 
time-domain  reflectometry,  451 
time-domain  response,  435 
transient  response,  436 
transmitted  power,  397 
two-port  equivalent  circuit  of,  416 
two-wire  lines,  410 
wave  impedance,  414 
weakly  coupled  lines,  462 
transmittance,  163 
transmitted  power,  157 
transverse 
fields,  240 

Eresnel  coefficients,  244,  245 
impedance,  242 
propagation  matrices,  243 
reflection  coefficients,  243,  301 
refractive  index,  242,  301 
wave  impedance,  243 
transverse  impedance,  63,  240,  362 
traveling  wave  antennas,  645 
traveling  waves,  523 
triple-stub  tuner,  504 
two-port  network,  522 
two-section  impedance  transformer,  493 

ultraviolet  bands,  940 
uniaxial  media,  130 
uniform  apertures,  670 
uniform  arrays,  786 
uniform  plane  waves,  36 
unilateral  gain  circles,  552 
units,  1 
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vector  diffraction  for  apertures,  681  Zenneck  surface  wave,  267 

vector  diffraction  theory,  675  zero  dispersion  wavelength,  98 

vector  identities,  941  zero-placement  array  design,  802 

vector  potential,  568 

vee  antennas,  647 

velocity  of  light,  4 

very  large  array  (VEA),  785 

very  long  base  line  array  (VEBA),  785 

Villeneuve  arrays,  846 

visible  region,  782 

visible  spectrum,  940 

Voyager  spacecraft,  625 

wave  equation,  37 
wave  equations,  570 
wave  impedance,  46,  151,  414 
forward  recursion,  302 
of  multilayer  structures,  184 
wavefront,  43,  62 

surfaces  and  rays,  277 
waveguide  dispersion,  6 
Waveguides 

cutoff  wavenumber  and  frequency,  362 
TE,  TM,  TEM  modes,  361,  367 
waveguides,  359 

attenuation,  365,  377 
dielectric,  384 

energy  velocity,  group  velocity,  375 
Helmholtz  equations,  364 
operating  bandwidth,  374 
power  transfer,  365,  375 
propagation  model,  380 
rectangular,  370 
resonant  cavities,  382 
TE,  TM  impedance,  362 
wavelength  division  multiplexing,  5 
wavelength-division  multiplexing,  183,  202 
waves 

backward,  38 
complex,  63,  258 
evanescent,  249 
forward,  38 

in  birefringent  media,  138 
in  plasma,  148 
inhomogeneous,  63,  258 
monochromatic,  42 
TE,  TM,  63 

uniform  plane,  36,  52 
Zenneck,  267 
Weyl  representation,  945 
wire  antennas,  634 

WMD,  see  wavelength  division  multiplexing 
Woodward-Eawson  array  design,  809 
Woodward-Eawson  method,  816 

X-ray  bands,  940 


Yagi-Uda  antennas,  923 


